
Hyperbolicity of the BSSN system

BSSN variables

The 3-metric γij is decomposed into the tensor γ̄ij and the scalar φ according to

γij ” e4φγ̄ij (1)

so that det γ̄ij “ 1. Similarly

Kij “ e4φĀij `
1

3
γijK. (2)

and since K ” γijKij, we have tr Āij “ 0. New quantities

Γ̄i “ γ̄jkΓ̄ijk (3)

are introduced as independent variables.
These details are only partially important for the problem of hyperbolicity,

because evolution equations determine all quantities. But these definitions are
needed to determine background solution with respect to which we then consider
linear perturbations around fixed background geometry and show that these per-
turbations evolve as waves without exponential or polynomial growth in time.
Thus we have

Problem 5a

Find constant background values of α, ψ,K, γ̄ij, Āij and Γ̄i for Minkowski
spacetime (i.e. in Minkowski-Cartesian coordinates with βi ” 0).
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BSSN evolution equations

The Einstein equations with Bona-Massó generalized harmonic slicing condition
(introducing constant parameter f) in these variables read

Btφ “´
1

6
αK ` βiBiφ`

1

6
Biβ

i , (4)

Btγ̄ij “´ 2αĀij ` β
k
Bkγ̄ij ` γ̄ikBjβ

k
` γ̄kjBiβ

k
´

2

3
γ̄ijBkβ

k , (5)

BtK “´ γijDjDiα ` αpĀijĀ
ij
`

1

3
K2
q ` 4παpρ` Sq ` βiBiK , (6)

BtĀij “e
´4φ
p´pDiDjαq ` αpRij ´ 8πSijqq

TF
` αpKĀij ´ 2ĀilĀ

l
jq (7)

` βkBkĀij ` ĀikBjβ
k
` ĀkjBiβ

k
´

2

3
ĀijBkβ

k ,

BtΓ̄
i
“2

ˆ

Γ̄ijkĀ
jk
´

2

3
γ̄ijBjK ´ 8πγ̄ijSj ` 6ĀijBjφ

˙

, (8)

Btα “´ fαK ` βiBiα , (9)

p...qTF means trace-free part of the tensor expression in brackets, e.g. pWijq
TF “

Wij´
1
3
γijγ

klWkl “ Wij´
1
3
γ̄ij γ̄

klWkl. (Note that for linear perturbation γ̄ij “ δij`

h̄ij we get pγ̄ijq
TF “ h̄ij.) The BSSN approach uses the partition Rij “ R̄ij ` Rφ

ij

where

R̄ij ” ´
1

2
γ̄lmBmBlγ̄ij ` γ̄kpiBjqΓ̄

k
` Γ̄kΓ̄pijqk ` γ̄

lm
`

2Γ̄klpiΓ̄jqkm ` Γ̄kimΓ̄klj
˘

(10)

and
Rφ
ij ” ´2D̄iD̄jφ´ 2γ̄ijD̄

2φ` 4D̄iφD̄jφ´ 4γ̄ij
`

D̄φ
˘2
, (11)

where D̄ is the covariant derivative associated with γ̄ij (this detail is not important
for linearisation around a flat background metric).

Problem 5b

Show that all linear perturbation of this system with vanishing matter sources
and βi ” 0 evolve as waves with speeds ˘1,˘

?
f or stay constant. (You may

start with the code
https://utf.mff.cuni.cz/~ledvinka/PrNumrel/2020/ADM-BM-v2.nb).

Note: The constraints trĀij “ 0 and det γ̄ij “ 1 are conserved by the evolution
equations and so you can take all components of Āij and γ̄ij independent.
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The constraint equations of this system read

H ” γ̄ijD̄iD̄je
φ
´
eφ

8
R̄ `

e5φ

8
ÃijÃ

ij
´
e5φ

12
K2

` 2πe5φρ “ 0

and

Mi
” D̄jpe

6φÃijq ´
2

3
e6φD̄iK ´ 8πe10φSi “ 0 . (12)

Problem 5c

How do perturbations of all variables corresponding to a harmonic gravita-
tional wave (with polarization and direction you choose) look like? Check that
they satisfy constraints.

Example: For electromagnetic waves you can say, that such wave with amplitude a
propagating in direction ~ex may have nonzero components of Bz “ Ey “ aeiωpx´tq

(but Ex must be zero so that the constraint div ~E “ 0 holds).


