Hamiltonian formalism for spinning black holes
in general relativity

Gerhard Schifer

Abstract A Hamiltonian treatment of gravitationally interacting spinning black
holes is presented based on a tetrad generalization of the Arnowitt-Deser-Misner
(ADM) canonical formalism of general relativity. The formalism is valid through
linear order in the single spins. For binary systems, higher-order post-Newtonian
Hamiltonians are given in explicit analytic forms. A next-to-leading order in spin
generalization is presented, others are mentioned. Comparisons between the Hamil-
tonian formalisms by ADM, Dirac, and Schwinger are made.

1 Introduction

About half a century after Einstein’s invention of general relativity, Hamiltonian
formulations of the theory became available. Dirac developed his formalism in the
years 1958 - 1959 [1, 2, 3], Arnowitt, Deser, and Misner (ADM) in the years 1959
- 1960 [4, 5, 6], for a summary see [7], and Schwinger in 1963 [8]. The three for-
malisms came up from quite different action functionals: Dirac used the Einstein
action, ADM the Einstein-Hilbert action in Palatini form, and Schwinger the tetrad-
generalized Palatini-based Einstein-Hilbert action. In the following, the three ap-
proaches are summarized and compared. Often in the article, the units 167G = 1
and ¢ = 1 are applied.

In the context of his constraint dynamics formalism with various typs of con-
straints, weakly and strongly vanishing ones, Dirac gave the full Hamiltonian, i.e.
before applying the constraint equations and coordinate conditions, in the form, with
d; denoting partial space-coordinate derivative and i spatial infinity,
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(correctness of this form within the full non-linear theory was shown only in 1974,
by Regge and Teitelboim [9]), whereas ADM and Schwinger gave the Hamiltonian
in fully reduced forms, i.e. after applying constraint equations and appropriate co-
ordinate conditions,

Hapm = /d3x3iaj(gij —8j8k) = ]{Odsiai(gij — 88kk) 2

Hs =~ [ @xa0,(ev') = - §, dsioy(er"). )

Though derived under specific coordinate conditions, here the form of the three-
dimensional metric g;;, (i,j = 1,2,3), with inverse metric ¥/, is still left general to
better illuminate the general expressions behind. All three surface integrals coincide
under the assumptions made: asymptotic flat spacetimes with coordinates of the
form N =1+ 0(1/r), gi; = &+ O(1/r), and N' = O(1/r) at spacelike infinity
(r — oo) including the first derivatives of the metric functions to decay as 1/r2.
The Lagrangian multipliers N = (—g%)~!/2 and N’ = "/ g; are respectively coined
“lapse” and “shift” functions by Wheeler [10]. The clear identification of Hapm
with the total energy of the system is one of the merits of ADM in the Hamiltonian
approach to general relativity. The constraint equations read,

H =0 and =0, “)
with the Hamilton density of weight one, used by ADM and Dirac,
1 i, 1 -
= —g1/2R+ W (g,-kgjﬂr”nk[ - 2(gij7l'”)2) + (ADM)
—1/2 jj 1 ij k| ij\2
=B+di(g /79;(g7)) + o172 | g ® T S (eim?)™ )+ (D), (5)
where
B= 18 susmal (17" PP 2APY VPO
or with Schwinger’s weight-two density,
g2 A =0 +0:0;4" +4"¢" Ty — ("1 +8' 2ty (5), ()
where

1 1 1
Q= — 14" 0nd" 00q" — Sannd g™ — Eqklakln(ql/z)azln(ql/z), (8)
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with IT; = —g ' (m;; — 37g;j) and ¢/ = g¥'/, g = g%, where g denotes the deter-
minant of g;; and lowering of indices is with g;;, & = g;;@"/. The Dirac and ADM
canonical field momentum is given by m;; = —gl/z(K,-j —Kgi;), with K = }/inij,
where K;; = —NI;;) is the extrinsic curvature of a spacelike hypersurface defined
through constant-in-time slice, t = x° = const. Fl? denote Christoffel symbols.

Schwinger’s canonical field momentum IT;; is just g~'/2K;;. The intrinsic curva-
ture scalar reads R. The expressions g;;dx'dx’ and K;;dx'dx’ are respectively called
first and second fundamental form of a hypersurface. Both tensors g;; and K;; are
symmetric.

The momentum density of weight one takes the forms

= Q,g,'jDkTEjk + i (ADM and D)
= —I1,9iq™" + 0,(2Myg™) — 0 (2Ming™) + Az (S), ©)

where D; denotes the three-dimensional covariant space derivative. The given densi-
ties are densities with respect to three-dimensional coordinate transformations. 77,
and J#}; are matter densities.

In 1967, DeWitt [11] and more refined later on in 1974, Regge and Teitelboim
[9] explicitly showed that in asymptotically flat spacetimes the Hamiltonian, before
applying constraint equations and coordinate conditions, takes the form

H= fodSia,-(g,-j — 8ijgk) + /d3x(Njf —N' ). (10)

This general Hamiltonian - not yet to be identified with the energy of the system -,
delivers all field equations also including those for the lapse and shift functions after
imposing appropriate coordinate conditions.

Undoubtedly, originating from the very useful coordinate choice made by ADM
- one may call it “maximal isotropic” -,

n'=0, 30j¢;j—digjj=0 or gj=Ww&+hj, (1)

the ADM formalism became the most often applied canonical formalism. The in-
dependent field variables therein are 7 and i} Both variables are traceless and
tracefree (TT). Already in 1961 Kimura [12] used this formalism for applications.
The Poisson bracket reads

OF 6G 0G OF
F,G} = 8™ — 12
tFGY =80\ STt 2t~ AT 5, ) (2

with

0i0;
-5
where 1/V? denotes the inverse Laplacian. The nonlocality of the TT-operator SETH
is just the gravitational analogue of the well-known nonlocality of the Coulomb

1
55 = 5 (PuPj+ FuPj = FuFy),  Bij= 8y (13
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gauge in the electrodynamics. If Schwinger would have chosen coordinate condi-
tions corresponding to those introduced above (ADM also introduced another set of
coordinate conditions to which Schwinger adjusted),

;=0 4" =08;+fir. (14)

a similar simple technical formalism for detailed calculations would have resulted
with the independent field variables I"IiyT and fi.. To our best knowledge, only
the paper by Kibble [13] delivers an application of Schwinger’s formalism, apart
from Schwinger himself, namely a Hamilton formulation of the Dirac spinor field
in gravity. Much later in 1978, Nelson and Teitelboim [14] completed the same
task within the tetrad-generalized Dirac formalism [15]. The Poisson bracket in the
Schwinger formalism resembles very much the ADM one.

In terms of the ADM variables, Schwinger’s fundamental field components take
the quite simple form, [16],

. 1
g’ = (y? - Eh}f )8 — whi +hy ki (15)

Dirac on the other side had chosen the following coordinate system or gauge, called
“maximal slicing” because of the field momentum condition,

=0, 9;(g"’g")=0. (16)

The corresponding independent field variables are
. L1 _ B
w = (n" — g}””)gl/37 gij=g g 17)

To leading order linear in the metric functions, the Dirac gauge coincides with the
ADM gauge. The full reduction of the Dirac-form dynamics to the independent
degrees of freedom has been performed by Regge and Teitelboim [9]. The Poisson
bracket reads

< [ 6F 8G &G SF\ 1, _. SF §G
Sk (== = 7= Smijekl =kl i
{F,G} =} <6g 57 53, 57~rkl)+3(” g —a"g )5775"]-7677:]([7 (18)
with | |
8 = 5(8/8;+8/8)) — 328", gg" =5]. (19)

The following quoted results, apart from the last one, are based on the ADM
approach. The first post-Newtonian (1PN) equations of motion, usually called
Einstein-Infeld-Hoffmann equations of motion, were rederived by Kimura in 1961
[12]. In 1974, Ohta et al. [17] derived the 2PN binary equations with shortcomings
corrected by Damour and Schifer [18] only much later. About the same time, in
1985, Schifer succeeded with the dissipative 2.5PN level, [16]. Using for the first
time in post-Newtonian calculations the technique of dimensional regularization, the
3PN binary Hamiltonian was obtained in 2001 by Damour, Jaranowski, and Schifer
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[19]. Much simpler to derive was the dissipative 3.5PN level [20]. Based on a post-
linear paper by Schifer [21], the first post-Minkowskian (1PM) n-body Hamiltonian
was achieved in closed form by Ledvinka, Schifer, and Bi¢dk in 2008 [22]. The gen-
eral relativistic Hamilton dynamics of compact objects with spin (proper rotation)
has found several explicit results. Counting the order of the spin as 1/c (notice the
spin of a miximally rotating black hole reading GM? /c), the leading order spin-orbit
coupling is decribed by an 1.5PN Hamiltonian [23], the next to leading order one by
a 2.5PN Hamiltonian, [24, 25], and the next-to-next to leading order one by a 3.5PN
Hamiltonain [26]. The leading order radiation damping from spin-orbit coupling is
decribed by an 4PN Hamiltonian [27]. In case of spin(1)-spin(2) coupling, the con-
servative 2PN Hamiltonian is given in [23], the 3PN Hamiltonian by [28, 25], and
the 4PN one by [29]. The 4.5PN Hamiltonian of the leading order radiation damping
from spin(1)-spin(2) coupling is given in [30]. Results on the spin(1)-spin(1) cou-
pling are the 2PN and 3PN Hamiltonians for black holes by respectively [23] and
[31]. Several leading higher-order-in-spin Hamiltonians were obtained from Kerr
metric considerations, [32]. Spinning test-particles in the Kerr metric have been
treated by Barausse, Racine, and Buonanno in 2009, [33] using Dirac’s constraint
dynamics formalism.

2 Analytic representation of binary black holes — the
Brill-Lindquist initial value solution

The model used in this article to describe compact objects are Dirac delta functions.
In this section it will be shown that Dirac delta functions can indeed be used to
describe black holes in interaction with each other.

An isolated black hole with mass m is represented through the line element

1—% ? Gm\* Do
_(HQG'"> s (1437 ) dyadas

2rc?

ds*

1— sz 2 Gm 4 . .
l+ T 2Rc

when isotropic coordinates x' with 72 = x'x’ and X’ with R?> = XX’ are employed.

2
The two coordinate systems are related through the inversion map R = (%) /r.
Obviously, the line element shows isometry under this map. For binary black holes,
initially at rest, the metric at that instant of time may have the form

2
1— ﬂlG _ ﬁZG 4
2 2ric2 2mc? 2 4.2 oG oG )
A ==\ [Tae s mo | “UF (1 toma tana) ¢ @D
2rc2 2ryc?
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as shown by Brill and Lindquist in 1963, [34], for the space part of the given metric.
The time part of the given metric has been derived later by Jaranowski and Schifer
[35]. The coefficients ¢, and 3,, a = 1,2 do depend on the masses and the relative
coordinate distance of the two black holes 1}, = (x| —x})(x} — x}). Furthermore,
r2 = (x' —x) (¥ — x.), where x/, are the position vectors of the black holes. Notice,
our variables are living in an euclidean space x’ which is conformally related with
the physical one. The geometrical interpretation of Brill-Lindquist black holes are
two Einstein-Rosen bridges, both starting in the same physical space but ending in
two different other ones. The energy of the Brill-Lindquist black hole configuration

reads

4

" b dsiow = 2 22
216G J, §i0j (al+a2)c ) (22)

Eapy =

where ¥ = 1+ 246 4 26 " where AW = 0 for X # xb,xb with A = V2. The

2r)c2 2ryc??
inversion map of the three-metric of black hole, say 1, at its throat reads x’l’ =
X0 G? J4c*r, where Xf =T —xi, xi =x'—x{, r =]|x'—xi|. The three-metric
line element dI? takes the forms

4
OC]G (XzG ) dX2

di> =¥Hax* = (1
X + 2ric?  2rac?

4
2 oG G 2
= Pax" = (1+ — <1+ 5 ) ) ax”, (23)
2ric 2rc
202 i
. ’_ G | oa,G? i oGTr /AR R R
with ¥ =1+ 2 + 4rprict andry =Sty Mp=non=noa

Hereof, by definition, the rest-mass of black hole 1 comes out to read

oG
m=—— dsio]¥' = ay + 1=

—_— . 24
227G Ji, 2r1ac2 (24

The calculations presented above treat the metric functions geometrically as pure
vacuum solution without sources. No divergences occur. Infinities only mean infinite
distances. In the following it will be shown how to reconstruct the Brill-Lindquist
initial value solution with the aid of Dirac delta functions.

Let us have a look at the constraint equations with point-mass sources,

1 T 167G . 1/2
gl/zR_W (”ﬁ”f—”i'”f') P Y (m2+ ¥ papa) P8 25)

a

(identical with 2,/—gG" = lﬁc—ffcw/—gTOO in standard notation),

167G

3

—20;m} + M9y = Y Paiba (26)
a
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(2y/—8G) = 198G /—¢T?). &, is an abbreviation of §(x' —x},) with x/, the position
vector of mass a ([ d°x§, = 1). Using the ADM gauge in the form

L\
8ij = <1 + 8¢) 8ij+hijt, 3981 dig;; =),
" =0, or n=on'+dw'— 56”8;(%" + 1, (27)

the constraint equations simplify to the following equation, imposing hiTjT = m’r’T =
pai = 07

1 167G
- (1+8 ¢> Ap=—3 Zm6 (28)
With the aid of the ansatz
4G o (0%)
¢2(+), (29)
C ry r
after Hadamard partie finie regularization, the constraint equation yields,
0, 0G
Mg = 0+ ——= ab, (30)
2rubC2

o ma—i—merczrab 1+ma+mb+ myg —my, 2 1 31)
=My — - .
“ “ 2 G rap/G 2¢%r /G

The Hamiltonian clearly results in

o0

Hgp, = (061 =+ 062) C2 = (m1 +m2) 62 -G (32)

r2

The d-dimensional generalization of the above treatment runs as follows. The d-
metric functions read,

4 1d-2
gij =Yg, ¥Y=1+ ZH(P’
4G I’ %2) o (073
=22 + . 33)
t=a e wm e

The d-dimensional inverse Laplacian A~ ! takes the form,

g Td=2/2)

47Td/2 a > (34)
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where I denotes the Euler gamma function. The ansatz for ¥ thus reads

g, Gd-2((d~2)/2) < o @ ) 5)

2(d—1)xld-2)2 2 A

and the constraint equation takes the form

<1+G(d—2)F((d—2)/2) ( @ oc22>> 0, =mib.  (36)

c2(d—1)md-2)/2 K e

Chosing 1 < d < 2, a fully finite result comes in the form,

Gd-2)I((d-2)/2) o _
<1+ = D@2 rﬁz)(xu&lma&,, a+b. (37)

Analytic continuation through d = 3 can now be performed without facing diver-
gences.

3 Spin in Minkowski space

Before entering into gravity in asymptotically flat spacetimes, a discussion of spin in
Minkowski spacetime seems most convenient. Using canonical variables, the total
angular momentum J = (J') = (J;) of a particle with spin vector S reads

J=XxP+S§, (38)

where X denotes the canonical position vector and P its canonical linear momentum.
The Lorentz boost is given by

. 1
=—-tP+G=—-tP+HX-—SxP 39
+ + Hom X (39)

with the center-of-energy vector G. The free-particle Hamiltonian H = v/m?2 + P2,
The center-of-energy position vector is given by

1
(H+m)H

X=X- S xP, (40)

thus, G = HX. The center-of-spin vector, or Newton-Wigner position vector, is de-

fined by X. The Poisson brackets of its components vanish {X? X7} =0. The center-
1

of-energy position vector X = X- A S x P has non-vanishing Poisson brack-

ets of its components and the center-of-inertia position vector X = X + m S x
P as well. Using the center-of-inertia position vector, in four-dimensional lan-
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guage, S*VP, = 0 holds, for the center-of-energy position vector $*Vn, =0, ny =
(—1,0,0,0) is valid, and for the center-of-spin position vector mS*¥n, +S*V P, =0
happens. The reason for those different spin-supplementary conditions is rooted in
the invariance of the total angular momentum against shift of coordinates.

For isolated systems, the Poincaré algebra is valid,

{P,,H} = {J,’,H} = 0, {J,‘,Pj} = &b,
{JH‘IJ} = 8ijk‘]k7 {JHGJ} = eijkGlﬁ {GlaH} = [)h
1 1
{G,’,Pj} = ;H&'j, {Gi,G/’} = —3 & jkJi- 41

G; is not a constant of motion, but K; is,
dK/dt =0K/dt+{K,H} = —-P+{G,H} =0. (42)
For many-particle systems with interaction, it generally holds,

P=Yp., J=) (raxpstsa), (43)

M=+H?-P2, H=+M2+P2 (44)

5(2+M<Hl+M)(ngP)xP, (45)
with
X' xy={P.P} = 0,  {X P} = &Y
{MXY={MP}y = {MH} = 0. (46)

For free particles with spin, one has, H = Y, h,, with h, = \/mg —&—pg, and G =
Yu(hata = = Sa X Pa)-

4 Spin and gravity — asymptotic flat spacetimes

The treatment of spin in gravity is most conveniently achieved by the introduction of
atetrad field e& (u =0,1,2,3;a =0,1,2,3) having the properties egebu = TNy and
o ebvn“b = guv = gvyu. Local Lorentz transformations are defined by e/a“ = Lbaeg
with L“cnabLbd = 1Nq- The condition of homogeneous transformation of the space-
time derivative of a physical object ¢ under local Lorentz transformations introduces

a linear connection wﬁb s
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1 d
Dy¢ = 3ﬂ¢+§wﬁ”6[ab]¢, Oy = FRTE (47)
with transformation property a)'“b L, Lbd a)Cd +L% 0y L. The object Glap) 1s de-
fined through infinitesimal local Lorentz transformatlons of ¢, 8¢ = —5&l] Gy 9>
with infinitesimal group parameters 6& lab],
The curvature tensor Rﬁl’v is defined by

D,uDv‘P DvDu¢ R G[ab]‘P (48)

R, = 0,03 — 0,0 + 0 0)" Mo — Of O} Nea. (49)

The simplest Lagrangian density (apart from the herein trivial cosmological con-
stant) for the gravitational field reads,

ZLi = det(e)el e} RY, () + 9, C*, (50)

where the exact divergence d, ¢* is needed to render the variational principle valid
for variations with prescribed properties at the boundary of the four-dimensional
integration area,

The vacuum field equations read

0= % = det(e}) (2R ef — ¢4 RS ePe ), (51
8.4
0=5"0 = of=of(de). (52)
i

The latter equation reduces the gravitational field to the Einsteinian one with sup-
pressed torsion. This property will be kept in the following when treating spinning
sources of the gravitational field.

The matter action Wy = [ d*x[-%y + Zc] for a spinning classical object can be
put into the form, e.g. [36], where the Lagrangian density of the dynamical part
reads,

1 dz* 1. dew®
Ly = /d‘L' [(p” — Esab (1),;”’) % + ZSade:| 6(4) (53)

and where the constraints part is given by

n . l
o= / dr [Af’p"sab + oAl py = 2 (p? +m2>} 84)- (54)

8(4) is a four-dimensional Dirac delta function, 84 = & (x* —zH), ([ d*x84 = 1), 7
is a proper time variable, p, and z* denote respectively the four-dimensional kinetic
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momentum form and position vector of the particle and S, is its spin tensor. The

angle variables 8“” with 4% = AddA ¢b — —d6"* are anholonomic ones. Capital
indices refer to body-fixed Lorentz-frame coordinates. A1, A, and A3 are Lagrangian
multipliers.

The equations of motion resulting hereof reads,

DS,
Poab _ 55
D1 ) (55)
D 1 dz*
% = —JRupat?S?, ut =T = aaph. (56)

They completely correspond to the divergence freeness or dynamics of the Tulczy-
jew stress-energy tensor for pole-dipole particles,

N\ET" = / dt [lgp“pv5(4)+ (u(“sv>“6(4)> ] : (57)
o

The index symbol || denotes covariant four-dimensional derivative.

4.1 Hamiltonian for self-gravitating spinning compact objects

Variation of the matter action with respect to the Lagrangian multipliers A;, A;, and
A3 results in the relations, respectively,

i .. )
nS; = ntSy; = k’:ps” — ginS’, (58)
ALO) — AL 5((())) Alla _ _%, (59)

np=ntpy=—\/m2+yipip;, Vg =45, (60)

where n# = (1,—N')/N, n, = (—N,0,0,0).
To fix the tetrad field, the so-called time gauge (Schwinger’s coining, but intro-
duced by Dirac earlier) proves extremely useful,

_ 1 , Ni
, e e?()):ﬁ, o= (61)

Then
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gij =" e (62)

The matter Lagrangian density is split into three parts, a kinetic part with time
derivative of the matter and field variables, respectively denoted £k and %5k, and
a constraint part, Zc,

D%MK, c%GK; XMC —_N %matter + Ni %matter' (63)

The matter energy and momentum densities read,

i Y _Kijpinsl5 — (nSkS);k, (64)
np
| e (]
%maner _ (PiJFKijnSJ)5+ (2,)/11ksik5+6i(k,},l)mp]:lpsl5) . (65)

The semicolon denotes covariant three-dimensional derivative; later on, the comma
will denote partial derivative. The transformation to canonical matter variables, in-
dicated by hats, is given by

. N s
O il 1 (66)
m—np m
. nS; nS;
Sy =8y — Lol P 67)
m—np m—np
AllO) = AR (g 4 _ForT (68)
! m(m—np))’
_ 5 j_ak, 0, (1 PUMS)) \ ki
pi = pi—Kijn§' —A%e (e + ESkﬂ-T i (69)
where
i _ Lo mpanS)
o AR &y W)
8ik8 jl 2Slj + np(m _np) (70)
and
SabSab = S(i)(j)g(i)(j) = Zg(l)g(l) = 2S2 = const, 71)
A[%)A[k](j) = &, (72)
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doO0) E/i[(lclj)d/i K() = —_ g, (73)

Putting Lk + Lok = Zuk + Lok + (td), one finds,
R PR
Luk = piz 6 + ES(,')(J‘)G g, (74)
Lo =Alees 75
GK €(k)i€;,00- (75)

Adding the Lagrangian of gravity, %, results in a new Lagrangian for gravity, also
see Deser and Isham [37],

Lok + Lo =207 + AT 8leqel) + Loc— & (76)

with
D%GC _ 7N%ﬁeld +Nij20iﬁeld (77)

and

field 1 1 ij\2 ik . jl
H :_% gR+§(gij7t )" —gijgum |, (78)
%ﬁeld -9 gijﬂ?ﬂfk7 (79)
as well as,

& = 8ij.j—&jji- (80)

The application of the crucial spatially symmetric time gauge for the tetrads intro-
duced by Kibble, [13],

e(i)j:eij:eji7 (81)
eijeik = gik, eij=+/(gn) (matrix root!), (82)

reduces the tetrads to the metric functions. The partial derivatives of the tetrads
result in the expressions

k) _ pk 1 ki _ p(kl)
e(kyi€jy = Bij&uiu + 8iins Bij =By (33)

where (--) and [--] denote symmetrization and antisymmetrization, respectively, and
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depj demi
kl Emy YCm
2B;j = emi Erm emj Ten (84)

From the new gravity action the canonical field momentum is easily read off to be
ij ij [ (i) ij Akl
T, =7+ 2A 0+ B A™S. (85)

The ADM spacetime coordinate conditions do take now the following forms,

38ijj—8jji =0, M =0, (86)
4 T ij TT
8ij = ¥ 61} +hlj ) n(l:im = (l:{m + n:(l:{m > 87)
with the transverse-traceless objects hi and 71T,
T iTT TT ijTT
hii = nélan hz] i ﬂéejm,j =0, (88)
and longitudinal one ﬁé{;n,
can - Vclan N can i 61J cank* (89)
The constraint equations read
L%pﬁeld +L%pmatter -0 C%pﬁe]d _’_L%pmatter -0 (90)
) i i - Y

Finally, the total action in canonical form is given by, [36],
W= /d4 ggETh,jo+/dt [ﬁ,z' S 6 —E/|, 91)
with E = ¢ dS;&;, and the Hamiltonian reads,
E = Hapy — —8/d3xA‘P (21, 51, S, 0T, ) 92)

with Poisson bracket commutation relations

{05} =8y {S6)55)} = &S,
{hi (x,1), mhn ' (X, 1)} = 85 S (x—X)). (93)
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5 Post-Newtonian(PN) Hamiltonians

In this section, the spin will be counted of order (1/¢)° and not 1/c as in the Intro-
duction. For non-spinning compact objects, the binary dynamics is known up to the
3.5PN order,

H(t) = mic* +mac* + Hy + Hipy
+ Hypy + H3py + ...
+ Hyspy(t) +Hzspn(t) + ..., (94)

where the 2.5PN and 3.5PN Hamiltonians are non-autonomous dissipative ones,
[20]. Introducing the following quantities, H = (H —Mc?)/u, i = mymy /M, M =
my+mp, v=pu/M with 0 < v < 1/4 (test particle case v = 0, equal mass case
v=1/4),p=pi/U, r=rin=1|x1—x2|, pr = (n-p), q= (X —x2)/GM, and n =

nj;; = q/|q|, in the center-of-mass frame, p; + p2 = 0, the following expressions
hold,
2
N 1
Ay=0_2 95)
2 q
A —1(3v 1)p* ][(3+v) Ztv 2]1+ : (96)
c 1PN — 3 p ) )4 Pr q zqza
N 1
C4H2pN = E(l —5V+5V2)p6
1 1
+ 5l(5—20v— 3v2)pt —2v2p2p? —3viph =
q
+1[(5+8v) 243y 2]i—1(1+3v)i (97)
N 1
SHipy = 128(—5+35v—70\/2+35v3)p8
1
+ ¢ {(7+42v53v25V3)p6+(23v)v2p3p4

1
+3(1—=v)v?pip? 5v3pf] -
q

1 1
+ [16(—27 4136V + 109v?) p* + 617+ 30v)vp?p?

1 1
+ 12(5+43V)fo} p
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1 /109 21 , 1
+ {8+<12—327r )v] 7 (98)

To save space, from the disspative Hamiltonians only the leading one is given, [16],

A N~ 2 nin d3Q~(f)
5 ij
Hyspy(f) = = |pip;j . 99
¢’ Hy spy (f) 5[1; ] 7 99)

Here 0;;(f) = v(¢''q" — 8q"*/3) and its time derivatives (f = t/GM) are allowed
to be eliminated using the equations of motion. Only after the performance of the
phase-space derivatives, the primed variables are allowed to be identified with the
unprimed ones.

For convenience, the spin-gravity interaction Hamiltonians are given in the non-
center-of-mass frame. To simplify notation, S = S will be put. The leading order
spin-orbit Hamiltonian reads

HIEN = 222 -y (Sa xnyp) [ Pa th} (100)
a b#a Tab

The leading order spin(1)-spin(2) Hamiltonian takes the form,

Hglg) = 3 Zb; 2 3(Sa 1ap) (Sp - map) — (Sa - Sp)] (101)

and the leading order spin(1)-spin(1) dynamics is given by, going beyond linear
order in spin,

G 1
HgfY = R [3(S1-np2)(S1-np2) — (S1-S1)]. (102)

The next-to-leading order spin-orbit Hamiltonain reads,

G 5mapi | 3(p1-p2)
2N = 2 S). 1
ctr? l ((p1x81)-mi2) Sm? + 4m%

3p3 | 3(pi-mp)(p2-mi2) | 3(p2-mp2)?
- + : +
dmymy 4my 2mimy

+ ((p2 xS1)-1p2) {(pl 'P2) 310z (p2 '“12)] (103)

mpma mpma
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+ ((p1 xS1) - p2) {Z(Pz ‘np)  3(p '1112)} ]

mimy 4m%

G2

a3 [—((Pl xS1)-ni2) [

C

11my  5m?
2+mz}
2

mi

+(142) (104)

+ ((p2 X S1) -n12) {61711 + 15m2]

and the next-to-leading order spin(1)-spin(2) Hamiltonian is given by

HSRY = (G/2mimyc* ) [3((p1 x S1) -mp2) (P2 X S2) - n12) /2

+ 6((P2 x S1) -m2)((p1 X S2) -my2)

— 15(S1-n12)(S2-n12)(p1 - n12) (P2 - n12)

— 3(S1-m12)(S2-m12) (p1 - P2) +3(S1 - P2)(S2-mp2) (p1 -mi2)

+ 3(S2-p1)(S1-m2)(p2-mi2) +3(S1-p1)(S2-mi2) (p2 - n12)

+ 3(S2-p2)(S1-m12)(p1 - mi2) — 3(S1 - S2) (p1 - ni2) (P2 - m12)
+ (S1-p1)(S2-p2) — (S1-p2)(S2-pi /2+(Sl S2)(p1-p2)/2]
+ (3/2mir’)[—((p1 x S1) -mi2)((p1 X S2) -m12)

+ (S1-82)(p1-m12)” — (S1-m12)(S2- 1) (p1 - m12)]

+ (3/2m5r)[—((p2 % S2) - m12) ((p2 X S1) - m12)

+ (S1-82)(p2-m12)* = (S2-m12) (St - p2) (P2 - 112))]

+ (6G*(m1 +my) /c*r*)[(S1-82) = 2(S1 *mp2)(S2 - my2)). (105)

Finally, the next-to-leading order spin(1)-spin(1) dynamics reads,

HEY = | = 23 (p1-S1) + 22piST — 372 (p1 )78}
3m2 pi (Si-n)’ W"?(Pl'n)(sl'n)(pl'sl) T P3ST
4m?m2p% (S1-m) = 2 (P1P2) ST — 2= (p1-p2) (S1 )
+237%(P1'Sl)(l)2'51)*ﬁ(m'n)(Pz'Sl)(Sl'n)
237%(p2~n)(p1-Sl)(Sl-n)+ﬁ(pl-n)(pz~n)s?

% (o) () 810

+

_ G {5 (1 + ”’2) ((S1-m)>—S7) +4 (1 - 2,%2) (S -n)z]. (106)

Also this Hamiltonian goes beyond linear order in spin. For its derivation an ex-
tension of the Tulczyjew stress-energy tensor for pole-dipole particles was needed,
[31]. As further examples, the next-to-leading order spin-orbit center-of-energy vec-
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tor is given,
G = — X, gin (Py X S,)
+ Y0 Ebta s [((Pa X Sq) Mgp) HXe — 5(P, Sa)]
+ X0 Ybta rib { (Py % Sq) — 3 (nap X Sa) (Py - ngp)

_((Pa X Su) 'nab)w:| , (107)

Tab

as well as the spin(1)-spin(2) one,

G2N — ZZ{ (Sa-0ap)(Sh - nap) — (Sa Sb)]

S
+(Sp-ngp) 5- } (108)
a b;éa uh

rab

To summarize, for binary systems, and in part for many-body systems too, the fol-
lowing PN Hamiltonians are known fully explicitly,

H = Hy +Hipy +Hopy + Hy spy + Hapy + H3 5pn
b HIEN £ 52N 4 EREN | 3P
IPN | 772PN | 73PN | 173.5PN
+ Hgg, + Hg g, + H5 5, + H5 s,
IPN | 771PN | 12PN | 772PN
+ Hg g, +Hg,g, +Hg g, +Hg, g,
+ H 0153 +H 283 +H 1512 +H 25,5
+ Hg g3 +Hgg, +Hpg. (109)

Also the n-body Hamiltonian through linear order in Newton’s gravitational con-
stant G is known H = H|pyy, as well as the test-spin Hamiltonian in the Kerr metric.

For selfgravitating objects, the Hamiltonians primarily come out in the form
H = H[p,q,h™"  wrr]. The transition to a Routhian description of the type H =
H [p,q,hTT,hTT] then allows the derivation of an autonomous Hamiltonian for the
conservative dynamics in the form H = H[p,q,h"" (x; p,q), k" (x;p,q)] = H(p,q)
as well as a non-autonomous one given by H(t) = H[p,q,h" " (x; p',¢'), A" (x; p',¢')] =
H(p,q;p',q'). The presented dynamical systems have found derivations with other
methods too. Particularly the Effective Field Theory method by Goldberger and
Rothstein, [38], has proven very powerful. For details the reader is referred to the
literature.
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