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Abstract The null surface formulation of general relativity (NSF) differs from the
standard approach by featuring a function Z, describing families of null surfaces, as
the prominent variable, rather than the metric tensor. It is possible to reproduce the
metric, to within a conformal factor, by using Z (entering through its third deriva-
tive, which is denoted by Λ ) and an auxiliary function Ω . The functions Λ and Ω
depend upon the spacetime coordinates, which are usually introduced in a manner
that is convenient for the null surfaces, and also upon an additional angular variable.
A brief summary of the (2+1)-dimensional null surface formulation is presented, to-
gether with the NSF field equations for Λ and Ω . A few special solutions are found
and the properties of one of them are explored in detail.

1 Introduction

Frittelli, Kozameh and Newman [1, 2, 3] have introduced an alternative approach
to general relativity called the null surface formulation (NSF). In this approach,
it is not the metric gab that plays a primary role, but a function Z, which is used
to specify families of null surfaces. If needed, a metric can be constructed up to
a conformal factor from a knowledge of Z and an auxiliary function Ω . A (2+1)-
dimensional version of the NSF has been developed by Forni, Iriondo, Kozameh
and Parisi [4, 5], Tanimoto [6] and Silva-Ortigoza [7]. Central to the NSF in 2+1
dimensions is a third-order ordinary differential equation,

u′′′ = Λ(u,u′,u′′,φ),
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where the prime denotes differentiation with respect to the angular variable φ ∈ S1.
Solutions are written u = Z(xa;φ) with xa (a = 0,1,2) representing three constants
of integration which are to be identified with coordinates in (2+1)-dimensional
spacetime.

The NSF uses intrinsic coordinates [2],

u ≡ θ 0 := Z(xa;φ),
ω ≡ θ 1 := u′ ≡ ∂u ≡ ∂Z(xa;φ),
ρ ≡ θ 2 := u′′ ≡ ∂ 2u ≡ ∂ 2Z(xa;φ),

(where ∂ := ∂/∂φ denotes the derivative with respect to φ when xa is held fixed) to
derive field equations that are consistent with general relativity,

2[∂ (∂ρΛ)−∂ωΛ − 2
9 (∂ρΛ)2]∂ρΛ −∂ 2(∂ρΛ)+3∂ (∂ωΛ)−6∂uΛ = 0,

3∂Ω = Ω ∂ρΛ , ∂ 2
ρ Ω = κTρρ Ω .

2 Nontrivial solution

In the present paper, instead of using our previous light cone cut approach [8], we
find a nontrivial solution directly by making the simplifying assumption that Λ and
Ω depend only upon ρ: Λ = Λ(ρ) and Ω = Ω(ρ). This implies Ω = Λ 1/3. For
further simplicity, assume that Λ takes the particular form Λ = (a+ ρ)k where a
and k are constants. This leads to the quadratic, (2/9)k2 − k + 1 = 0, which has
solutions k = 3 and k = 3/2. Ignoring the choice k = 3 (which leads to empty space),
we choose k = 3/2. This gives the solution

Λ = (a+ρ)3/2, Ω = (a+ρ)1/2,

with a nonzero source term,

Tρρ =− 1
4κ (a+ρ)2 ,

and corresponds to the metric

ds2 = (a+ρ)−1 [ 1
4 (a+ρ) du2 +(a+ρ)1/2 dudω − 2dudρ +dω2

]
.

The three independent curvature scalars of 2+1 dimensions are found to be

R =
1
32

, RabRab =
3

1024
,

det∥Rab∥
det∥gab∥

= −
(

1
32

)3

,

and the components of the Einstein tensor are
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Guu = − 3
256

, Guω = − 3
128

(a+ρ)−1/2, Guρ =
3
64

(a+ρ)−1,

Gωω = − 3
64

(a+ρ)−1, Gωρ =
1
8
(a+ρ)−3/2, Gρρ = − 1

4
(a+ρ)−2.

The null surface formulation of general relativity does not distinguish between con-
formally related spacetimes, and so a conformally flat spacetime would be an un-
interesting example. The Cotton-York tensor Cab is nonzero for the above solution,
indicating that the spacetime is not conformally flat:

Cuu = − 1
256

, Cuω = − 1
128

(a+ρ)−1/2, Cuρ =
1
64

(a+ρ)−1,

Cωω = − 1
64

(a+ρ)−1, Cωρ =
3
64

(a+ρ)−3/2, Cρρ = − 3
32

(a+ρ)−2.

In 2+1 dimensions, the Einstein equations, Gab = κ Tab, are sometimes replaced
by the Einstein-Cotton field equations of topologically massive gravity (thereby al-
lowing gravitational excitations):

Gab + λ gab +
1
m

Cab = κ Tab.

The constant m can take either sign. (In fact, in 2+1 dimensions, this is also true
for κ). It is straightforward to show that the metric under consideration satisfies
the field equations of topologically massive gravity for a perfect fluid source, Tab =
(µ + p)UaUb + pgab, with velocity Ua given by

Uu = 0, Uω = (a+ρ)−1/2, Uρ =−2(a+ρ)−1,

and with constant µ and p. Specifically:

m = −3/8, µ = − p, p =
1
κ

(
λ − 1

192

)
.

The most interesting case comes from choosing λ = 1/192. This gives a topologi-
cally massive gravity solution analogous to the regular de Sitter solution: a vacuum
solution with nonzero cosmological constant and nonzero expansion θ .

Acknowledgments

This work was supported by the Mount Saint Vincent University Dean of Arts and
Science Travel Fund. Discussions with Dr. Ted Newman and Dr. Simonetta Frittelli
during the authors’ visits to Pittsburgh are gratefully acknowledged.



4 Tina A. Harriott and J.G. Williams

References

1. S. Frittelli, C. Kozameh, E.T. Newman, Lorentzian metrics from characteristic surfaces, J.
Math. Phys. 36, 4975 (1995)

2. S. Frittelli, C. Kozameh, E.T. Newman, GR via characteristic surfaces, J. Math. Phys. 36, 4984
(1995)

3. S. Frittelli, C.N. Kozameh, E.T. Newman, Linearized Einstein theory via null surfaces, J. Math.
Phys. 36, 5005 (1995)

4. D.M. Forni, M. Iriondo, C.N. Kozameh, Null surfaces formulation in three dimensions, J. Math.
Phys. 41, 5517 (2000)

5. D.M. Forni, M.S. Iriondo, C.N. Kozameh, M.F. Parisi, Understanding singularities in Cartan’s
and null surface formulation geometric structures, J. Math. Phys. 43, 1584 (2002)

6. M. Tanimoto, On the null surface formalism – Formulation in three dimensions and gauge
freedom, ArXiv e-prints [arXiv:gr-qc/9703003] (1997)

7. G. Silva-Ortigoza, Null surfaces and their singularities in three-dimensional Minkowski space-
time, Gen. Relativ. Gravit. 32, 2243 (2000)

8. T.A. Harriott, J.G. Williams, Light Cone Cut Solution in the 2+1 Null Surface Formulation,
in Twelfth Marcel Grossmann Meeting on General Relativity, vol. 12, ed. by T. Damour, R.T.
Jantzen, R. Ruffini (World Scientific, Singapore; Hackensack, NJ, 2012), pp. 1896–1898. doi:
10.1142/9789814374552 0355

http://dx.doi.org/10.1063/1.531209
http://dx.doi.org/10.1063/1.531210
http://dx.doi.org/10.1063/1.531211
http://dx.doi.org/10.1063/1.533422
http://dx.doi.org/10.1063/1.1408282
http://arxiv.org/abs/gr-qc/9703003
http://dx.doi.org/10.1023/A:1001943407824

	Solutions in the 2+1 Null Surface Formulation
	Tina A. Harriott and J.G. Williams

