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PROBLEM
We investigate the scattering of clas-

sical (i.e.trajectories) as well as quantum
(i.e.wave-equations) particles by impulsive
gravitational as well as Yang-Mills fields.
In both cases the pulse will be modellized
to be concentrated on a null-hypersurface.
This immedeately entails free propagation
"above" and "below" the pulse, the physi-
cal dynamics being encoded in the in the
junction conditions. The physical simplicity,
however, comes at a price of singular prod-
ucts of distributions. These will be handled
within the framework of Colombeaus’s al-
gebra of new generalized functions, leaving
us, mathematically, with finite ambiguities at
the distributional level. However, by invok-
ing additional physical conditions we show
that the value of this ambiguity can be de-
termined.

IMPULSIVE PP-WAVE
Prototypic example: Particle scattering in

impulsive pp-waves

gab = ηab + fpapb
f wave profile

pa cov.const null vector

Geodesic equation (u∇)ua = 0 in impulsive,
i.e. f = δf̃ , pp-wave geometries[

(p̄x)′′ − δ(x̃′∂)f̃ − 1
2δ
′f̃ ≈ 0

x̃a ′′ − 1
2δ∂̃

af̃ ≈ 0

]
gluing the solutions of (u∂)ua = 0 "above"
and "below" the pulse
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we obtain by inserting
into the full equations

x̃a+(0) = x̃a−(0)

x̃a+
′(0) = x̃a−

′(0) +
1

2
∂̃af̃(x̃(0))

(p̄x)+(0) = (p̄x)−(0) +
1

2
f̃(x̃(0))

(p̄x)′+(0) = (p̄x)′−(0) +
1

2
∂̃f̃(x̃(0)) ·

(x̃′−(0) +
A

2
∂̃f̃(x̃(0)))

where θδ ≈ Aδ gives rise to the "ambi-
guity" A. From the physical condition of
constant time-flow along the geodesic, i.e.
(u∂)(uaubgab) ≈ 0, which in the smooth con-
text is a consequence of geodeticity of ua A is
fixed to 1/2.

SPINNING PARTICLE IN AN IMPULSIVE GRAVITAIONAL FIELD
Classical spinning particle in curved spacetime (Matthisson-Papapetrou equation):

(u∇)Sab = 0 (u∇)ua +
1

2
Ra bcdS

cdub = 0

Corresponding quantum particle (Einstein-Dirac equation):

(γαDα −m)ψ = (γa(Eα −
1

2
Σγδω

γδ
α)−m)ψ = 0

Analogous Yang-Mills system:
Classical non-Abelian, charged particle (Yang-Mills-Lorentz equation):

(uD)qi = 0 (u∂)ua + qiF ia bu
b = 0

Corresponding quantum particle (Yang-Mills-Dirac equation):

(γaDα −m)ψ = (γα(∂α − [Aα, .])−m)ψ = 0

pp-wave Yang-Mills field:

Aia = f ipa F = dA+
1

2
[A,A] = d̃f ∧ p

IMPULSIVE YM-PP-FIELD
Particle scatering in impulsive Yang-

Mills profiles f i = δf̃ i

Lorentz-Yang-Mills equation becomes: qi ′ + δ[f̃ , q]i ≈ 0

(p̄x)′′ + δqi(x̃′∂̃)f̃ i ≈ 0

x̃a ′′ + δqi∂̃af̃ i ≈ 0


gluing the solutions of (u∂)qi = 0 and
(u∂)ua = 0 "above" and "below" the pulse

qi = θ+q
i
+ + θ−q

i
− θ+ = θ

xi = θ+x
i
+ + θ−x

i
− θ− = 1− θ

we obtain by inserting into the full equa-
tions

(id+A[f̃ , .])qi+(0) =

(id+ (1−A)[f̃ , .])qi−(0)

x̃a+(0) = x̃a−(0)

x̃a+
′(0) = x̃a−

′(0)

+ (Aqi+(0) + (1−A)qi−(0))∂̃af̃ i(x̃(0))

(p̄x)+(0) = (p̄x)−(0)

(p̄x)′+(0) = (p̄x)′−(0) +
[
Bqi+(0)x̃a+

′(0)

+ (A−B)(qi+(0)x̃a−
′(0) + qi−(0)x̃a+

′(0))

+(1− 2A+B)(qi−(0)x̃a−
′(0))

]
∂̃af̃ i(x̃(0))

where two "ambiguities" A and B arise from
θδ ≈ Aδ and θ2δ ≈ Bδ. From the physical
conditions of constant time flow (u∂)(u2) =
0 and charge conservation (u∂)(q2) = 0,
which in the smooth context are follow from
the Lorentz-Yang-Mills equations, we obtain
A = 1/2 and B = 1/4.

COLOMBEAU THEORY
Nonlinear generalized functions

(fε) family of (moderate) C∞ func-
tions =̂ regularisation models
the microscopic aspect of the
object; objects form an alge-
bra, i.e.non-linear operations are
well-defined.

(fε) ≈ (gε) association modellizes macro-
scopic - i.e.distributional - equal-
ity

:⇔ lim
ε→0

∫
(fε − gε)ϕdnx = 0 ∀ϕ

Special case: (fε) ≈ T ∈ D′
Colombeau object associated to a
distribution

lim
ε→0

[∫
fεϕd

nx− (T, ϕ)

]
= 0 ∀ϕ

Important: Association respects
linear operations like addition,
scalar multiplication, multiplica-
tion by C∞ functions and dif-
ferentiation BUT in general NOT
multiplication

cf. J.F.Colombeau, E.E.Rosinger


