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The complete non-spinning effective

metric at linear order in the mass rat




Outline

Follow-up to talk by Alexandre Le Tiec:

« The effective-one-body: a way to patch together the different
partial solutions to the two-body problem in GR

« How to use results for the gravitational self-force to
determine the effective-one-body metric exactly at linear
order in the mass ratio

« Conclusions



The two-body problem in GR
I NN—
Techniques have different ranges of validity

log. (r,,/m)
A

4/ I

1
w
]

Post-Newtonian
Theory

- Perturbation
Theory

< N N

Numerical
Relativity
_ S

1 1 1 1 1 > Iog (m /m)
0 1 2 3 4 e
Mass Ratio

(Compactness)
AV

—
I




The two-body problem in GR
©m—
Techniques have different ranges of validity

log. (r,,/m)

Post-Newtonian
Theory

- E () BPerturbation

Theory

(Compactness)
AV

Numerical
Relativity

Mass Ratio



The effective-one-body formalism in a nutshell

S
e Motivations:

- understand 2-body problem
- fast and accurate templates for GW detectors

* Main idea: map 2-body problem into test-particle problem




Is this mapping possible?
I

 Newtonian non-spinning binaries can be mapped to
non-spinning test-particle with mass p=m m /(m +m)

around mass m=m_ +m

* Energy levels of positronium (e - e) can be mapped to
those of hydrogen through

2 2 4 2 4
EH EpDS - m1C o m2C

{12 2mimyc?

m =m_ is the (anti)-electron's mass



Mapping possible in PN theory for non-spinning BHs

(Buonanno & Damour 1999)
T

* PN Hamiltonian in ADM coordinates =
canonical transformation (does not affect physics) =

“Real" PN Hamiltonian HPNreal

- Particle with mass p=m m /(m +m) around a m=m_+m, deformed
Schwarzschild BH (“effective problem") has Hamiltonian H_, which

satisfies H H?2 — mic* — msct
ff PN, real 1 2
u::z — ea2m1m2C4 (up to 3 PN) ()

« H_can be calculated at all PN orders (deformed Schwarzschild

metric given at all PN orders) ' invert Eq (*) and get “real”
Hamiltonian valid at all PN orders:

Hoon = ¢1+2“<H"ﬁ—1).
m\ p




The EOB Hamiltonian for non-spinning BHs

H,
Hreal—M\/1+2y( it —1>
14

eff - rreff A(T) p_c,2b ¢ p?
H (r,pr,py) = p HT = ﬂ\ A(r) [1 + D(T)p,? + 5 +2(4-3v)v 3
dsiy = —A(r)dt* + B(r) dr? + r*dQ?

94 41
Alu) =1-2u+2wu’ + (? - 3—271'2) vul + O(u®)

D(u) =1+6vu®+ (52— 6v)vu’ + O(u*) D=(AB)" u= M/r

Potentials can be rewritten in different ways at higher PN orders
(e.g. Pade resummation, “log” resummation)



More on the EOB

 Mapping also possible for systems of spinning BHs in PN
theory (Damour 2001, Damour et al 2008, Barausse and
Buonanno 2010, 2011, Nagar 2011)

e Can be supplemented with model for waveforms (and
thus fFluxes) and recipe to attach QNMs
inspiral-merger-ringdown waveforms for spinning BHs
implemented in LIGO and used for searches (Taracchini et
al 2012)

 EOB has free parameters: fixed by comparison to NR
waveforms and SF results (PN theory already included in
the mapping and waveforms)



The EOB calibration with SF results

e Calculation of the SF-induced ISCO shift for a particle in
Schwarzschild (Barack & Sago 2009)

mQisco = 6°/* [1+vCq + O(v?)] Co=1.2512(4)
2
m.m m m
m:ml_l_mz, V= 122: 1_|_O _1 ,
m m, m,

Used to calibrate free parameters regulating high (unknown) PN
orders in A(u) [Damour 2010, Barausse & Buonanno 2010]

« Effect of SF on periastron precession (Barack and Sago 2009)

Used to constrain combination of A(u) and D(u) [Barack, Damour
& Sago 2010]



Another result: the redshift (Detweiler 2008)

« Spacetime of binary that remains on circular orbit forever has
helical Killing vector (reasonable approx to real binaries in

adiabatic regime)
K=0,+%0,

* Effect of the SF on the projection of the 4-velocity of a circular
orbit in Schwarzschild on helical killing vector calculated with
high accuracy (Detweiler 2008)

ZE—U'KZ\/l—3X-|-\/ZSF(X)-|-O<V)2
x=(m Q)Z/S



The binding energy and angular momentum of circular
non-spinning binaries (Le Tiec, Barausse, Buonanno 2012)

——
. | — T _
b= (\/%_1) FvEs()+ o),  E=E-—m)/u
1— X J=J/(mu)
f— +vJsp(x)+ O(V?), m, m,
_ ’ v=u/m=
V/x(1 - 3x) t (m,+m,)’
1 T v 17— 24x
ESF(-T):izSF(I)_ 3 2gp (- _l+M+_ (1—3x)3/2°
1 1 4 — 152
!]-1 Tr) = ——3{1 £z 9/9 *
bF(I) 3\/? bF(I) + b\/?(l . 3._1,_).3/2

e z_(x) calculated numerically for x<1/5 (r=5m) with accuracy 10°
(Detweiler 2008)

 Data fitted to within 10~ by
zsp(x) = 2x (1 + aix + arx?) /(1 + azx + agx® + asx?)
= —2.18522, ap = 1.05185, a3 = —2.43395, a, = 0.400665, and as = —5.9991



Including the info from the binding energy in the EOB

—
* Write EOB potentials as A(u) =1 — 2u + v Agp(u) + O1?),

D(u) = 1+ v Dsp(u) + O@?).

* Calculate EOB energy (at next-to-leading order in mass ratio)
and compare with expression coming from redshift

VaN VaN

Egp ( X) =EEop ( X ) I

1 —4x 1 —6x
[ —3pAsp(@) =2

1 — 5z + 1222
(1 — 3x)?

+ V1 —3x %

21 zip(x) — 3zsp(x) + @



Including the info from the binding energy in the EOB
I

Asp(z) = V1 — 3z zsp(x) — x (1 | \;1—_432)

OE OF - A )
e Because —2-0=""%sufficient to ensure Juos(x)=Js (x)

0Jpos  O0Jg

» Automatically reproduces SF ISCO shift (because
ISCO= minimum of the energy)

 Completely determines A(u) and EOB dynamics for
circular orbits at linear order in mass ratio!



The radial potential D

B
* SF effect on periastron precession [Barack, Damour & Sago
2010]

0 = 27 Q:l/Pgﬁ(t)dt_KQT. AD/(27) = K — 1
= P P P 5
W =1/K2=1-6z+vpsr(z) + O(1?)

_ 1 1 —2x
Dgp(x) = )+ 4x —1
L) =16 l’“‘sm” i(m )
— Agp(z) —x ASp(x) — %

(1 - 20) Allp(x)

« p.(x) known as fit

 Completes knowledge of EOB metric and quasi-circular dynamics
at linear order in mass-ratio



Check converge of PN orders

O —
 EOB potentials A(u) and D(u) now known at all PN orders
(at linear order in mass-ratio)

 We can truncate them at nPN order and compare
performance of EOB vs PN theory

2
Alu) =1—-2u+2v u’ + (94 — Al ) vut a5(0) = +23.50190(5) ,
3 32 a(0) = —131.72(1),
[ In
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EOB and PN vs approximants for the binding energy
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EOB and PN vs approximants for the binding energy

PN

<~ EOB

EOB(3PN)
EOB(4PN)

_III|IIII I I | 11 1 1 1 11 1 11 1 1 [ .
008 01 012 0.14 016 018 02



EOB and PN vs approximants for the binding energy

4| | LI | L T 1T 1 I I I 1 | L L | I | L | L L I
0F 3PN
; é PN
— 0.02F ., _
' - v=0.25
- 6P_ A

<~ EOB




Conclusions
D

We determined the EOB metric exactly at linear order in
mass ratio, for non-spinning BH binaries

This metric completely determines dynamics of quasi-
circular binaries in the EOB model!

With this metric, the EOB reproduces all known SF results:

Binding energy and angular momentum (Le Tiec, Barausse,
Buonanno 2012)

Periastron precession (Barack, Damour & Sago 2010)
ISCO shift (Barack & Sago 2009)



THE END



Another result: the redshift (Detweiler 2008)

B
Can be interpreted as redshift of photon emitted by particle
alongzaxis~ “redshift” observable

observer
A
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