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A canonical quantization of General Relativity à la Dirac

3+1 space-time splitting

Dirac’s procedure:

Representation of the phase
space variables as operators in
Hkin: {., .} → −i/~ [., .];
Constraints C → Ĉ ∈ Hkin;
|ψ〉 / Ĉ|ψ〉 = 0 → Hphys + inner
product.

Constraints in General Relativity:
space-time diffeomorphism Hµ

Ashtekar-Barbero variables:
connection Ai

a, triad E a
i

{Ai
a(x),Eb

j (y)} = γδij δ
b
a δ

(3)(x , y)

→ ”simple expression” for
Hµ + additional SU(2)
Gauss constraint G .
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Loop Quantum Gravity kinematical space

Holonomy-flux algebra:
ge = P exp

∫
e A ∈ SU(2),

Xe =
∫
e∗(gE )aNad

2S ∈ su(2).

Basis of Hkin= spinnetwork states
|Γ, je , iv 〉

Diagonalize area/volume operators
Γ
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Loop Quantum Gravity: kinematical Hilbert space HLQG

Hkin = ”collection of certain Hilbert spaces associated to all
possible graphs”.

Technical reasons → truncature of the full continuum theory to a
finite-dimensional Hilbert space

HΓ = L2(SU(2)E , dEg) ⊂ Hkin

What are the classical degrees of freedom represented by the
spinnetwork functions in HΓ?

→ Spinorial formalism + applications (Spinfoams, Quantum Groups)
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The classical phase space in terms of spinors

On a link e

SU(2)× su(2) ' T ∗SU(2) ' (C2 × C2)//M

(g , X ) |z〉 =

(
z0

z1

)
∈ C2, |z̃〉 ∈ C2,

M := 〈z |z〉 − 〈z̃ |z̃〉 = 0

{X i ,X j} = εijkX k {zA, z̄B} = −iδAB

~X (z) =: 1
2〈z |~σ|z〉

g(z , z̃) = |z〉[z̃|−|z]〈z̃|√
〈z|z〉〈z̃|z̃〉

M := 〈z |z〉 − 〈z̃ |z̃〉 = |~X (z)| − |~X (z̃)|
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Geometrical interpretation: twisted geometries

spinors |z〉, |z̃〉 + matching condition M

→ j ,N, Ñ, ξ s.t.
{

j = 〈z|z〉
2 , ~X (z) = jN, ~X (z̃) = jÑ,

ξ = −2(arg z1 − arg z̃1)

On a given graph Γ: ×eT
∗SU(2)//SU(2)V → gauge

invariance at each node

C :=
∑
e∈v

Xe =
∑
e∈v

jeNe = 0 → closed twisted geometry
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Loop Quantum Gravity/Regge Calculus

Spinor (twistor) space C2 × C2

↓ area matching reduction M = 0

Twisted geometries (j ,N, Ñ, ξ)

↓ closure reduction C = 0

Closed twisted geometries → Loop Gravity on a fixed graph

↓ shape matching reduction

Regge phase space → Regge Calculus (discrete gravity).
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Tensor operators and a U(N) framework

On a given vertex, quantization scheme

z0
e → ae , z̄0

e → a†e ,

z1
e → be , z̄0

e → b†e ,

[ae , a
†
e ] = 1 = [be , b

†
e ], [ae , be ] = 0.

Tensor operators

T
1/2
e =

(
a†e
b†e

)
, T̃

1/2
e =

(
be

−ae

)
.

For each leg e of the vertex, Schwinger Jordan realization of

su(2): X̂ +
e = a†ebe , X̂−e = aeb

†
e , X̂ z

e = 1
2 (a†eae − b†ebe)

Commutation relations : ok
je = 1

2 (na + nb), me = 1
2 (na − nb)

U(N) structure: Operators acting in the intertwiner space (=
rank 0 T.O.)

Eef = a†eae + b†ebe , [Eef ,Ekl ] = δfkEel − δelEkf ,

Fef = aebf − af be , F †ef = a†eb
†
f − a†f b

†
e

The space of (N-valent) intertwiners carries an irreps of U(N).
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Beyond the U(N) framework

Twistors and covariant twisted geometries: extension to the
Lorentz group.

Spinfoam models: powerful tool to treat the simplicity
constraints (second class) which turn BF to gravity
→ Holomorphic spinfoam model:
amplitude = discrete action in terms
of spinors and holonomies.

Correlation functions = Gaussian integrals

46 Alejandro Perez

vertex amplitude respectively. These local amplitudes depend on the spin quantum
numbers labelling neighboring cells in Fs→s′ (e.g. the vertex amplitude of the vertex
magnified in Figure 11 is Av(j, k, l, m, n, s)).
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Fig. 11. A spin foam as the ‘colored’ 2-complex representing the transition between three different
spin network states. A transition vertex is magnified on the right.

The underlying discreteness discovered in LQG is crucial: in the spin foam rep-
resentation, the functional integral for gravity is replaced by a sum over amplitudes
of combinatorial objects given by foam-like configurations (spin foams) as in (151).
A spin foam represents a possible history of the gravitational field and can be inter-
preted as a set of transitions through different quantum states of space. Boundary
data in the path integral are given by the polymer-like excitations (spin network
states, Figure 5) representing 3-geometry states in LQG.

6. Spin foams in 3d quantum gravity

We introduce the concept of spin foams in a more explicit way in the context of
the quantization of three dimensional Riemannian gravity. In Section 6.2 and 6.3
we will present the definition of P from the canonical and covariant view point
formally stated in the introduction by Equations (149) and (150) respectivelyr. For
other approaches to 3d quantum gravity see the book of Carlip91.

rIt is well known that the physical inner product for 3d Riemannian gravity can be defined using
group averaging techniques88, here we review this and use the approach to introduce the spin
foam representation89,90.

Quantum Groups: Uq(su(2)) → Cosmological constant in
LQG? (see talk F. Girelli on Wednesday (16.45))
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Conclusions

Description of the classical phase space of Loop Quantum
Gravity in terms of spinors:
→ the standard holonomy-flux structure derived from a simple
collection of spinors on a graph (= spinor network)

Linked to a discrete geometric picture: Twisted Geometries,
and to a U(N) symmetry.

Applications: news calculation tools,
e.g. Correlation function using the holomorphic spinfoam
amplitude = Gaussian integral.

Generalization to the gauge group Uq(su(2)) thanks to tensor
operator techniques.
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