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Why modi�ed gravity?Why going beyond the pure Einstein gravity (GR) intera
tingwith dust (baryons + CDM) and radiation? { Existen
e ofdark energy (DE).Two 
ases where DE shows itself:1) in
ation in the early Universe { primordial DE,2) present a

elerated expansion of the Universe { present DE.The whole known part of the history of our Universe in oneline, a

ording to the standard 
osmologi
al s
enario:? �! DS=)FLRWRD=)FLRWMD=)DS �! ?Remarkable qualitative similarity of DS and DS makespossible (though not ne
essary) 
ombined des
ription of bothDS stages (both types of DE) using one 
lass of models.



Possible forms of DEI Physi
al DENew non-gravitational �eld of matter. DE proper pla
e {in the rhs of gravity equations.I Geometri
al DEModi�ed gravity. DE proper pla
e { in the lhs of gravityequations.I � - intermediate 
ase.Generi
ally, DE 
an be both physi
al and geometri
al, e.g. inthe 
ase of a non-minimally 
oupled s
alar �eld or, moregeneri
ally, in s
alar-tensor gravity. So, there is no alternative"(either) dark energy or modi�ed gravity".



f (R) gravityThe simplest model of modi�ed gravity (= geometri
al darkenergy) 
onsidered as a phenomenologi
al ma
ros
opi
 theoryin the fully non-linear regime and non-perturbative regime.S = 116�G Z f (R)p�g d4x + Smf (R) = R + F (R); R � R��Here f 00(R) is not identi
ally zero. Usual matter des
ribed bythe a
tion Sm is minimally 
oupled to gravity.Va
uum one-loop 
orre
tions depending on R only (not on itsderivatives) are assumed to be in
luded into f (R). Thenormalization point: at laboratory values of R where thes
alaron mass (see below) ms � 
onst.Metri
 variation is assumed everywhere. Palatini variationleads to a di�erent theory with a di�erent number of degreesof freedom.



Field equations18�G �R�� � 12 Æ��R� = � �T �� (vis) + T �� (DM) + T �� (DE)� ;where G = G0 = 
onst is the Newton gravitational 
onstantmeasured in laboratory and the e�e
tive energy-momentumtensor of DE is8�GT �� (DE) = F 0(R)R���12 F (R)Æ��+�r�r� � Æ��r
r
�F 0(R) :Be
ause of the need to des
ribe DE, de Sitter solutions in theabsen
e of matter are of spe
ial interest. They are given bythe roots R = RdS of the algebrai
 equationRf 0(R) = 2f (R) :



Degrees of freedomI. In quantum language: parti
le 
ontent.1. Graviton { spin 2, massless, transverse tra
eless.2. S
alaron { spin 0, massive, mass - R-dependent:m2s (R) = 13f 00(R) in the WKB-regime.II. Equivalently, in 
lassi
al language: number of free fun
tionsof spatial 
oordinates at an initial Cau
hy hypersurfa
e.Six, instead of four for GR { two additional fun
tions des
ribemassive s
alar waves.Thus, f (R) gravity is a non-perturbative generalization of GR.It is equivalent to s
alar-tensor gravity with !BD = 0 iff 00(R) 6= 0.



Transformation to the Einstein frame and ba
kIn the Einstein frame, free parti
les of usual matter do notfollow geodesi
s and atomi
 
lo
ks do not measure propertime.From the Jordan (physi
al) frame to the Einstein one:gE�� = f 0g J��; �� =r32 ln f 0; V (�) = f 0R � f2�2f 02where �2 = 8�G .Inverse transformation:R = �p6�dV (�)d� + 4�2V (�)� exp r23��!f (R) = �p6�dV (�)d� + 2�2V (�)� exp 2r23��!V (�) should be at least C 1.



Why R-dependen
e only?For almost all other geometri
 invariants {R� �R� �; C� � � �C� � � �; R;�R ;� et
. (where C� � � � is the Weyltensor) { ghosts appear if the theory is taken in full, in thenon-perturbative regime.The only known ex
eption: f (R;G ) with fRRfGG � f 2RG = 0,where G = R� � � �R� � � � � 4R� �R� � + R2 is theGauss-Bonnet invariant, does not possess ghosts but has otherproblems.For fRRfGG � f 2RG 6= 0, a ghost was found very re
ently(A. De Feli
e and T. Tanaka, Progr. Theor. Phys. 124, 503(2010)).



Ba
kground FRW equations in f (R) gravityds2 = dt2 � a2(t) �dx2 + dy 2 + dz2�H � _aa ; R = 6( _H + 2H2)The tra
e equation (4th order)3a3 ddt �a3df 0(R)dt �� Rf 0(R) + 2f (R) = 8�G (�m � 3pm)The 0-0 equation (3d order)3H df 0(R)dt � 3( _H + H2)f 0(R) + f (R)2 = 8�G�m



Conditions for viable f (R) modelsI. Conditions of 
lassi
al and quantum stability:f 0(R) > 0 ; f 00(R) > 0 :Even the saturation of these inequalities should be avoided:1. f 0(R0) = 0; f 00(R0) 6= 0: a generi
 anisotropi
 spa
e-like
urvature singularity forms.Stru
ture of the singularity in terms of a lo
al Bian
hi I typemetri
:ds2 = dt2� 3Xi=1 ai jtj2pidx2i ; u = s(2�s); s =Xi pi ; u =Xi p2iwith R(0) = R0. No in�nite number of BLH os
illations. Thesame stru
ture but now with R / jtj1�s !1 for 1 < s < 2 iff (R) / R2 for jRj ! 1. For a steeper behaviour of f (R), theBig Rip o

urs (a!1; s < 0 for jtj ! 0).



2. f 00(R0) = 0; f 000(R0) 6= 0: a weak singularity forms, loss ofpredi
tability of the Cau
hy evolution.a(t) = a0 + a1(t � ts) + a2(t � ts)2 + a3jt � ts j5=2 + ::: :The metri
 is C 2, but not C 3, 
ontinuous a
ross thissingularity, and there is no unambiguous relation between the
oeÆ
ients a3 for t < ts and t > ts . Also, the equivalen
e off (R) gravity to s
alar-tensor gravity with !BD = 0 is broken inits vi
inity.However, weak removable singularities may exist, too. E.g.this o

urs in the 
ase f 00(R0) = f 000(R0) = 0; f (4)(R0) 6= 0.



II. Conditions for the existen
e of the Newtonian limit:jF j � R; jF 0j � 1; RF 00 � 1for R � Rnow and up to some very large R.The same 
onditions for smallness of deviations from GR.III. Laboratory and Solar system tests.No deviation from the Newton law up to 50 �.No deviation from the Einstein values of the post-Newtonian
oeÆ
ients � and 
 up to 10�4 in the Solar system (and even� 4 times smaller for 
).IV. Existen
e of a future stable (or at least metastable) deSitter asymptote: f 0(RdS)=f 00(RdS) � RdS :Required sin
e observed properties of DE are 
lose to that ofa 
osmologi
al 
onstant.



V. Cosmologi
al tests:among them the anomalous growth of matter perturbationsfor re
ent redshifts �Æ�� �m / t p33�16at the matter-dominated stage for k � ms(R)a, wherem2s (R) = 1=3F"(R) :Results in apparent dis
repan
y between the linear �8 and theprimordial slope ns estimated from CMB data (assuming GR)and from galaxy/
luster data separately.VI. f (R) 
osmology should not destroy previous su

esses ofpresent and early Universe 
osmology in the s
ope of GR,in
luding the existen
e of the matter-dominated stage drivenby non-relativisti
 matter pre
eded by the radiation-dominatedstage with the 
orre
t BBN and, �nally, in
ation.



In
ationary models in f (R) gravity1. The simplest one (Starobinsky, 1980):f (R) = R + R26M2with small one-loop quantum gravitational 
orre
tionsprodu
ing the s
alaron de
ay via the e�e
t ofparti
le-antiparti
le 
reation by gravitational �eld (so allpresent matter is 
reated in this way).During in
ation (H � M): H = M26 (tf � t); j _H j � H2.The only parameter M is �xed by observations { by theprimordial amplitude of adiabati
 (density) perturbations inthe gravitationally 
lustered matter 
omponent:M = 3:0� 10�6MPl (50=N) ;where N � (50� 55) is the number of e-folds between the�rst Hubble radius 
rossing during in
ation of the presentHubble s
ale and the end of in
ation, MPl = pG � 1019 GeV.



Remains viable: ns = 1� 2N � 0:96; r � PgP� = 12N2 � 0:004.Observations: ns = 0:963� 0:012; r < 0:17 (95% CL).The main and simplest alternative: the simplest s
alar �eldin
ationary model with V (�) = m2�22 andm = M=p2(1 + r) � 2:0� 10�6MPl whi
h produ
es thesame ns but the signi�
antly larger r = 8N � 0:15.2. Analogues of 
haoti
 in
ation: F (R) � R2A(R) for R !1with A(R) being a slowly varying fun
tion of R, namelyjA0(R)j � A(R)R ; jA00(R)j � A(R)R2 :3. Analogues of new in
ation, R � R1:F 0(R1) = 2F (R1)R1 ; F 00(R1) � 2F (R1)R21 :Thus, all in
ationary models in f (R) gravity are 
lose to thesimplest one over some range of R.



One viable mi
rophysi
al model leading to su
hform of f (R)A non-minimally 
oupled s
alar �eld with a large negative
oupling � (for this 
hoi
e of signs, �
onf = 16):L = R16�G � �R�22 + 12�;��;� � V (�); � < 0; j�j � 1 :Leads to f 0 > 1.Re
ent development: the BEH (Higgs) in
ation (F. Bezrukovand M. Shaposhnikov, 2008). In the limit j�j � 1, the BEHs
alar tree level potential V (�) = �(�2��20)24 just produ
esf (R) = 116�G �R + R26M2� with M2 = �=24��2G and�2 = j�jR=� (for this model, j�jG�20 � 1).



SM loop 
orre
tions to the tree potential leads to � = �(�),then the same expression for f (R) follows withM2 = �(�(R))24��2G  1 +O�d ln�(�(R))d ln� �2! :.The approximate shift invarian
e �! �+ 
; 
 = 
onstpermitting slow-roll in
ation for a minimally 
oupled in
atons
alar �eld transforms here to the approximate s
ale(dilatation) invarian
e�! 
�; R ! 
2R; x� ! x�=
; � = 0; ::3in the physi
al (Jordan) frame. Of 
ourse, this symmetryneeds not be fundamental, i.e. existing in some moremi
ros
opi
 model at the level of its a
tion.



Simplifying the 3d order FRW equation for thef (R) = R + (R2=6M2) va
uum modelI. Se
ond order equation (Gurovi
h and Starobinsky, 1979).f = (a _a)3=2; � = (12)�3=4a3d2fd�2 + M2�2=3f 1=3 = 0Convenient for the analyti
al study of os
illations of R afterthe end of in
ation.



II. First order equation (Starobinsky, 1980).x = H3=2; y = 12H�1=2 _H ; dt = dx3x2=3ydydx = � M212x1=3y � 1Convenient for drawing of the phase portrait. The y -axis
orresponds to in
e
tion points _a = �a = 0; ...a 6= 0. A 
urverea
hing the y -axis at the point (0; y0 < 0) 
ontinues from thepoint (0;�y0) to the right.Late-time asymptoti
:a(t) / t2=3 �1 + 23Mt sinM(t � t1)� ; R � �8M3t sinM(t�t1)< R2 >= 32M29t2 ; 8�G�s;e� = 3 < R2 >8M2 = 43t2Valid in the presen
e of radiation and dust, too (with asmaller amplitude of os
illations in the latter 
ase).



Present DE models in f (R) gravityMu
h more diÆ
ult to 
onstru
t. The original proposal tomake f (R) diverging at R ! 0 does not work!An example of the viable model satisfying the �rst 5 viability
onditions (A. A. Starobinsky, JETP Lett. 86, 157 (2007)):f (R) = R + �R00� 1�1 + R2R20 �n � 11Awith n � 2. f (0) = 0 is put by hand to avoid the appearan
eof a 
osmologi
al 
onstant in the 
at spa
e-time.Similar models:1. W. Hu and I. Sawi
ki, Phys. Rev. D 76, 064004 (2007).2. A. Appleby and R. Battye, Phys. Lett. B 654, 7 (2007).No good mi
ros
opi
 justi�
ation for both the energy s
aleand the 
ompli
ated form of f (R) needed (0 < f 0 < 1).



Re
ent progress in f (R) models of present DE1. It was proved that viable models of DE typi
ally exhibitphantom behaviour of dark energy during thematter-dominated stage and re
ent 
rossing of the phantomboundary wDE = �1. As a 
onsequen
e of the anomalousgrowth of density perturbations in the 
old dark matter +baryon 
omponent at re
ent redshifts, their growth indexevolves non-monotoni
ally with time and may even be
omenegative temporarily (H. Motohashi, A. A. Starobinsky andJ. Yokoyama, Progr. Theor. Phys. 123, 887, 2010).Moreover, if the present mass of the s
alaron is suÆ
ientlylarge, there will be an in�nite number of phantom boundary
rossings during the future evolution of su
h 
osmologi
almodels (H. Motohashi, A. A. Starobinsky and J. Yokoyama,JCAP 1106, 006, 2011).



2. In su
h models of present DE, the sum of neutrino massesmay be in
reased up to � 0:5 eV (H. Motohashi,A. A. Starobinsky and J. Yokoyama, Progr. Theor. Phys. 124,541 (2010)). Even more interesting, su
h models easily admita 4th sterile neutrino with the mass � 1 eV (H. Motohashi,A. A. Starobinsky and J. Yokoyama, arXiv:1203.6828).3. In order not to destroy any of previous su

esses of theearly Universe 
osmology, viable f (R) models of present DEshould be extended to large values of R with the � R2asymptoti
 behaviour and to negative R keepingf 0(R) > 0; f 00(R) > 0 at least up to the s
ale of in
ation.Combined des
ription of primordial and present DE using onef (R) fun
tion is possible, but leads to 
ompletely di�erentreheating after in
ation during whi
h strongly non-linearos
illations of R o

ur (S. A. Appleby, R. A. Battye andA. A. Starobinsky, JCAP 1006, 005, 2010).



Phantom boundary 
rossingGeneri
 feature: phantom behaviour for z > 1,
rossing of the phantom boundary wDE = �1 for z < 1.
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Future evolutionIn�nite number of phantom boundary 
rossings at the stablefuture dS asymptote if f 0(RdS)=f 00(RdS) > 25RdS=16.
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Anomalous growth of perturbationsDeeply in the sub-horizon regime:�Æ + 2H _Æ � 4�Ge� �Æ = 0 ; Ge� = Gf 0 1 + 4k2a2 f 00f 01 + 3k2a2 f 00f 0 :
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Massive standard neutrinos with f (R) gravityThe anomalous growth of perturbations may be partially
ompensated by an in
rease of P� m� as 
ompared to thestandard �CDM, up to O(0:5 eV).
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1 massive sterile neutrino with f (R) gravityObservational data from WMAP7 and SDSS DR7.
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Best �t: m� = 0:860 eV, �2e� = 3767:0 with f (R) gravityversus m� = 0:109 eV, �2e� = 3774:1 for the �CDM model.



2 massive sterile neutrinos with f (R) gravity
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ompared to the 1 sterile neutrino 
ase.



Stru
ture of 
orre
tions to GRR = R(0) + ÆRind + ÆRos
 ;R(0) = 8�GTm / a�3 ;ÆRind = (RF 0(R)� 2F (R)� 3r�r�F 0(R))R=R(0) ;R � R0; ÆRind � 
onst = �F (1) = 4�(1) :No Dolgov-Kawasaki instability.MD : ÆRos
 / t�(3n+4) sin �
1t�(2n+1) + 
2� ;RD : ÆRos
 / t�3(3n+4)=4 sin �
3t�(3n+1)=2 + 
4� :



Æa=a is small but ÆRos
=R(0) diverges for t ! 0.ÆRos
 should be very small just from the beginning { aproblem for those f (R) models whi
h do not let R be
omenegative due to 
rossing of the f 00(R) = 0 point.The "s
alaron overprodu
tion" problem.



Three new problemsIn the early Universe:I Unlimited growth of ms(R) for t ! 0: when ms(R)ex
eeds MPl , quantum-gravitational loop 
orre
tionsinvalidate the use of an e�e
tive quasi-
lassi
al f (R)gravity.I Unlimited growth of the amplitude of ÆR os
illations fort ! 0 (the "s
alaron overprodu
tion" problem).I "Big Boost" singularity before the Big Bang:a(t) = a0+a1(t�t0)+a2jt�t0jk+:::; 1 < k = 4n + 12n + 1 < 2 ;if jF (R)� F (1)j / R�2n for R !1, so f 00(1) = 0.



Curing all three problemsS. A. Appleby, R. A. Battye and A. A. Starobinsky,JCAP 1006, 005 (2010).Add R26M2 to f (R) with M not less than the s
ale of in
ation.Then the �rst and and third problems go away. The se
ondproblem still remains, but (any) in
ation 
an solve it.However, in all known in
ationary models R may be negativeduring reheating after in
ation (e.g. when V (�) = 0).Ne
essity of an extension of f (R) to R < 0 keeping f 00(R) > 0.As a result, a non-zero g-fa
tor (0 < g < 1=2) arises:g = f 0(R)� f 0(�R)2f 0(R) ; R0 � R � M2 :



An example satisfying all 6 viability 
onditions: the g -extendedR2-
orre
ted AB modelf (R) = (1� g)R + g� log �
osh (R=�� b)
osh b �+ R26M2 :ms � M = 
onst for �m � 10�27 g/
m3 {no "
hameleon" behaviour in laboratory and Solar systemexperiments.The same 
an be done for HSS-type models (H. Motohashi,A. A. Starobinsky and J. Yokoyama, in preparation).



Combined models of primordial and present DEConstru
tion of a viable model of present dark energy in f (R)gravity naturally leads to 
ombined models of primordial andpresent DE.However, to take f (R) simply as some fun
tion for whi
h theequation Rf 0(R) = 2f (R) has 2 roots is greatly insuÆ
ient!What should be a
hieved in addition:1) metastability of in
ation;2) suÆ
iently fast de
ay of the s
alaron into matter quantaafter in
ation (thus, these models are not 
lassi
al va
uumf (R) models);3) validity of the stability 
onditions f 0 > 0; f 00 > 0 during allstages from in
ation up to the present time.If M � 3� 10�6MPl , the s
alaron 
an play the role of anin
aton, too. Then the in
ationary predi
tions are formally thesame as for the pure R + R2=6M2 in
ationary model whi
hdoes not des
ribe the present DE:



ns = 1� 2N ; r = 12N2 :However, N is di�erent, N � 70 for the uni�ed model (versusN � (50� 55) for the purely in
ationary one) be
ause thestage if reheating after in
ation be
omes 
ompletely di�erent:it 
onsists of unequal periods with a � 
onst and a / t1=2.Duration of the periods in terms of ln t:� ln (1� 2g) and �2 ln (1� 2g) respe
tively.So, a(t) / t1=3 on average for a long time after the end ofin
ation, in 
ontrast toa(t) / t2=3 �1 + 23Mt sinM(t � t1)�for the pure in
ationary f (R) = R + R2=6M2 model.Observable predi
tion whi
h is, however, degenerate with otherin
ationary models in f (R) gravity.
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Reheating { due to gravitational parti
le 
reation whi
h o

ursmainly at the end of in
ation. Less eÆ
ient than in the purein
ationary f (R) = R + R2=6M2 model,t = treh � M�4M3Pl � 10�18 s :
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Con
lusionsI In the range of R where f 0(R) > 0; f 00(R) > 0, f (R)gravity is a good ma
ros
opi
 theory of gravity withoutta
hyons, ghosts and weak singularities preventing thedeterministi
 Cau
hy evolution.I No new stationary asymptoti
ally-
at bla
k hole solutionsdi�erent from the Kerr-de Sitter one. However, inprin
iple relaxation to this solution may be longer than inGR with a 
osmologi
al term.I More interesting appli
ations in 
osmology. The simplestnon-trivial 
ase f (R) = R + R2=6M2 already produ
es ametastable slow-roll in
ationary stage. Itspost-in
ationary evolution averaged over time intervals�t � M�1 is dust-like.



I Supplementing this 
lassi
al f (R) model by smallone-loop quantum gravitational 
orre
tions whi
h produ
ea) generation of s
alar and tensor perturbations duringin
ation and b) the s
alaron de
ay after in
ation via thee�e
t of parti
le-antiparti
le 
reation by gravitational�eld, leads to a viable in
ationary model (a simpli�edvariant of the pioneer 1980 in
ationary model) predi
tingthe slope of the spe
trum of primordial densityperturbations ns = 1� 2N � 0:96 in agreement withobservations. This model des
ribes the gravitationalse
tor of the Higgs in
ation, too.I Its 
riti
al test: the low value for the tensor-to-s
alar ratioof primordial metri
 perturbations r = 12=N2 � 0:4%.



I Other possible viable in
ationary models in f (R) gravityare fun
tionally 
lose to this model over the range of Rfor whi
h in
ation o

urs. To have a gra
eful exit to theradiation-dominated FRW stage after s
alaron de
ay andheating of matter, the fun
tion f (R) should be analyti
and satisfy the stability 
onditions f 0(R) > 0; f 00(R) > 0for all jRj less than the s
ale of in
ation in
luding R = 0.I Mu
h more problems with models of present DE. Still anarrow 
lass of f (R) models of present DE remains viable:it is possible to 
onstru
t predi
tive models satisfying allexisting 
osmologi
al, Solar system and laboratory data,and distinguishable from �CDM. However, these modelsrequire a 
ompli
ated stru
ture of f (R) at low R forwhi
h no mi
ros
opi
 explanation is known at present.



I The most 
riti
al test for all f (R) models of present darkenergy: anomalous growth of density perturbations in thematter 
omponent at re
ent redshifts z � 1� 3. Anumber of di�erent ways to 
he
k it in the linear andnon-linear regimes.I In these models, a 4th sterile neutrino with the mass� 1 eV is permitted and produ
es even a slightly better�t to existing observational data as 
ompared to thestandard �CDM model, without lowering the best �tvalue for �8.I In order not to destroy all previous su

esses of the earlyUniverse 
osmology, these viable f (R) models of presentDE should be extended to large R with the � R2asymptoti
 behaviour and to negative R keepingf 0(R) > 0; f 00(R) > 0 at least up to the s
ale of in
ation.This results in a 
onstant s
alaron mass for laboratoryand higher values of R { natural range for 
hoosing anormalization point for one-loop quantum 
orre
tions.



I This naturally (though not inevitably) leads to 
ombinedmodels of primordial and present DE for the spe
i�

hoi
e of M: M � 3� 10�6MPl . However, 
ombinedin
ationary { DE f (R) models have a signi�
antlydi�erent behaviour after in
ation as 
ompared to purein
ationary f (R) models, with strongly non-linearos
illations of the s
ale fa
tor a(t). The ultimate reasonfor this: di�erent values of Ge� for R > 0 and R < 0 dueto f 00(R) > 0.
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