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The simplest form of EMRI

We assume a small particle with mass m is inspiralling into a central object with mass M
due to the emission of gravitational waves. The ratio m

M � 1.
For the radiation we employ quadrupole formalism:

dE
dt

= −
1
5

3∑
i,j=1

〈(
...
I ij )2〉,

dLi
dt

= −
2
5

3∑
j,k,l=1

εijk〈(
...
I jl Ïkl )〉

I ij (t) = m(x i (t)x j (t)−
1
3
δij xk (t)xk (t))

x i (t) are modelled as circular orbits around a Newtonian source M
~x(t) = R(cos(Ωφt), sin(Ωφt), 0)
Adiabatic approximation: E and Lz evolve slowly according to

dE
dt

= fE (E , Lz ),
dLz

dt
= fLz (E , Lz ).

We can then get R(t) (passing from one circular orbit to another) as well as the
gravitational waveforms
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Our set-up

Schwarzschid black hole with mass M instead of a Newtonian source.

General orbits (bound geodesics) instead of circular orbits.

Additional matter affecting the motion represented by an external quadrupole with
potential U(ρ, z) = − 1

4Q
(
ρ2 − 2 z2

)
Quadrupole formalism for gravitational radiation (not accurate but easy to compute for
qualitative analysis).

Mostly analytical approach using canonical perturbation theory.
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The steps

1 Approximately solve the geodesic equation using canonical perturbation theory ⇒
obtaining explicit formulas x i

geod (t) ≈ x i
geod (t, Ji )

2 Compute the gravitational wave fluxes for the independent integrals of motion Ji using
the quadrupole formalism.

3 Adiabatically evolve the integrals of motion

dJi (t)
dt

= fi (Jk (t))⇒ Ji (t)

4 Evolve quantities dependent on Ji (t): (Ωi (t), x i
EMRI (t),..)

5 Obtain the waveforms using hTT
ij = 2

r ÏTT
ij (t − r)
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The spacetime

The metric can be written in the Weyl form

ds2 = −e2ν(ρ,z)dt2 + e2λ(ρ,z)−2ν(ρ,z)(dρ2 + dz2) + ρ2e−2ν(ρ,z)dφ2.

Metric functions of Schwarzschild + external quadrupole

ν(ρ, z) =
1
2

ln
(d1 + d2 − 2M

d1 + d2 + 2M

)
−

1
4

Q
(
ρ2 − 2 z2

)
λ(ρ, z) =

1
2

ln
( (d1 + d2)2 − 4M2

4d1d2

)
+

1
16

ρ2Q2
(
ρ2 − 8 z2

)
−
1
2

((z + M) d1 + (M − z) d2) Q

d1,2 =
√
ρ2 + (z ∓M)2

The system is no longer integrable (integrals E and Lz ) but can be approximated by an
integrable one (Q is a small perturbation.) ⇒ canonical perturbation theory
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Action-angle coordinates
Assumptions

1 Integrable system with hamiltonian H(qi , pi )
2 Motion in the phase space is bounded.

⇒ canonical transformation to action-angle coordinates

(qi , pi )→ (ψi , Ji ), H(qi , pi )→ H(Ji )

actions:

Ji =
1
2π

∮
pi dqi

angles:

ψj (t) = Ωj t + ψj (0), Ωi =
∂H(Jj )
∂Ji

Harmonic oscillator: H(q, p) = p2
2m + 1

2mΩ2q2

Transformation: q =
√

2J
mΩ sin (ψ) , p =

√
2JΩ m cos (ψ)

⇒ H(ψ, J) = ΩJ

Kepler hamiltonian in action-angle coordinates:

H(Jr , Jθ, Jφ) =
G2M2m3

2(Jr + Jθ + Jφ)2
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Lie series

Class of canonical transformation defined by an arbitrary generating function ω(qi , pi )

zi phase space coordinates ⇒ {zi , zj} = Ωij

Time evolution equation dzi
dt = {zi ,H} solution:

zi (t) = zi + {zi ,H}t + 1
2{{zi ,H},H}t2 + . . . = exp(t£H )zi

where £g f = {f , g}
replacement H ↔ ω(qi , pi ), t ↔ ε:

Zi = zi (ε) = exp(ε£ω)zi

Inverse operator:
(

exp(ε£ω)
)−1 = exp(−ε£ω)

Identity {exp(£ω)f , exp(£ω)g} = exp(£ω){f , g}

⇒ {zi , zj} = {Zi ,Zj}
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Birkhoff normal form

Assume we have H(0) = H0(Ji ) +
∑
i=1

εi H(0)
i (ψi , Ji )

First start with εH(0)
1 : H(0)

1 = Z1(Ji ) + h1(ψi , Ji )

exp(ε£ω1 )H(0) = H0 + εZ1 + ε{H0, ω1}+ εh1 +O(ε2)

⇒ {H0, ω1}+ h1
!= 0 homological equation for ω1

H(1) = exp(ε£ω1 )H(0) is independent of angles up to the first order in the perturbation
parameter ε

After r normalization steps we have H(r) = H0(Ji ) +
r∑

i=1

εi Zi (Ji ) + R(r)(ψi , Ji ) ,

R(r) = O(εr+1) is a remainder.
In total

H(n) = exp(εn£ωn ) exp(εn−1£ωn−1 ) . . . exp(ε£ω1 )H(0) = U(ωi )H(0)

ψ(0) = U(ωi )ψ, J(0) = U(ωi )J
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The Schwarzschild hamiltonian

In Schwarzschild coordinates hamiltonian HSchw = 1
2gµνpµpν is

HSchw =
1
2

[
−

1
1− 2M

r
p2

t +
(
1−

2M
r

)
p2

r +
1
r2

(
p2
θ +

p2
φ

sin2 θ

)]
,

eliminating dependence on θ: (θ, pθ)→ (ϑ, Jϑ)

p2
θ +

p2
φ

sin2 θ
→ (Jθ + Lz )2, θ = π − arccos

(√
1−

Lz 2

(Lz + Jθ)2
sin (ψθ)

)

Change of evolution parameter τ → λ, dτ = r2dλ ⇒ separation of the angular part:

HSchw =
1
2

r2(gµνpµpν + 1) = Hrad +
1
2

(Jθ + Lz )2

HSchw =
1
2

r2
[
−

1
1− 2M

r
p2

t +
(
1−

2M
r

)
p2

r + 1
]

+
1
2

(Jθ + Lz )2
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Radial part: Expansion from a stable circular orbit:
r − rc = O(ε) = pr ,E − Ec = δE = O(ε2)

Radial part is then Hrad = H0(δE) + Jr Ω + R(δE , ψr , Jr ) =
= Z0(Jr , δE) + R(δE , ψr , Jr ), R = O(ε3)

Applying the Lie series transform:

exp(£ω2 ) exp(£ω1 )HSchw =
2∑

i=0

Zi (Jr ) +
1
2

(Jθ + Lz )2 + R(2)(ψr , Jr ) ≈ HN0(Jr , Jθ) +O(ε5)

After adding the perturbation:

Htot = HSchw +
∂Htot

∂Q
Q +O(Q2)

We then get
HNtot = HN0(Jr , Jθ) + QZQ1(Jr , Jθ) +O(Q2)

Neglecting the remainder ⇒ integrable system HNtot (E , Jr , Jθ, Lz )
Coordinates x i (λ) = x i (ψj (λ),E , Jr , Jθ, Lz ), ψj (λ) = Ωjλ+ ψj (0)

Lukáš, Polcar (ÚTF) EMRI from the canonical perturbation theory 10 / 18



Accuracy of the approximation

Jr
M and QL4

M2 need to be sufficiently small
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Resonances
Solving the homological equation

h1 =
∑
k,l

akl ei(kψr +lψθ) → χ =
∑
k,l

akl
1

i(kΩr0 + lΩθ0)
ei(kψr +lψθ)

where Ωr0 = ∂HN0
∂Jr

, Ωθ0 = ∂HN0
∂Jθ

Resonance condition of the unperturbed system

kΩr0 + lΩθ0 = 0, k, l ∈ Z

The approximation fails when close to a resonance
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Adiabatic approximation

Evolution of angles is much slower than evolution of actions (and energy):

d
dt

x i (t,E(t), Ji (t)) =
∂x i

∂t
+
∂x i

∂E
dE
dt

+
∂x i

∂Jj

dJj

dt
≈
∂x i

∂t
.

The averaging is trivial:

A =
∑
k,l

ckl ei(kψr (t)+lψθ(t)) ⇒
〈

A
〉

= c00(E , Li ).

The evolution equations for integrals of motion:

dE
dt

= fE (E , Jθ, Lz ),
dJθ
dt

= fJθ
(E , Jθ, Lz ),

dLz

dt
= fLz (E , Jθ, Lz ).

The coordinates then evolve in time as x i
EMRI (t) = x i (ψi (t),E(t), Jθ(t), Lz (t))

where ψi (t) =
∫ λ(t)

0
Ωi (λ)dλ+ ψi (0), Ωi = (Ωi ,E , Jθ, Lz )
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Evolving the actions

Evolution of the integrals of motion during EMRI

(a) Energy (b) Angular momentum (c) Radial action
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Phase shifts

δψi(t) = ψi(t)− ψi(t)|Q=0

(a) Radial phase shift (b) Azimuthal phase shift
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Inclination and eccentricity

i = arccos
( Jφ

Jφ + J (0)
θ

)
, I = 〈i〉

(a) geodesic evolution
of Inclination i

(b) Adiabatic
evolution of I

(c) Evolution of
eccentricity
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Extracting the waveforms

Inserting x i (t) into the Einstein’s quadrupole formula hTT
ij = 2

R ÏTT
ij (u) leads us to the

gravitational waveforms.

(a) inspiral around
r = 21M

(b) inspiral around
r = 9M

(c) Comparison with
Schwarzschild
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