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Introduction

Motivation: calculation of gravitational-wave templates for the detection of GWs

Extreme mass ratio inspirals with spinning secondary

Calculation of phase-shifts between EMRI with spinning and non-spinning body

1 Introduction

2 Dynamics of spinning particles

3 Gravitational wave fluxes

4 Adiabatic inspirals
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Extreme mass ratio inspirals

Extreme mass ratio inspiral: stellar mass BH/NS
orbiting a supermassive black hole

Mass ratio q = µ/M = 10−7–10−4

Energy and angular momentum loss due to
gravitational radiation reaction

Emitting GWs to infinity

Possible to detect with LISA

Opportunity to study strong gravitation around BH

Phase of the GW: Φ(t) = Φ0(t)q
−1 +Φ1(t) +O(q)

Secondary spin contribution in Φ1

https://en.wikipedia.org/wiki/Extreme mass

ratio inspiral
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Spinning particle in the Kerr spacetime

Pole-dipole stress-energy tensor

Tµν =
1√
−g

(
P(µvν)

v t
δ3(x i − x ip(t))−∇α

(
Sα(µvν)

v t
δ3(x i − x ip(t))

))

Mathisson-Papapetrou-Dixon equations for the four-momentum Pµ and spin tensor Sµν

Constants of motion:

µ =
√
−PµPµ

σ =
√
SµSµ/(µM) ≤ q ≪ 1

E = −ξµ(t)Pµ + ξ
(t)
µ;νSµν/2

Jz = ξµ(ϕ)Pµ − ξ
(ϕ)
µ;νSµν/2
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Spinning particle in the equatorial plane

Equatorial plane ⇒ spin parallel to the z-axis

Equations of motion in the equatorial plane: 3
ODEa

parametrization by eccentricity e, semi-latus rectum
p

r1 =
Mp

1 + e
r2 =

Mp

1− e

Formulas forb

E (a, p, e, σ)
Jz(a, p, e, σ)
Ωr (a, p, e, σ)
Ωϕ(a, p, e, σ)

aSaijo et al., Phys. Rev. D 58 (1998)
bSkoupý and Lukes-Gerakopoulos, Phys. Rev. D 103 (2021)
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Linearization in σ

σ ≲ q ≪ 1 ⇒ linearization in σ

Linearization w.r.t. geodesic with the same p, e: E (p, e, σ) = E (g)(p, e) + σ δE (p, e), etc.

Linearization w.r.t. geodesic with the same frequencies: p(Ωi , σ) = p(g)(Ωi ) + σ δp(Ωi )

δp =
∂eΩ

(g)
ϕ ∂σΩr − ∂eΩ

(g)
r ∂σΩϕ

∂pΩr∂eΩϕ − ∂eΩr∂pΩϕ

δe =
−∂pΩ(g)

ϕ ∂σΩr + ∂pΩ
(g)
r ∂σΩϕ

∂pΩr∂eΩϕ − ∂eΩr∂pΩϕ

Other quantities: δf = ∂f
∂σ + ∂f

∂p δp + ∂f
∂e δe

∣∣∣
σ=0
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Teukolsky equation

GW from EMRI as perturbation of the background spacetime

NP formalsm: perturbation of Weyl tensor projected on a tetrad Ψ4 = −Cαβγδn
αmβnγmδ

Teukolsky equation for the field variable ψ = (r − ia cos θ)4Ψ4

((
r 2 + a2

)2
∆

− a2 sin2 θ

)
∂2ψ

∂t2
+

4Mar

∆

∂2ψ

∂t∂φ
+

(
a2

∆
− 1

sin2 θ

)
∂2ψ

∂φ2

−∆−s ∂

∂r

(
∆s+1 ∂ψ

∂r

)
− 1

sin θ

∂

∂θ

(
sin θ

∂ψ

∂θ

)
− 2s

(
a(r −M)

∆
+

i cos θ

sin2 θ

)
∂ψ

∂φ

− 2s

(
M
(
r 2 − a2

)
∆

− r − ia cos θ

)
∂ψ

∂t
+
(
s2 cot2 θ − s

)
ψ = 4πΣT ,
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Solutions of TE

Decomposition into Fourier modes

ψ =
∑
l ,m

∫
dωψlmω(r)sS

aω
lm (θ)e−iωt+imφ

Radial equation solved using Green function formalism
ψlmω(r) = C+

lmω(r)R
+
lmω(r) + C−

lmω(r)R
−
lmω(r)

Periodicity of the radial motion: discrete frequencies ωmn = mΩϕ + nΩr

C±
lmω =

∑
n

C±
lmnδ(ω − ωmn)

Linearization
C±
lmn = C

±(g)
lmn + σ δC±

lmn
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Energy and angular momentum fluxes

Strain at infinity hµν = h+e
+
µν + h×e

×
µν

h = h+ − ih× = −2

r

∑
l ,m,n

C+
lmn

ω2
mn

Saωmn
lm (θ)e−iωmn(t−r∗)+imϕ

Energy and angular momentum fluxes

FE =

〈
dE∞

GW

dt

〉
=

∞∑
l=2

l∑
m=−l

∞∑
n=−∞

∣∣C+
lmn

∣∣2
4πω2

mn

FJz =

〈
dJ∞zGW

dt

〉
=

∞∑
l=2

l∑
m=−l

∞∑
n=−∞

m
∣∣C+

lmn

∣∣2
4πω3

mn
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Numerical calculation

First we find orbital quantities for given p, e

C
±(g)
lmn , δC±

lmn calculated using numerical integration

Summed over l , m, n for given accuracy

Repeated for grid-points in the p − e plane

FE , FJz interpolated using Chebyshev interpolation
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Adiabatic inspirals

Fluxes are very small: two-timescale approximation

Flux-balance laws: FE and FJz are equal to −Ė , −J̇z

Evolution of p, e(dp
dt
de
dt

)
=

(
∂E
∂p

∂E
∂e

∂Jz
∂p

∂Jz
∂e

)−1(
dE
dt
dJz
dt

)

Linearization: p(t) = p(g)(t) + σ δp(t),
e(t) = e(g)(t) + σ δe(t)

Evolution equations:

dp(g)

dt
= ṗ(g)(p(g), e(g))

dδp

dt
= δṗ(p(g), e(g), δp, δe)

de(g)

dt
= ė(g)(p(g), e(g))

dδe

dt
= δė(p(g), e(g), δp, δe)
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Waveform

Waveform from inspiralling orbit

h(t) = −2

r

∑
l ,m,n

C+
lmn(t)

ω2
mn(t)

S
aωmn(t)
lm (θ)e−iΦmn(t)+imϕ

GW phase Φmn = mΦϕ + nΦr

Φr ,ϕ(t) =

∫ t

0
Ωr ,ϕ(p(t

′), e(t ′), σ)dt ′

Linearization:
Φr ,ϕ = Φ

(g)
r ,ϕ + σ δΦr ,ϕ

Phase shift σ δΦr ,ϕ of the order of radians

Viktor Skoupý Adiabatic equatorial inspirals of a spinning body into a Kerr black hole 11.3.2022 12 / 15



Phase shifts

e(g)0  0.1

e(g)0  0.2

e(g)0  0.3

e(g)0  0.4

e(g)0  0.5

e(g)0  0.6

e(g)0  0.7

0

1

2

3

4

5

6

q
δ
Φ
ϕ

0 50 100 150 200 250 300

0.1

0.6

1.1

1.6

t

q

q
δ
Φ

r

e(g)0  0.1

e(g)0  0.2

e(g)0  0.3

e(g)0  0.4

e(g)0  0.5

e(g)0  0.6

e(g)0  0.7

0

10

20

30

40

50

60

q
δ
Φ
ϕ

0 100 200 300 400 500 600

0

5

10

15

20

t

q

q
δ
Φ

r
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Maximal radial phase shifts
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Summary

For the detection of EMRI, waveform templatest must be generated with high accuracy

The spin of the smaller body must be included

We have calculated orbital quantities of spinning body linearized in the spin

Using Teukolsky equation we calculated the GW fluxes to infinity and to the horizon

We have calculated adiabatic inspirals and the phase shifts due to the secondary spin

Thank you

Viktor Skoupý Adiabatic equatorial inspirals of a spinning body into a Kerr black hole 11.3.2022 15 / 15


	Introduction
	Dynamics of spinning particles
	Gravitational wave fluxes
	Adiabatic inspirals

