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A brief history

e Well-defined notion of gravitational wave in full non-linear theory of
general relativity for asymptotically flat space-time.

® Bondi and his collaborators provided a detailed analysis of
gravitational waves in full non-linear theory along with a definition of
energy carried away from an isolated system by gravitational radiation.

H. Bondi, M.G.J. Vander Burg, A. W. K. Metzner - 1962

e One of the remarkable milestones in gravitational radiation
theory!



A brief history

Bondi and his collaborators performed a systematic expansions of axis
symmetric gravitational wave metric along outgoing null directions.

Given an initial data on null hypersuface, solve Einstein’s equations.

Deduce the asymptotic fall-off condition for the gravitational fields.

As a supplementary condition obtain mass-loss
formula.

‘News function’ - absolute square integrated
over the sphere at infinity, measures the rate of
energy loss by a gravitating system.
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Questions...

e Given that cosmological observations suggest a positive A,
How to study gravitational radiation!?

e In (generalized) Harmonic gauge

e In Bondi gauge

® Solution of linearised EE in terms of source integral?
® Linearised fields in terms of source quadrupole moments?

e Power radiated quadrupole formula?

Is there any significant observable effect in orbital decay and orbital phase
computation in a binary system?

How small are correction term? Order of magnitude?



Questions...

how to generalise Bondi-Sachs’s formalism?

Asymptotic fall-off condition for the gravitational fields?
Asymptotic symmetries?

Mass-loss formula for A > 0?

Analogous ‘News tensor’?

Surprisingly this remained unsolved for 60 years!! Lots of Non-trivialities !!

A simpler version of the problem - Bondi-Sach’s formalism for linearised
gravitational fields on de Sitter background.

How to reconcile Bondi Gauge to generalised Harmonic gauge!?



Non-triviality for positive A

® Standard framework does not extend from A =0 to A >0 .

® Structure of null infinity alters, for A > (0 : space-like

A<O0 : time-like

A>0 A=0 A<O



de Sitter space-time and patches
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Linearised equation

Choose a background metric : Juv(7), Gu () = Gu () + €l (z)

- 1 _ .
Define:  h,, :=h,, — §gw/h o h= h(wg B, = Vu,h

Linearised equation :

11 —- _ _ _
T = L[ Ot (55 T )
A
—I—g [h,uz/ — hglﬂ/}
o, 2A77~ 'F h
Gauge condition: B, = Tho“ , simplifies the equation

~

1
® Xy ' = a_2hW , with 8O‘XW + — ; (QXOu -+ 5NX04 ) =30

® Residual gauge freedom =—> Xo0i =0 = )AC(:: X00 T Xf;;i)

2
Xij T+ EﬁoXij = — 1671,
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Retarded Green function - decoupled eqns
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+ Having discussed the propagation of waves in de
Sitter space, we need two more things to generalise
the Einstein Quadrupole formula in de Sitter

- Source moments

» Particular solution of inhomogeneous wave equation
in terms of source moments
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SOURCE MOMENTS
Mass moment :
QY (t) = / d’x a’(t) p(t,7) '2’ .
(t)

Pressure moment :

Qij(t) — /(t) d>x ag(t) p(t, T) Ttz

Tt o= fiz® = —(nH)_léijxj = a(t)z®
fe = —Hnd* 6 n:=-—H ',

pr = Tapfofo. Py = Tapfif pi=Pyo¥



Inhomogeneous solution

® Using conservation equation of de Sitter background in
tetrad frame, relate source integral with moment
variables.

2 —
Xij (t, 7“) ~ ﬁ {8,5262@] — 2Hathg + Hathg}
—2H {8,52622-3- — 3H0,Qij + HO,Qij + QHQQM - HZQU}
—2H? {0y Qij — 2HQq; + HQyj }| _

A. Ashtekar, B. Bonga and A. Kesavan,
Phys. Rev. D 92, 044011 (2015).

G. Date and S. J. Hoque, Phys.
Rev. D 94, 064039 (2016).
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Energy Propagation

* We use covariant phase space approach of Lee and
Wald for linearised gravity in de Sitter

* We introduce symplectic structure on the space of
linearised solutions

* For a linearised solution h, energy flux is

ET — w(h, fTh)
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Energy flux in dS background

e Time translation generator :

e Conservation equation :

0= /Q)d‘lx\/ﬁvuw“ — /d4x 0, (v gw") :/

(Y

e Energy flux across
3-dimensional hyper-surface

T" = —H(%CUZ)

Ov

/ dx,,w"
>

dx,w",

15



Flux : constant physical radial distance

rohy = |@|T := p :Trajectory of killing observer.

0 1 o
. / 05,0° = / ir / a0 || RURY siksi
Ep 50 g2 87T J

.. : - - _ tt
R, = Qo+ 3H G + 2H Qi + HQn + 3H*Qugy + 2H Q| (brer)

G. Date and S. J. Hoque, Phys.
Rev. D 96, 044026 (2017).

S. J. Hoque and A. Virmani,
Gen.Rel.Grav. 50, 40 (2018).

A. Ashtekar, B. Bonga and A. Kesavan,
Phys. Rev. D 92, 10432 (2015).
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Remarks :

® Full flux integral is
independent of
physical radial
distance, for large

enough 0

e Analogousto T°
independence of
flux in flat
background

lim dZuw“
p—0 [
o)




Modelling of compact binary in de Sitter background

How to model the compact binary in dS? 2

A(iT)

- B

T'ph = CONST.
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Modelling of source in de Sitter background

e 1 = const. surface does not have compact support.

e "pn = const. represents circular orbit in de Sitter background.

e Moments are defined in tetrad frame

e In CM frame the system is equivalent to an effective one
body problem with reduced mass # .

® Attach a tetrad to the centre of circular binary .

e Mass quadrupole moment :

- cos? 1 sinycosy 0
Q"7 = ,wri p | sin cos Y sin? 1 0
0 0 0
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Power radiated by binary

For weakly stressed system neglecting pressure moment
terms,

o 32 (GMC wgw>10/3

" 5G 9

1+ 5H w,; +4H"w_,

H?w, ~ (A Lg)* ~10"* —10"*

for LIGO, f ~ 10° — 10°Hz

~107*° = 107" for LISA, f ~ 107* — 1 Hz

~ 10718 _ 10712 for PTA, f ~107°—107° Hz

S.J. Hoque and A. Aggarwal,
IJMPD 28, 1950025 (2019)

20



Gravitational phasing formula

® In the weak field limit on de Sitter background the potential is Newtonian.

| —

GMyp dE _ (G*MI\'P2
2R dt 32

3 quw Waw

e [ncluding back reaction of gravitational waves in presence of cosmological
constant one obtains a phasing formula

6 = [ doguliog) o

15 _1/3 —5/3 _5/3
EQ /(GMC) wgw/ —

1 3 2 —2 21 4 —4
5+EH wgw—ﬁH Cdg,w—|—)—|—0
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Summary and outlook

Discussed linearised gravitational waves in de Sitter background in a
generalised Harmonic gauge.

Obtain field in terms of quadrupole moment of the source.

Power radiated quadrupole formula and its application to binary system

Interesting to explore how cosmological constant affects waveform. It will
give a bound on cosmological constant from current observations.

Gravitational radiation in dS in Penrose’s conformal language, linearisation
stability and global hyperbolicity.

Ongoing work with P. Krtous and C. Pedn-Nieto

Gravitational memory effect in de Sitter.

Ongoing work with G. Compeére
Gravitational waves in FLRWV space-time.

»» Ongoing work with B. Bonga and B. Schneider
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Outline

® We wish to generalise Bondi’s mass loss formula for
linearised gravitational field with a positive cosmological
constant in covariant phase-space formalism.

© Discuss A =0 limit.

e asymptotic fall off condition for fields.

e We will work in Bondi frame.

25



Set up for Bondi coordinates

® \We construct Bondi coordinates for de Sitter.

e Bondi coordinates are based on a family of outgoing null hypersurfaces.

e Hypersurfaces u = const are null.

— gabﬁauﬁbu =0 — g =0

. A
e Iwo angular coordinates £ are
constant along null rays.

— g“baauﬁbwA =0 = g“A — 0.

o g*°and Gab are related by GGy, = 0y

— grr:O:grA

20



Metric in Bondi-Sachs coordinates

® Metric in Bondi-Sachs coordinates,

ds® = —Ke%dzﬂ — 2e*P dudr + r*yap(dz? — U2 du)(dx® — UPdu)
r

e 7 varies along null rays, chosen to be an areal coordinate;

detgap = r# sin® 6

e We will explore Einstein equations for linearized fields on de Sitter
background.

dgab(A)

background = gas(A = 0) := Gap ; perturbation hy, = o
A=0
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Bondi gauge for linearized theory

e In Bondi coordinates de Sitter Background metric takes the form,

. A2
ds” = — (1 ; )du2 — 2dudr + fr‘QﬁABdajAd:pB

® Bondi gauge condition for linearized fields

hr’r = 0= hrA7 %ABhAB =3

® We wish to explore linearised Einstein equation with Bondi

metric, 1
Ea,b — Rab — §Rgab + Agab =0

28



Einstein equations: systems of hierarchical PDEs

®  Four independent hyper surface equations, £/ = ()

T
O E;L =0 = 0,08 = TGVACVBD(aTVAB)(aTVCD)

Linearisation: 9,68 =0 = 68 = 68(u, ™)

Using gauge 68 =0 =0gur, hap = hap + LeGab

o EY =0 = 0,[r'e P ya5(0,U")] = 210, (%DAB) —1r*v* ' Dg(0,var)
Linearisation: On[r*0,(r~26gua)] = TQIODF(?T(’I“_25QAF)
® E'=0= 2 %0,V) = R—-2y*?[DaDpB+ DaBDpp]
+ e;ﬁ Da[0-(r*U™)] — ;6_267AB(87“UA)(67“UB) — 2Ar*
Linearisation: 20,0V = 6R — ilo)A[a,n(T2(59uA)]

r2
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Solution for h 4

(1) (-2) (-3)
0
() h AB h AB h AB )

. 2
Given the ansatz : hAB =T (hAB | | | 13 e .

r r?
solve  O.[r*0,(r 286gua)] = r2DF0,.(r20gar) 1
(0) 1. D -3) 9 . (2
hya = T2<huA -+ §DB h ABT_Z + <huA + §DB h AB(?)IHT—I— 1))7“_3 —+ )
e Similarly, solve for V

e Given the ansatz h 4B, hypersuface equations E* = 0 fix the asymptotic fall
off condition for other components of field.
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Evolution equation for hp

e Traceless symmetric parts of E, 5 =0 gives evolution

equation for iLAB .= T‘_QhAB

rO,[1(Ouhan)] + %(%[ﬁ(%?ﬂ — 1)(0rhap)] — TS[DA(D,(r*hag))] = 0

©  (©
(hya, h ap =0)
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Non-polyhomogenous de Sitter

e 1 A ~ o ~
rOp|r(OuhaB)] + 5(%[7“2(57'2 —1)(0,haB)] — TS[DA(0-(1%hap))] =0
Asymptotic analysis of this equation gives non trivial equations
A G2
— h ap =0
5 v AB

e NO log term in de Sitter. De Sitter is non-polyhomogenous!!

(-2)
e TJo getrid of log term one needs to set h 45 = 0, for flat space-

time. In Bondi’s paper this condition is termed as outgoing radiation
condition.

e For de Sitter this is a consequence of equation of motion.

® This result is true for full non-linear theory also.

G. Compere, A. Fiorucci, R Ruzziconi - 2019

- A. Pole, K. Skenderis, M. Taylor -2019



Asymptotic symmetry group is NOT BMS

Oulr(@ulian)) + 30, (57 = 1)(@han)] — TSIDa(0,(*Fan))] = 0

Asymptotic analysis of this equation also gives,

(0) A(ll) ) O ] C’(9)
811, hAB — g h AB + (DA huB =+ DB huA — ’YABD huC’)

(0) (0)
e hap and h, 4can not be zero simultaneously by a gauge
transformation!! Asymptotic symmetry group of de Sitter is not BMS.

® Whether this gauge condition is achieved by any physical space-time is
difficult.

S. J. Hoque, A. Virmani - 2021
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Asymptotic expansion of linearised fields

(-1) (-3)
(0) (-2)
2 1 | h AB LT —2 h aB |
hAB - T hAB I | hAB T i 3 ..
—— r N—— r
(O RS - .
hya = T (huA—|—§D h agr “+ h g ar ° +..
(0) M 1 (-3)
OAV OAV
Ryw = TD7 h, aA 2D hoaa-+...
r 27

34



Evolution equations for integration constant

e F,,=20, gives the evolution equation for Ry

. . (11) . (LS)
20,M = 0, D DB h s — AD? h 4

e Iya=0, gives the evolution equation for h 4

(=3) . 1 . i G G o (3
30y hya = DaM + 5(DBDADC hop — DNsDC hoa) —ADP h 45
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Energy in the linearised theory

® The Hamiltonian for the linearised theory associated with a hyper
surface Y3, and a vector field X reads,

HIE, X] ::/ﬁ“dzﬂ
>
_ ! b Lxd) dY, — xlozH gA gy
> 0>

¢ s linearised field, 7" is associated canonical conjugate momenta.

e When X is a time-translational symmetry of background, the
numerical value of the integration is identified with the total
energy of the field contained in };.

® Our approach differs from Ashtekar’s group work in boundary terms.
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Energy flux in the linearised theory

® Consider a family of hyper surfaces labelled by 7~ and define,

~

dH[Z,, X] 1 d bt o 1/ o
! = —__ dy, — = Xz MpA ) dn,
- i |G Lxdas, =5 [ L (XCRa6A )d,

1

/ Xt (3, £ d) Sy,
o

2
1

-5 / (X[ULXﬁAM]qBA+X[0ﬁAM]LXgZA>dEW.
0

Using, w“(gg,ﬁx(;) = £X§5AﬁAM — QBAEXﬁA“

dH(S., X ) _
H( ) — — X[Uﬂ'A’U”]fngAdEJM.
dT )

The integrand represents the flux of the energy through @Y. when};is
dragged along the flow of X
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Canonical energy for gravitational field

1

E.lh,Cur] = 6ir | gPE Gt (0,hpcOrhEr — hpcOrO0uhgr)r? sin Odrddde
1 _ _
R — pra)delp, N hes 2 sin 0dOde
32T S(R)

hap solution of linearised vacuum Einstein equations,

Cu ight cone u = const emanating from 7 = ()

Cu,r light cone truncated at radius 7 = R

S(R) sphere of radius R
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Boundary term in canonical energy

e In Bondi gauge boundary integral of Ec(h,Cyu,r) becomes,

AR (-1)  (-1)
/ SABLCD e h gp sin0dOde
1927'(' g2

1

11y (0)  (-3)
. / (SAB5CD | a0 whpp — 65B hya b up) sin 0d0do
SQ
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Renormalised energy and flux

We propose to introduce a renormalised canonical energy

. 1
E.[h,C,) = 6ir . gPE gt (0uhpcOrhEr — hpe0r0uhpr)r? sin Odrdfde
1 (-1) (-1) (0 (-3

. (Y*P3CP h 4cOy h p — 635 hya b up)sin 0dOde
70 g2

which has its own flux formula

dEC h7 Cu 1 . . 1) 1) ) (-3) (0) .
C[qu, ] T 397 (34P3“P0y h acOu b pp — 65" h 40y hup) sin 0dOd
S2

For A = 0, we obtain linearised version of Bondi’s mass-loss formula.
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Summary

® Bondi-Sachs coordinates are constructed for de Sitter.

® NO log term in de Sitter

® Asymptotic fall off condition for linearised gravitational field have been
obtained in Bondi frame. Qualitatively different from A = 0 case.

® Due to different fall-off asymptotic symmetry group is not BMS

® A definition of candidate Energy and Energy flux have been obtained
for linearised fields.

® Interesting to generalise Bondi-Sachs formalism for FLRWV case.

e How our solutions are related to other linearised solutions on dS
background and quadrupole formula in de Sitter background.

A. Ashtekar, B. Bonga, A. Kesavan - 2015

43 G. Date, Sk J. Hoque - 2015
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The residual gauge transformations are thus defined by a u-parameterised fam-
ily of vector fields ¢ (u,-) on S? together with

f)BfB(u, :cA)

Out® (u,z?) = 5 , (3.44)
and (3.25). Explicitly:
(= (/ ﬁf;gBéu, a:A)du + fu(a:A)) O + % (Az,f" - rf)BgB) Oy
(€8 (w,2%) — ~DP"(u,2"))0p (3.45)

with an arbitrary function £*(z?).
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Covariant phase-space: Linearised Lagrangian

e Given a Lagrangian density £(¢, 0¢) . the field equations are

oL \  oc ) )
A= a“(acbf‘) ppr 0 3 O = Oud

e Consider, ¢ as a one parameter family of field configuration.

background: ¢(A =0) = ¢ , Linearised field: gE = % A—0
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Covariant phase-space: Linearised Lagrangian

e Llinearised equation:

~ ~ d& A
P <7TA B 0,0P + At pd ): (WBMA8M¢B+7TAB¢B> | 7\
with,
. 0oL . 0L
7TA'UJ T A, TA - — DA
2 2 2
7-‘-A'UJBV : 8¢A8M(§¢BV 9 7TA B -— 8@152 gqu y TAB - 8qf4(§q§B
e Linearised Lagrangian density,
-1 - cmn 1 agen dEA -
L= -ma"B"0,0"0,0" + 1a" 50,0 ¢" + ~Tapd* " A 2 oA

2 2 dA
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Covariant phase-space: Hamiltonian density

e Hamiltonian density for £ and a vector field X,

HH[X] = Lxopt — XHL

0" (¢7 'CX ¢)

0L = E4(¢)d¢™ + 0, ( ajf M(MA)

® (Corresponding Hamiltonian density for Linearised
Lagrangian, Y ) )
HU[X] = —= Lxo? — XML
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Covariant phase-space: presymplectic current

e Consider two parameter family of field configuration
o (A7),

" do do _ dp? drty  do drt,
d\’ dr dr dA d\ dt

e |nWald-Zoupas terminology,
w’u(¢7 51¢7 52¢) - 519M(¢7 62¢) o 526’“(¢7 51 ¢)

® On linearised field equations, presymplectic
current is conserved.

o o _ dEade?t  dEa do’
WA dr o dr o dA
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Relation between Hamiltonian and presymplectic current

e From the conservation of presymplectic current, naively
one would expect flux should be related to w*

(3t/wtd3x — —/winidQS

® We wish to ask how canonical energy of linearised theory
is related to presymplectic current.

How does flux law related to presymplectic current?

e The relation between canonical energy of linearised
theory and presymplectic current can be established by
taking the second variation of Hamiltonian vector density
in original theory.

50



First variation of Hamiltonian
oL
DA,
.= Wﬁﬁx¢A — XML:

HH[X] = Lx¢? — XML

dH" [ X] L drt ™ | dopA
— E H I 2 o [O- y
A\ X7 T hxma i T20( Xy
dX dop™
M | L

® Vector field X does not depend on the field

configurations: d_X — 0

dA
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Second variation of Hamiltonian

d2HH . a4 d 0 TA d 74
N )\Zozﬁxgb T+ Lx ¢ ﬁﬂﬁ_ﬁ T4 @ _CXWiagb
B LA
+ 20, (X["frg] oA — Xlorh %)

® second variation of Hamiltonian can also be written in
terms linearised Hamiltonian density,

d*H" 2 dity LAt - de”
-2 K _9 5 X[M o] _
2 N ) Ay T 20 ( AT >

e Comparing these two,

. 1 N N N
HUX] = 5 (ﬁxgbf‘ﬁg — Lx7hyo” ) + 95 (X[Uﬁfjﬁ ¢A>
N— —
w“(%ch q;)
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Summary and questions

® A definition of candidate Energy and Energy flux have been obtained
for linearised fields.

® Asymptotic fall off condition for linearised gravitational fields are Qualitatively
different from A =0 case.

® Proposed renormalised energy and flux in the limit A=0

become classical Bondi quantities.

Our works can be extended in several directions:

¢ adding matter fields, generalisation to FLRWV case

® Implication of new term in radiation reaction, and in the
gravitational wave observations.

e How our solutions are related to other linearised

solutions on dS background.
A. Ashtekar, B. Bonga, A. Kesavan - 2015

53 G. Date, Sk J. Hoque - 2015
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Based on: Phys.Rev.D 103 (2021) 6, 064008 with Piotr T. Chrusciel, Tomasz Smolka,

EPJC, 81,696(2021) with Piotr T. Chrusciel, Tomasz Smolka, Maciej Maliborski




Outline

® A simpler version of the problem - linearised field in de Sitter

background.

We wish to generalise Bondi’s mass loss formula for linearised
gravitational field with a positive cosmological constant in covariant
phase-space formalism.

e Discuss A lifpit.

e Asymptotic fall off condition for fields.

e We will work in Bondi frame.
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+00 '
/ Ay, w® = / dT/ dQ r?a’ (Hp w” 4 e
» — 00 S2 r

+00 i
B , d 1 ..
= Hp /oo ‘“/52 AQ| (=-x35) (ronxia + ndrxii) 0767

T

and for rapidly varying source, 9,x:; = —0,Xi;

S/



Flux through null hyper surfaces

Null . n+er+o=0
hyper surfaces

Null
normals

Ny, = ’7(1, E,C/Ii’z)

/dZawo‘

) :
RiER |66
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Remarks :

e Identifying null normal of cosmological horizon with
Killing vector, = —(Hr)" ' ,flux matches with

I'phy = const hyper surface.

e Vanishing flux across outgoing null hypersurface

—>  sharp energy propagation

® Radiated power can be defined on cosmological horizon

dE 1 _
7)(7-) .= E — 8_7'(' o df) RZRtktl 5Zk5]l

. . . . _ tt
R = |+ 3H Gy + 2H* Qe + HQu + 3H2 Qi + 2H Q| (trer)
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LINEARISED THEORY

Choose a background metric : g ()

Define perturbation as : 9. (%) := g (x) + €hpy ()

Gauge transformations : 6h,, := LG, = V6

V.&,

Physical perturbations : solutions of the linearised Einstein

solution modulo the gauge transformations.

For explicit calculation we need to choose coordinates,
choose a gauge, identify region of interest and compute

observables.

1 . : o
Xzz;'T ~ Aijlekly A"kl — §(szpjl +lepjk —szpkl) ] P’J = (5-‘7 —sz‘x].

1) 1

60
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Cosmological Horizon : effective null infinity

. JT
it

* Observer at finite physical
distance away from source
must remain confined within
the cosmological horizon. I

-
|

« For rapidly varying compact
source quadrupole power can |
be evaluated at the ~V ./

cosmological horizon

(
* No incoming radiation + conservation

Energy flux at cosmological horizon exactly

— .
matches with that of at 7+

S. J. Hoque and A. Virmani
in preparation
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