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Introduction

Gravitational waves (GWs) detected in 2015

New era of GW astronomy begun
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Extreme mass ratio inspirals

Stellar-mass compact object orbiting a massive black hole

Mass ratio q = µ/M between 10−7 and 10−4

Energy and angular momentum loss due to gravitational radiation reaction

Secondary body completes 104 to 105 orbits in the strong field

GWs emitted to infinity will be possible to detect with LISA

Opportunity to study strong gravitation around massive black holes

Signals from EMRIs and other sources will overlap ⇒ matched filtering for detection and
parameter estimation

Accurate waveform templates are needed
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EMRI modelling

Spacetime expanded in the mass ratio as

g exact
µν = gµν + qh

(1)
µν + q2h

(2)
µν +O

(
q3
)

h
(n)
µν calculated from expanded Einstein equations

Two timescale approximation

Φ =
1

q
Φ0(qt) + Φ1(qt) +O(q)

Flux balance laws: the adiabatic term calculated
from the asymptotic fluxes

Effects of the secondary’s spin in the postadiabatic
term
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Spinning particle in the Kerr spacetime

Stress-energy tensor Tµν =
∫
dτ
(
P(µvν) δ4√

−g
−∇α

(
Sα(µvν) δ4√

−g

))
Mathisson-Papapetrou-Dixon equations for Pµ and Sµν

Tulczyjew-Dixon SSC SµνPν = 0 ⇒ relation between Pµ and vµ

Constants of motion:

µ =
√

−PµPµ

S =
√

SµνSµν/2 = σµM, σ ≤ q ≪ 1

E = −ξµ(t)Pµ + ξ
(t)
µ;νSµν/2

Jz = ξµ(ϕ)Pµ − ξ
(ϕ)
µ;νSµν/2

CY = σ∥
√
K = YµνP

µSν/(µM)
KR = KµνP

µPν − 2PµSρσ(Yµρ;κY
κ
σ + Yρσ;κY

κ
µ)
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Equatorial motion

Spin parallel to the symmetry axis

3 first order ODEs for t, r , ϕ

Parametrization with p and e

r1 =
pM

1− e
, r2 =

pM

1 + e

Analytic expressions for E (p, e, σ), Jz(p, e, σ)

Numerical calculation of Ωr (p, e, σ), Ωϕ(r , e, σ)

Linearization f (p, e, σ) = f (g)(p, e) + σδf (p, e)
(Skoupý and Lukes-Gerakopoulos [2022]) -10 0 10 20
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Generic orbits

Spin vector parallel transported: σ∥ and σ⊥ parts (Marck [1983])

Parametrization of the orbit (Drummond and Hughes [2022a,b]):

r(λ) =
p

1 + e cos(Υrλ+ δχ̂r (λ)

+ δχS
r (λ)

)

+ rS(λ)

z(λ) = cos θ(λ) = sin I cos
(
Υzλ+ δχ̂z(λ)

+ δχS
z (λ)

)

+ zS(λ)

ut(λ) = −Ê

+ uSt (λ)

uϕ(λ) = L̂z

+ uSϕ (λ)

Expansion in Fourier series f (λ) =
∑

nk fnkje
−inΥrλ−ikΥzλ−ijΥsλ

Phases wµ = Υµλ can be used instead of λ

Fourier coefficients found from a system of linear equations
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Teukolsky equation

Weyl scalar ψ4 = −Cαβγδn
αm̄βnγm̄δ

Teukolsky equation −2O−2ψ = 4πΣT

Time domain

(2+1)-D PDE solver Teukode

Horizon-penetrating hyperboloidal
coordinates

Fluxes to future null infinity

Source term of spinning particle

Frequency domain

−2ψ =
∑
l ,m

∫
dω ψlmω(r)−2S

aω
lm (θ)e−iωt+imφ

Radial equation Dlmωψlmω(r) = Tlmω

Angular equation for spin-weighted
spheroidal harmonics
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Radial Teukolsky equation

Asymptotic behavior of the radial function

ψlmω(r) =

{
C+
lmωr

3e iωr as r → ∞
C−
lmω∆e−ikH r

∗
as r → r+

Discrete spectrum of frequencies:

C±
lmω =

∑
n,k,j

C±
lmnkjδ(ω − ωmnkj), ωmnkj = mΩϕ + nΩr + kΩz + jΩs

C±
lmnkj =

1

(2π)2Γ

∫
dwrdwzdws I

±
lmnkj(wr ,wz ,ws)e

iω∆t(wr ,wz ,ws)−im∆ϕ(wr ,wz ,ws)+inwr+ikwz+ijws

Numerical integration with the midpoint rule, homogeneous solution from the BHPT
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Strain and fluxes

Waveform

h = h+ − ih× = −2

r

∑
lmnkj

C+
lmnkj

ω2
mnkj

S
aωmnkj

lm (θ)e−iωmnkj t+imϕ

Energy and angular momentum fluxes

FE =
∑
lmnkj

∣∣∣C+
lmnkj

∣∣∣2 + αlmnkj

∣∣∣C−
lmnkj

∣∣∣2
4πω2

mnkj

, FJz =
∑
lmnkj

m

∣∣∣C+
lmnkj

∣∣∣2 + αlmnkj

∣∣∣C−
lmnkj

∣∣∣2
4πω3

mnkj

In linear-in-spin order, fluxes independent of σ⊥
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Comparison of frequency- and time-domain results

Equatorial case (Skoupý and Lukes-Gerakopoulos [2021])

Convergence of the time-domain result to the frequency-domain result for increasing
resolution

4800 3384 2400

1704 1200 4800, Gauss
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Comparison of frequency- and time-domain results

Nearly spherical and generic orbits (Skoupý et al. [2023])

Comparison of linear-in-spin parts of the energy flux

total

0 10 20 30 40 50 60

0.002

0.004

0.006

0.008

Nearly spherical orbits with a = 0.9M,
p = 10

p e I/◦ m FE
S,m ∆FE

S,m

10 0.1 15 2 −2.8259× 10−6 1× 10−3

12 0.2 30 1 −1.1954× 10−7 2× 10−5

12 0.2 30 2 −1.0488× 10−6 1× 10−3

12 0.2 30 3 −1.4210× 10−7 3× 10−3

12 0.2 60 2 −8.0550× 10−7 5× 10−4

15 0.5 15 2 −4.2936× 10−7 2× 10−3

Generic orbits
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Adiabatic inspirals

Change of orbital parameters for equatorial orbits

d

dt

(
p
e

)
=

(
∂E
∂p

∂E
∂e

∂Jz
∂p

∂Jz
∂e

)−1(
dE
dt
dJz
dt

)
Waveform

h = −2

r

∑ C+
lmn(t)

ω2
mn(t)

S
aωmn(t)
lm (θ)e−iΦmn(t)+imϕ

Phase

Φmn(t) =

∫ t

0
ωmn(t

′)dt ′

6 7 8 9 10 11 12

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

p

e

Linearization: p(t) = p(g)(t) + σδp(t), e(t) = e(g)(t) + σδe(t)

Phase shift δΦmn = nδΦr (t) +mδΦϕ(t)
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Phase shifts
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M = 106M⊙, T = 1yr, a = 0.9M
(Skoupý and Lukes-Gerakopoulos [2022])
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Summary

Secondary spin is needed to model EMRIs

We calculated the constants of motion and frequencies for equatorial orbits and linearized
them in the secondary spin

Equatorial and generic orbits used to find respective GW fluxes

We compared GW fluxes calculated in time domain and frequency domain

We calculated eccentric equatorial inspirals and found spin-induced phase shifts

Thank you
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Viktor Skoupý GW templates from EMRIs czechLISA, 11 October, 2023 2 / 2


	Trajectories of spinning particles
	Gravitational wave fluxes
	Comparison of time domain and frequency domain fluxes
	Appendix
	References


