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Introduction

e Gravitational waves (GWs) detected in 2015
@ New era of GW astronomy begun
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@ Detected by future
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(LISA, ...)

@ mHz band

@ Extreme mass ratio
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Very low frequency GWs

@ Detected by pulsar
timing arrays
@ nHz band

@ Stochastic background
from supermassive black
hole binaries
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Extreme mass ratio inspirals

Stellar-mass compact object orbiting a massive black hole

Mass ratio q = 11/ M between 10~7 and 10~*

Energy and angular momentum loss due to gravitational radiation reaction
Secondary body completes 10* to 10 orbits in the strong field

GWs emitted to infinity will be possible to detect with LISA

Opportunity to study strong gravitation around massive black holes

Signals from EMRIs and other sources will overlap = matched filtering for detection and
parameter estimation

Accurate waveform templates are needed
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EMRI modelling

@ Spacetime expanded in the mass ratio as
g = gy + ghiw) + *h3) + O(¢P)

° hf[f,) calculated from expanded Einstein equations

8

- Post-Newtonian Theory

@ Two timescale approximation

uopesedss >

Perturbation theory,

o = é%(qt) + 1(qt) + O(q)

Numerical Relativity :‘ Self-force
o
@ Flux balance laws: the adiabatic term calculated t MassRatio > ®
from the asymptotic fluxes
o Effects of the secondary’s spin in the postadiabatic
term
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Spinning particle in the Kerr spacetime

: v (yv) 8 _ ( apv) 0 ))
@ Stress-energy tensor T fdr(P v = Vol Sy =
Mathisson-Papapetrou-Dixon equations for P¥ and S*¥
Tulczyjew-Dixon SSC S*”P,, = 0 = relation between P* and v*

@ Constants of motion:
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Spinning particle in the Kerr spacetime

@ Stress-energy tensor THY = de(P(“v”)\/é_Lg —Va <5a(“v”) \/%))
Mathisson-Papapetrou-Dixon equations for P¥ and S*¥
Tulczyjew-Dixon SSC S*”P,, = 0 = relation between P* and v*
o Constants of motion:

o pu=./—PrP,

o §$=./5"5,,/2=0uM, 0 <g< 1
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Spinning particle in the Kerr spacetime

: v (yv) 8 _ ( apv) 0 ))
@ Stress-energy tensor T de(P v = Vol Sy =
Mathisson-Papapetrou-Dixon equations for P¥ and S*¥

Tulczyjew-Dixon SSC S*”P,, = 0 = relation between P* and v*
o Constants of motion:
o pu=./—PrP,
o 5= /55, /2=0uM, 0 <qgx1
E = =& Pu+ Ei0S" /2
J = §€¢)P/t - 5;(1?35#1//2
Cy = o VK = Y, P*S¥ /(uM)
Kr = K P*PY —2PESP7 (Yo Y60 + Yoo Y1)
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Equatorial motion

Spin parallel to the symmetry axis
3 first order ODEs for t, r, ¢ sf

Parametrization with p and e

pM pM
n= ) r2:1+e

@ Analytic expressions for E(p, e, o), J.(p, e, o)
o Numerical calculation of Q,(p,e,0), Qu(r,e,0) =

o Linearization f(p,e,a):f(g)(p,e)+05f(p,e) e el
(Skoupy and Lukes-Gerakopoulos [2022]) " ’ ° “
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@ Spin vector parallel transported: o) and o parts (Marck [1983])
e Parametrization of the orbit (Drummond and Hughes [2022a,b]):

p
r() = 1+ ecos(T A+ 0x,(N) )
z(A\) = cosf(\) = sin /cos(Tz)\ +0%2(N) )
u(\) = —E
U¢()\) = Zz
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@ Spin vector parallel transported: o) and o parts (Marck [1983])
e Parametrization of the orbit (Drummond and Hughes [2022a,b]):

p
r() = 1+ ecos(T A+ 0%, () +x2(N) M)

z(\) = cosf(\) = sin /cos(Tz)\ +0%-(\) + 5)(5()\)) +3°())
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@ Spin vector parallel transported: o) and o parts (Marck [1983])
e Parametrization of the orbit (Drummond and Hughes [2022a,b]):

p
r() = 1+ ecos(T A+ 0%, () +x2(N) M)

z(\) = cosf(\) = sin /cos(Tz)\ +0%-(\) + 5)(5()\)) +3°())
ue(N) = —E + 17 ()
up(N) = L + w3 (V)

o Expansion in Fourier series f(\) = ", fyxje M A=KT2A=iT:A

@ Phases w, = T,\ can be used instead of A
@ Fourier coefficients found from a system of linear equations
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Teukolsky equation

o Weyl scalar ¢4 = — a/gvgnan’qﬁn“’n’v‘s
@ Teukolsky equation 2O _»1) =4n¥ T
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Teukolsky equation

o Weyl scalar ¢4 = — aﬁvgnarﬁﬁn“’m‘s
@ Teukolsky equation 2O _»1) =4n¥ T

Time domain
@ (2+1)-D PDE solver Teukode

@ Horizon-penetrating hyperboloidal
coordinates

@ Fluxes to future null infinity

@ Source term of spinning particle
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Teukolsky equation

o Weyl scalar ¢4 = — Oé/gwgnan’":ﬁn“’n’”:‘S
@ Teukolsky equation 2O _»1) =4n¥ T

Frequency domain
Time domain

@ (2+1)-D PDE solver Teukode o = Z/dw Bimo(r) —2S2(8)e=wt+ime
@ Horizon-penetrating hyperboloidal I,m
coordinates

@ Fluxes to future null infinity e Radial equation Djmu®imw(r) = Timw
@ Source term of spinning particle | @ Angular equation for spin-weighted

spheroidal harmonics
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Radial Teukolsky equation

@ Asymptotic behavior of the radial function

C,mw r3eiwr as r — oo

r
Vime(r) = {C Ne knr” as r—r
@ Discrete spectrum of frequencies:

Cimis = D Cimni 0@ = Winnkj),  wWinnkj = M + 2y + kQ + jQs
n,k,j

+ _ 1 + iwAt(wWr,wz,ws)—imAp(wy,wz,wes)+inw,+ikwz+ijw.
Clmnkj — W/dwrdwzdwsllmnkj(wr7 WZ7 Ws)e ( r z S) ( r z S) r z s

@ Numerical integration with the midpoint rule, homogeneous solution from the BHPT
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ain and fluxes

@ Waveform

. 2 Cl—r’—nnkj aWmnkj — i
h=hy—ih=—7 D S (0)e et im

w .
Imnkj — mnkj

@ Energy and angular momentum fluxes

2 2 2
+ |~ + |
E ‘Clmnkj‘ +a/m”kJ’Clmnkj ’, ’CImnkj‘ +a/m"kj‘clmnkj
o= Z Arw? . ’ = Z m Arwd .
Imnkj mnkj Imnkj mnkj

@ In linear-in-spin order, fluxes independent of o |
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Comparison of frequency- and time-domain results

e Equatorial case (Skoupy and Lukes-Gerakopoulos [2021])
@ Convergence of the time-domain result to the frequency-domain result for increasing

resolution
No
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Comparison of frequency- and time-domain results

@ Nearly spherical and generic orbits (Skoupy et al. [2023])

@ Comparison of linear-in-spin parts of the energy flux
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Nearly spherical orbits with a = 0.9M,
p=10
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Adiabatic inspirals

@ Change of orbital parameters for equatorial orbits

0.7
9  9E\ 1 0.6F
d(p\ _ (5% % %jf
Qile) = %Jz anz ddz 0.5f
P Oe t 0.4}
e
@ Waveform 0.3f
- 0.2}
2 t , ,
h:_*z Ién"( )Sli:l'Jmn(f)(e)eflqi’mn(t)Jrlmd) 0.1F
r w2 () 0.0

@ Phase .
Omlt) = [ wmlt)at
0

o Linearization: p(t) = p(®)(t) + adp(t), e(t) = e®)(t) + ade(t)
@ Phase shift §®,,, = nd®,(t) + médy(t)
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Phase shifts
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@ Secondary spin is needed to model EMRIs

@ We calculated the constants of motion and frequencies for equatorial orbits and linearized
them in the secondary spin

@ Equatorial and generic orbits used to find respective GW fluxes

o We compared GW fluxes calculated in time domain and frequency domain

@ We calculated eccentric equatorial inspirals and found spin-induced phase shifts

Thank you
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