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Motivation

Spin of the secondary body needed for the
postadiabatic (PA) term

Lower accuracy of PA term

Post-Newtonian (PN) approximation of the
linear-in-spin part of the fluxes

Eccentric orbits in Schwarzschild spacetime
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Modelling of binary systems
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Modelling of binary systems
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Modelling of binary systems

Gravitational self-force
@ Expansion in the mass ratio

e Valid in strong and weak field

Post Newtonian theory

@ Particles moving on perturbed geodesics in the
background spacetime

Compactness (my+my)/r

Post-Newtonian (PN) theory

o -
@ Expansion in the velocity v? / o G Gravittional self force
@ Valid for comparable masses and high mass ratio Y N T T L R S T
Mass ratio my/m;
@ Quasi-Keplerian parametrization of the motion [LISA whitepaper, arXiv:2311.01300]
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Gravitational self-force

@ Black hole perturbation theory: spacetime expanded in the mass ratio as
g = g, + ght) + *hQ) + O(q?)
° hfﬂ,) calculated from expanded Einstein equations
O + 2R, PR = —16x T(Y
o Self-force and self-torque:

D?z# DSH
dr2 = f:f[hv u, 5] + fslfc[u’ 5] ’

= £§[h> u, 5]
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Gravitational self-force

@ Two-timescale expansion

_ 1

dew =¢q 1¢0(qt) +q 2<D1/2(qt) + ¢1(qt) —|—(’)(q)
—_— — —

(diss. 1SF) resonances cons. 1SF, diss. 2SF, diss. spin

@ Flux balance laws: dissipative part calculated from the asymptotic GW fluxes (Teukolsky
equation)

o Effects of the secondary spin in the postadiabatic term

@ Lower accuracy needed for the postadiabatic term: PN expansion [Burke et al.,
arXiv:2310.08927]
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Spinning particle in Schwarzschild spacetime

@ Stress-energy tensor THY = de(P(“u”)\/&jfg -V, (Sa(uuu)%>)

@ Linearized Mathisson-Papapetrou-Dixon equations

D?zH 1 dz¥ DSHY
=—-Rlyps re =Y

a2 2 P7dr 5 dr 0
o Tulczyjew-Dixon SSC S#P, =0

@ Constants of motion:

o p=/=PIPy Pt = put 4 O(s?) o E = —{{yPut &S/
e S= SHVS;LV/2:5,LLI 5/M5q<<1 ° Jl:é'é‘;)P‘ufg}(L")VSp‘u/2
4] SH = YMVUMSV/\/W ° J2:J3+J§+Jz2
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Bound orbits

Integrable system, analytic solution exists (Witzany and Piovano, PRL 132, 171401
(2024))

Rotation of the coordinate system such that J = J, = nearly equatorial orbits

@ Bound orbits: parametrization with semi-latus rectum p and eccentricity e
n = P rp = P
1—e 1+e

Constants of motion: E(p,e,s)), Jz(p,e,s))
Orbital frequencies wrt. Mino time A = [ r=2dr: THp,e,s), T"(p,e;s)), T¢(p,e,s||),
T(p, e)
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Bound orbits

@ Motion parametrized with the radial phase ¢" = T")\ and precession
phase g¥ = TY\

Tt

t(pa €9 qr) = r

- =
r3(rn — r2)sn2(@qr, k) — ra(ri — r3)
(n — r)sn2("¥qr, k) — (n — r3)
0(p,e.s.,q",q") =m/2+5.60(p,e.q",q")

r T()b r
¢(pe,s,9") = 4 d

q"+ At(q")

r(p,e,s,q") =

o Linearization in the secondary spin: f(p,e,s|) = f&)(p,e) + sj0f(p,e)
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PN expansion of the trajectory

e Expansion in the “velocity” v = /M/p and eccentricity e

e Constants of motion E, J, (rational functions, square roots)

e Frequencies T, , (Elliptic integrals K(k), E(k), N(n, k), where k = O(ev?))

e Trajectory At(q"), r(q") (Finite Fourier series for each order in e)

@ Expansion to v? and e!© beyond the leading order

o Linearization in s: f = f4) + 56f

3
0 =5 (1) (V¥ + (52 +4V1- +1) VP 4.+ O(v19))
3

00y =—3(1-e 2)3/2 ((1 +e?) v+ <5e4+4(1 —e?)*? 162 +4> v8+...+(9(v16)>
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Teukolsky equation

o GW fluxes calculated using the Teukolsky equation in the frequency domain

d dtims K2 — 2is(r — MK
AL (a1 dme) iS(r= MK+ isor — 2\t = Time
dr dr A

@ Asymptotic behavior:

Vimo(F) = C rie™r r— 0o
M ¢ (e — 2M)eier r—2M

@ Discrete spectrum of frequencies wmpj = mQy + nQ2, + j€2y,

1 (W mni Y r
Gty = e [ 444G oy (" gV eiemite)-imaka)
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Gravitational-wave fluxes

o Waveform N

) 2 Cirmnj —iwmp i
h = h_~_—[h>< = ;E ;nnj Wm(e)e Wmnjf+m¢
Imnj —mny

@ Energy and angular momentum fluxes to infinity

2
+
]:E . ‘Clmnj ]:‘Jz . Imnj
B Z 4rw? B Z " 47w

Imnj mnj Imnj mnj
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PN expansion of the fluxes

Linearization of the amplitudes: C/,J;n = /(mng + s||5C;m

°
@ Fluxes independent of s| to linear order

o Expansion of the radial function Ri" [Tagoshi and Sasaki, PTP 92, 745-771 (1994)]
@ Substitution of PN- and e-expanded trajectory

@ Finite sums over [, m, n

© Fimn=Fi,—m,—n: only modes with positive frequency —m < n <5
e 2</<5h
o —/I<m<|

Linear-in-spin part of the fluxes to 3.5PN NLO (5PN)
Horizon fluxes are of higher PN order
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Results

3/2
SFE = fNE(l - e2) <5f3v3 FRVE 4+ 6FVE + 6F VT + 6V

2
n (6)(9+5f;ogv<’_y_ 357 +|ogv)>v9+6ﬂov1°+(’)(v“)> 7
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Results

3/2
SFE = fNE(l - e2> <5f3v3 FRVE 4+ 6FVE + 6F VT + 6V

2
n (6)(9+5fglogv<’_y_ 357 +Iogv>>vg+5ﬂov10+(’)(vu)> 7

107

@ 0f;, 6fs, 6f 6£,%") in closed form, other as series in
eccentricity

1731 15399¢2 N 11811¢€* 3 81743 3 139613¢€®

f =
=Tt 10 224 896 14336
73 37
13214 P2 200
+6(1—¢€%) +t5,¢ T g6¢

5fi(e) = ZS: fie¥ + o(e“)

j=0
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Results

3/2
SFE = fNE(l - e2) <§f3v3 FRVE 4+ 6FVE + 6F VT + 6V

2
+ (6@ +0fE (v - 31507; + log v)) v+ 6fiovt? + O(v“)) , 10°f
10*E
o) o £ 1000
@ 0f;, 6fs, 8f7 Ofy in closed form, other as series in S 100
eccentricity k5
8 10t
) @~ oy O ofy
2 4 6 8
o = 1731 n 15399e n 11811e _ 81743e _ 139613e i 5ty A oty
112 112 224 896 14336 TR : ‘ : : ‘
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Comparison with PN theory

o Fluxes from eccentric binaries with aligned spins to 3PN and e® [Henry and Khalil, PRD
108, 104016 (2023)]

Functions of x = (MQ4)?/3 and e;

Quasi-Keplerian parametrization with harmonic coordinates ty =t, ry=r— M

@ Relation between e; and e (linear-in-spin part)

2x3/2 6(e? — 2+ 2v/1 — e2)x5/? ol 1/
V1-—e? - (1 - e2)3/2 * (X )

Agreement between the energy and angular momentum fluxes from PN theory and from
black hole perturbation theory expanded in v

o(ef/e®) =
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Evolution of orbital parameter

o Parallel spin is conserved: (s)) =0
o From the fluxes F£ = — dE/dt, F’= = — dJ,/dt the evolution of the orbital parameters

p, €
dp FE 9E  OE
-1 0 0
<g£> =-J <_7:Jz> , I= (f)i LJi
dt op de
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Evolution of orbital parameter

o Parallel spin is conserved: (s)) =0
o From the fluxes F£ = — dE/dt, F’= = — dJ,/dt the evolution of the orbital parameters

p, e
dp FE 9E  OE
-1 op 0
<§15> = <sz> U= (af o),
dt op de

@ Linearization in the secondary spin:

dP) FE FE SFE
dt | = —J1 ( (g)> +s <J15JJ1 ( (g)) _ J1< >
de J; I J; J;
(dt (8) ]—“(g) (8) """ (g) ]—"(g) g)\oF

@ Hybrid model
d7p pnum pnum 5;5
gt ) =@ ) —s (I 107 ), +J—1< FJ’N)
<3§> (e(g)> ||< &)\ e () \ 6. Fp%,
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Inspirals

@ Masses M = 10°M,, pu = 10°M,, spin s = 107*M

(maximally spinning Kerr) o7

@ Inspirals starting with wog = 2Q4 = 1 mHz, ending

near LSO at different e 05t /
@ Inspiral waveform: ez: /

Z Almn \//m H)e_’¢mn(t)+[m¢ 0.2F

Imn

2C, 1 (p(t), ()
winn(p(t), (1))

0.1,

0.0

L L L L
6 8 10 12 14 16

= /0 Omn(p(t'), e(£))d¥

Almn(t)
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Phase shifts
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Mismatch

e Waveforms calculated using FastEMRIWaveforms [Katz et al., PRD 104, 064047 (2021);
Chua et al., PRL 126, 051102 (2021)]

@ Mismatch between 2 waveforms:

M=1-_—_thh)
(h1, h1)(h2, h2)
4x10721 - : .
— PN -
0.050
21021} exact]
0.010
< ot / \ / \ ] 5 0.005
g
I :
2 0.001
-2x10721} ] & 5er04
_4x10721 L . . . . . . . 1x1074
-3500 -3000 -2500 -2000 -1500 ~1000 -500 0 5x1075 ‘ ‘ ‘ ‘
t 0.0 0.1 0.2 0.3 0.4
s er
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Summary

GW templates from EMRIs for LISA
Spin of the secondary in the postadiabatic term

Expansion of the spin contribution to the energy and angular momentum fluxes in PN
series

Confirmation of PN theory results with BHPT to 3PN and extension to 5PN
Inspirals with exact adiabatic, PN postadiabatic term
Good accuracy for low eccentricities

Future work: extension to Kerr, calibration of EOB models, SuperKludge ...

Thank you
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Relative differences between numerical and PN fluxes
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