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Introduction

e Motivation: contribution to EMRI GW phase coming from
environment

e There are several environmental effects potentially affecting EMRIs
(accretion, tidal resonances, dynamical friction,...)

e Presence of matter alters the background which may no longer be a
Petrov type D vacuum spacetime (no Killing-Yano tensor)

e Consequently GW fluxes are affected as well

e A common approach is to utilise PN expansion or just modify the
geodesics but not the fluxes

We aim for a fully relativistic, self-consistent treatment
= calculation of GW fluxes and EMRIs using a modified Teukolsky
equation
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Perturbations in type D spacetimes

e Perturbative expansion of our metric

guw =8 +ehl) + O(e?)

The first order field equations

§G (V) = TV

uv

If g,(l?,) is of the vacuum type D — hf}g & \Ugl)

e From Bianchi+Ricci identities in NP formalism we can derive
(Teukolsky (1973) )

Teukolsky equation for \Ilgl)

0, T3b are constructed from g'o), ) — 0t TS,)

° \Ilfll) — GW fluxes and waveforms
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Extending the Teukolsky equation

Past extensions

Second order perturbation theory Campanelli and Lousto (1999)
Perturbations in theories beyond GR and type D (QNMs) Li et al. (2023)
Another formulation by Cano et al. (2023)

Our approach

Inspired by the work of Li et al. (2023):
Perturbation around type D:

g = 807 + CHLD e (BLD +CHLD) 4.
S————,
background radiation

(0,0) _

Eye Type D black-hole spacetime, h{%?)

.5, —matter perturbation,

0,1 e 1,1) _
h(‘“',) =radiation on type D background, hLy) = the unknown of our problem
We assume that we have the explicit form of hﬁ,’,o) and know how to reconstruct h(‘?;}) from
\Ugo,l)

Using the same Bianchi and Ricci identities in NP formalism we obtain the modified
Teukolsky equation for the variable lllftl’1>
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The underlining formalism

NP formalism
o NP tetrad e/ = {/*, ", m" mM} satisfying [#n, = -1, m"m, =1

e NP derivatives:

D=I"V,, A=n"V,, §=m"V,, 3§=m"V,

e Connection: spin coefficients vyeps = {k, T, 0, p, T, v, 1, A, €,7, B, a}

e Curvature : Ripeg = {Wa, Pag, A}
Wy, W, & gravitational waves {®Pas, A} & Tap

GHP formalism

e concept of GHP weight
o derivatives p, p’, 8, 8’

e more compact form of expressions
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The unperturbed NP equations

Operators and ldentities

E3ES+3O¢+B+W7‘T',

EE=A+p+p+3y—7%, Esv — EsA — W, =0,
FR=04+43—7, FF,=D+4c—p, F3W, — J3V3 + 30V, = S5,
B=A+2y+4u, Jy=08+41 + 20, FaVy — JyW3 +3AV; = Sy,

The universal Teukolsky equation

OV, +KV3 =T

o First order expansion g, = g(o) +eh® 4. gives

v %

O(O)\Ugl) = &)

e Expanding in Two parameters {e, ¢} gives us the (1, 1) modified Teukolsky equation
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The resulting equation

e Instead of (1, 1) Einstein equations
6G“L,(h(1’l)) I 626;“,(h(1’0), h(O.l)) — LT
we have

Modified Teukolsky equation for W{""

0(0 O)\U + g(l 1) T(l,l)

g(1,1)20(1,0)wo1 + 00Dy 1°)+IC“( (0,1) w(lo))

o 009 — s the original Teukolsky operator
o OO — O(LO)(\UQLOK ,4,(31,0)y Ts;.o))

o KILD — K(l'l)(\llgl'o),\llgo’l), 7—5(;,0) 701

Top )
using gauge freedom one can impose \IJ(;'O) =0= \Il(30'1) = KD =9

° T(1=1> — T(Ll)(T;ll)vO), T‘a(gvl)_’ T:bl))

o OOV KLY 5pg (11 require reconstruction of h(o D
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ied Teukolsky equation: a detailed look

e The original operator reads
0,0) _ £(0,0) £(0,0) (0,0) £(0,0) (0,0)
09 = & Fy =& R =3V,

e and its perturbation

oo _ Og_,o) L oo

ac corr

oL _ &51‘0),_.‘50,0) o glgo.o)’,_.il,o) B Eél,O)Féo,O) - 53(0,0)’,_.3(1,0) B 3\11(21'0)

D-vac

-1
0(1,0) _ (wgo‘o)) (GS(O’O)(\US‘O))F;[)’O) _ Gio,o)(wgm))l__io,o) + 55(1‘°)F3(0’0) _ 56(1‘0)550,0))

corr

e Some operators in terms of spin coefficients and NP derivatives

E3=6"+3a+p" +47 — 77, F3 =46+ 48 — 3T, G3 =D +2—2p
1,0 1,0 1,0
o S < SHO(ry)
e We can then substitute for the NP quantities and find the source for the modified Teukolsky
equation

O(O,O)Wil,l) _ gy



EMRI and modified Teukolsky equation: general strategy

Modified Teukolsky equation < construction of the effective
source

0O _ 5L

O Sg_i}) — 7Oy _ 0(1.0)\Uf10,1) _ O(o,l)wil-,o) _ ,C(l,l)(w(;)-,l)7 ngO))
e 2 parts of stress-energy
THY _ TRY e

particle matter

THY 75-’—(0,1) +€<7—11;A,u

particle particle

Th 7CT10)W+ <T11;u/

matter matter

NP quantities
{(eﬁ)(o’l),( bl (?’Cl)}

reconstruction

0,1)

0,1
0(0,0) ! ( ) _ 7(0,1) o ha




Application: blackhole
surrounded by a ring




The ideal model

e Kerr black hole surrounded by a rotating disc
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Our simplified model

° gff,;o): Kerr — Schwarzschild (or linearised Kerr)

e Disc — ring located at r = rs

e The perturbed Schwarzschild metric can be written as

1+2¢ — 20,

Z T A
1—-2M/r r

2M
ds®* = — (1 = T) (14 2v,)de® +

(1 — 2u,)7 [(1 +2¢,)d6? + sin® 0d¢2] — 2wr?sin? 6dtdg

with w = wk + wy, wK:%
e The ring perturbation is described by functions v, and w,

V,(r,0=11/2)

wy(r,0=717/2)
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Our simplified model

° gff,;o): Kerr — Schwarzschild (or linearised Kerr)

e Disc — ring located at r = rs

e The perturbed Schwarzschild metric can be written as

1+2¢ — 20,

Z T A
1—-2M/r r

2M
ds® = — <1 = 7) (1 + 2v,)dt* +
r
(1 — 2u,)7 [(1 +2¢,)d6? + sin® 0d¢2] — 2wr?sin? 6dtdg

with w = wk + wy, wK:M;
r

e We can simplify the spacetime further by adopting a pole-dipole approximation

v,(ren/zr JK
w(r,6=17/2)
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The pole-dipole approximation

e The background metric is gff = g,(glo) + ¢h0

v

The pole-dipole approximation of the ring

The metric gff is equivalent to two linearised Kerr spacetimes matched at the sphere r = rs
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The pole-dipole approximation

(1,0)
P

e The background metric is g,w = g,LOyO) +Ch

The pole-dipole approximation of the ring

The metric gff is equivalent to two linearised Kerr spacetimes matched at the sphere r = rs

e The spacetime is type D vacuum everywhere but on the matter shell r = rg
o We define operators O = 09 4 co®0| _ 0, =009 L oo

e Then outside of the particle and r = r; we have two Teukolsky equations in linearised Kerr
spacetimes

o (w(()l +§\|111)) 0

e One can solve these equations to find \V(l Y and \llf‘l_’l)

e On the sphere r = rs the source can be written as

12



rH<r<rs

Linearised Kerr |
{M_=Mgy, a_=app}
O—LII4=7-'p

EMRI tracked here

I'H

rs<r

Linearised Kerr Il
{M,=Mgp+Ms, a,=apy+as}
O,y4=0

ZS11 rf's

13



Our strategy

Separating the solution into two parts

(1,1) _ 4,(1,1) (1,1)
Vo = Vam T “’4(,3)

e By imposing the matching conditions

v =W and (ap wf@”) ’

r=rs

= (2u9)

r=rs
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Our strategy

Separating the solution into two parts

(1,1) _ 4,(1,1) (1,1)
Vo = Ve T “’4(,5)

e By imposing the matching conditions

vl =] and (ap \ugﬁ”)

= (ouvi)

r=rg r=rg r=rs

e we get the smooth part

) _ ‘Uf;l,’l) r<rs
om = i 5,
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Our strategy

Separating the solution into two parts

@1 _ ) 4 )
Vi = Vaem T Viig)

e By imposing the matching conditions
WP = w and (0,0)

r=rs

= (2u9)

1,1 {Wf,lf) r<rs

r=rs r=rs

e we get the smooth part

Il I
e The other part is sourced by the terms living on the matter shell r = rs

OIS = SOV = Zs 500(r — 1s).

14



\IJ(1 b, matching \Ilfli)

4(sm)*

Mode-decomposition

_ 1 i(ma(in) _ o, (in) (in)
VD = 2 3 RO () Yin(@)H T )

Imew(in)

(+) _ (+ i(mep—wt)
v, = R Sim(6
4 (rflacose“z (r)Sm(6)e
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\IJ(1 b, matching \Ilfli)

4(sm)*

Mode-decomposition

_ 1 i(ma(in) _ o, (in) (in)
VD = 2 3 RO () Yin(@)H T )

(+) _ (+ i(mep—wt)
v, = R Sim(6
4 (rflacose“z (r)Sm(6)e

e Expanding R,(i)(M + ms, as) & Rgehw)l + msﬁmR,(i) + asaaR,(i)
e Slow rotation: Si,(aw, 0) & Yim(0) + aw[b,, Yi—1m(0) + b}, Yi+1m(0)]
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\I!(1 b, matching wfﬁ’

4(sm)*

Mode-decomposition

(i) — o, (i) (i)

_ 1
wl >:r7 > R( i (N Yim(0)e

1 i
R( ) i(mp—wt)
7 — s O Sm 0
(r ia cos 9)4 ,2: /mu(r) f/ ( )e

e Expanding R,(i)(l\/l + ms, as) & Rgehw)l + msﬁmR,(i) + asaaR,(i)
e Slow rotation: Si,(aw, 0) & Yim(0) + aw[b,, Yi—1m(0) + b}, Yi+1m(0)]

New radial functions
R (r) = 9,R7(r)

Jj=+1

0.R((r) = 0.R(r + > di(r)Risenw);(r)-
j=1-1

15



(1,1)
4(rs)

The source for WV

3
L , 1,1) o(i
e The source living on the r = rg Sﬁ; 1 — .E,O st(l.))é( )(r —rg).
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(1,1)
4(rs)

The source for WV

3
L 1,1) o(i
e The source living on the r = rg Sg‘l) = EO st(l.))é( )(r —rg).

(11) _ (0,1)ab 1-(1,0) | (0,0)ab 1-(1,1)
S =goieT Y 4 ghe T

ab(matter)

- [ (088 + 02) ot + kw0 ho)].

w

16



3
e The source living on the r = rg S ZSK( )é( )(r rs).
i=0

S _ (0nab (1 0) | (0.0ab 1(1,1)

ab(mdttex)

- | (088 + 02) ot + KOIweD wiho)

Metric reconstruction using the ORG Hertz potential

0,1) _ (0,0)% y1,(0,1)
O hiw> = (y4 Vi, )

pv

©.1)

e where W’ satisfies
z

L
0P (WD) =0, (WS = wi

° \Ug;l) and Wf‘o’l) satisfy Teukolsky equation with spin weight £2

2
He _ I+mek (1)
Cimnk = (=1) - —2C(schw)mnk
mn;

16



Constructing the source

. 500 = (039D 1+ 087) v + i)

reconst
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Constructing the source

corr reconst

° S%.l) _ (O(l 0)('g> + o 0)) w(0:1) +S(1’1)

e The part needing metric reconstruction is

sy s O)W(O DIPRY

reconst dynamical

e The last term requires solving equations for matter Tgy‘})amiual = TS,)”

e The desired result is the decomposition of the form

1 1) ZR [ } _Zy/m(g)ei(m(pfwr)

Imw
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Constructing the source

corr reconst

° S%.l) _ (O(l 0)('g> + o 0)) w(0:1) +S(1’1)

e The part needing metric reconstruction is

sy s O)W(O DIPRY

reconst dynamical

e The last term requires solving equations for matter Tgy‘})amiual = TS,)”

e The desired result is the decomposition of the form

1 1) ZR [ } _Zy/m(g)ei(m(pfwr)

Imw

e The radial part can be written as
(1,1) : (1,1) ()
1,1 _ 1,1 i _
R [s }/mw =S R” [s } (N6 (r — 1)

(i) Imw
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Constructing the source

° S%.l) (O(l 0)('g>+o(1 0)) w0 1)+S(1’1)

corr reconst

e The part needing metric reconstruction is

Sy = ZIO)W(O DIPRY

recons dynamical

e The last term requires solving equations for matter Tfiy‘n)amiual = TS,)”

e The desired result is the decomposition of the form

1 1) Z R [ } _Zy/m(g)ei(m(pfwr)
Imew Ime
e The radial part can be written as
3

R [S’(;l)} Imw - Z R [8(111)} (i)Imw (r)6(i)(r =)

i=

e So that we can get ODEs for \Ilg;:)

2D R{ (1) = Zs{ﬂ,;w(rw“)(r =)

i=0
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An example of a source term

(I 0,1 abT 1,0
Whe e

a 0,0 0,1)ab 0,1 0,0)ab 0,0 0,1)ab 0,1 0,0)ab
5O = OOGEEE  gEGENEE  Felginm  sBghion
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Expressed using the metric perturbation
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Inserting the Hertz potential
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Decomposing into spherical harmonics
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And the resulting radial expression in coordinates
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Interaction between radiation and matter

Ty

o The stress energy tensor expansion TAY, = ¢TWOrY e Tlh b

matter
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Interaction between radiation and matter

Ty

o The stress energy tensor expansion TAY, = ¢TWOrY el

matter

o e¢TEDHY comes form interaction between e¢ T and hSVO).
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Interaction between radiation and matter

o The stress energy tensor expansion THY, = (TR | g¢ T;la’tltlf,w

o e¢TEDHY comes form interaction between e¢ T and hS;,O)

(0,0) (1. 1) ©.1) LAY | Fr(0,1) (L0 _
Vi TshellM ‘H—ZA Tohell ‘H-,m Tohen =0
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Interaction between radiation and matter

e The (stre)ss energy tensor expansion T = ¢THOHY 4 ¢ T;la’tltlf,w
1L1)uv n ; 1,0 1,0).
o =¢TLUHY comes form interaction between ¢ TH9#¥ and hEW ).

(0,0) (1. 1) ©.1) LAY | Fr(0,1) (L0 _
Vi TshellM ‘H—ZA Tohell ‘H-,m Tohen =0

o Tiauwr” determines T, o= TOOR(el)00(ef )OO TEIMA and thus

contributes to \Ugl‘l)
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Interaction between radiation and matter

Ty

. wv o _ 1,0)uv
e The stress energy tensor expansion T, = CT( v 4 &6 Ut

matter

o ¢TEDMY comes form interaction between e¢ T1)#* and ALY

(0.0 7LDy rﬂ&o‘l) TN | r:(}l\),l)T(LO);l,/\ —0

I shell shell shell

o TEUEY getermines ‘Igﬁfamical = g(0.0)ab(g1)(0,0)(g2)(0,0) T‘(Lly’l)m““’“r and thus
@y

contributes to W,
Our ring is made of dust: T = putu”

e Perturbed equations of motion:
[LIN'VM(UU)J(LI) —o, [Vu(pu"’)}“’l) —0

o Density of the ring: p*% = pod(r — rs)8(0 — 7/2)

e Perturbed density
PV = 5p08(r — r)8(60 — m/2) + pod’(r — r:)8(6 — 7/2)5r + pod’ (r — r5)5" (6 — w/2)56
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Interaction between radiation and matter

o The stress energy tensor expansion THY, = (TR | g¢ Té}a}ltlff"
o e¢TEDHY comes form interaction between e¢ T and hE},;O):
(0,0) (1. 1) v 1£(0,1) ~(1,0)Av v(0,1) 7-(1,0)ux _
Vi Tenen TN Tepen T8 Topen ~ =0
o Tiauwr” determines T, o= TOOR(el)00(ef )OO TEIMA and thus

contributes to \Ugl‘l)

Our ring is made of dust: T = putu”
e Perturbed equations of motion:

[”“VM(”U)J(LU =0, [Vu(PUH)J(Ll) =0

o Density of the ring: p*% = pod(r — rs)8(0 — 7/2)
e Perturbed density
P = §p0b(r — 15)8(0 — 7/2) + pod’(r — rs)8(6 — w/2)8r + pod’ (r — r5)8" (0 — 7/2)50

e The ring absorbs gravitation waves = it oscillates:

Iring = s + €0r(t, $), Oring = /2 + €60(t, P)
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The ring oscillations




Conclusion

Summary

e Modified Teukolsky equation for a perturbed type D background
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e g, Schwarzschild/linearised Kerr = Kerr?

o To get hgfl',l) most models require: CKK reconstruction = GHZ reconstruction

Other applications involving modified Teukolsky equation

e Inspirals in theories beyond GR ?

e QNM spectrum in perturbed type D spacetimes ?
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