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V Praze dne 21.4.2006 Hedvika Kadlecová
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9 The Plebański–Demiański class of solutions 94
9.1 Initial form of the metric . . . . . . . . . . . . . . . . . . . . . . . 94

9.1.1 Natural null tetrad . . . . . . . . . . . . . . . . . . . . . . 95
9.1.2 Weyl and Ricci tensors . . . . . . . . . . . . . . . . . . . . 99

9.2 More general form of the metric . . . . . . . . . . . . . . . . . . . 99
9.2.1 Kerr–Newman–NUT–de Sitter spacetime (α = 0) . . . . . 103
9.2.2 Accelerating Kerr–Newman–de Sitter black holes (l = 0) . 104
9.2.3 Kerr–Newman–de Sitter spacetime (α = l = 0) . . . . . . . 105

9.3 Alternative form of the general metric . . . . . . . . . . . . . . . . 107
9.4 Radiation in the complete family of the Plebański–Demiański black
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formńıho nekonečna. Za účelem daľśı interpretace nalézáme souvislost mezi struk-
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Supervisor’s e-mail address: podolsky@mbox.troja.mff.cuni.cz

Abstract: In this work we study the asymptotic directional structure of specific ex-
act solutions belonging to the large family of black hole spacetimes of type D found
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1. Introduction

1 Introduction

Many rigorous theoretical studies have been devoted to investigation of gravita-
tional waves within the full Einstein theory since 1950s. These are described in
various review articles, such as [1, 2] and [3]. In many existing analyses the asymp-
totic flatness has been naturally assumed and the presence of a non-vanishing
cosmological constant Λ was not usually considered. The importance of such
studies rises due to the fact that the possible presence of a positive Λ has been
indicated by recent observations. Moreover, the spacetimes with cosmological
constant are now used in various branches of theoretical research, e.g. brane
cosmologies, supergravity or string theories.

Krtouš and Podolský recently analyzed the asymptotic directional properties
of electromagnetic and gravitational fields in spacetimes with a non-vanishing
cosmological constant Λ. It had been known for a long time that the dominant
(radiative) component of the fields in spacetimes with Λ 6= 0 depends on the
direction along which a null geodesics approaches a given point at conformal
infinity I, contrary to the asymptotically flat spacetimes where the dominant
term of radiation is unique.

First, they studied the radiation in the C-metric spacetime with Λ which
represents accelerated black holes in de Sitter (Λ > 0) [4] and anti-de Sitter
(Λ < 0) [5] universe. Their results were summarized and discussed in the topical
review [3] where they presented the general asymptotic directional behaviour of
any massless field of spin s. The fields of algebraic type D were investigated
more explicitly in [6]. Furthermore, the generalization to higher dimensions was
recently presented in [7].

The authors demonstrated in [3] that the directional structure of radiation has
a universal character which is determined by the algebraic (Petrov) type of the
field, namely by the number, degeneracy and specific orientation of the principal
null directions with respect to I. It covers all three possibilities Λ > 0, Λ < 0
and Λ = 0, corresponding to a spacelike, timelike or null conformal infinity.

The main intention of this diploma thesis is to apply the above general theory
on particular exact model spacetimes of type D and to find the relation between
the structure of the sources (namely the mass, the charge, the NUT parameter,
the rotation and the acceleration of the corresponding black holes) and the prop-
erties of radiation which is generated by them, as observed at spacelike or timelike
conformal infinity I. As the specific models we use the Plebański–Demiański fam-
ily of solutions, first presented in [8]. This class of solutions was studied recently
in detail by Griffiths and Podolský in [9, 10, 11] and [12].

The text is organized as follows. In section 2 we review necessary facts about
the family of spacetimes of type D found by Plebański and Demiański. In sec-
tion 3 we first introduce geometrical concepts and objects and we set up the
notation which will be followed throughout the text. Then we define tetrads and
explicit expression which describes the behavior of the field at any conformal
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1. Introduction

infinity. The relevant work [6] is more explicitly reviewed. In section 4 we apply
the general theory introduced in section 3 to particular exact model spacetimes
of type D described in section 2. First, we study the Kerr–Newman–de Sitter
solution. Then we investigate the general Plebański–Demiański family of solu-
tions, containing not only the mass and the charge of the black holes but also
rotation, the NUT parameter and non-zero acceleration. We derive the corre-
sponding radiation near de Sitter or anti-de Sitter-like conformal infinity. In the
final subsection 9.5 we discuss the results, in particular the dependence of the
amplitude of radiation on the parameters of the sources in various subcases. We
hope that this can provide a deeper insight into the general theory of radiation.

9



2. The Pleba ński–Demia ński class of solutions

2 The Plebański–Demiański class of solutions

The complete family of spacetimes of algebraic type D with an aligned electro-
magnetic field and a possibly non-zero cosmological constant Λ can be represented
in a form of the Plebański–Demiański metric [8, 10] and those specific metrics
which can be derived from it by certain limiting procedures (because some par-
ticular and well-known cases are not included explicitly in the original form of
the Plebański–Demiański metric).

In [10] a new form of this metric was described which is more useful for
physical interpretation and for identifying different subfamilies. The parameters
employed in the new metric have clear physical interpretation and it is possible
to classify the complete family in the way that clarifies their physical properties.
The new metric explicitly contains two parameters α and ω which describe the
acceleration of the sources and the twist of the principal null congruences. These
solutions are characterized by two general quartic functions whose coefficients are
related to- the physical parameters of the spacetime. The physical meaning of
these coefficients was clarified and the relation between the Plebański–Demiański
parameter n and the NUT parameter l was identified. These coefficients were
traditionally misinterpreted in the general case.

We will study here the most important solutions from the Plebański–Demiański
family. In particular, we wish to investigate the specific radiative properties of
(possibly) accelerating black holes with charge and rotation in asymptotically
Minkowski, de Sitter or anti–de Sitter universe.

First, we summarize basic facts about these solutions. In [10] the signature
(1,−1,−1,−1) of the metric has been used. We use here an opposite signature
of the metric because we need to follow the notation of the review [3] for further
study of the asymptotic behavior of these solutions. The metrics are thus changed
as gab → −gab. We will also make some other minor changes in the spacetimes
forms presented in [9, 10, 11, 12].

2.1 Initial form of the metric

The original Plebański–Demiański metric [8] can be written in the form [10]

gab =
1

(1 − αpr)2

[ −Q
ω2p2 + r2

(dτ − ωp2dσ)2 +
P

ω2p2 + r2
(ωdτ + r2dσ)2

+
ω2p2 + r2

P
dp2 +

ω2p2 + r2

Q
dr2

]

,

(2.1)

where

P (p) = k + 2ω−1np− ǫp2 + 2αmp3 −
[

α2(ω2k + e2 + g2) + ω2Λ/3
]

p4,

Q(r) = (ω2k + e2 + g2) − 2mr + ǫr2 − 2αω−1nr3 − (α2k + Λ/3)r4,
(2.2)

and m, n, e, g, Λ, ǫ, k, α and ω are arbitrary real parameters of which two can
be chosen for convenience. Only the parameters Λ, e and g have their traditional

10



2. The Pleba ński–Demia ński class of solutions

physical interpretation in this metric. The large family of type D spacetimes
given by the metric (9.1) admits (at least) two commuting Killing vectors ∂σ and
∂τ whose orbits are spacelike for Q > 0 and timelike for Q < 0. Surfaces on
which Q = 0 are horizons, points at P = 0 are poles (axes).

Plebański and Demiański considered in their original work [8] that α = 1 and
ω = 1. In [10, 11] it was shown that the physical interpretation of the param-
eters can be determined more easily when α and ω are retained as continuous
parameters and ǫ and k are set to convenient values (without changing their
signs).

It is thus appropriate to describe the full family of solutions in terms of seven
continuous parameters m, n, e, g, Λ, α and ω and two auxiliary ones ǫ and k
which can be set conveniently. Their meaning is as following:

e and g are the electric and the magnetic charges

Λ is the cosmological constant

α is the acceleration of the sources

ω is the twist parameter

m is related to the mass of the source

n is the Plebański and Demiański parameter.

In some particular cases ω is directly related to both the angular velocity of
sources and the effects of the NUT parameter. The metric is flat whenm = n = 0,
e = g = 0 and Λ = 0 (see equation (9.14) below). The remaining parameters ǫ, k,
α and ω may be non-zero even in this flat limit. The well-known solutions such as
the Schwarzschild–de Sitter, the Reissner–Nordström, the Kerr metric, the NUT
solution or the C-metric, and other type D spaces are also included: the simple
transformation (9.16) leads to a form that explicitly includes all these well-known
special cases, see [10, 11] for more details and section 9.2 for demonstration of
this fact.

2.1.1 Natural null tetrad

In [10] the null tetrad was expressed in the coordinates (τ, σ, p, r) using the sig-
nature (1,−1,−1,−1). For our later purposes, we need to have the null tetrad
with opposite signature of the metric. Moreover, it is necessary to introduce the
null tetrad both for Q > 0 and for Q < 0 because the sign of this function Q is
different near r → ∞, as

Q < 0 if (α2k + Λ/3) > 0,

Q > 0 if (α2k + Λ/3) < 0.
(2.3)

The function Q thus may become negative under the square root near the con-
formal infinity where we wish to study radiative properties and therefore we need
to consider also the case Q < 0. Concretely, for α = 0 the sign of Q depends only

11



2.1. Initial form of the metric

on the sign of Λ. After some calculations outlined below we found the following
null tetrads in the metric signature (−1, 1, 1, 1):

The null tetrad for Q < 0:
The vectors are

ka =
1 − αpr

√

2(ω2p2 + r2)

( −1√
−Q(r2∂τ − ω∂σ) +

√

−Q∂r

)

,

la =
1 − αpr

√

2(ω2p2 + r2)

(

1√−Q(r2∂τ − ω∂σ) +
√

−Q∂r

)

,

ma =
1 − αpr

√

2(ω2p2 + r2)

(

i√
P

(ωp2∂τ + ∂σ) −
√
P ∂p

)

,

ma =
1 − αpr

√

2(ω2p2 + r2)

( −i√
P

(ωp2∂τ + ∂σ) −
√
P ∂p

)

.

(2.4)

The corresponding one–forms are

ka =
1

1 − αpr

(

−
√

−Q
2(ω2p2 + r2)

(dτ − ωp2dσ) −
√

ω2p2 + r2

−2Q
dr

)

,

la =
1

1 − αpr

(
√

−Q
2(ω2p2 + r2)

(dτ − ωp2dσ) −
√

ω2p2 + r2

−2Q
dr

)

,

ma =
1

1 − αpr

(

i

√

P

2(ω2p2 + r2)
(ωdτ + r2dσ) −

√

ω2p2 + r2

2P
dp

)

,

ma =
1

1 − αpr

(

−i
√

P

2(ω2p2 + r2)
(ωdτ + r2dσ) −

√

ω2p2 + r2

2P
dp

)

.

(2.5)

The null tetrad for Q > 0:
The vectors are

ka =
1 − αpr

√

2(ω2p2 + r2)

( −1√
Q

(r2∂τ − ω∂σ) +
√

Q∂r

)

,

la =
1 − αpr

√

2(ω2p2 + r2)

( −1√
Q

(r2∂τ − ω∂σ) −
√

Q∂r

)

,

ma =
1 − αpr

√

2(ω2p2 + r2)

(

i√
P

(ωp2∂τ + ∂σ) −
√
P ∂p

)

,

ma =
1 − αpr

√

2(ω2p2 + r2)

( −i√
P

(ωp2∂τ + ∂σ) −
√
P ∂p

)

.

(2.6)

12



2. The Pleba ński–Demia ński class of solutions

The corresponding one–forms are

ka =
1

1 − αpr

(
√

Q

2(ω2p2 + r2)
(dτ − ωp2dσ) +

√

ω2p2 + r2

2Q
dr

)

,

la =
1

1 − αpr

(
√

Q

2(ω2p2 + r2)
(dτ − ωp2dσ) −

√

ω2p2 + r2

2Q
dr

)

,

ma =
1

1 − αpr

(

i

√

P

2(ω2p2 + r2)
(ωdτ + r2dσ) −

√

ω2p2 + r2

2P
dp

)

,

ma =
1

1 − αpr

(

−i
√

P

2(ω2p2 + r2)
(ωdτ + r2dσ) −

√

ω2p2 + r2

2P
dp

)

.

(2.7)

When deriving these null tetrads we began with the null tetrad presented
in [10]. It was sufficient to transform only the vectors, the covariant one-forms
were easily obtained by lowering the indeces, ka = gabk

b, etc., using the metric
(9.1). We expected the changes to occur only in the signs of the two parts of
each vector. We thus added coefficients in front of each part of the vector with
possible values ±1 in ka, la, and also ±i in ma,ma. The new vectors must satisfy
the basic relations for the null tetrad, namely that the scalar products of the
tetrad vectors all vanish, except for

kala = −1, (2.8)

mama = +1. (2.9)

We thus obtained several conditions for the vector coefficients.
For the case when Q < 0, the condition (9.8) implies four possible combina-

tions of the coefficients, two of them are equivalent as

(−ka)(−ka) = ka ka, (−la)(−la) = la la, ka(−la) = (−ka) la. (2.10)

Each two pairs of equivalent vectors contain a combination of future oriented null
vectors ka, la and a combination of past oriented vectors ka, la which differ only
in the sign in front of the first part (r2 ∂τ − ω∂σ) of the vectors. The future/past
orientation means that plus/minus stands in front of the second part ∂r of the
vector. The sign in front of the first part is thus eligible, of course, only ±1. It
corresponds to two possible orientations of the two null vectors aligned along the
light cone. We have chosen the future orientation. The condition (9.9) implies
two possible choices of vectors ma,ma which are completely independent of the
condition (9.8), so we have chosen one orientation arbitrarily.

For the case Q > 0, the condition (9.8) again implies four combinations of
the signs, of which two are equivalent but the two pairs contain one vector future
oriented and one past oriented. We can not choose two vectors oriented in the
same way as in the case Q < 0. We have rather chosen the vectors according

13



2.1. Initial form of the metric

to their first parts: we took the choice such that the first part of the vector ka

remains the same as in the case Q < 0. The vectors ma,ma were chosen the
same as in the case Q < 0.

The above null tetrads {eA} = {ma,ma, la,ka} given by (9.4) or (9.6) satisfy
further relations (see also [13]). The vectors are related to the dual one-forms by
the non-diagonal metric gAB whose components are

gAB =









0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0









, gAB
−1 ≡ gAB = gAB. (2.11)

In practice, the related one-forms to our vectors are obtained by the following
algorithm:

1. Set up the basis of the vectors and the basis of the dual forms ωA as

e1 = ma, ω1 = ma,
e2 = ma, ω2 = ma,
e3 = la, ω3 = la,
e4 = ka, ω4 = ka.

2. Insert all vectors into each one-form and find to which vector the one-form
is associated, e.g. ω1(e1) = 1. If −1 is obtained, change the sign of the
given one-form.

3. Finally, confirm that the relations (9.8) and (9.9) are satisfied.

We have thus identified the one-forms associated to the vectors (9.4) and (9.6) as

µ ≡ ω1 = ma,

µ ≡ ω2 = ma,

λ ≡ −ω4 = −ka,

κ ≡ −ω3 = −la,

(2.12)

where we introduced a new (temporary) notation for the dual one-forms which
satisfy

µ(e1) = 1,

µ(e2) = 1,

κ(e3) = 1,

λ(e4) = 1.

(2.13)

Consequently, {ma,ma, la,ka} is dual to {µ,µ,κ,λ}.

14



2. The Pleba ński–Demia ński class of solutions

2.1.2 Weyl and Ricci tensors

It can be calculated (for example by using the Maple package GR tensor) that
the only non-zero component of the Weyl in the tetrad (9.4) and (9.6) is given
by

Ψ2 = −(m+ in)

(

1 − αpr

r + iωp

)3

+ (e2 + g2)

(

1 − αpr

r + iωp

)3
1 + αpr

r − iωp
. (2.14)

This confirms that the spacetimes studied are of algebraic type D and that the
tetrad vectors la and ka are aligned with the principal null directions of the Weyl
tensor. The only non-zero component of the Ricci tensor is

Φ11 =
1

2
(e2 + g2)

(1 − αpr)4

(ω2p2 + r2)2
. (2.15)

These components of the curvature tensor indicate that there is a curvature sin-
gularity at p = r = 0. This singularity can be considered as the “source” of
gravitational field. It is necessary that P > 0 to retain a Lorentzian signature
in metrics. P (p) is generally a quartic function, so the coordinate p must be
restricted to a particular range between appropriate roots. If this range includes
p = 0, it is necessary that k > 0. The condition P > 0 thus places restric-
tion on the possible signs of the parameters ε and k. Note also, that there are
non-singular solutions in the Plebański–Demiański family when ω 6= 0.

2.2 More general form of the metric

The metric (9.1) does not include the type D non-singular NUT solution. It is
necessary to introduce a specific shift in the coordinate p to cover such cases with
the NUT parameter. This procedure is also essential to obtain the correct metric
for accelerating and rotating black holes. We will start with the metric (9.1) and
perform the coordinate transformation

p =
l

ω
+
a

ω
p̃, τ = t̃− (l + a)2

a
φ̃, σ = −ω

a
φ̃, (2.16)

where a and l are new arbitrary parameters. These solutions have two parameters
k and ǫ which can be scaled to any convenient values. In addition, we have the
further parameters a and l which can be chosen arbitrarily. In practice, it is
convenient to choose a and l to satisfy certain conditions which simplify the form
of the metric, and then to re-express n and ω in terms of these parameters. We
will show that the parameter a corresponds to a Kerr-like rotation parameter
and l corresponds to a NUT parameter. The properties of the solution depend
on the character of the function P . It becomes P̃ = P ω2

a2
after transformation

(9.16). This function is a quartic function and can have up to four distinct roots.
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2.2. More general form of the metric

We will consider the case when P̃ has two roots p̃ = ±1 and p̃ covers the range
between these roots. The function P̃ has a simplified form

P̃ = (1 − p̃2)(a0 − a3p̃− a4p̃
2). (2.17)

Then the conditions specifying the two parameters ǫ and n in terms of a and l
are

ǫ =
ω2k

a2 − l2
+ 4α

l

ω
m− (a2 + 3l2)

[

α2

ω2
(ω2k + e2 + g2) +

Λ

3

]

, (2.18)

n =
ω2kl

a2 − l2
− α

a2 − l2

ω
m+ (a2 − l2)l

[

α2

ω2
(ω2k + e2 + g2) +

Λ

3

]

. (2.19)

(see [9], [10], [11] for more details). The next equation defines the parameter k
for any given value of a0 as

(

ω2

a2 − l2
+ 3α2l2

)

k = a0 + 2α
l

ω
m− 3α2 l

2

ω2
(e2 + g2) − l2Λ. (2.20)

These constraints define the values of k, n and ǫ, the remaining scaling freedom
is in the parameter ω which we can set to any convenient value with assumption
that a and l do not both vanish. The remaining parameters are thus α, a and l
in addition to m, e, g and Λ. We will concentrate on the physically most relevant
case for which P̃ has two roots and a0 > 0. The scaling freedom can be used to
set a0 = 1.

The coordinate p̃ covers the range between the roots p̃ = ±1 and we put
p̃ = cosϑ, where ϑ ∈ [0, π]. The transformation (9.16) from the metric (9.1) to
new general metric has thus the form

p =
l

ω
+
a

ω
cosϑ, τ = t̃− (l + a)2

a
φ̃, σ = −ω

a
φ̃. (2.21)

Then the metrics (9.1) becomes

gab =
1

Ω2

[

−Q

ρ2
(dt̃− (a sin2 ϑ+ 4l sin2 ϑ

2
)dφ̃)2 +

ρ2

P̂
dϑ2 +

ρ2

Q
dr2

+
P̂ sin2 ϑ

ρ2
(dt̃− (r2 + (a + l)2)dφ̃)2

]

,

(2.22)

where

Ω = 1 − α

ω
(l + a cosϑ)r,

ρ2 = r2 + (l + a cosϑ)2,

P̂ ≡ P̃

sin2 ϑ
= 1 − a3 cosϑ− a4 cos2 ϑ,

Q = (ω2k + e2 + g2) − 2mr + ǫr2 − 2αω−1nr3 − (α2k + Λ/3)r4,

(2.23)
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2. The Pleba ński–Demia ński class of solutions

and

a3 = 2α
a

ω
m− 4α2 al

ω2
(ω2k + e2 + g2) − 4

Λ

3
al, (2.24)

a4 = −α2 a
2

ω2
(ω2k + e2 + g2) − Λ

3
a2. (2.25)

with ǫ, n and k given by (9.18)-(9.20).

This solution represents the complete family of black hole spacetimes and con-
tains eight arbitrary parameters m, e, g, a, l, α,Λ and ω. The first seven of these
parameters can be varied independently and ω can be set to any convenient
value if a or l are not both zero. It was shown in [11] that the metric (9.22)
represents for Λ = 0 accelerating and rotating charged black holes with a gen-
erally non-zero NUT parameter. The authors found subsequently in [12] that
there is analytical extension of the metric which was expressed in terms of the
Weyl–Lewis–Papapetrou metric and the boost-rotation form.

This more general form of metric (9.22) contains various special cases which
can be obtained explicitly by setting certain parameters to zero. These will be
reviewed below in subsections 9.2.1-9.2.3.

By performing the transformation (9.21) from the coordinates (τ, σ, p, r) to
(t̃, φ̃, ϑ, r), the null tetrads (9.4) and (9.5), (9.6) and (9.7), the Weyl tensor and
the Ricci tensor will change their forms:

The vectors transform by “inverse” transformation of (9.21),

∂σ = − a

ω
(∂φ̃ +

(l + a)2

a
∂t̃),

∂p = −ω
a

1

sin ϑ
∂ϑ,

∂τ = ∂t̃,

(2.26)

and the one-forms transform by “straight” differentiation of (9.21)

dp = − a

ω
sinϑdϑ,

dσ = −ω
a

dφ̃,

dτ = dt̃− (l + a)2

a
dφ̃.

(2.27)

When we substitute these relations into (9.4) and (9.5), we obtain the null tetrad
vectors for the case Q < 0:
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2.2. More general form of the metric

The vectors are

ka =
Ω√
2ρ

( −1√−Q [a∂φ̃ + (r2 + (l + a)2)∂t̃] +
√

−Q∂r

)

,

la =
Ω√
2ρ

(

1√
−Q [(a∂φ̃ + (r2 + (l + a)2)∂t̃] +

√

−Q∂r

)

,

ma =
Ω√
2ρ

(

−i
√

P̂ sinϑ
[(4l sin2 ϑ

2
+ a sin2 ϑ)∂t̃ + ∂φ̃]) +

√

P̂ ∂ϑ

)

,

ma =
Ω√
2ρ

(

−i
√

P̂ sinϑ
[(4l sin2 ϑ

2
+ a sin2 ϑ)∂t̃ + ∂φ̃] +

√

P̂ ∂ϑ

)

.

(2.28)

The corresponding one–forms are

ka =
1

Ω

(

−
√

−Q
2

1

ρ
[dt̃− (4l sin2 ϑ

2
+ a sin2 ϑ)dφ̃] − ρ√−2Q

dr

)

,

la =
1

Ω

(
√

−Q
2

1

ρ
[dt̃− (4l sin2 ϑ

2
+ a sin2 ϑ)dφ̃] − ρ√−2Q

dr

)

,

ma =
1

Ω



i

√

P̂

2

sinϑ

ρ
[adt̃− (r2 + (l + a)2)dφ̃] +

ρ
√

2P̂
dϑ



 ,

ma =
1

Ω



−i

√

P̂

2

sinϑ

ρ
[adt̃− (r2 + (l + a)2)dφ̃] +

ρ
√

2P̂
dϑ



 .

(2.29)

When we substitute these relations into (9.6) and (9.7), we get the null tetrad
for Q > 0:
The vectors are

ka =
Ω√
2ρ

( −1√
Q

[a∂φ̃ + (r2 + (l + a)2)∂t̃] +
√

Q∂r

)

,

la =
Ω√
2ρ

( −1√
Q

[a∂φ̃ + (r2 + (l + a)2)∂t̃] −
√

Q∂r

)

,

ma =
Ω√
2ρ

(

−i
√

P̂ sinϑ
[(4l sin2 ϑ

2
+ a sin2 ϑ)∂t̃ + ∂φ̃] +

√

P̂ ∂ϑ

)

,

ma =
Ω√
2ρ

(

−i
√

P̂ sinϑ
[(4l sin2 ϑ

2
+ a sin2 ϑ)∂t̃ + ∂φ̃] +

√

P̂ ∂ϑ

)

.

(2.30)
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2. The Pleba ński–Demia ński class of solutions

The corresponding one–forms are

ka =
1

Ω

(
√

Q

2

1

ρ
[dt̃− (4l sin2 ϑ

2
+ a sin2 ϑ)dφ̃] +

ρ√
2Q

dr

)

,

la =
1

Ω

(
√

Q

2

1

ρ
[dt̃− (4l sin2 ϑ

2
+ a sin2 ϑ)dφ̃] − ρ√

2Q
dr

)

,

ma =
1

Ω



i

√

P̂

2

sinϑ

ρ
[adt̃− (r2 + (l + a)2)dφ̃] +

ρ
√

2P̂
dϑ



 ,

ma =
1

Ω



−i

√

P̂

2

sinϑ

ρ
[adt̃− (r2 + (l + a)2)dφ̃] +

ρ
√

2P̂
dϑ



 .

(2.31)

The only non-zero component of the Weyl tensor in these tetrads is given by

Ψ2 =

[

−(m+ in) + (e2 + g2)

(

1 + α
ω
r(l + a cosϑ)

r − i(l + a cosϑ)

)](

1 − α
ω
r(l + a cosϑ)

r + i(l + a cosϑ)

)3

.

(2.32)
The only non-zero component of the Ricci tensor is

Φ11 =
1

2
(e2 + g2)

(1 − α
ω
r(l + a cosϑ))4

(r2 + (l + a cosϑ)2)2
. (2.33)

2.2.1 Kerr–Newman–NUT–de Sitter spacetime (α = 0)

We obtain this particular case when we set α = 0. The constraint (9.20) be-
comes ω2k = (1 − l2Λ)(a2 − l2), the relations (9.18) and (9.19) become

ǫ = 1 − (1
3
a2 + 2l2)Λ, n = l + 1

3
(a2 − 4l2)lΛ. (2.34)

The metric is the same as (9.22) with

Ω = 1

ρ2 = r2 + (l + a cosϑ)2

P̂ = 1 + 4
3
Λal cosϑ+ 1

3
Λa2 cos2 ϑ

Q = (a2 − l2 + e2 + g2) − 2mr + r2 − Λ
[

(a2 − l2)l2 + (1
3
a2 + 2l2)r2 + 1

3
r4
]

.

This solution represents a non-accelerating black hole with mass m, electric and
magnetic charges e, g,
rotational parameter a and a NUT parameter l in Minkowski, de Sitter or anti–de
Sitter background. It reduces to well-known forms when l = 0 or a = 0 or Λ = 0.
However, it is necessary to distinguish the two cases in which |a| is greater or
less than |l|. When a2 ≥ l2, k ≥ 0, the metric has Kerr like ring singularity

19



2.2. More general form of the metric

at r = 0. This case represents a Kerr–Newman–de Sitter solution, it means a
charged black hole with a small NUT parameter. This solution will be discussed
properly in the next section. Alternatively, when a2 < l2, k < 0, the metric is
singularity free. This case is best described as a charged NUT–de Sitter solution
with a small Kerr-like rotation. Although these cases have identical metric forms,
their singularity and global structures differ substantially.

2.2.2 Accelerating Kerr–Newman–de Sitter black holes (l = 0)

This is the case where the NUT parameter vanishes but α is arbitrary. Now the
equation (9.20) implies that ω2k = a2. We use the remaining scaling freedom
in ω to set k = 1 so then ω = a (the Kerr rotation parameter) and from the
constraints (9.18)-(9.20) we obtain

ǫ = 1 − α2(a2 + e2 + g2) − 1
3
Λa2, k = 1, n = −αam.

Interestingly, while the NUT parameter vanishes, the Plebański–Demiański pa-
rameter n is not zero. The metric (9.22) becomes

gab =
1

Ω2

[−Q
ρ2

(dt̃− a sin2 ϑdφ̃)2 +
P̂ sin2 ϑ

ρ2
(adt̃− (r2 + a2)dφ̃)2

+
ρ2

P̂
dϑ2 +

ρ2

Q
dr2

]

,

(2.35)

where

Ω = 1 − αr cos ϑ,

ρ2 = r2 + a2 cos2 ϑ,

P̂ = 1 − 2αm cosϑ+ [α2(a2 + e2 + g2) + 1
3
Λa2] cos2 ϑ,

Q = (ω2k + e2 + g2) − 2mr + r2 − 1

3
Λr2(r2 + a2).

The only non-zero components of the curvature tensor are now given by

Ψ2 =

[

−m(1 − iαa) + (e2 + g2)
1 + αr cosϑ

r − ia cosϑ

](

1 − αr cos ϑ

r + ia cosϑ

)3

, (2.36)

Φ11 =
1

2
(e2 + g2)

(1 − αr cosϑ)4

(r2 + a2 cos2 ϑ)2
. (2.37)

This metric (9.35) clearly exhibits the singularity and horizon structure of an ac-
celerating charged and rotating black hole in Minkowski, de Sitter or anti-de Sitter
background. It represents the spacetime from the singularity through the inner
and outer black hole horizons and out to the acceleration horizon. Nevertheless,
it does not cover the complete analytic extension inside the black hole horizon.
In [12] it was shown for the case Λ = 0 that the complete spacetime contains two
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2. The Pleba ński–Demia ński class of solutions

causally separated charged and rotating black holes which accelerate away from
each other in opposite spatial directions. Special subcase of (9.35) is the charged
C-metric with a cosmological constant. We get this when we put a = 0, and the
metric (9.35) reduces to the simple diagonal form

gab =
1

(1 − αr cosϑ)2

(

−Q
r2

dt̃2 +
r2

Q
dr2 + P̂ r2 sin2 ϑdφ̃2 +

r2

P̂
dϑ2

)

, (2.38)

where

P̂ = 1 − 2αm cosϑ+ α2(e2 + g2) cos2 ϑ,

Q = (e2 + g2 − 2mr + r2)(1 − α2r2) − 1
3
Λr4.

For Λ = 0, it describes a pair of black holes of mass m and electric and magnetic
charges e and g which accelerate towards infinity under the action of forces rep-
resented by a conical singularity, where α is the acceleration. The acceleration
horizon is r = α−1. The location of other horizons depends on e, g,m and Λ.

2.2.3 Kerr–Newman–de Sitter spacetime (α = l = 0)

This is obviously the l = 0 subcase of the spacetime discussed in subsection 9.2.1.
It can be written in the standard form of the Kerr–Newman–de Sitter solution
in Boyer–Lindquist coordinates by a simple rescaling transformation

t̃ = tΞ−1, φ̃ = φΞ−1, (2.39)

where Ξ = 1 + 1
3
Λa2. This transformation leads us to

gab =
−∆r

Ξ2ρ2

[

dt− a sin2 ϑdφ
]2

+
∆ϑ sin2 ϑ

Ξ2ρ2

[

adt− (r2 + a2)dφ
]2

+
ρ2

∆r
dr2 +

ρ2

∆ϑ
dϑ2,

(2.40)

where
ρ2 = r2 + a2 cos2 ϑ,

∆r ≡ Q = (r2 + a2)(1 − 1
3
Λr2) − 2mr + (e2 + g2),

∆ϑ ≡ P̂ = 1 + 1
3
Λa2 cos2 ϑ,

(2.41)

In fact, there is no need to introduce the constant rescaling Ξ in t and φ. But
it is included so that the metric has well-behaved axis at ϑ = 0 and ϑ = π with
φ ∈ [0, 2π).

Notice that there exists a direct transformation from the initial metric (9.1)
to the metric (9.40): by inserting (9.39) into (9.16) we get

p = cosϑ,

τ = (t− aφ) Ξ−1,

σ = −φΞ−1.

(2.42)
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2.2. More general form of the metric

(Here we assume α = 0, l = 0 and we set a = ω, ǫ = 1 − 1
3
Λa2, k = 1, n = 0).

Now we can directly rewrite the null tetrads (9.4) and (9.6), as well as the
Weyl tensor and the Ricci tensor into coordinates of the Kerr–Newman–de Sitter
solution (9.40). The vectors transform by inverse transformation of (9.42),

∂σ = −Ξ(∂φ + a∂t),

∂p = − 1

sin ϑ
∂ϑ,

∂τ = Ξ ∂t,

(2.43)

while the one-forms transform by

dp = − sinϑ dϑ,

dσ = −Ξ−1dφ,

dτ = Ξ−1(dt− adφ).

(2.44)

Substituting these relations into (9.4) and (9.5), we finally obtain the null tetrad
vectors for the case Λ > 0:

The vectors are

ka =
1√
2ρ

(

− Ξ√
−∆r

[(r2 + a2) ∂t + a ∂φ] +
√

−∆r ∂r

)

,

la =
1√
2ρ

(

+
Ξ√
−∆r

[(r2 + a2) ∂t + a ∂φ] +
√

−∆r ∂r

)

,

ma =
1√
2ρ

(

√

∆ϑ ∂ϑ − i
Ξ√

∆ϑ sinϑ
(a sin2 ϑ ∂t + ∂φ)

)

,

ma =
1√
2ρ

(

√

∆ϑ ∂ϑ + i
Ξ√

∆ϑ sinϑ
(a sin2 ϑ ∂t + ∂φ)

)

,

(2.45)

and the corresponding one-forms

ka = − 1

Ξρ

√

−∆r

2
(dt− a sin2 ϑ dφ) − ρ√

−2∆r

dr,

la = +
1

Ξρ

√

−∆r

2
(dt− a sin2 ϑ dφ) − ρ√

−2∆r

dr,

ma =
ρ√
2∆ϑ

dϑ+
i

Ξρ

√

∆ϑ

2
sin ϑ (a dt− (r2 + a2) dφ),

ma =
ρ√
2∆ϑ

dϑ− i

Ξρ

√

∆ϑ

2
sinϑ (a dt− (r2 + a2) dφ).

(2.46)

Substituting these relations (9.43), (9.44) into (9.6) and (9.7), we analogously
obtain the null tetrad vectors for the case Λ < 0:
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2. The Pleba ński–Demia ński class of solutions

The vectors are

ka =
1√
2ρ

(

− Ξ√
∆r

[(r2 + a2) ∂t + a ∂φ] +
√

∆r ∂r

)

,

la =
1√
2ρ

(

− Ξ√
∆r

[(r2 + a2) ∂t + a ∂φ] −
√

∆r ∂r

)

,

ma =
1√
2ρ

(

√

∆ϑ ∂ϑ − i
Ξ√

∆ϑ sin ϑ
(a sin2 ϑ ∂t + ∂φ)

)

,

ma =
1√
2ρ

(

√

∆ϑ ∂ϑ + i
Ξ√

∆ϑ sinϑ
(a sin2 ϑ ∂t + ∂φ)

)

,

(2.47)

and the corresponding one-forms are

ka =
1

Ξρ

√

∆r

2
(dt− a sin2 ϑ dφ) +

ρ√
2∆r

dr,

la =
1

Ξρ

√

∆r

2
(dt− a sin2 ϑ dφ) − ρ√

2∆r

dr,

ma =
ρ√
2∆ϑ

dϑ+
i

Ξρ

√

∆ϑ

2
sin ϑ (a dt− (r2 + a2) dφ),

ma =
ρ√
2∆ϑ

dϑ− i

Ξρ

√

∆ϑ

2
sinϑ (a dt− (r2 + a2) dφ).

(2.48)

The only non-zero component of the Weyl tensor (9.14) is now

Ψ2 = − m

(r + ia cos ϑ)3
+

e2 + g2

(r + ia cos ϑ)3(r − ia cosϑ)
, (2.49)

and the Ricci tensor (9.15) becomes

Φ11 =
1

2

e2 + g2

(r2 + a2 cos2 ϑ)
. (2.50)

2.3 Alternative form of the general metric

For our later purposes it is also convenient to introduce a new coordinate q which
is simply related to r by

q = −1

r
. (2.51)

The metric (9.22) then becomes

gab =
1

Ω2

[−Q
̺2

(dt̃− (a sin2 ϑ+ 4l sin2 ϑ

2
)dφ̃)2 +

̺2

P dϑ2 +
̺2

Qdq2

+
P sin2 ϑ

̺2
(aq2dt̃− [1 + (a+ l)2q2]dφ̃)2

]

,

(2.52)
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where

Ω ≡qΩ = −(q +
α

ω
(l + a cosϑ)),

̺2 =q2 ρ2 = 1 + q2(l + a cosϑ)2,

P(ϑ) ≡P̂ = 1 − a3 cosϑ− a4 cos2 ϑ,

Q(q) ≡q4Q = −(α2k + Λ/3) + 2αω−1nq + ǫq2 + 2mq3 + (ω2k + e2 + g2)q4,
(2.53)

and the coefficients are as in (9.24), (9.25)

a3 = 2α
a

ω
m− 4α2 al

ω2
(ω2k + e2 + g2) − 4

Λ

3
al, (2.54)

a4 = −α2 a
2

ω2
(ω2k + e2 + g2) − Λ

3
a2. (2.55)

with ǫ, n and k again given by (9.18)-(9.20).

We obtain the null tetrads by performing the simple transformation (9.51) in
(9.28) and (9.29), (9.30) and (9.31). Then the vectors and their dual forms are
expressed in the coordinates (t̃, φ̃, ϑ, q).

The null tetrad for Q < 0:

The vectors are

ka =
Ω√
2̺

( −1√
−Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃) +
√
−Q ∂q

)

,

la =
Ω√
2̺

(

1√
−Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃) +
√
−Q ∂q

)

,

ma =
Ω√
2̺

( −i√
P sinϑ

((4l sin2 ϑ

2
+ a sin2 ϑ)∂t̃ + ∂φ̃) +

√
P ∂ϑ

)

,

ma =
Ω√
2̺

(

i√
P sinϑ

((4l sin2 ϑ

2
+ a sin2 ϑ)∂t̃ + ∂φ̃) +

√
P ∂ϑ

)

.

(2.56)

The corresponding one–forms are

ka =
1

Ω

(

−
√

−Q
2

1

̺
(dt̃− (4l sin2 ϑ

2
+ a sin2 ϑ)dφ̃) − ̺√

−2Q
dq

)

,

la =
1

Ω

(

+

√

−Q
2

1

̺
(dt̃− (4l sin2 ϑ

2
+ a sin2 ϑ)dφ̃) − ̺√

−2Q
dq

)

,

ma =
1

Ω

(

+i

√

P
2

sin ϑ

̺
(aq2dt̃− [1 + (l + a)2q2]dφ̃) +

̺√
2P

dϑ

)

,

ma =
1

Ω

(

−i
√

P
2

sinϑ

̺
(aq2dt̃− [1 + (l + a)2q2]dφ̃) +

̺√
2P

dϑ

)

.

(2.57)
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The null tetrad for Q > 0:
The vectors are

ka =
Ω√
2̺

( −1√
Q

(aq2∂φ̃ + [1 + (l + a)2]q2∂t̃) +
√
Q ∂q

)

,

la =
Ω√
2̺

( −1√
Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃) −
√
Q ∂q

)

,

ma =
Ω√
2̺

( −i√
P sinϑ

((4l sin2 ϑ

2
+ a sin2 ϑ)∂t̃ + ∂φ̃) +

√
P ∂ϑ

)

,

ma =
Ω√
2̺

(

i√
P sinϑ

((4l sin2 ϑ

2
+ a sin2 ϑ)∂t̃ + ∂φ̃) +

√
P ∂ϑ

)

.

(2.58)

The corresponding one–forms are

ka =
1

Ω

(
√

Q
2

1

̺
(dt̃− (4l sin2 ϑ

2
+ a sin2 ϑ)dφ̃) +

̺√
2Q

dq

)

,

la =
1

Ω

(
√

Q
2

1

̺
(dt̃− (4l sin2 ϑ

2
+ a sin2 ϑ)dφ̃) − ̺√

2Q
dq

)

,

ma =
1

Ω

(

+i

√

P
2

sinϑ

̺
(aq2dt̃− [1 + (l + a)2q2]dφ̃) +

̺√
2P

dϑ

)

,

ma =
1

Ω

(

−i
√

P
2

sin ϑ

̺
(aq2dt̃− [1 + (l + a)2q2]dφ̃) +

̺√
2P

dϑ

)

.

(2.59)

The non-zero component of the Weyl in these tetrads is given by

Ψ2 =

[

(m+ in) + (e2 + g2)

(

q − α
ω
(l + a cosϑ)

1 + iq(l + a cosϑ)

)](

q + α
ω
(l + a cosϑ)

1 − iq(l + a cosϑ)

)3

.

(2.60)
The non-zero component of the Ricci tensor is

Φ11 =
1

2
(e2 + g2)

(q + α
ω
(l + a cosϑ))4

(1 + q2(l + a cosϑ)2)2
. (2.61)

As we will demonstrate, this alternative form of the metric (2.52) is more useful
for investigation of the directional structure of radiation near conformal infinity.

25



3. Asymptotic directional structure of radiation for fields of algebraic type D

3 Asymptotic directional structure of radiation

for fields of algebraic type D

In the next few sections we will review basic facts about the asymptotic proper-
ties of a physical spacetime and its conformally related spacetime which will be
necessary for our further investigations.

3.1 Conformal infinity I
As in [3] we will consider a manifold M with physical metric g which can be
embedded into a larger conformal manifold M̃ with conformal metric g̃ through
a conformal transformation

g̃ab = Ω2gab, (3.1)

where Ω is a conformal factor. The spacetimes (M, g) and (M̃, g̃) have identical
causal structures, which means that they have the same light cones. The confor-
mal factor Ω is assumed to be positive in M and vanishes on the boundary of
M in M̃. This boundary is called the conformal infinity I and the condition for
its localization is Ω = 0. In the following, it is not necessary to require a global
existence of I. We assume that the conformal factor is smooth near I and it is
sufficiently smooth along null geodesics approaching I in (M̃, g̃).

The Weyl tensor remains unchanged under the conformal transformation,

C̃d
abc = Cabc

d. (3.2)

The character of I is given by the gradient dΩ — it can be timelike, null, or
spacelike. In [3] a normalized vector ñ was introduced (in conformal geometry)
which is normal to the conformal infinity I,

ña = Ñ g̃abdbΩ, g̃abñ
añb = σ, σ = −1, 0,+1. (3.3)

The function Ñ > 0 is given for σ = ±1 by Ñ = |g̃abdaΩdbΩ|−1/2, for σ = 0 the
function Ñ is chosen as an arbitrary constant on I. The normalization parameter
σ determines the character of the conformal infinity,

σ =







−1 : I is spacelike,
0 : I is null ,

+1 : I is timelike.
(3.4)

For the values σ = −1 or σ = 0, we can distinguish the future conformal infinity
I+ and the past conformal infinity I−. For σ = +1 the future and past infinities
of null geodesics are the same. The character of the conformal infinity is usually
correlated with the sign of the cosmological constant,

σ = − sign Λ. (3.5)
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3. Asymptotic directional structure of radiation for fields of algebraic type D

In [3] a vector n normal to Ω = const. was introduced in the physical spacetime
(M, g) with

gab n
a nb = σ, (3.6)

which implies the relation
na = Ω ña. (3.7)

The vector n normalized in the physical spacetime is not possible to introduce
at the conformal infinity I directly because I does not belong to the physical
spacetime. The physical metric g is not well defined on I. However, it is impor-
tant that the conformal transformation is isotropic. It means that all directions
are rescaled in the same way. Practically, we can associate with any physical
quantity (like tensors, vectors etc.) a conformal quantity transformed by proper
power of Ω which is correctly defined at I and which is independent of direction
along which I is approached.

In the following text we will use vectors (null tetrads) normalized in the
physical geometry, in the sense mentioned above. However, we must be careful
if the transformation is not isotropic, as in the case of interpretation null tetrad
parallelly transported to I.

3.2 Null geodesics

We can relate geodesics z(η) in the physical spacetime (M, g) to geodesics z̃(η̃)
in the conformal spacetime (M̃, g̃). It is well-known that null geodesics are con-
formally invariant. The affine parameter η̃ for geodesics in conformal spacetime
is related to the affine parameter η for geodesics in physical spacetime by

dη̃

dη
= Ω2, i.e.,

Dz

d η
= Ω2Dz̃

dη̃
. (3.8)

We can set the affine parameter to η̃ = 0 at the conformal infinity I. When the
null geodesic z̃(η̃) approaches a specific point P ∈ I in the conformal geometry,
z̃(0) = P and

Dza

dη̃
daΩ

∣

∣

∣

∣

I
≡ dΩ

d η̃

∣

∣

∣

∣

I
= −ǫ. (3.9)

This geodesics is outgoing when ǫ = +1, η̃ < 0 in M̃, or ingoing when ǫ = −1,
η̃ > 0 in M̃. The normalization of the affine parameter η̃ is thus fixed uniquely.
Because of the assumption of smoothness of the conformal factor along z̃(η̃), we
can expand Ω in powers of η̃ near I. The equation (3.9) becomes (using η̃|I = 0)

Ω = −ǫ η̃ + Ω2 η̃
2 + . . . , , (3.10)

with Ω2 constant. After substituting into equation (3.8) and integration we get
the relation between the physical and conformal affine parameters as

η = −1

η̃
(1 − 2ǫΩ2 η̃ ln |η̃| − η0 η̃ + . . . ), (3.11)
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3.3. Null tetrads

where η0 is a constant of integration. We thus obtain the leading terms as η̃ ≈
−η−1 and Ω ≈ ǫη−1 near I. The null geodesic z(η) reaches the point P ∈ I
for an infinite value of the affine parameter, namely z(ǫ∞) = P . The leading
term in these expressions (3.10) and (3.11) is sufficient for all calculations in the
following text (as in [3]). The inversion of (3.10) and (3.11) to higher orders can
be found in [3] in Appendix A.

3.3 Null tetrads

Our aim is to investigate the behavior of fields near conformal infinity. For this
we need to define various tetrads. We denote the vectors of an orthonormal tetrad
as t,q, r, s, where t is a future-orientated unit timelike vector and the remaining
three are spacelike unit vectors. We associate with the vectors a null tetrad of
null vectors k, l,m,m by expressions

k =
1√
2
(t + q), l =

1√
2
(t − q),

m =
1√
2
(r − is), m =

1√
2
(r + is),

(3.12)

the normalization conditions are

gab t
a tb = −1, gab q

a qb = gab r
a rb = gab s

a sb = 1, (3.13)

i.e.
gab k

a lb = −1, gabm
a mb = 1, (3.14)

the other scalar products are zero. Transformations between orthonormal tetrads
(null tetrads) form the Lorentz group. It is convenient to consider four simple
transformations which can generate any Lorentz transformation:
null rotation with k fixed, parametrized by L ∈ C,

k = ko, l = lo + L̄mo + Lm̄o + L L̄ko, m = mo + Lko, (3.15)

null rotation with l fixed, parametrized by K ∈ C

k = ko + K̄mo +K m̄o +K K̄ lo, l = lo, m = mo +Klo, (3.16)

boost in the k− l plane, B ∈ R, and a spatial rotation in the m−m̄ plane, φ ∈ R,

k = Bko, l = B−1 lo, m = exp (iφ)mo. (3.17)

We will use the interpretation null tetrad ki, li,mi,mi. This tetrad is parallelly
transported along a null geodesic z (η) in the physical spacetime, with ki tangent
to the geodesics z (η). We require that the vector ki is proportional to Dz/dη
by the same factor. It means that the component of the vector ki normal to I
is the same for all interpretation tetrads approaching a given point on I. We
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3. Asymptotic directional structure of radiation for fields of algebraic type D

will define the radiative component of the field with respect to this tetrad. More
precise definition and asymptotic behavior of this tetrad is described in [3].

Another important tetrad is the reference null tetrad ko, lo,mo,mo. This
tetrad helps us to identify the direction ki of the null geodesics and orientation of
the associated interpretation tetrad near I using suitable directional parametriza-
tion.

The reference tetrad is any tetrad adjusted to conformal infinity (at any point
P ∈ I) that satisfies the relation

n = ǫo
1√
2
(−σko + lo), (3.18)

where the sign ǫo = ±1 indicates the outgoing/ingoing orientation of the vector
ko and lo with respect to I. For σ = −1 or 0, the parameter ǫo will be ǫo = +1
on I+ and ǫo = −1 on I−. For σ = +1, the parameter ǫo can be chosen either +1
or −1 because it corresponds to ko oriented outside or inside M. The condition
(3.18) guarantees that the vectors ko and lo are collinear with the normal n to
I, and then are normalized particularly as

n =







ǫoto for a spacelike infinity (σ = −1),
−ǫoqo for a timelike infinity (σ = +1),

ǫolo/
√

2 for a null infinity (σ = 0).
(3.19)

The condition (3.18) also implies

gab m
a nb = 0 = gab m̄

a nb, (3.20)

so that the vectors m, m̄ on the conformal infinity are always tangent to I. The
reference tetrad can be chosen arbitrarily so we can choose it conveniently. It can
respect the spacetime geometry (the reference tetrad is adapted to the Killing
vectors or to directions toward sources etc.). Alternatively, it can be adapted to
the studied fields— it can be oriented along algebraically special directions of the
fields. In [6] the authors showed possible privileged definitions of the reference
tetrad for algebraically simple fields of type D. Normalization and adjustment
conditions do not fix the reference tetrad uniquely, so further condition will be
specified in section 3.6.

3.4 Parametrization of null directions

It is also necessary to parametrize suitably a general null direction k near I.
Naturally, we characterize this direction by a complex directional parameter R
such that

k ∝ ko + R̄mo +R m̄o +RR̄ lo. (3.21)

In other words, the direction k is obtained from ko by the null rotation (3.16)
with parameter K = R. The value R = ∞ is also permitted — it corresponds to
k orientated along lo.
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3.5. Asymptotic directional structure of radiation

We can project a null vector k onto the corresponding conformal infinity.
When the infinity is spacelike (Λ > 0), we perform (see [3]) a normalized spatial
projection (since q · n = 0) to a three-dimensional space orthogonal to to,

q =
k + (k · to)to

|k · to|
, (3.22)

where k · to = gabk
atbo. Such a null direction k is possible to parametrize by

spherical angles. The normalized spatial projection q of the null direction k into
I is given by

q = cos θ qo + sin θ (cos φ ro + sin φ so). (3.23)

The complex parameter R is exactly the stereographic representation of the spa-
tial direction q:

R = tan
(

θ
2

)

exp(−iφ). (3.24)

When the infinity is timelike (Λ < 0), the normalized projection of k onto I (now
t · n = 0) is

t =
k − (k · qo)qo

|k · qo|
. (3.25)

Analogously, we parametrize the null direction k by pseudo-spherical parameters.
The normalized projection t of the null direction k into I is given by

t = coshψ to + sinhψ (cosφ ro + sinφ so). (3.26)

However, these parameters do not specify the null direction k uniquely so there
always exists one ingoing and one outgoing null direction with the same parame-
ters ψ and φ. These directions need to be distinguished by the parameter ǫ. The
outgoing direction is ǫ = +1 and the ingoing direction is ǫ = −1. We can write
the complex parameter R in a closed formula for both cases ǫ = ±1 as

R = tanhǫǫo
(

ψ
2

)

exp(−iφ). (3.27)

The value R = ∞ is also allowed, it corresponds to ψ = 0, ǫ = −ǫo, i.e.
k ∝ (to − qo)/

√
2. These parametrizations can be introduced simultaneously,

independently of the causal character of the infinity, depending on the reference
tetrad. The relation of the parameters is

tanhψ = sin θ, sinhψ = tan θ, coshψ = cos−1 θ, tanh(ψ/2) = tan(θ/2). (3.28)

3.5 Asymptotic directional structure of radiation

In [3] the authors investigated a general field of spin s, which transforms according
to spin-s representation of the Lorentz group. These fields can be characterized by
specific 2s+1 complex components Υj, j = 0, . . . , 2s with respect to a null tetrad.
The particular cases of gravitational (s = 2) and electromagnetic (s = 1) fields
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3. Asymptotic directional structure of radiation for fields of algebraic type D

were studied in more detail. The components of gravitational and electromagnetic
fields are standard Newman–Penrose coefficients Ψj, j = 0, 1, 2, 3, 4, and Φj ,
j = 0, 1, 2, respectively. The gravitational field is characterized by the Weyl
tensor Cabcd and can be parametrized by five complex coefficients

Ψ0 = Cabcdk
ambkcmd,

Ψ1 = Cabcdk
albkcmd,

Ψ2 = Cabcdk
ambm̄cld,

Ψ3 = Cabcdl
akblcm̄d,

Ψ4 = Cabcdl
am̄blcm̄d.

(3.29)

The electromagnetic field is described by the tensor Fab which is parametrized
by three complex coefficients

Φ0 = Fabk
amb,

Φ1 = Fab(k
alb − mcm̄d),

Φ2 = Fabm̄
cld.

(3.30)

There exist principal null directions (PNDs) for gravitational, electromagnetic
or, generally, for any field of spin s. They are privileged null directions k such
that Υ0 = 0 in the null tetrad k, l,m, m̄ (where choice of l,m, m̄ is irrelevant).
The PND k can be obtained from a reference tetrad ko, lo,mo, m̄o by null rota-
tion (3.21) given by a directional parameter R ∈ C. We choose the remaining
vectors l,m, m̄ by the same null rotation (3.16) with K = R. The field of spin
s has 2s PNDs. There are thus 4 principal null directions for gravitational field
and 2 for electromagnetic field which can be degenerate, i.e. some PNDs may
coincide, and this degeneracy is called the special algebraic structure of the field.
The classification of PNDs of the gravitational field is the well-known Petrov
classification.

It was shown that these field components satisfy the standard peeling-off prop-
erty. It means that they exhibit a different fall-off in η when approaching I where
η is the affine parameter of the geodesic.

We will briefly describe the derivation of the final result, the directional struc-
ture of these fields, for precise discussion see [3]. First, the field components are
expressed in the reference tetrad as Υo

j , for j = 0, . . . , 2s, then it is possible to

find the relation Υo
0 = (−1)2sΥo

2s

∏2s
j=1Rj where Rj characterize the algebraically

privileged principal null directions. These field components have to be evaluated
with respect to the interpretation tetrad Υi

2s. Then, after assuming the fall-off
typical for zero-rest-mass fields as

Υo
j ≈

Υo
j∗

ηs+1
, Υo

j∗ = const., (3.31)

we obtain the final result (3.32) below. The leading component of the field
represents the radiative component Υi

2s: it has the fall-off of the order η−1 and
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3.6. Fields of type D

also depends on the direction R of the null geodesics along which a fixed point
at the infinity I is approached.

Using the above notation, Krtouš and Podolský derived in [3] the explicit
dependence of the radiative component of the field on the direction along which
the infinity is approached. This dependence is called the asymptotic directional
structure of radiation,

Υi
2s ≈

1

η
ǫsoΥ

o
2s∗

(1 − σR1R̄)(1 − σR2R̄) . . . (1 − σR2sR̄)

(1 − σRR̄)s
. (3.32)

This expression fully characterizes the asymptotic behaviour on I of the dominant
component of any massless fields of spin s in the normalized interpretation tetrad
ki, li,mi, m̄i which is parallelly propagated along a null geodesics z(η). Only the
modulus |Υi

2s| has an invariant meaning because there is remaining freedom in
spatial rotation in the transverse mi − m̄i plane. The phase of Υi

2s describes
polarization.

The complex constants R1, . . . , R2s represent the principal null directions
(PNDs) k1, . . . ,k2s of the spin-s field, the directional structure is thus completely
determined by the algebraic (Petrov) type of the field. The sign σ = ±1, 0 spec-
ifies the causal character of the conformal infinity, ǫo denotes orientation of the
reference tetrad and Υo

2s∗ is a constant normalization factor of the field evaluated
with respect to reference tetrad. The dependence of Υi

2s on the direction R along
which P ∈ I is approached occurs only for cases σ = ±1, i.e. at a spacelike I
(de Sitter) or timelike I (anti-de Sitter). The directional dependence completely
vanishes for null I (σ = 0).

3.6 Fields of type D

In this work we will concentrate on algebraically special spacetimes which are
of type D. These fields have two distinct and equivalent algebraically special
directions. This case may appear only for fields of an integer spin, s ∈ N. The
degeneracy of PNDs is thus

k1 = · · · = ks and ks+1 = · · · = k2s. (3.33)

The directional structure (3.32) then takes the simpler form

Υi
2s ≈

1

η
ǫsoΥ

o
2s∗

(1 − σR1R̄)s(1 − σR2sR̄)s

(1 − σRR̄)s
, (3.34)

where the constants R1 and R2s parametrize the two distinct PNDs.
The magnitudes for gravitational and electromagnetic field are obviously

|Ψi
4| ≈

1

|η| |Ψ
o
4∗|

|1 − σR1R̄|2|1 − σR4R̄|2
|1 − σRR̄|2 , (3.35)

|Φi
2| ≈

1

|η| |Φ
o
2∗|

|1 − σR1R̄||1 − σR2R̄|
|1 − σRR̄| . (3.36)
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3. Asymptotic directional structure of radiation for fields of algebraic type D

The form of the directional structure (3.34) has been derived assuming that
the normalization factor Υo

2s∗ is non-vanishing. Particularly, the vanishing of
this factor indicates that the reference tetrad is asymptotically aligned along
some PND and we have to use a different normalization factor to express the
field components, see [3]. For type D spacetimes there exists a more natural
“symmetric” normalization of the field which is not degenerate and the only non-
vanishing component with respect of the null tetrad associated with the PNDs
(3.33) can be used (a canonical field component).

3.6.1 Directions of vanishing radiation and algebraically special null
tetrad

In this section we will study the conditions under which the radiation vanishes.
We are mostly interested in the asymptotic directional structure of gravitational
(s = 2) a electromagnetic (s = 1) fields.

First, the conformal infinity for σ = 0 is Minkovskian and the field has no
directional structure. It follows from (3.35) and (3.36) that the equation reduces

to the forms |Ψi
4| ≈ |Ψ4∗|

|η| , |Φo
2| ≈ |Φo

2∗
|

|η| , the form is the same for all geodesics
approaching a given point P ∈ I. It is thus possible to distinguish between
the radiative and non-radiative fields for (locally) asymptotically flat spacetimes.
Radiation is absent where the constants Ψo

4∗ or Φo
2∗ vanish. It occurs when the

principal null direction is oriented along the vector lo ∝ n.

The asymptotic directional structure near a de Sitter-like spacelike conformal
infinity can be obtained by substituting σ = −1 into (3.34): for s = 2 and s = 1
we obtained

Ψi
4 ≈

Ψo
4∗
η

1

(1 + |R|2)2

(

1 − R1

Ra

)2(

1 − R4

Ra

)2

, (3.37)

Φi
2 ≈ ǫo

Φo
2∗
η

1

(1 + |R|2)

(

1 − R1

Ra

)(

1 − R2

Ra

)

, (3.38)

where by using (3.24) we get (1 + |R|2)−1 = cos2( θ
2
) and the complex number Ra

is

Ra = − 1

R̄
= − cot( θ

2
) exp (−iφ). (3.39)

The number Ra characterizes a spatial direction opposite to the direction which
is given by R with θa = π−θ and φa = φ+π. Generally, the radiative component
of the gravitational field asymptotically vanishes for the directions which satisfy
Ra = Rn, n = 1, 2, similarly, there are two directions for electromagnetic field.
These directions of vanishing radiation are given by (3.21) with R = Rn = Ra,
exactly opposite to the projections of the principal null directions onto I.

Finally, the asymptotic directional structure near a anti–de Sitter-like timelike
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conformal infinity can be rewritten by substituting σ = +1 into (3.34), as

Ψi
4 ≈

Ψo
4∗
η

1

(1 − |R|2)2

(

1 − R1

Rm

)2(

1 − R4

Rm

)2

, (3.40)

Φi
2 ≈ ǫo

Φo
2∗
η

1

(1 − |R|2)

(

1 − R1

Rm

)(

1 − R2

Rm

)

, (3.41)

where by using (3.27) we get the complex number

Rm = − 1

R̄
= cothǫǫo( θ

2
) exp (−iφ). (3.42)

The complex number Rm characterizes a direction obtained from the direction R
by a reflection with respect to I, the mirrored direction with ψm = ψ, φm = φ
but with opposite orientation ǫm = −ǫ. As in the previous case for gravitational
field there are two special directions where the radiation vanishes: these are
directions corresponding to PNDs reflected with respect to I which are given by
R = Rm = Rn.

There also occurs a divergence at |R| = 1. These are null directions tangent
to I which do not represent a direction of any geodesics approaching I from the
interior of spacetime. The reason for divergence is “kinematic” because we have
fixed the component ki normal to I. If ki is tangent to I, the fixing condition
implies an infinite rescaling and it causes the divergence of |Ψi

4|. This diver-
gence splits the radiation pattern into two components—the pattern of outgoing
geodesics (ǫ = +1) and the separate pattern for ingoing geodesics (ǫ = −1).

In [6] the algebraically special null tetrad ks, ls,ms, m̄s (and associated or-
thonormal tetrad ts,qs, rs, s̄s) was employed. We require that ks, ls are propor-
tional to the PNDs, are future-oriented and that the spatial vector ss is tangent
to I,

ks ∝ k1, ls ∝ k2s, ss · n = 0. (3.43)

These PNDs, which are not tangent to the conformal infinity, can be fixed by the
normalization condition for null vectors ks, ls as

ǫ1ks · n = ǫ2sls · n, (3.44)

where ǫ1, ǫ2s = ±1 parametrize orientations of the PNDs with respect to I.
The field components for type D fields have very special form with respect the

algebraically special tetrad — only the component Υs
s is non-vanishing i. e. (Ψs

2

for gravitational and Φs
1 for electromagnetic fields). Moreover, this component

is independent of the choice of the spatial vectors rs, ss and then it does not
depend on the normal vector n, which is used in definition (3.43). It does not
depend on the normalization (3.44), provided that the normalization (3.13) is
satisfied. It is convenient to use this privileged component Υs

s of the field for
the normalization of the directional structure of radiation for fields of type D.
However, this algebraically special tetrad is not adjusted to the infinity because
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3. Asymptotic directional structure of radiation for fields of algebraic type D

the condition (3.18) is not in general satisfied (ks, ls are not collinear with n ) so
it cannot be directly used as a reference tetrad.

However, in [6] privileged reference tetrads were defined which are basically
aligned with the algebraically special tetrads. They share together some symme-
tries of the geometric situation. We shall always assume that the reference tetrad
satisfies the normalization and adjustment conditions (3.13), (3.18) and we set
so = ss. But this still does not fix the reference tetrad completely. The remaining
necessary condition cannot be prescribed generally. It must be discussed sepa-
rately in various possible cases which depend on the character of the infinity I
and on the orientation of the PNDs with respect to I, particularly in the case of
timelike I.

In [6] the privileged reference tetrads were defined for all the possible cases.
The relation between the reference frame component Υo

2s and the canonical frame
component Υs

s which can be substituted into the directional structure (3.34) were
also given. Let us summarize them here.

3.6.2 Spacelike I

We will first describe the behavior of radiation near a spacelike conformal infinity
(σ = −1). The two distinct future-orientated algebraically special directions
are both ingoing or both outgoing, accordingly we set the orientation ǫo of the
reference terad. In this case, the reference tetrad is defined by the conditions

qo = qs, so = ss, ǫo = ǫ1 = ǫ2s, (3.45)

and by adjustment condition (3.19). Afterwards, the algebraically special direc-
tions ks and ls are parametrized with respect to the reference tetrad by a single
parameter θs as

ks =
1√
2

cos−1 θs (ro + cos θs qo + sin θs ro),

ls =
1√
2

cos−1 θs (ro − cos θs qo + sin θs ro).
(3.46)

The algebraically special and reference tetrads are thus related by

ts = cos−1 θs to + tan θs ro,

qs = qo,

rs = cos−1 θsro + tan θs to,

ss = so,

(3.47)

which is a boost in to − ro plane with rapidity parameter ψs related to θs by
(3.28), see Fig. 2 on p. 126 in [6]. Comparing the normalized projections of
k1 = ks and k2s = ls with (3.23), we find that the spherical parameters θ, φ of
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3.6. Fields of type D

the algebraically special directions are θ1 = θs, φ1, and θ2s = π − θs, φ2s = 0.
Then the complex parameters R1 and R2s are

R1 = tan
(

1
2
θs
)

, R2s = cot(1
2
θs). (3.48)

The transformation (3.47) from algebraically special to the reference tetrad can
be decomposed into boost, subsequent null rotation with k fixed and null rota-
tion with l fixed (see [6]). After this transformation the relation between the
component Υo

2s and the canonical component Υs
s was found as

Υo
2s = (−1)s

(2s)!

2s(s!)2
tans θsΥ

s
s. (3.49)

Explicit expressions for gravitational (s = 2) and electromagnetic (s = 1) fields
components with respect to the reference tetrad are

Ψo
0 = Ψo

4 =
3

2
tan2 θs Ψs

2, Φo
0 = Φo

2 = − tan2 θs Φs
1, (3.50)

We assume the asymptotic behaviour Υo
s ≈ Υo

s∗η
−s−1 with constant coefficients

Υo
s∗. The equivalent equations holds for Υs

s,

Υs
s ≈ Υs

s∗η
−s−1. (3.51)

The relations (3.49)-(3.50) have also their “stared” version. Substituting (3.48),
(3.24) with “stared” version of (3.49) and σ = −1 into (3.34), we obtain the
asymptotic directional structure of radiation for type D fields

Υi
2s ≈

(−ǫo)s
η

(2s)!

2s(s!)2
Υs
s∗

[

exp(iφ)

cos θs
(sin θ + sin θs cosφ− i sin θs cos θ sinφ)

]s

.

(3.52)
The null direction along which the field is measured is parametrized by angles
θ, φ, the field is characterized by the normalization component Υs

s∗ and by the
parameter θs which specifies the directions of the algebraically special directions
with respect to a spacelike infinity I. We can finally write the magnitude of the
component of the gravitational and electromagnetic fields as

|Ψi
4| ≈

1

|η|
3

2

|Ψs
2∗|

cos2 θs
|sin θ + sin θs cosφ− i sin θs cos θ sinφ|2 , (3.53)

|Φi
2|2 ≈

1

η2

|Φs
1∗|2

cos2 θs
|sin θ + sin θs cosφ− i sin θs cos θ sin φ|2 . (3.54)

The directional structure of radiation is illustrated in Fig. 1.
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3. Asymptotic directional structure of radiation for fields of algebraic type D

Figure 1: Directional structure of radiation near a spacelike infinity. Directions in
the diagram parametrized by θ and φ correspond to spatial directions (projections
onto I) of null geodesics along which the infinity is approached. The diagrams
show the directional dependence of the magnitude of the radiative component
(3.53) or (3.54) of the field. The arrows depicts the directions which are spatially
opposite to algebraically special directions PNDs, the radiation evaluated along
these directions is asymptotically vanishing. The diagram (a) shows a general
orientation of PNDs, the diagram (b) shows the situation when both PNDs are
spatially opposite. These diagrams are taken over from [6].

3.6.3 Timelike I with non-tangent PNDs, ǫ1 6= ǫ2s

Now we will study the behavior near a timelike conformal infinity (σ = +1),
when both algebraic directions are not tangent to I, such that one of them is
outgoing and the other one is ingoing, ǫ1 6= ǫ2s. For this case we require that
the orientation parameter ǫo of the reference tetrad is adjusted to ǫ1, and ts is
aligned along to. The reference tetrad is then defined by conditions

to = ts, so = ss, ǫo = ǫ1 = −ǫ2s, (3.55)

and by adjustment condition (3.19). Again, the algebraically special directions ks

and ls are parametrized with respect to the reference tetrad by single parameter
θs as

ks =
1√
2

(to + cos θs qo + sin θs ro),

ls =
1√
2

(to − cos θs qo − sin θs ro).
(3.56)

The relation between the algebraically special and reference tetrad is given by

ts = to,

qs = cos θs qo + sin θs ro,

rs = − sin θs qo + cos θs ro,

ss = so,

(3.57)
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3.6. Fields of type D

which is a spatial rotation in qo − ro plane by angle θs, see Fig. 4a on p. 129 in
[6]. The relation (3.57) between reference tetrad and algebraically special tetrad
can be parametrized by the angle θs, which lies in the to − ro plane (the angle
between to and the projection of ks to I) and by pseudospherical parameter ψs

in cases 3.6.3 and 3.6.4. These parameters are related by (3.28). It is convenient
to rewrite (3.56) in another form by pseudospherical parameter ψs to read out
the normalized projection into I of the null vectors ks, ls as

ks =
1√
2

cosh−1 ψs (qo + coshψs to + sinhψs ro),

ls =
1√
2

cosh−1 ψs (−qo + coshψs to − sinhψs ro).
(3.58)

Comparing the normalized projections of k1 = ks and k2s = ls with (3.26), we find
that the pseudospherical parameters ψ, φ, ǫ of the algebraically special directions
are ψ1 = ψs, φ1 = 0, ǫ1 = ǫo, and ψ2s = ψs, φ2s = π, ǫ2s = −ǫo respectively. The
complex parameters R1 and R2s then are

R1 = tanh
(

1
2
ψs

)

, R2s = − coth
(

1
2
ψs

)

. (3.59)

The relation (3.57) can thus be expressed in pseudospherical parameter ψs as

ts = to,

qs = cosh−1 ψs qo + tanhψs ro,

rs = − tanhψs qo + cosh−1 ψs ro,

ss = so,

(3.60)

The transformation (3.57) from algebraically special to the reference tetrad can
be decomposed into boost, null rotation with k fixed and null rotation with l
fixed (see [6]). After this transformation it was found that the relation between
the component Υo

2s and the canonical component Υs
s is

Υo
2s =

(2s)!

2s(s!)2
tanhs ψsΥ

s
s, (3.61)

and concretely for gravitational and electromagnetic fields

Ψo
0 = Ψo

4 =
3

2
tanh2 ψs Ψs

2, −Φo
0 = Φo

2 = tanhψs Φs
1. (3.62)

Assuming again the relation for Υs
s ≈ Υs

s∗η
−s−1 and substituting (3.59), (3.27)

and ’stared’ version of (3.61) into (3.34), we obtain the asymptotic directional
structure of radiation for type D fields

Υi
2s ≈

(ǫ)s

η

(2s)!

2s(s!)2
Υs
s∗

×
[

exp(iφ)

cos θs
(sinhψ + ǫǫo sinhψs cosφ− i sinhψs coshψ sinφ)

]s

.

(3.63)
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3. Asymptotic directional structure of radiation for fields of algebraic type D

The direction is given by pseudospherical parameters ψ, φ, ǫ, the field is charac-
terized by the component Υs

s∗ and by the parameter ψs, which fixes the orientation
of the algebraically special directions with respect to conformal infinity I . Again,
only the magnitude of the component Υi

2s has the physical meaning so

|Ψi
4| ≈

1

|η|
3

2

|Ψs
2∗|

cosh2 ψs

|sinhψ + ǫǫo sinhψs cosφ− i sinhψs coshψ sinφ|2 , (3.64)

|Φi
2|2 ≈

1

η2

|Φs
1∗|2

cosh2 ψs

|sinhψ + ǫǫo sinhψs cosφ− i sinhψs coshψ sinφ|2 . (3.65)

The directional structure is illustrated in Fig. 2a. The radiation asymptotically
vanishes along mirrored reflections of the PNDs, this fact is valid also for all other
timelike cases.

3.6.4 Timelike I with non-tangent PNDs, ǫ1 = ǫ2s

In the previous section the two PNDs were oriented in opposite directions with
respect to the conformal infinity when we studied the directional structure of
radiation near timelike I. Now we will discuss the case when both PNDs are
outgoing or both outgoing, ǫ1 = ǫ2s in this section. The reference tetrad is fixed
by conditions

ro = qs, so = ss, ǫo = ǫ1 = ǫ2s, (3.66)

and by adjustment condition (3.19). The algebraically special directions ks and
ls are parametrized with respect to the reference tetrad by single parameter θs or
ψs related by (3.28) as

ks =
1√
2

sin−1 θs (to + cos θs qo + sin θs ro)

=
1√
2

sinh−1 ψs (qo + coshψs to + sinhψs ro),

ls =
1√
2

sin−1 θs (to + cos θs qo − sin θs ro)

=
1√
2

sinh−1 ψs (qo + coshψs to − sinhψs ro).

(3.67)

The algebraically special and reference tetrad are related by

ts = sin−1 θs to + cot θs qo = tanh−1 ψs to + sinh−1 ψs qo,

qs = ro,

−rs = cot θs to + sin−1 θs qo = sinh−1 ψs to + tanh−1 ψs qo,

ss = so,

(3.68)

see Fig. 4b for details, p. 131 in [6]. The pseudospherical parameters ψ, φ, ǫ of
projections of the PNDs into I are ψ1 = ψs, φ1 = 0, ǫ1 = ǫo, and ψ2s = ψs, φ2s =
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3.6. Fields of type D

π, ǫ2s = ǫo, respectively. The complex parameters R1 and R2s then are

R1 = tanh
(

1
2
ψs

)

, R2s = − tanh
(

1
2
ψs

)

. (3.69)

The transformation (3.68) from algebraically special to the reference tetrad can be
decomposed into boost, null rotation with k fixed and null rotation with l fixed,
(see [6]). The relation between the component Υo

2s and the canonical component
Υs
s is

Υo
2s =

(2s)!

2s(s!)2
coths

ψs

2
Υs
s, (3.70)

in particular the expression for gravitational and electromagnetic fields are

Ψo
4 =

3

2
coth2(1

2
ψs) Ψs

2, Φo
2 = coth(1

2
ψs) Φs

1. (3.71)

Substituting into expression (3.34), we obtain the asymptotic directional struc-
ture of radiation as

Υi
2s ≈

ǫs

η

(2s)!

2s(s!)2
Υs
s∗

×
[

exp(iφ)

sinhψs
((coshψ + ǫǫo coshψs) cosφ− i(ǫǫo + coshψs coshψ) sinφ)

]s

.

(3.72)

Finally, we obtain magnitudes of components for gravitational and electromag-
netic fields:

|Ψi
4| ≈

1

|η|
3

2
|Ψs

2∗|
(

sinh−2 ψs(coshψs + ǫǫo coshψ)2 + sinh2 ψ sin2 φ
)

, (3.73)

|Φi
2|2 ≈

1

η2
|Φs

1∗|2
(

sinh−2 ψs(coshψs + ǫǫo coshψ)2 + sinh2 ψ sin2 φ
)

. (3.74)

This is illustrated in Fig. 2b.

3.6.5 Timelike I, one PND tangent to I
In the following two sections we will study the special cases when the PNDs are
tangent to I. This can happen only for timelike and null conformal infinity. First,
we will discuss the case when only one of two distinct PNDs, say k2s, is tangent
to I. We require the normalization condition (3.44) only for ks ∝ k1. The second
PND ls is fixed by the normalization condition ks · ls = −1. The reference tetrad
is fixed by these conditions

ko = ks, so = ss, ǫ1 = ǫ1, (3.75)

and by adjustment condition (3.19). Then the algebraically special directions ks

and ls are given by (see Fig. 4c on p. 133 in [6])

ks =
1√
2
(ro + qo), ls =

1√
2
(to + ro). (3.76)
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3. Asymptotic directional structure of radiation for fields of algebraic type D

Figure 2: Directional structure of gravitational radiation near a timelike infinity.
The four diagrams correspond to different orientation of algebraically special
directions with respect to the infinity I. Each consists from a pair of radiation
patterns: (a) one PND outgoing and one ingoing (subsec. 3.6.3), (b) both PNDs
outgoing, the case with both PNDs ingoing is analogous (subsec. 3.6.4), (c) one
PND tangent to I and one outgoing (subsec. 3.6.5), (d) both PNDs tangent
to I (subsec. 3.6.6). In each diagram the circles in horizontal plane represent
spatial projections of hemispheres of ingoing (left circle) and outgoing (right
circle) directions. The circles are parametrized by coordinates ρ = tanhψ = sin θ
and φ. The magnitude of the radiative field component is plotted on vertical axis.
The arrows indicate mirror reflections with respect to I of PNDs. The radiative
component evaluated along these geodesics in these directions is asymptotically
vanishing. Diagrams are taken over from [6].

The algebraically special and the reference tetrads are related by

ts = 3
2
to + 1

2
qo + ro,

qs = −1
2
to + 1

2
qo − ro,

rs = to + qo + ro,

ss = so,

(3.77)

the corresponding complex parameters are

R1 = 0, R2s = +1. (3.78)

The transformation (3.77) from algebraically special to the reference tetrad is
just the null rotation with k fixed (see [6]). Afterwards, the authors found the
relation between the component Υo

2s and the canonical component Υs
s as

Υo
2s = (−1)s (2s)!

(s!)2
Υs
s, (3.79)
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3.6. Fields of type D

specifically for s = 2, 1
Ψo

4 = 6Ψs
2, Φo

2 = −2Φs
1. (3.80)

After substituting into (3.34), we obtain the asymptotic directional structure of
radiation

Υi
2s ≈

ǫs

η

(2s)!

2s(s!)2
Υs
s∗ (ǫǫo + coshψ − sinhψ exp(iφ))s . (3.81)

And thus we obtain magnitudes of components for gravitational and electromag-
netic fields

|Ψi
4| ≈ 3

|Ψs
2∗|

|η| (ǫǫo + coshψ)(coshψ − sinhψ cosφ), (3.82)

|Φi
2|2 ≈ 2

|Φs
1∗|2
η2

(ǫǫo + coshψ)(coshψ − sinhψ cosφ), (3.83)

for illustration see Fig. 2c.

3.6.6 Timelike I, two PNDs tangent to I
Now we will describe the remaining case when both the PNDs are tangent to a
timelike conformal infinity I. There does not exist such natural normalization
of both PNDs analogous to the condition (3.44) which we have used above. It is
related to an ambiguity in the choice of the timelike unit vector ts because we can
choose any future oriented unit vector in the plane k1−k2s. But the nonvanishing
component Υs

s is independent of this ambiguity because the choices of the special
tetrad differ only by a boost in k1−k2s plane and Υs

s does not change under that
boost. So we arbitrarily choose one particular algebraically special tetrad with
respect to which we define the reference tetrad. Let us note that the reference
tetrad thus shares the same ambiguity as the algebraical tetrad. The reference
tetrad is fixed by conditions

to = ts, so = ss, ǫo = ǫ1, (3.84)

and by adjustment condition (3.19). The algebraically special directions ks and
ls are given by

ks =
1√
2
(to + ro), ls =

1√
2
(to − ro). (3.85)

The algebraically special and the reference tetrads are related by

ts = to,

qs = ro,

rs = −qo,

ss = so,

(3.86)

the corresponding complex parameters are

R1 = +1, R2s = −1. (3.87)
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3. Asymptotic directional structure of radiation for fields of algebraic type D

The transformation (3.86) from algebraically special to the reference tetrad is
just the null rotation with k fixed and null rotation with l fixed. The relation
between Υo

2s and Υs
s is now

Υo
2s = (−1)s

(2s)!

2s(s!)2
Υs
s, (3.88)

specifically for s = 2, 1 we obtain

Ψo
0 = Ψo

4 = 3
2
Ψs

2, Φo
0 = −Φo

2 = 2Φs
1. (3.89)

By substituting into (3.34), we obtain

Υi
2s ≈

(−ǫo)s
η

(2s)!

2s(s!)2
Υs
s∗ (exp(iφ)(cosφ− iǫǫo coshψ sinφ))s . (3.90)

So that for gravitational and electromagnetic fields,

|Ψi
4| ≈

3

2

1

|η| |Ψ
s
2∗|(1 + sinh2 ψ sin2 φ), (3.91)

|Φi
2|2 ≈

|Φs
1∗|2
η2

(1 + sinh2 ψ sin2 φ), (3.92)

for illustration see Fig. 2d.

3.6.7 Null I

Finally, we describe the case of null conformal infinity. We can see directly from
(3.34) by setting σ = 0 that the directional structure of radiation near the null
infinity is independent of the direction along which the infinity is approached.
We will only be interested in the question whether the field is radiative or non-
radiative (when the dominant field component is vanishing or not). From the
definition of PNDs it follows that the normalization factor Υo

2s∗ is vanishing if
one of the PNDs is tangent to I. We assume that one of the PNDs (it can be ls)
is tangent to I. Following the previous section, we can not fix the normalization
of the algebraically tetrad by condition (3.44), we can not select the algebraically
tetrad uniquely. But the field component Υs

s is still unique. If we choose one
algebraically special tetrad, we can use it as the reference tetrad, because it sat-
isfies the adjustment condition (3.19), see Fig. 6 at p. 135 in [6]. In other words,
we take

to = ts, qo = qs, ro = rs, so = ss. (3.93)

It is clear that then lo = ls ≈ n, so the component Υo
2s∗ is vanishing because one

PND is tangent to I:

Υo
2s = 0. (3.94)
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Now we will concentrate on another case when both PNDs are not tangent
to I. The PNDs can be normalized by condition (3.44) and we can fix the
reference tetrad by condition

to = ts, so = ss, ǫ1 = ǫ1, (3.95)

and by adjustment condition (3.19), see Fig. 6 in [6]. The algebraically special
directions ks and ls in terms of the reference tetrad are given by

ks =
1√
2
(to + ro), ls =

1√
2
(to − ro). (3.96)

As in section 3.6.6, the algebraically special and the reference tetrads are related
by

ts = to,

qs = ro,

rs = −qo,

ss = so,

(3.97)

and their complex parameters are

R1 = +1, R2s = −1. (3.98)

Using (3.34), σ = 0, and relation (3.88), we find that the radiative component
has no directional structure

Υi
2s ≈ ǫso

(2s)!

(s!)2
Υs
s∗

1

η
. (3.99)

The magnitudes of components for gravitational and electromagnetic fields are
then

|Ψi
4| ≈ 3|Ψs

2∗|
1

|η| , (3.100)

|Φi
2|2 ≈ 2|Φs

1∗|2
1

η2
. (3.101)

We have thus reviewed all possible directional structures which may occur on
spacelike I, timelike I and null I.
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4 Asymptotic structure of radiation

for the Plebański–Demiański black holes

Now we have a complete framework needed to analyze the asymptotic directional
properties of the gravitational field of exact models from the Plebański–Demiański
family. In the first part 4.1 of this section we will investigate the Kerr–Newman
black holes in de Sitter or anti-de Sitter universe, respectively, and then in 9.4 we
will study the general Plebański–Demiański metric which describes the complete
family of black hole spacetimes. We are mainly interested in the explicit depen-
dence on the parameters of the metric, namely the mass, the charge, the rotation
and the cosmological constant, in the final formula for the directional structure
of radiation.

4.1 Radiation in the Kerr–Newman–de Sitter spacetime

The Kerr–Newman–de Sitter metric has the form (9.40); let us recall it again

gab =
−∆r

Ξ2ρ2

[

dt− a sin2 ϑdφ
]2

+
∆ϑ sin2 ϑ

Ξ2ρ2

[

adt− (r2 + a2)dφ
]2

+
ρ2

∆r

dr2 +
ρ2

∆ϑ

dϑ2,

(4.1)

where

ρ2 = r2 + a2 cos2 ϑ,

∆r = (r2 + a2)(1 − Λ
3
r2) − 2mr + (e2 + g2),

∆ϑ = 1 + Λ
3
a2 cos2 ϑ,

Ξ = 1 + Λ
3
a2.

(4.2)

First, to study the radiation structure following chapter 3, we have to identify
the conformal infinity I of the spacetime (4.1). We will demostrate that the ap-
propriate conformal factor is Ω = r−1 (as in the simplest Schwarzschild solution,
which is the special case of (4.1) for e = g = a = Λ = 0). The conformal infinity
I is then situated on Ω = 0 which corresponds to r = ∞.

Indeed, by substituting the relations (4.2) into the metric (4.1), the metric
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4.1. Radiation in the Kerr–Newman–de Sitter spacetime

can be written explicitly as

gab =r2















−

(

1 +
a2

r2

)(

1

r2
− Λ

3

)

− 2m

r3
+

(e2 + g2)

r4

(

1 +
a2 cos2 ϑ

r2

)

Ξ2

[dt− a sin2 ϑdφ]2

+
∆ϑ sin2 ϑ

(

1 +
a2 cos2 ϑ

r2

)

Ξ2

1

r4
[adt− (r2 + a2)dφ]2

+

(

1 +
a2 cos2 ϑ

r2

)

(

1 +
a2

r2

)(

1

r2
− 1

3
Λ

)

− 2m

r3
+

(e2 + g2)

r4

dr2

r4

+

(

1 +
a2 cos2 ϑ

r2

)

∆ϑ
dϑ2















,

where we factorized the term r2 corresponding to the conformal factor Ω−2. The
expression in the curly brackets is the conformal metric g̃ab. We will investigate
its behavior as r → ∞:

lim
r→∞

g̃ab =
Λ

3 Ξ2
(dt− a sin2 ϑdφ)2 +

∆ϑ sin2 ϑ

Ξ2
dφ2 − 3

Λ

[

d(r−1)
]2

+
1

∆ϑ

dϑ2. (4.3)

We observe that the relation (4.3) is regular for Λ 6= 0 (considering the new
coordinate ξ = r−1). The case Λ = 0. (The analytical extension of Kerr–Newman
was studied in [14, 15] but still the explicit conformal factor was not presented.
Thus, we will not investigate this case in this work.)

The conformal factor is thus exactly

Ω =
1

r
(4.4)

in the sense of the relation (3.1) between the conformal metric g̃ab and the physical
one gab.

By differentiating (4.4) we get a gradient of Ω as

dΩ = − 1

r2
dr. (4.5)

The inverse of the conformal Kerr–Newman–de Sitter metric is

g̃ab∂a ∂b = r2

{

ρ2Ξ2

∆ϑM sin2 ϑ
[a sin2 ϑ ∂t + ∂φ]

2 − ρ2Ξ2

∆rM
[(r2 + a2) ∂t + a ∂φ]

2

+
∆ϑ

ρ2
∂ϑ ∂ϑ +

∆r

ρ2
∂r ∂r

}

,
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where we denoted

M = (r2 + a2) + a2 sin2 ϑ(a2 sin2 ϑ− 2r2 − 2a2). (4.6)

Accordingly, we obtain Ñ for the case σ = ±1 by using the relations (4.6), (4.5)
and the definition (3.3), as

Ñ =
ρ r

√

|∆r|
. (4.7)

Now we calculate ña and σ by using (3.3)

ña = −Ñ∆r

ρ2
∂r = − ∆r

√

|∆r|
r

ρ
∂r, (4.8)

σ =
∆r

r2ρ2
Ñ2 =

∆r

|∆r|
. (4.9)

We may explicitly rewrite the last equation by using (4.2) which evaluated on
the conformal infinity I gives

σI = lim
r→∞

r4

[(

1 +
a2

r2

)(

1

r2
− 1

3
Λ

)

− 2m

r3
+

(e2 + g2)

r4

]

∣

∣

∣

∣

r4

[(

1 +
a2

r2

)(

1

r2
− 1

3
Λ

)

− 2m

r3
+

(e2 + g2)

r4

]∣

∣

∣

∣

= −sign Λ. (4.10)

The result (4.10) shows explicitly that the character of the conformal infinity
is given by the sign of the cosmological constant, namely

σ|I =







−1 : for Λ > 0,
0 : for Λ = 0,

+1 : for Λ < 0.
(4.11)

(In fact, we have just confirmed the general relation (3.5) for the Kerr–Newman–
de Sitter spacetime.)

We can now obtain the physical normal vector n using the conformal trans-
formation (3.7) of the conformal normal vector ñ (4.8) for σ = ±1

n = − ∆r
√

|∆r|
1

ρ
∂r. (4.12)

This expression crucially depends on the value of ∆r, which has the form
(4.2). The normal vector (4.12) near I is thus

n =















√
−∆r

ρ
∂r for Λ > 0 (∆r is negative)

−
√

∆r

ρ
∂r for Λ < 0 (∆r is positive).

(4.13)

In the next sections (4.1.1) and (4.1.2) we will derive an explicit form for the
radiative component of the Kerr–Newman–de Sitter gravitational field. We will
separately discuss the cases Λ > 0 and Λ < 0.
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4.1.1 Radiation in the Kerr–Newman–de Sitter spacetime with space-
like I

We first consider the case Λ > 0 when the conformal infinity I is spacelike.
The algebraically special null tetrad (ks, ls,ms, m̄s) for this solution was already
derived above in equations (9.45) and (9.46). Using this tetrad we easily identify
the algebraically special orthonormal tetrad from the definition (3.12) as

ts =

√
−∆r

ρ
∂r,

qs = − Ξ

ρ
√
−∆r

[

(r2 + a2) ∂t + a ∂φ
]

,

rs =

√
∆ϑ

ρ
∂ϑ,

ss =
Ξ

ρ sin ϑ
√

∆ϑ

(a sin2 ϑ ∂t + ∂φ).

(4.14)

Now we need to express the reference tetrad in terms of the algebraically special
tetrad. By inverting the relations (3.47), we obtain

to = cos−1 θs ts − tan θs rs,

qo = qs,

ro = cos−1 θs rs − tan θs ts,

to = ts.

(4.15)

Substituting (4.14) into (4.15), we find

to = cos−1 θs

√
−∆r

ρ
∂r − tan θs

√
∆ϑ

ρ
∂ϑ,

qo = − Ξ

ρ
√
−∆r

[(r2 + a2) ∂t + a ∂φ],

ro = cos−1 θs

√
∆ϑ

ρ
∂ϑ − tan θs

√
−∆r

ρ
∂r,

so =
Ξ

ρ sin ϑ
√

∆ϑ

(

a sin2 ϑ ∂t + ∂φ
)

.

(4.16)

The reference tetrad (4.16) must satisfy the adjustment condition (3.19) for
σ = −1 which is explicitly n = ǫoto and where n is given by (4.13). To sat-
isfy this, it is necessary to choose the parameter

θs = 0. (4.17)

Indeed, the component of the vector to proportional to ∂ϑ must not contribute
to the normal n to I and thus we have to set tan θs = 0. The first part of to is
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then proportional to the normal (4.13) with cos θs = 1. These two conditions on
θs give us the unique value of the parameter θs = 0. We also observe that for this
case ǫo = 1. It means that the normal and the reference tetrad (both PNDs) are
outgoing with respect to the future spacelike conformal infinity I+.

We can also use the following argument. We can calculate the projection
(3.22) where ks · to = gab k

a
s t
b
o. Explicitly, we get ks · to = − 1√

2
cos−1 θs by using

(4.16), and then the projection is

qs = cos θs

(

− Ξ

ρ
√
−∆r

[

(r2 + a2) ∂t + a ∂φ
]

)

+
tan θs
ρ

√

∆ϑ ∂ϑ

+

√
−∆r

ρ
cos θs(1 − cos−2 θs) ∂r.

(4.18)

Because qs is the projection of ks onto I, and n is vector (4.13) normal to I, the
scalar product must be q·n = 0. This condition is satisfied when (cos−1 θs − cos θs) =
0. It means that cos2 θs = 1, cos θs 6= 0, and it again contains the solution
cos θs = 1, i.e. θs = 0. The second solution cos θs = −1 gives the value of
the parameter θs = π which would mean that the normal n and the reference
tetrad (PNDs) are oriented to the past. This is not our case because we have
chosen future oriented PNDs.

This again confirms that the appropriate choice of the parameter is θs = 0.
In other words: in the present case the reference tetrad is identical with the
algebraically special tetrad (4.14), see (4.15).

Now we can calculate the radiative component of the gravitational field. The
only non-zero component of the Weyl tensor (following the procedure described
in [6]) with respect to the algebraically special tetrad is (9.49), i.e.

Ψs
2 = − m

(r + ia cos ϑ)3
+

e2 + g2

(r + ia cos ϑ)3(r − ia cosϑ)
. (4.19)

The coefficient Ψs
2∗ is obtained from (3.51) for s = 2,

Ψs
2 ≈ Ψs

2∗ η
−3, (4.20)

where (see section 3.2) η ≈ ǫΩ−1 and Ω = r−1 so that η ≈ ǫ r. The leading factor
of the gravitational field is thus

Ψs
2∗ ≈ η3Ψs

2 = ǫ

(

−m+
e2 + g2

r − ia cosϑ

)(

1 +
ia cosϑ

r

)−3

, (4.21)

as r → ∞. We use this explicit function and the fact that θs = 0 to evaluate the
expression (3.53),

|Ψi
4| ≈

3

2

1

|η|

∣

∣

∣

∣

∣

(

m− e2 + g2

r − ia cos ϑ

)(

1 +
ia cos ϑ

r

)−3
∣

∣

∣

∣

∣

sin2 θ, (4.22)
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which can be written explicitly as

|Ψi
4| ≈

3

2

1

|η|

√

(

m2 − 2mr(e2 + g2) − (e2 + g2)2

r2 + a2 cos2 ϑ

)(

1 +
a2 cos2 ϑ

r2

)−3

sin2 θ.

(4.23)
Considering the fact that the expansion of the field in powers of r−1 is only
consistent here up to the first order, we finally obtain

|Ψi
4| ≈

3

2

m

|η| sin2 θ. (4.24)

This gives the explicit formula for the radiative component of gravitational field
in the Kerr–Newman–de Sitter spacetime. From the equation (4.23) we observe
that the contribution from the electric and magnetic charges e and g is negligible
with respect to the mass m of the black hole in the order r−1, and the influence of
the rotation represented by a is even smaller of the order r−2. The formula (4.24)
is independent of φ so that the directional pattern is axially symmetric, see Fig.
1a. Radiation is vanishing in the directions where θ = 0, π. The fact that generic
observer detects radiation even for in non–accelerating case is intuitively caused
by observer’s asymptotic motion relative to the “static” black hole. Only for the
special observers moving along the null geodesics radial with respect to the black
hole (θ = 0, π) the radiation vanishes as is expected for “static” sources.

The result (4.24) thus agrees with the radiative component of the gravitational
field for the non–accelerating C–metric-de Sitter metric found in [4]. These re-
sults differ only in the constant factor due to the normalization condition of the
component ki normal to I which is different in [3], otherwise they fully agree.
The result (4.23) is the same for the Schwarzschild–de Sitter solution because
the parameter a does not contribute to the directional structure of the Kerr–
Newman–de Sitter spacetime, only up to the order r−2.

4.1.2 Radiation in the Kerr–Newman–anti–de Sitter spacetime with
timelike I

Analogously, we investigate the gravitational field in the anti-de Sitter back-
ground with Λ < 0. The algebraically special null tetrad (ks, ls,ms, m̄s) for this
solution was already derived above, see (9.47) and (9.48). In this section we have
to analyze the directional structure of radiation near timelike conformal infin-
ity I. There are four possibilities of PNDs orientation with respect to I. We
will start our analysis with the case described in 3.6.3 where both PNDs are not
tangent to I and one PND is outgoing and one is ingoing with respect to I. Us-
ing the tetrad (9.47) we can easily identify the algebraically special orthonormal
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tetrad from its definition (3.12),

ts = − Ξ

ρ
√

∆r

[

(r2 + a2) ∂t + a ∂φ
]

,

qs =

√
∆r

ρ
∂r,

rs =

√
∆ϑ

ρ
∂ϑ,

ss =
Ξ

ρ sinϑ
√

∆ϑ

(a sin2 ϑ ∂t + ∂φ).

(4.25)

This algebraically special orthonormal tetrad is clearly the same for all the cases
possible on timelike I. We need to express the reference tetrad in terms of this
algebraicaly special tetrad. By inverting the relations (3.60) we obtain

to = ts,

qo = − tanhψs rs + cosh−1 ψs qs,

ro = cosh−1 ψs rs + tanhψs qs,

so = ss.

(4.26)

After substituting (4.25) into (4.26), we obtain the reference tetrad expressed in
terms of the coordinate frame

to = − Ξ

ρ
√

∆r

[

(r2 + a2) ∂t + a ∂φ
]

,

qo = cosh−1 ψs

√
∆r

ρ
∂r − tanhψs

√
∆ϑ

ρ
∂ϑ,

ro = cosh−1 ψs

√
∆ϑ

ρ
∂ϑ + tanhψs

√
∆r

ρ
∂r,

so =
Ξ

ρ sinϑ
√

∆ϑ

(

a sin2 ϑ ∂t + ∂φ
)

.

(4.27)

The reference tetrad (4.27) must satisfy the adjustment condition (3.19) for
σ = +1 which is explicitly n = −ǫoqo, and when we substitute the vector qo,
we directly get

n = −ǫo (cosh−1 ψs

√
∆r

ρ
∂r − tanhψs

√
∆ϑ

ρ
∂ϑ). (4.28)

Generally, for Λ < 0 the normal vector n has the form (4.13). We see that the
component of the vector qo proportional to ∂ϑ must not contribute to the normal
n near I so we have to set tanhψs = 0. The other component of the vector
qo is proportional to the normal n up to the factor cosh−1 ψs = 1. These two
conditions imply

ψs = 0.
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We observe that the parameter ǫo which denotes orientation of the reference
tetrad is ǫo = +1. It tells us that the PND vector lo is oriented into the manifold
M while the other PND ko is oriented outside the manifold on I, and the normal
n is oriented inside the manifold on I.

As in the previous section we can also use another argument We can calculate
the projection (3.25) where ks · qo = gab k

a
sq

b
o. Explicitly, we get ks · qo =

1√
2
cosh−1 ψs by using (4.27), and the projection gives

ts = − coshψs

(

Ξ

ρ
√

∆r

[

(r2 + a2) ∂t + a ∂φ
]

)

+
tanhψs

ρ

√

∆ϑ ∂ϑ

+

√
∆r

ρ
coshψs

(

1 − cosh−2 ψs

)

∂r.

(4.29)

Again, the vector ts is the projection of ks onto I. Thus n is normal vector to I
then the scalar product of ts ·n must be equal to zero. This condition is satisfied
only when coshψs

(

1 − cosh−2 ψs

)

= 0. It means that cosh2 ψ = 1, coshψ 6= 0
and it again contains two solutions coshψs = ±1. Only coshψs = 1 makes sense.
This again confirms that the appropriate choice of the parameter is ψs = 0.

To sum up: also in the present Λ < 0 case the reference tetrad is identical to
the algebraically special tetrad, see (4.26).

Now we can calculate the radiative component of the gravitational field. The
general derivation is described in the section 3.6.3. We use the explicit expression
(4.21) and ψs = 0 to evaluate (3.64) which explicitly gives

|Ψi
4| ≈

3

2

1

|η|

√

(

m2 − 2mr(e2 + g2) − (e2 + g2)2

r2 + a2 cos2 ϑ

)(

1 +
a2 cos2 ϑ

r2

)−3

sinh2 ψ.

(4.30)
After proper expansion to the first order in r−1, we finally obtain the result

|Ψi
4| ≈

3

2

m

|η| sinh2 ψ. (4.31)

This gives the dominant component of radiation in the Kerr–Newman–anti-de
Sitter spacetime. As in the previous case Λ > 0 it is independent of the charges
e, g and rotation a of the black hole. The directional pattern is again axially
symmetric. There are two directions of vanishing radiation. One direction is
ingoing which is the mirrored reflection of outgoing PND ls and the other is out-
going which is mirrored reflection of ingoing PND ks. The generic observer thus
detects radiation except for these two directions. The result (4.31) agrees with
non-accelerating C–metric–anti-de Sitter studied in [5]; again, the only difference
is in the normalization condition of the component of the vector ki normal to I.

In the following we will discuss the remaining possible cases and we will prove
that they do not, in fact, occur in the Kerr–Newman–anti-de Sitter spacetime.

First, we begin with the case 3.6.4, where both PNDs are oriented to be out-
going or both ingoing. The algebraically special orthonormal tetrad is (4.25).
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We express the reference tetrad in terms of the algebraically special tetrad by
inverting the relations (3.68); we obtain

to = + sinh−1 ψs rs + cothψsts,

qo = − sinh−1 ψs ts − cothψs rs,

ro = qs,

so = ss.

(4.32)

When we substitute (4.25) into (4.32), we obtain the reference tetrad in terms of
the coordinate tetrad as

to = sinh−1 ψs

√
∆ϑ

ρ
∂ϑ − cothψs

Ξ

ρ
√

∆r

[

(r2 + a2) ∂t + a ∂φ
]

,

qo =
Ξ

ρ
√

∆r

sinh−1 ψs

[

(r2 + a2) ∂t + a ∂φ
]

− tanh−1 ψs

√
∆ϑ

ρ
∂ϑ,

ro =

√
∆r

ρ
∂r,

so =
Ξ

ρ sin ϑ
√

∆ϑ

(

a sin2 ϑ ∂t + ∂φ
)

.

(4.33)

This reference tetrad must satisfy the adjustment condition (3.19) for σ = +1
which is explicitly n = −ǫoqo.

Generally, n has the form (4.13) for σ = +1. We have to choose the parameter
ψs in (4.33) to obtain the vector qo proportional to the normal n. However, we
see that none of the components of the vector qo is proportional to ∂r which
occurs in the normal n near I. This reference tetrad thus does not satisfy the
adjustment condition.

Alternatively, we can also calculate the projection of ks into I to check this
result. Beginning from (3.25), we obtain ks · qo = 1√

2
sinh−1 ψs by using (4.33),

and the projection gives

ts = − sinhψs(1 + sinh−2 ψs)

(

Ξ

ρ
√

∆r

[

(r2 + a2) ∂t + a ∂φ
]

)

+ cothψs

√
∆ϑ

ρ
∂ϑ + sinhψs

√
∆r

ρ
∂r.

(4.34)

Again, the scalar product must be ts ·n = 0. The condition is satisfied only when
sinhψs = 0 but this does not make sense when substituting this result into qo in
(4.32) because qo becomes infinite. This case thus does not appear as a possible
asymptotic behavior of the gravitational field of the Kerr–Newman–anti-de Sitter
spacetime.

We will investigate the next possibility described in section 3.6.5, i.e. the case
when one PND is tangent to I. The algebraically special orthonormal tetrad is
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again (4.25). We express the reference tetrad in terms of the algebraically special
tetrad by inverting the relations (3.77), we obtain

to = 3
2
ts + 1

2
qs − rs,

qo = rs − 1
2
ts + 1

2
qs,

ro = rs − ts − qs,

so = ss.

(4.35)

Substituting (4.25) into (4.35), we obtain the reference tetrad

to = −3

2

Ξ

ρ
√

∆r

[

(r2 + a2) ∂t + a ∂φ
]

+
1

2

√
∆r

ρ
∂r −

√
∆ϑ

ρ
∂ϑ,

qo =

√
∆ϑ

ρ
∂ϑ +

1

2

Ξ

ρ
√

∆r

[

(r2 + a2) ∂t + a ∂φ
]

+
1

2

√
∆r

ρ
∂r,

ro =

√
∆ϑ

ρ
∂ϑ +

Ξ

ρ
√

∆r

[

(r2 + a2) ∂t + a ∂φ
]

−
√

∆r

ρ
∂r,

so =
Ξ

ρ sin ϑ
√

∆ϑ

(a sin2 ϑ ∂t + ∂φ).

(4.36)

Of course, this reference tetrad must satisfy the adjustment condition (3.19).
When we compare the vector qo with the normal vector n, we observe that the
vector qo has a component ∂r pointing in the same direction as the normal n,
but qo has two other components which cannot disappear. This reference tetrad
thus gain does not satisfy the adjustment condition. We can also calculate the
projection of ks into I. Using (3.25), since ks · qo = 1√

2
, the projection gives

ts =
1

2

√
∆r

ρ
∂r −

√
∆ϑ

ρ
∂ϑ −

3

2

Ξ

ρ
√

∆r

[

(r2 + a2) ∂t + a ∂φ
]

. (4.37)

and the scalar product must be ts ·n = 0. This condition is not satisfied since we
obtain ts · n = −1

2
. This case again does not represent the possible asymptotic

behavior of the gravitational field of the Kerr–Newman –anti-de Sitter spacetime.

The last possible case is described in the section 3.6.6, when two PNDs are
tangent to I. It is the simplest case: we only write the inverse relation between
the reference tetrad and the algebraically special tetrad (3.86) as

to = ts,

qo = −rs,

ro = qs,

so = ss,

(4.38)
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and after substituting from (4.25) into (4.38) we get

to = − Ξ

ρ
√

∆r

[

(r2 + a2) ∂t + a ∂φ
]

,

qo = −
√

∆ϑ

ρ
∂ϑ,

ro =

√
∆r

ρ
∂r,

so =
Ξ

ρ sinϑ
√

∆ϑ

(a sin2 ϑ ∂t + ∂φ).

(4.39)

This reference tetrad (4.39) must satisfy the adjustment condition (3.19) for
σ = +1, with n given by (4.13). The vector qo does not point into the ∂r direction
as the normal vector n, and again the adjustment condition is not satisfied. This
case thus also does not occur as a possible asymptotic directional structure of the
Kerr–Newman–anti-de Sitter spacetime.

We may thus conclude this section by summarizing that of 4 possible di-
rectional structures of radiation near the timelike conformal infinity I for the
Kerr–Newman–anti-de Sitter spacetime, the only actual possibility is character-
ized by the directional structure (4.31) corresponding to the situation when one
PND ks is outgoing while the other PND ls is ingoing with respect to I. This is
fully consistent with the results presented in [5] for non-accelerated limit of the
C–metric with Λ < 0.

4.2 Radiation in the complete family of the Plebański–

Demiański black hole spacetimes

Now we will generalize the above results to the Λ 6= 0 case of accelerating charged
black holes with rotation a and NUT parameter l. We will use the alternative
form (2.52) of the general metric for our investigation. Let us recall that

gab =
1

Ω2

[−Q
̺2

(dt̃− (a sin2 ϑ+ 4l sin2 ϑ

2
)dφ̃)2 +

̺2

P dϑ2 +
̺2

Qdq2

+
P sin2 ϑ

̺2
(aq2dt̃− [1 + (a+ l)2q2]dφ̃)2

]

,

(4.40)

where

Ω = −(q +
α

ω
(l + a cosϑ)),

̺2 = 1 + q2(l + a cosϑ)2,

P(ϑ) = 1 − a3 cos ϑ− a4 cosϑ2,

Q(q) = −(α2k + Λ/3) + 2αω−1nq + ǫq2 + 2mq3 + (ω2k + e2 + g2)q4,

(4.41)
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α is the acceleration parameter, the coefficients a3 and a4 are given by (9.54) and
(9.55), and the parameters ǫ, n are defined by the constraints (9.18), (9.19)

ǫ =
ω2k

a2 − l2
+ 4α

l

ω
m− (a2 + 3l2)

[

α2

ω2
(ω2k + e2 + g2) +

Λ

3

]

, (4.42)

n =
ω2kl

a2 − l2
− α

a2 − l2

ω
m+ (a2 − l2)l

[

α2

ω2
(ω2k + e2 + g2) +

Λ

3

]

. (4.43)

The parameter k for a0 = 1 is

(

ω2

a2 − l2
+ 3α2l2

)

k = 1 + 2α
l

ω
m− 3α2 l

2

ω2
(e2 + g2) − l2Λ. (4.44)

These constraints define the values of k, n and ǫ, the remaining scaling freedom
is in the parameter ω which we can set to any convenient value with assumption
that a and l do not both vanish (otherwise ω = 0).

We observe that Ω−2 is factorized from the metric (9.62). The remaining part
of the metric in the square brackets is the conformal metric g̃ab. The conformal
factor is in the sense of the relation (3.1) between the conformal metric g̃ab and
the physical one gab given exactly as

Ω = −(q +
α

ω
(l + a cosϑ)). (4.45)

The conformal factor must be positive, so we assume q + α
ω
(l + a cosϑ) < 0.

Obviously, when we perform a limit q → 0 of the conformal factor, there remains
the term α

ω
(l+a cosϑ) with the acceleration parameter which is non-trivial. This

metric is thus convenient from the point of view of the conformal structure and
it is more useful for our analyses.

The conformal infinity is localized on Ω = 0, and from (9.67) it gives an
important equation

q = −α
ω

(l + a cosϑ). (4.46)

This relation enables us to evaluate our results directly on I.
We easily obtain a gradient of Ω by differentiating (9.67) as

dΩ = −(dq − α

ω
a sin ϑdϑ), (4.47)

which, evaluated on Ω = const., gives the relation

dq =
α

ω
a sin ϑdϑ. (4.48)

For further purposes, it is convenient to investigate the general expression

Q + α2 a
2

ω2
P sin2 ϑ. (4.49)
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We find, surprisingly, that this expression (4.49) already has an interesting form
in the initial metric (9.1) where we have substituted r = −1/q. Then the quartic
Q is the same as in (9.63) and the quartic P is connected to P in the initial metric
(9.1) by several scalings which lead to the general form of the metric (9.62) as
(see (9.23) and (9.53))

P =
a2

ω2
sin2 ϑP. (4.50)

After substituting (4.50) into (4.49), we simply get Q+α2P . When we substitute
P and Q (with q = −1/r) from the initial metric (9.1), we obtain

Q + α2P = −Λ
3
(1 + α2ω2p4)+Ω

[

(ω2k + e2 + g2)(q − αp)(q2 + α2p2)

+2m(q2 − αqp+ α2p2) + ǫ(q − αp) + 2αnω−1
]

.

(4.51)

The expression (9.71) has two parts, one with the parameter Λ and the second
part with a factorized conformal factor. The second part evaluated on I gives
zero. Now, it is clear that this nice structure remains even after we perform
all the transformations (9.16) in the coordinate p leading to the general metric
(9.62); we obtain

Q+α2 a
2

ω2
P sin2 ϑ = −Λ

3
(1 + α2

ω2 (l + a cosϑ)4)

+Ω
[

− Λ
3
((a2 + 3l2)(q − α

ω
(l + a cosϑ)) − 2α

ω
(a2 − l2)l)

+(ω2k + e2 + g2)[q3 − q2 α
ω
(l − a cosϑ) − q α

2

ω2 ((l + a cosϑ)2) − (a2 + 3l2)]

+α3

ω3 [(l + a cosϑ)(a2 + 3l2 − (l + a cos ϑ)2) + 2(a2 − l2)l2]

+2m[q2 + q α
ω
(l − a cosϑ) + α2

ω2 [(l + a cosϑ)2 − 2l(l + a cosϑ) − (a2 − l2)]

+ kω2

a2−l2 (1 + 2αlω−1)]
]

,

(4.52)

where k has the form (9.66). Finally, we evaluate the expression (4.52) directly
on I, by setting Ω = 0,

QI + α2 a
2

ω2
P sin2 ϑ = −Λ

3

(

1 +
α2

ω2
(l + a cosϑ)4

)

. (4.53)

This expression will be very useful in evaluating our results directly on I.
Now we will examine the conformal metric g̃ab on I. When we substitute

(9.68), (9.70) into g̃ab from (9.62) and (9.63), we obtain

g̃ab|I =

[

−QI
̺2
I

(dt̃− (a sin2 ϑ+ 4l sin2 ϑ

2
)dφ̃)2 + ̺2

I
QI + α2 a2

ω2P sin2 ϑ

PQI
dϑ2

+
P sin2 ϑ

̺2
I

(aα
2

ω2 (l + a cosϑ)2dt̃− [1 + (a+ l)2 α2

ω2 (l + a cosϑ)2]dφ̃)2

]

,

(4.54)
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where the expressions for ̺ and Q changed to

̺I = 1 +
α2

ω2
(l + a cosϑ)4 (4.55)

and

QI = − (α2k + Λ
3
) − 2α

2

ω2n(l + cosϑ) + ǫα
2

ω2 (l + a cosϑ)2

− 2mα2

ω2 (l + a cosϑ)3 + α3

ω3 (ω
2k + e2 + g2)(l + a cosϑ)4,

(4.56)

where n, ǫ and k are the constraints (9.64), (9.65) and (9.66). The coordinate q is
not present in (9.73) because we made the substitution (9.68) and therefore only
the term proportional to dϑ2 appears in the conformal metric g̃ab|I . Furthermore,
when we use the expression (9.72), it is possible to evaluate the conformal metric
(9.73) on I more explicitly as

g̃ab|I =

[

−QI
̺|2I

(dt̃− (a sin2 ϑ+ 4l sin2 ϑ

2
)dφ̃)2 + ̺|2I

−Λ
3
(1 + α2

ω2 (l + a cosϑ)4)

PQI
dϑ2

+
P sin2 ϑ

̺|2I
(aα

2

ω2 (l + a cosϑ)2dt̃− [1 + (a + l)2 α2

ω2 (l + a cosϑ)2]dφ̃)2

]

.

(4.57)

We observe from the last expression that g̃ab|I is regular on I for σ = ±1 (Λ 6= 0).
The case Λ = 0 has to be studied in another way, like the Kerr–Newman–de Sitter
solution in section 4.1.

We also calculated the inverse form of the physical metric (9.62) (using the
Maple software)

gab∂a ∂b = Ω2

[Q
̺2
∂q∂q +

P
̺2
∂ϑ∂ϑ −

̺2

QW [(1 + (a+ l)2q2)∂t̃ + aq2∂φ̃]
2

+
̺2

P sin2 ϑW [(a sin2 ϑ+ 4l sin2(ϑ/2))∂t̃ + ∂φ̃]
2

]

,

(4.58)

where we denoted

W =
[

(1 + (a+ l)2q2) − aq2(a sin2 ϑ+ 4l sin2(ϑ/2))
]2
. (4.59)

The trace of metric (9.62) and (9.77) is gabg
ab = 4. This confirms that (9.77) is

really the inverse metric of (9.62).
We are now able to calculate the function Ñ and the conformal normal ña

to I, and σ from the definition (3.3). The function Ñ is, for the cases σ = ±1
and for every Ω = const, given by

Ñ =
̺

√

|Q + α2 a
2

ω2P sin2 ϑ|
. (4.60)
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Then the conformal normal ña to I and σ are

ña = − 1
√

|Q + α2 a
2

ω2P sin2 ϑ|

(Q
̺
∂q − α

a

ω

P
̺

sinϑ∂ϑ

)

, (4.61)

σ =
Q + α2 a2

ω2P sin2 ϑ

|Q + α2 a
2

ω2P sin2 ϑ|
. (4.62)

Clearly, we observe that if Q+ α2 a2

ω2P sin2 ϑ > 0 then σ = 1, and also conversely

Q + α2 a2

ω2P sin2 ϑ < 0 for σ = −1. Obviously, we can just explicitly evaluate the
expression (9.81) on I using (9.72). It gives

σ|I =
−Λ

3
(1 + α2

ω2 (l + a cosϑ)4)

| − Λ
3
(1 + α2

ω2 (l + a cosϑ)4)|
=

−Λ

| − Λ| = −signΛ. (4.63)

We have thus confirmed the relation (3.5), σ = −sign Λ which tells us that the
character of I is related to the sign of cosmological constant.

The physical normal vector is according to (3.7) defined as na = Ωña, thus
for σ = ±1

na = − Ω
√

|Q + α2 a
2

ω2P sin2 ϑ|
(
Q
̺
∂q − α

a

ω

P
̺

sin ϑ∂ϑ). (4.64)

In the next sections we will derive explicit form of the radiation in the complete
family of Plebański–Demiański black holes spacetimes. We will discuss separately
the cases Λ > 0 and Λ < 0.

4.2.1 Radiation in the general metric with spacelike I

We will investigate the radiative properties of the general metric (9.62). The
separate cases can be divided according to the sign of the cosmological constant
as in the Kerr–Newman spacetimes. The case Λ > 0 occurs for Q < 0, it means
that the leading term in Q gives the condition α2k > −Λ

3
near the conformal

infinity, while Λ < 0 occurs for Q > 0, α2k < −Λ
3

and for Q < 0, α2k > −Λ
3
. The

sign of the term Q specifies which null tetrad from the section (9.3) is convenient
to use.

First, we will study the case when Λ > 0 with the tetrad chosen for Q < 0.
The algebraically special null tetrad is the tetrad (2.56) and (2.57) for the case
Q < 0 of the general metric. We can easily identify the algebraically special
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orthonormal tetrad using the definition (3.12) from the vectors (2.56) as

ts =
Ω

̺

√
−Q ∂q,

qs =
Ω

̺

−1√
−Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃),

rs =
Ω

̺

√
P∂ϑ,

ss =
Ω

̺

[(4l sin2(ϑ/2) + a sin2 ϑ)∂t̃ + ∂φ̃]√
P sin ϑ

.

(4.65)

We express the reference tetrad in terms of the algebraically special tetrad by
inverting the relations (3.47), as

to = cos−1 θs ts − tan θs rs,

qo = qs,

ro = cos−1 θs rs − tan θs ts,

to = ts.

(4.66)

Substituting (9.84) into (9.85), we obtain the reference tetrad for spacelike I

to =
Ω

̺

(

cos−1 θs
√
−Q∂q − tan θs

√
P∂ϑ

)

,

qo =
Ω

̺

−1√
−Q

(

aq2∂φ̃ + [1 + (l + a)2q2]∂t̃
)

,

ro =
Ω

̺

(

cos−1 θs
√
P∂ϑ − tan θs

√
−Q∂q

)

,

so =
Ω

̺

[(4l sin2(ϑ/2) + a sin2 ϑ)∂t̃ + ∂φ̃]√
P sin ϑ

.

(4.67)

The reference tetrad (9.86) must satisfy the adjustment condition (3.19) for
σ = −1 which is explicitly n = ǫoto, i.e.

n = ǫoΩ

(

cos−1 θs

√
−Q
̺

∂q − tan θs

√
P
̺
∂ϑ

)

. (4.68)

On the other hand, the normal vector n is given by (9.83) for σ = −1,

n = − Ω
√

−Q− α2 a
2

ω2P sin2 ϑ

(Q
̺
∂q − α

a

ω

P
̺

sin ϑ ∂ϑ

)

. (4.69)

The normal vectors (9.87) and (9.88) have to be equal. By comparing them we
observe that it is necessary to set and then evaluate on I the following expressions
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(which we have already done by the substitution (9.68)),

cos θs =
√

1 + α2 a
2

ω2

P
QI

sin2 ϑ, (4.70)

tan θs = − α a
ω

√
P sinϑ

√

−QI − α2 a
2

ω2P sin2 ϑ
, (4.71)

sin θs = − α a
ω

√
P sinϑ√
−QI

, (4.72)

where QI(ϑ) is the expression (9.75), P(ϑ) is given by (9.63), and we also observe
that ǫo = 1. In other words, the normal vector and the reference tetrad are
outgoing with respect to the future spacelike conformal infinity I+. We evaluated
the above expressions on I because we are interested in the form of cos θs, sin θs on
I. The parameter θs encodes the orientation of the algebraically special tetrad with
respect to the spacelike I. The expressions cos θs, sin θs and tan θs are functions
of only one coordinate ϑ on the conformal infinity I.

Now we calculate the radiative component of the gravitational field. The only
non-zero component of the Weyl tensor (following the procedure described in [6])
with respect to the algebraically special tetrad is (9.60), let us recall it again,

Ψs
2 =

[

(m+ in) + (e2 + g2)

(

q − α
ω
(l + a cosϑ)

1 + iq(l + a cosϑ)

)](

q + α
ω
(l + a cosϑ)

1 − iq(l + a cosϑ)

)3

.

(4.73)
The coefficient Ψs

2∗ is obtained from (3.51) for s = 2 as

Ψs
2 ≈ Ψs

2∗ η
−3, (4.74)

where η ≈ ǫΩ−1 and Ω = −(q+ α
ω
(l+a cosϑ)) so that η ≈ ǫ (−q− α

ω
(l+a cosϑ))−1.

The leading factor of the gravitational field is thus

Ψs
2∗ ≈ ηΨs

2 = ǫ(−q − α
ω
(l + a cosϑ))−3Ψs

2, (4.75)

for q → −α
ω
(l + a cosϑ) when Ω → 0. After substitution of (9.92) into (9.94) we

get

Ψs
2∗ ≈

ǫ

(1 − iq(l + a cosϑ))3

[

(m+ in) + (e2 + g2)
q − α

ω
(l + a cosϑ)

1 + iq(l + a cosϑ)

]

. (4.76)

The asymptotic directional structure has a standard form for spacelike I de-
scribed by (3.53), namely

|Ψi
4| ≈

3

2

1

|η|
|Ψs

2∗|
cos2 θs

A(θ, φ, θs). (4.77)

where we have conveniently denoted the angular directional dependence as

A(θ, φ, θs) = (sin θ + sin θs cosφ)2 + sin2 θs cos2 θ sin2 φ. (4.78)
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The asymptotic directional structure is determined by Ψs
2∗ evaluated on I and

by cos θs, sin θs which are given by (9.89) and (9.91), both evaluated on I.
The parameter sin θs can be rewritten from (9.91) using (9.72) as

sin θs = − α a
ω

√
P sin ϑ

√

α2 a
2

ω2P sin2 ϑ+ Λ
3
(1 + α2

ω2 (l + a cosϑ)4)
, (4.79)

and we can also rewrite cos θs from (9.89) and (9.72) as

cos2 θs =
Λ
3
(1 + α2

ω2 (l + a cos ϑ)4)

α2 a
2

ω2P sin2 ϑ+ Λ
3
(1 + α2

ω2 (l + a cosϑ)4)
, (4.80)

where the function P is given by (9.63). We are mainly interested in the con-
crete form of Ψs

2∗ evaluated on I. This normalization component (9.95) can be
rewritten as

|Ψs
2∗| =

√
D

(1 + q2(l + a cosϑ)2)3/2
, (4.81)

where

D =m2 + n2 + 2(e2 + g2)
(q − α

ω
(l + a cosϑ))(m− nq(l + a cosϑ))

1 + q2(l + a cosϑ)2

+ (e2 + g2)2 (q − α
ω
(l + a cosϑ))2

1 + q2(l + a cosϑ)2
,

(4.82)

and the parameters n, k and ǫ are given by the constraints (9.64), (9.66) and
(9.65). The particular form of |Ψs

2∗| on I can be obtained by substituting (9.68)
into the previous expression (9.101) as

|Ψs
2∗|I =

√
DI

(1 + α2

ω2 (l + a cosϑ)4)3/2
, (4.83)

where

DI =m2 + n2 − 4α
ω
(e2 + g2)(l + a cos ϑ)

m+ nα
ω
(l + a cosϑ2)

1 + α2

ω2 (l + a cosϑ)4

+ 4α
2

ω2 (e
2 + g2)2 (l + a cosϑ)2

1 + α2

ω2 (l + a cosϑ)4
.

(4.84)

We observe again that |Ψs
2∗|I depends only on the coordinate ϑ. Then it is useful

to denote the factor of the radiation as

B(ϑ) ≡ |Ψs
2∗|I

cos2 θs
. (4.85)
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The final form of the asymptotic directional structure of radiation is thus

|Ψi
4| ≈

3

2

1

|η|B(ϑ)A(θ, φ, θs), (4.86)

where B(ϑ) can be rewritten by (9.99), (9.102) and (9.103) as

B(ϑ) =
α2 a2

ω2P sin2 ϑ+ Λ
3
(1 + α2

ω2 (l + a cosϑ)4)
Λ
3
(1 + α2

ω2 (l + a cosϑ)4)5/2

√

DI , (4.87)

with

DI =m2 + n2 − 4α
ω
(e2 + g2)(l + a cosϑ)

m+ nα
ω
(l + a cosϑ)2

1 + α2

ω2 (l + a cosϑ)4

+ 4α
2

ω2 (e
2 + g2)2 (l + a cosϑ)2

1 + α2

ω2 (l + a cosϑ)4
,

(4.88)

and the function P given by (9.63). The expressions (9.105), (9.106) and (9.107)
give the explicit formula for the radiative component of gravitational field in the
complete Plebański–Demiański black hole spacetimes in the de Sitter universe.
The null direction along which the field is measured is parametrized by angles θ,
φ in expression A in (9.97). The field itself is characterized by the normalization
component |Ψs

2∗|I or B(ϑ) and the parameter θsϑ) fixes the orientation of the
algebraically special directions with respect to a spacelike infinity I. Two PNDs
are both oriented outside the manifold on future spacelike I+. There are two
directions in which the radiation vanish as which are spatially opposite to PNDs.

The result is consistent with [4] where the C-metric was investigated. The
difference is in the sign of sin θs that it is probably caused by the choice of the
reference tetrad. The other minor difference is again in the normalization of
the normal component of the vector ki which is defined slightly differently in [4]
and in the [3]. The result for α = 0, l = 0 reduces to our previous result for
Kerr–Newman–de Sitter presented in the section 4.1.1.

The amplitude of radiation B(ϑ) is represented by expression which depends
on a single coordinate ϑ and on the parameters m, α, ω, a, l, Λ, e, g. The
coordinate ϑ specifies one point on the conformal infinity I while the parameters
characterize the sources (black holes) which generate the radiation. The depen-
dence of the amplitude B(ϑ) on the parameters of the black holes is discussed in
section 9.5. Surprisingly, we will observe that the amplitude B(ϑ) is quite similar
for spacelike I and also for the cases with timelike I, except of one special case.
Thus all these cases can be investigated together.

4.2.2 Radiation in the general metric with timelike I
In this section we will subsequently discuss four possible orientations of PNDs
on timelike I for Λ < 0 in the tetrad for Q > 0 which gives the condition for the
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acceleration α2k < −Λ
3
. In other words, the acceleration α is smaller than the

cosmological constant and k is a positive constant.
We start with the case when one PND is outgoing and one is ingoing with

respect to I, see the section 3.6.3. The algebraically special null tetrad is repre-
sented by (2.58) and (2.59) for the case Q > 0 of the general metric (9.62). We can
easily identify the algebraically special orthonormal tetrad using the definition
(3.12) from the vectors (2.58)

ts = −Ω

̺

1√
Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃),

qs =
Ω

̺

√
Q ∂q,

rs =
Ω

̺

√
P∂ϑ,

ss =
Ω

̺

[(4l sin2(ϑ/2) + a sin2 ϑ)∂t̃ + ∂φ̃]√
P sin ϑ

.

(4.89)

This algebraically orthonormal tetrad will be used troughout this section for all
cases which may appear on timelike I for Λ < 0 (Q > 0).

We express the reference tetrad in terms of the algebraically special tetrad by
inverting the relations (3.60),

to = ts,

qo = − tanhψs rs + cosh−1 ψs qs,

ro = cosh−1 ψs rs + tanhψs qs,

so = ss.

(4.90)

We find the reference tetrad by substituting (9.108) into (9.109) as

to =
Ω

̺

−1√
Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃),

qo =
Ω

̺

(

− tanhψs

√
P∂ϑ + cosh−1 ψs

√
Q∂q

)

,

ro =
Ω

̺

(

cosh−1 ψs

√
P∂ϑ + tanhψs

√
Q∂q

)

,

so =
Ω

̺

[(4l sin2(ϑ/2) + a sin2 ϑ)∂t̃ + ∂φ̃]√
P sin ϑ

.

(4.91)

The reference tetrad must satisfy the adjustment condition (3.19) for σ = +1
which is explicitly n = −ǫoqo, i.e.

n = −ǫo
Ω

̺

(

cosh−1 ψs

√
Q∂q − tanhψs

√
P∂ϑ

)

. (4.92)
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On the other hand, the normal vector n is given by (9.83) for σ = +1,

n = − Ω
√

Q + α2 a
2

ω2P sin2 ϑ

(Q
̺
∂q − α a

ω

P
̺

sinϑ∂ϑ

)

. (4.93)

The normal vectors (9.111) and (9.112) have to be equal. By comparing them
we observe that it is necessary to set and evaluate on I the expressions as

coshψs =
√

1 + α2 a2

ω2

P
QI

sin2 ϑ, (4.94)

tanhψs =
α a
ω

√
P sinϑ

√

QI + α2 a
2

ω2P sin2 ϑ
, (4.95)

sinhψs =
α a
ω

√
P sinϑ√
QI

, (4.96)

where QI is the expression (9.75), P is (9.63), and we also observe that ǫo = +1.
It means, the normal vector is ingoing and one PND ks is outgoing while ls is
ingoing with respect to the timelike conformal infinity I.

Again, we evaluated the above expressions on I because then the parameter
ψs encodes the orientation of the algebraically special tetrad with respect to I.
The expressions cosψs, sinψs and tanψs are functions of coordinate ϑ only.

We are able to calculate the radiative component of the gravitational field.
The procedure is almost the same as in the previous spacelike case, the normaliza-
tion factor is (9.95) and its evaluation on I is (9.102). The asymptotic directional
structure of radiation has a form (3.64), namely

|Ψi
4| ≈

3

2

1

|η|
|Ψs

2∗|
cosh2 ψs

A1(ψ, φ, ψs) (4.97)

and it is determined by Ψs
2∗ evaluated on I, and by coshψs, sinhψs which are

given by (9.113) and (9.115), both evaluated on I, and the directional angular
dependence is

A1(ψ, φ, ψs) = (sinhψ + ǫ sinhψs cos φ)2 + sinh2 ψs cosh2 ψ sin2 φ,

where we substituted ǫo = +1.
The term sinhψs can be rewritten from (9.115) by (9.72) as

sinhψs =
α a
ω

√
P sin ϑ

√

−α2 a
2

ω2P sin2 ϑ− Λ
3
(1 + α2

ω2 (l + a cosϑ)4)
, (4.98)

and we can also rewrite coshψs from (9.113) by (9.72) as

cosh2 ψs =
Λ
3
(1 + α2

ω2 (l + a cosϑ)4)

α2 a
2

ω2P sin2 ϑ+ Λ
3
(1 + α2

ω2 (l + a cosϑ)4)
, (4.99)
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where the function P is given by(9.63). If we denote the amplitude of the radia-
tion as

B(ϑ) =
|Ψs

2∗|I
cosh2 ψs

, (4.100)

the asymptotic directional structure has the form

|Ψi
4| ≈

3

2

1

|η|B(ϑ)A1(ψ, φ, ψs) (4.101)

where B(ϑ) can be rewritten by (9.102),(9.118) and (9.107) as

B(ϑ) =
α2 a2

ω2P sin2 ϑ+ Λ
3
(1 + α2

ω2 (l + a cosϑ)4)
Λ
3
(1 + α2

ω2 (l + a cosϑ)4)5/2

√

DI (4.102)

and

DI =m2 + n2 − 4α
ω
(e2 + g2)(l + a cosϑ)

m+ nα
ω
(l + a cosϑ)2

1 + α2

ω2 (l + a cosϑ)4

+ 4α
2

ω2 (e
2 + g2)2 (l + a cosϑ)2

1 + α2

ω2 (l + a cosϑ)4
,

(4.103)

where the parameters n, k and ǫ are given by the constraints (9.64), (9.66) and
(9.65).

We obtained the explicit formula for the radiative component of gravitational
field of the black hole spacetimes in the anti-de Sitter background for α2k <
−Λ/3. The null direction is parametrized by ψ, φ in expression (9.120). The
field itself is characterized by the normalization component |Ψs

2∗|s or B(ϑ) and
the parameter ψs fixes the orientation of the algebraically special directions with
respect to a timelike infinity I.

The PNDs are oriented on I such that one PND k is outgoing and the other
PND l is ingoing with respect to I. There exists just one ingoing direction
of vanishing radiation which is a mirror reflection of PND k and one outgoing
direction of mirrored reflection of PND l. The result is fully consistent with
[5] where the C-metric was investigated for α <

√

−Λ/3. For this range of
acceleration, the C-metric represents a single accelerating black hole.

We observe that the amplitude B(ϑ) is identical with the amplitude from
previous section for spacelike I, see equations (9.106), (9.107). The dependence
of the amplitude B(ϑ) will be investigated in the section 9.5 together with other
cases.

In the following we will discuss the remaining possible cases.

First, we first consider the case 3.6.4 where both PNDs are oriented to be out-
going or both ingoing. The identification of the algebraically special orthonormal
tetrad from its definition (3.12) for the vectors of the tetrad (2.58) is the same
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as in the previous case (9.108). We express the reference tetrad in terms of the
algebraically special tetrad by inverting the relations (3.68) as

to = + sinh−1 ψs rs + cothψsts,

qo = − sinh−1 ψs ts − cothψs rs,

ro = qs,

so = ss.

(4.104)

When we substitute (9.108) into (9.123), we obtain the reference tetrad

to =
Ω

̺

(

sinh−1 ψs

√
P∂ϑ − cothψs

1√
Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃)

)

,

qo =
Ω

̺

(

sinh−1 ψs
1√
Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃) − cothψs

√
P∂ϑ

)

,

ro =
Ω

̺

√
Q ∂q

so =
Ω

̺

[(4l sin2(ϑ/2) + a sin2 ϑ)∂t̃ + ∂φ̃]√
P sin ϑ

.

(4.105)

This reference tetrad must satisfy the adjustment condition (3.19) for σ = +1
which is explicitly n = −ǫoqo as

n = −ǫo
Ω

̺

(

sinh−1 ψs
1√
Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃) − cothψs

√
P∂ϑ

)

.

(4.106)
The normal vector n calculated directly from the metric is given by (9.112).
These two vectors have to be equal again. We have to choose the parameter ψs

in (9.125) to obtain the vector qo proportional to the normal n. However, we
observe that the component ∂q of the normal vector n (9.112) is not present in
the vector (9.125). This reference tetrad thus does not satisfy the adjustment
condition, so that this case does not appear as a possible asymptotic behavior of
the gravitational field of the studied family of black hole spacetime in the anti de
Sitter universe.

We can also calculate the projection of ks into I, to check this result. Begin-
ning from (3.25), using (9.124) and (3.67), we obtain ks · qo = 1√

2
sinh−1 ψs, and

the projection is thus

ts =
Ω

̺

(

− sinhψs(1 + sinh−2 ψs)
1√
Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃)

+ sinhψs

√
Q∂q + cothψs

√
P∂ϑ

)

.

(4.107)

Again, because the vector ts is a projection of ks onto I and n is normal vector
to I, the scalar product must be ts · n = 0. The scalar product has a form

ts · n =
− sinhψs

√

Q + α2 a
2

ω2P sin2 ϑ

(

√
Q−

√
P α
ω
a sin ϑ

coshψs

)

. (4.108)
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The scalar product is zero only when sinhψs = 0 or when coshψs =
√
P α
ω
a sinϑ

√
Q .

When we substitute these conditions into qo, the first condition implies that the
first part of qo diverges, the second condition implies that the second part of the
vector qo is proportional to the normal vector n (9.112), but still the first part
of qo is not. Therefore, these two conditions which satisfy ts · n = 0 do not give
consistent results.

Now we will investigate the case described in section 3.6.5, the case when one
PND is tangent to I. The identification of the algebraically special orthonormal
tetrad is (9.108). We express the reference tetrad in terms of the algebraically
special tetrad by inverting the relations (3.77). We obtain

to = 3
2
ts + 1

2
qs − rs,

qo = rs − 1
2
ts + 1

2
qs,

ro = rs − ts − qs,

so = ss.

(4.109)

Substituting (9.108) into (9.128), we obtain the reference tetrad

to =
Ω

̺

(

−3

2

1√
Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃) +
1

2

√
Q ∂q −

√
P∂ϑ

)

,

qo =
Ω

̺

(√
P∂ϑ +

1

2

1√
Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃) +
1

2

√
Q ∂q

)

,

ro =
Ω

̺

(√
P∂ϑ +

1√
Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃) −
√
Q ∂q

)

,

so =
Ω

̺

[(4l sin2(ϑ/2) + a sin2 ϑ)∂t̃ + ∂φ̃]√
P sinϑ

.

(4.110)

This reference tetrad must satisfy the adjustment condition (3.19) When we
compare the vector qo with such normal n (9.112), we observe that the vector qo

has components ∂q and ∂ϑ pointing in the same direction as the normal n, but qo

has one another component 1
2

1√
Q(aq2∂φ̃+[1+(l+a)2q2]∂t̃) which cannot disappear.

This reference tetrad thus again does not satisfy the adjustment condition. We
can also calculate the projection of ks into I. Using (3.25), (9.129) and (3.76),
we obtain ks · qo = 1√

2
, and the the projection is

ts =
Ω

̺

(

1

2

√
Q ∂q −

√
P∂ϑ −

3

2

1√
Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃)

)

. (4.111)

Again, the scalar product must be ts · n = 0 and thus this condition is not

satisfied: we obtain ts ·n = −(
√
P α
ω
a sinϑ+ 1

2

√
Q)/(

√

Q + α2P a2

ω2 sin2 ϑ). When

this vanishes, the situation is unphysical.
This case thus again does not represent the asymptotic behavior of the grav-
itational field of the complete family of black hole solutions in anti-de Sitter
universe.
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The last possible case is described in the section 3.6.6, when two PNDs are
tangent to I. We only write the inverse relation between the reference tetrad and
the algebraically special tetrad (3.86) as

to = ts,

qo = −rs,

ro = qs,

so = ss,

(4.112)

and after substituting from (9.108) into (9.131) we get

to = −Ω

̺

1√
Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃),

qo = −Ω

̺

√
P∂ϑ,

ro =
Ω

̺

√
Q ∂q,

so =
Ω

̺

[(4l sin2(ϑ/2) + a sin2 ϑ)∂t̃ + ∂φ̃]√
P sinϑ

.

(4.113)

The vector qo does not point into the both directions ∂q and ∂ϑ as the normal
vector n. But when we set Q = 0, the normal vector (9.112) becomes (the
function P > 0 is positive)

n = −Ω

̺

√
P∂ϑ. (4.114)

and the vector qo is proportional to (9.133). The adjustment condition is thus
satisfied on horizons where Q = 0, and we observe that ǫo = +1. But we
investigate the radiation at infinity, so that the adjustment condition is satisfied
on roots of QI given by (9.75). The directional structure is given by (3.91),
where the amplitude of the radiation will be fully determined by |Ψs

2∗|I . When we
substitute the roots of QI into |Ψs

2∗|I , it becomes constant, of course, depending
on the parameters of the sources.

This special case thus also occurs as a possible directional structure of radia-
tion of general metric. It is a new feature, which does not occur in the C–metric
for small acceleration.

To summarize the asymptotic directional structure of radiation near the time-
like conformal infinity I for the general metric (9.62) in anti-de Sitter spacetime
with small acceleration: it is characterized by the directional structure (9.121)
corresponding to the situation when one PND k is ingoing and the other PND l
is outgoing with respect to I, which is fully consistent with the results presented
in [5] for the C–metric, and by the structure where both PNDs are tangent to I
on roots of QI that is not present in the C–metric and is completely new. Again,
there is a small difference in the normalization of the normal component of the
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vector ki. We also observe that this section for timelike I of the complete fam-
ily of black hole spacetimes for small acceleration is quite similar to the section
4.1.2 of Kerr–Newman–anti-de Sitter spacetime. This section is thus a general-
ization of the section on the Kerr–Newman–anti-de Sitter solution which includs
acceleration.

4.2.3 Radiation in the general metric with timelike I
Again, we will gradually discuss all four possible orientations of PNDs on timelike
I for Λ < 0 in tetrad where Q < 0, and it gives the condition for the acceleration
α2k > −Λ

3
. It means that the acceleration α is larger than the cosmological

constant. This situation does not appear in the directional structure of the Kerr–
Newman–de Sitter spacetime.

First, we start with the case when one PND is outgoing and one is ingoing
with respect to I, see section 3.6.3. We have previously identified the algebraically
special orthonormal tetrad (9.84) and the normal vector n for Q < 0, (9.88) in
the section 9.4.1 for spacelike I. This tetrad and the normal vector are the same
for all cases in this section. We express the reference tetrad in terms of the
algebraically special tetrad by inverting the relations (3.60), we obtain

to = ts,

qo = − tanhψs rs + cosh−1 ψs qs,

ro = cosh−1 ψs rs + tanhψs qs,

so = ss.

(4.115)

Substituting (9.84) into (9.134), we find the reference tetrad

to =
Ω

̺

√
−Q∂q,

qo =
Ω

̺

(

− tanhψs

√
P∂ϑ − cosh−1 ψs

1√
−Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃)

)

,

ro =
Ω

̺

(

cosh−1 ψs

√
P∂ϑ − tanhψs

1√
−Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃

)

,

so =
Ω

̺

[(4l sin2(ϑ/2) + a sin2 ϑ)∂t̃ + ∂φ̃]√
P sinϑ

.

(4.116)
The reference tetrad must satisfy the adjustment condition (3.19) which is ex-
plicitly n = −ǫoqo, i.e.

n = −ǫo
Ω

̺

(

− tanhψs

√
P∂ϑ − cosh−1 ψs

1√
−Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃)

)

.

(4.117)
The normal vector obtained from the metric (9.112) and (9.136) have to be equal.
By comparing them we observe that the component ∂q of the normal vector n
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does not appear in the normal from reference tetrad (9.136). This reference tetrad
thus does not satisfy the adjustment condition, this case does not appear as a
possible asymptotic behavior of the gravitational field of the complete family of
black hole spacetime in anti-de Sitter universe.

We can also calculate the projection of ks into I, to prove this result. Begin-
ning from (3.25), using (9.135) and (3.58), we obtain ks · qo = 1√

2
cosh−1 ψs, and

the projection then is

ts =
Ω

̺

(

coshψs

√
−Q∂q + tanhψs

√
P∂ϑ

+ (
1

coshψs

− coshψs)
1√
−Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃)

)

.

(4.118)

Again, the vector ts is a projection of ks onto I and n is normal vector n (9.88)
to I, the scalar product must be ts ·n = 0. When we calculate the scalar product,

ts · n = − 1
√

Q + α2 a
2

ω2P sin2 ϑ

(

coshψs

√
−Q− tanhψsα

a
ω

√
P sin ϑ

)

, (4.119)

we observe that when ts · n = 0 is satisfied, the implied expression does not give
useful results. This case again does not represent the asymptotic behavior of the
gravitational field of the complete family of black hole solutions in anti-de Sitter
background.

Now we will investigate the case 3.6.4, in which both PNDs are oriented to be
outgoing or both ingoing. The algebraically special orthonormal tetrad is (9.84).
The reference tetrad expressed in terms of the algebraically special tetrad is the
inverse of relations (3.68),

to = + sinh−1 ψs rs + cothψsts,

qo = − sinh−1 ψs ts − cothψs rs,

ro = qs,

so = ss.

(4.120)

When we substitute (9.84) into (9.139), we obtain the reference tetrad in
terms of the coordinate tetrad as

to =
Ω

̺

(

sinh−1 ψs

√
P∂ϑ + cothψs

√
−Q∂q

)

,

qo =
Ω

̺

(

− sinh−1 ψs

√
−Q∂q − cothψs

√
P∂ϑ

)

,

ro =
Ω

̺

−1√
−Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃,

so =
Ω

̺

[(4l sin2(ϑ/2) + a sin2 ϑ)∂t̃ + ∂φ̃]√
P sin ϑ

.

(4.121)
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This reference tetrad must satisfy the condition

n = −ǫo
Ω

̺

(

− sinh−1 ψs

√
−Q∂q − cothψs

√
P∂ϑ

)

. (4.122)

By comparing (9.141) with (9.112), we observe that it is necessary to set and
evaluate on I the following expressions

coshψs =
α a
ω

√
P sin ϑ√
−QI

, (4.123)

cothψs =
α a
ω

√
P sinϑ

√

QI + α2 a
2

ω2P sin2 ϑ
, (4.124)

sinhψs =

√

Q + α2 a
2

ω2P sin2 ϑ

−QI
, (4.125)

where QI is the expression (9.75), P is (9.63) and we also observe that ǫo = +1.
It means that the normal vector is outgoing and both PNDs are outgoing with
respect to the timelike conformal infinity I. Again, we evaluated the above
expressions on I and they are dependent only on the coordinate ϑ.

We may calculate the radiative component of the gravitational field. The
procedure is almost the same as in the previous spacelike case, the normalization
factor is (9.95) and its evaluation on I is (9.102). The asymptotic directional
structure has a form (3.73),

|Ψi
4| ≈

1

|η|
3

2

|Ψs
2∗|

sinh2 ψs

A2(ψ, φ, ψs). (4.126)

Where we denoted the angular dependence as

A2(ψ, φ, ψs) = (coshψs + ǫ coshψ)2 + sinh2 ψs sinh2 ψ sin2 φ,

and we substituted ǫo = +1. Then sinhψs can be rewritten from (9.144) using
(9.72) as

sinh2 ψs = −
Λ
3
(1 + α2

ω2 (l + a cosϑ)4)

α2 a
2

ω2P sin2 ϑ+ Λ
3
(1 + α2

ω2 (l + a cosϑ)4)
(4.127)

and we can also rewrite coshψs from (9.142) as

coshψs =

√
Pα a

ω
sinϑ

√

α2 a
2

ω2P sin2 ϑ+ Λ
3
(1 + α2

ω2 (l + a cosϑ)4)
, (4.128)

where the function P is given by (9.63).
We also denote the amplitude of the radiation as

B(ϑ) =
|Ψs

2∗|I
sinh2 ψs

. (4.129)
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Consequently, the asymptotic directional structure has a form

|Ψi
4| ≈

3

2

1

|η|B(ϑ)A2(ψ, φ, ψs), (4.130)

where B(ϑ) can be rewritten by (9.102), (9.147) and (9.107) as

B(ϑ) = − α2 a2

ω2P sin2 ϑ+ Λ
3
(1 + α2

ω2 (l + a cosϑ)4)
Λ
3
(1 + α2

ω2 (l + a cosϑ)4))5/2

√

DI (4.131)

with

DI =m2 + n2 − 4α
ω
(e2 + g2)(l + a cosϑ)

m+ nα
ω
(l + a cosϑ)2

1 + α2

ω2 (l + a cosϑ)4

+ 4α
2

ω2 (e
2 + g2)2 (l + a cosϑ)2

1 + α2

ω2 (l + a cosϑ)4
,

(4.132)

where the parameters n, k and ǫ are given by the constraints (9.64), (9.66) and
(9.65).

We obtained the explicit formula for the radiative component of gravitational
field of the accelerated black holes in the anti-de Sitter universe for α2k > −Λ/3.
Both PNDs are oriented outwards with respect to I. There is no outgoing di-
rection along which the radiation vanishes because mirrored reflections of both
PNDs are ingoing. But there are two ingoing vanishing-radiation directions given
by the mirrored reflections of both PNDs. This result is consistent with [5] where
the C-metric was investigated for α >

√

−Λ/3.

We observe that the amplitude B(ϑ) given by (9.149) is identical up to a sign
with the magnitudes from previous sections for spacelike I and for timelike I
with small acceleration, see equations (9.106), (9.107) and (9.121), (9.122). The
dependence of the amplitude B(ϑ) will be investigated in section 9.5.

We now investigate the next case described in section 3.6.5, the case when one
PND is tangent to I. The identification of the algebraically special orthonormal
tetrad is (9.84). We express the reference tetrad in terms of the algebraically
special tetrad by inverting the relations (3.77). We obtain

to = 3
2
ts + 1

2
qs − rs,

qo = rs − 1
2
ts + 1

2
qs,

ro = rs − ts − qs,

so = ss.

(4.133)
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Substituting (9.84) into (9.152), we obtain the reference tetrad

to =
Ω

̺

(

3

2

√
−Q ∂q −

1

2

1√
−Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃) −
√
P∂ϑ

)

,

qo =
Ω

̺

(√
P∂ϑ −

1

2

√
−Q ∂q −

1

2

1√
−Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃)

)

,

ro =
Ω

̺

(√
P∂ϑ +

1√
−Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃) −
√
−Q ∂q

)

,

so =
Ω

̺

[(4l sin2(ϑ/2) + a sin2 ϑ)∂t̃ + ∂φ̃]√
P sin ϑ

.

(4.134)

This reference tetrad must satisfy the adjustment condition (3.19). When we
compare the vector qo with the normal n (9.112), we observe that the vector
qo has components ∂q and ∂ϑ pointing in the same direction as the normal n,
but qo has another component which cannot disappear. This reference tetrad
thus again does not satisfy the adjustment condition. We can also calculate the
projection of ks into I as in the section for small acceleration and its discussion
is quite similar. This case again does not represent the asymptotic behaviour of
the gravitational field of black hole solutions in anti-de Sitter.

The last possible case is described in the section 3.6.6 when two PNDs are
tangent to I. We write the inverse relation between the reference tetrad and the
algebraically special tetrad (3.86) as

to = ts,

qo = −rs,

ro = qs,

so = ss,

(4.135)

and after substituting from (9.84) into (9.154), we get

to =
Ω

̺

√
−Q ∂q,

qo = −Ω

̺

√
P∂ϑ,

ro = −Ω

̺

1√
−Q

(aq2∂φ̃ + [1 + (l + a)2q2]∂t̃),

so =
Ω

̺

[(4l sin2(ϑ/2) + a sin2 ϑ)∂t̃ + ∂φ̃]√
P sin ϑ

.

(4.136)

As in the α2k < −Λ/3 case, this reference tetrad satisfy the adjustment condition
n = −ǫoqo for σ = +1 because the vector qo points into the ∂ϑ direction as the
normal for special case when QI = 0. We will not discuss this special case in this
work. This degenerate case thus also occur as a possible asymptotic directional
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structure of the complete family of black hole spacetimes in anti-de Sitter space
for α2k > −Λ/3.

To sum up: the asymptotic directional structure of radiation near the time-
like conformal infinity I for the general metric (9.62) with large acceleration
α2 > −Λ/3 is characterized by the case (9.149) corresponding to the situation
when both PNDs are oriented outward with respect to I. The other possible
exceptional structure is when both PNDs are tangent to I.

This result is not yet completely consistent with the results presented in [5] for
the C-metric. The C-metric has two possible directional structures, first when one
PND k is outgoing and the other one PND l is ingoing, second when two PNDs
are oriented outwards with respect to I. The conformal infinity in C–metric is
divided into domains with different structures of PNDs, on the boundaries the
PNDs are tangent to I. The C–metric represents two accelerating black holes for
α >

√

−Λ/3 which are causally separated.

The first case does not occur in the general metric studied here for large
acceleration. Most probably, the coordinates which we are using here do not
cover completely the manifold of the general metric near I. The possible structure
of both PNDs tangent to I on horizons of Q on I also does not appear in the
C–metric. More work is necessary to investigate this particular feature.

4.3 Discussion of the amplitude B(ϑ) of radiation

In previous sections we found that the amplitude of radiation B(ϑ) has an iden-
tical form for spacelike I as (9.106), (9.107) with α2k > −Λ/3, and for timelike
I as (9.121), (9.122) with α2k < −Λ/3. The amplitude B(ϑ) for timelike I given
by (9.150), (9.151) with α2k > −Λ/3 is similar up to a sign.

The amplitude B(ϑ) is very similar for all these cases because it is generally
given by the same field component |Ψs

2∗|I and by cos θs (9.99) for spacelike I, or
coshψs (9.118) for timelike I (α2k < −Λ/3) which have, quite surprisingly, the
same form. The term sinhψs (9.146) for timelike I (α2k > −Λ/3) is the same
up to a sign. To have this just one expression for amplitude B(ϑ) for all cases
mentioned above. For convenience, we introduce parameter b which distinguishes
these cases. The parameter is b = 1 applies for spacelike I and timelike I for
α2k < −Λ/3, while b = −1 for timelike I with large acceleration α2k > −Λ/3.

The amplitude B(ϑ) depends on a single coordinate ϑ ∈ [0, π] and on the
physical parameters α, m, a, l, e, g, Λ (and ω). We will now investigate the
shape of the function B(ϑ) and the influence of these parameters. The conformal
infinities are distinguished by different ranges of parameters α and Λ and also by
the parameter b.

First, we will study the physically most interesting case of accelerating Kerr–
Newman–de Sitter black holes (see section 9.2.2): we set the NUT parameter
l = 0. This implies ω = a (k = 1). The parameter n is then n = −αam, and
when we put these parameters into (9.150) and (9.151), we get the amplitude
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B(ϑ) in the form

B(ϑ) = b
(1 + α2a2 cos4 ϑ) + 3

Λ
α2P sin2 ϑ

(1 + α2a2 cos4 ϑ)5/2

×
√

m2(1 + α2a2) − 4mα(e2 + g2) (1−α2a2 cos2 ϑ) cosϑ
1+α2a2 cos4 ϑ

+ 4(e2 + g2)2 α2 cos2 ϑ
1+α2a2 cos4 ϑ

,

(4.137)

where

P = 1 − 2αm cosϑ+
[

α2(a2 + e2 + g2) + Λ
3
a2
]

cos2 ϑ (4.138)

which must be positive to retain the Lorentzian signature. Notice that for ϑ = π
2

one gets simply

B(ϑ = π
2
) = bm(1 + 3

Λ
α2)

√
1 + α2a2. (4.139)

For bigger rotational parameter a, the radiation is thus stronger when (α 6= 0).
In particular, to visualize the results we have chosen the values of parameters

of the Kerr–Newman black holes as m = 1.1, e = g = 0.5. The parameter a then
can not be chosen arbitrarily. It is necessary to respect the location of horizon of
the black hole. The function Q has a form (see section (9.2.2))

Q = (ω2k + e2 + g2) − 2mr + r2 − 1

3
Λr2(r2 + a2). (4.140)

The horizons are determined by Q = 0 and the above function is cubic equation
for r and it is not easy to solve. If we consider horizons for Λ = 0 the function
(9.160) factorizes as

Q =
(

(a2 + e2 + g2) − 2mr + r2
)

(1 − α2r2). (4.141)

The inner/outer horizons of the black hole occurs for Λ = 0 on

r± = m±
√

m2 − a2 − e2 − g2 (4.142)

and the acceleration horizon is located on r = 1/α. To avoid a naked singularity
case, we thus have to satisfy the condition

m2 − a2 − e2 − g2 > 0. (4.143)

which follows from (9.162). According to this relation we set a ∈ [0, 0.7]. Let
us remark that we have used the coordinate r = −1/q instead of q, but these
conclusions are obviously valid in general.

The spacelike infinity is further characterized by Λ > 0 (we set Λ = 1) and α ≥
0. The amplitude B(ϑ) for spacelike I (b = +1) is visualized in Figs. 3–8. There
are always figures without charges (e = g = 0) and with charges (e = g = 0.5).
For comparison, the figures also include the constant line corresponding to α = 0.

76



4. Asymptotic structure of radiation
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This line represents the constant value of m and it is exactly the Kerr–Newman-
de Sitter limit of (9.157) and non-accelerating limit of C-metric corresponding to
expression (4.24).

Fig. 3 exhibits the same pattern as Fig. 4. The curves start at ϑ = 0 under
the α = 0 line, then they reach considerably high maximum and finally fall again
under the α = 0 line at the end of the axes ϑ = π. There is a difference in the
amplitudes. The charged case on Fig. 4 has higher amplitude than uncharged
one on Fig. 3. Also Fig. 5 and Fig. 6 have similar patterns as on the previous
figures, but the amplitudes of these figures are higher than in Figs. 3 and 4. It
shows that the acceleration has stronger influence than rotation even for small
values. In Fig. 7 the curves start and end near the red line corresponding to
α = 0. The charged version of the previous figure, Fig. 8, is shifted, the curves
start under this line and end above it.

The timelike infinity has Λ < 0 (we set Λ = −1). We have studied time-
like I twice, i.e. for different ranges of acceleration α. For small acceleration
α2k < −Λ/3 and for l = 0 the parameter k is k = 1, so it implies α2 < −Λ/3. It
has two roots and we have chosen it according to [5] as α <

√

−Λ/3. For large

acceleration the range of acceleration is thus α >
√

−Λ/3.
The amplitude B(ϑ) for small acceleration with (b = +1) is visualized in

Figs. 9–14. The figures are basically the same as for spacelike I, but they are
turned upside down. Thus the cosmological constant strongly determines the
shape the amplitude of radiation on I. The amplitude B(ϑ) with large acceler-
ation (b = −1) is visualized in Figs. 15–18. The fact that the radiation appears
negative in these figures is caused by the violation of the condition (9.163) which
we are considering and which is satisfied here only for Λ = 0. The parameters are
thus chosen not completely correctly to describe a physically realistic situation.

Secondly, we will discuss the important special case namely, the non–rotating
charged C–metric with cosmological constant. It can be obtained from the pre-
vious amplitude B(ϑ) given by (9.157) and (9.158) when we simply set a = 0.
Then we obtain the following expression for the amplitude of radiation,

B(ϑ) = b (1 + 3
Λ
α2P sin2 ϑ)

√

m2 − 4mα(e2 + g2) cosϑ+ 4α2(e2 + g2)2 cos2 ϑ,
(4.144)

where
P = 1 − 2αm cosϑ+ α2(e2 + g2) cos2 ϑ. (4.145)

The values of the parameters used in the corresponding figures are the same as
before, except for the values of charges. We can now afford higher values (see
(9.163)) when we have a = 0. We set e = g = 0.7.

The amplitude B(ϑ) for spacelike I is visualized in two figures Fig. 19 and
charged version is in Fig. 20. We observe that when the rotational parameter is
zero or is small, charges have greater influence.

The amplitude B(ϑ) for timelike I with small acceleration is visualized in Fig.
21 and the charged version is in Fig. 22. The amplitude for timelike I with large
acceleration is visualized in Fig. 23 and the charged version is in Fig. 24.
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To conclude our discussion, we investigated influence of the physical parame-
ters of the sources, namely α, a, m, e, g and Λ on the amplitude of the radiation
(9.157) which appears at spacelike and timelike conformal infinity in the subcase
l = 0 of the general metric (9.62) and its special subcase of the C-metric. Gener-
ally, we observe that the acceleration parameter α and the cosmological constant
Λ have dominant influence on the amplitude. The acceleration parameter α is
stronger than the rotational parameter a. The charges e and g have a smaller in-
fluence than acceleration but their influence is quite stronger when the rotational
parameter a is small or vanishes.
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5 Conclusion

In our work we analyzed the asymptotic directional structure of gravitational field
in the family of solutions of algebraic type D, namely in the Plebański-Demiański
black-hole spacetimes.

We demonstrated that two different choices of algebraically special tetrads
are needed to study the directional structure near the de Sitter-like (Λ > 0) and
anti-de Sitter-like (Λ < 0) conformal infinity I, cf. subsection 9.1.1.

First, we investigated the asymptotic directional structure of the non-accele-
rating Kerr–Newman–de Sitter solution. The directional pattern (4.24) is de-
termined by two PNDs oriented outwards with respect to the future spacelike
conformal infinity I+. The pattern of radiation (4.31) near the timelike I is
given by only one structure of PNDs of four general possibilities. In these cases,
the explicit forms are axially symmetric and the radiation vanishes in the di-
rections where θ = 0 and θ = π. From these results we also observed that the
contribution of the electric and magnetic charges e and g is negligible compared
to the mass m of the black hole to the order r−1, and that the influence of the
rotation represented by a is even smaller of the order r−2. The fact that generic
observer detects radiation in this case of non–accelerating sources is intuitively
caused by observer’s asymptotic motion relative to the “static” black hole. We
have thus basically verified results for non–rotating C-metric obtained in [4] and
in [5] for Λ > 0 and Λ < 0, respectively.

Subsequently, the general form of Plebański–Demiański metric which repre-
sents the complete family of black hole spacetimes was investigated. The ex-
pressions (9.105), (9.106) and (9.107) give the explicit formula for the radiative
component of gravitational field in the accelerated black holes with mass m,
charges e and g, rotation a and NUT parameter l in the de Sitter universe. The
pattern is determined by two PNDs which are both oriented outside the manifold
on future spacelike I+. We also investigated the structure near timelike I for
both cases where α2k > −Λ/3 and α2k < −Λ/3. Thus we obtained the explicit
expressions for the radiative component of gravitational field for small and large
acceleration for negative cosmological constant.

The directional structure for α2k < −Λ/3 is described by (9.120) which is
determined by one PND k outgoing and the other PND l ingoing with respect
to I. A special structure of both PNDs tangent to I occurs which is only possible
on the horizon of the function Q evaluated on I. This exceptional situation was
not mentioned in [5] where the C-metric was investigated for α <

√

−Λ/3.

The directional pattern in the case of large acceleration α >
√

−Λ/3 is given
by (9.149) corresponding to the situation when both PNDs are oriented outward
with respect to I. There again occurs the case when two PND are tangent to
I. This is not yet completely in agreement with the results presented in [5] for
C–metric because one possible case (one PND k outgoing and the other PND
l ingoing) does not occur in the general metric for large acceleration. We think
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that the reason is that the coordinates which we use here most probably do not
cover completely the region near the conformal infinity of the general metric.

We have observed that the amplitude B(ϑ) given by (9.121) is up to a sign
the same for all the possible directional structures which occur on spacelike I
and for timelike I with small acceleration, and for timelike I for large accel-
eration (except for one special case). Thus, they were investigated together in
section 9.5. The amplitude of radiation B(ϑ) is given by the expression which
depends on a single coordinate ϑ and on the physical parameters m, α, ω, a, Λ, e
and g. The coordinate ϑ specifies a point on the conformal infinity I, while the
parameters characterize the black-hole sources of the radiation. The dependence
of the radiation on the parameters of sources is discussed and presented in several
figures which are contained in appendix.
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Figure 3: The magnitude of radiation B(ϑ) on spacelike I without charges, where
a = 0.7 is fixed and α varies, the constant line for α = 0 is shown for comparison.
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Figure 4: The magnitude of radiation B(ϑ) on spacelike I with charges, where
a = 0.7 is fixed and α varies. The constant line for α = 0 is shown for comparison.
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Figure 5: The magnitude of radiation B(ϑ) on spacelike I without charges, where
a ∈ [0, 0.7] varies and α = 1 is fixed. The constant line for α = 0 is shown for
comparison.
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Figure 6: The magnitude of radiation B(ϑ) on spacelike I with charges, where
a ∈ [0, 0.7] varies and α = 1 is fixed. The constant line for α = 0 is shown for
comparison.
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Figure 7: The magnitude of radiation B(ϑ) on spacelike I without charges, where
the parameters α = a ∈ [0, 0.7] vary. The constant line for α = 0 is shown for
comparison.
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Figure 8: The magnitude of radiation B(ϑ) on spacelike I with charges, where
the parameters α = a ∈ [0, 0.7] vary. The constant line for α = 0 is shown for
comparison.
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Figure 9: The magnitude of radiation B(ϑ) on timelike I for α <
√

−Λ/3 without
charges, where a = 0.7 is fixed and α ∈ [0, 0.5] varies.
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Figure 10: The magnitude of radiation B(ϑ) on timelike I for α <
√

−Λ/3 with
charges, where a = 0.7 is fixed and α ∈ [0, 0.5] varies.
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Figure 11: The magnitude of radiation B(ϑ) on timelike I for α <
√

−Λ/3
without charges, where a ∈ [0, 0.7] varies and α = 0.4 is fixed.
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Figure 12: The magnitude of radiation B(ϑ) on timelike I for α <
√

−Λ/3 with
charges, where a ∈ [0, 0.7] varies and α = 0.4 is fixed.

85



6. Appendix A: The dependence of the amplitude B(ϑ) of radiation on the choices of parameters

0

0.2

0.4

0.6

0.8

1

1.2

1.4

0 0.5 1 1.5 2 2.5 3

B

ϑ

alpha=0,a=0
alpha=0.1,a=0.1
alpha=0.2,a=0.2
alpha=0.3,a=0.3
alpha=0.4,a=0.4
alpha=0.5,a=0.5

Figure 13: The magnitude of radiation B(ϑ) on timelike I for α <
√

−Λ/3
without charges, where a ∈ [0, 0.5] and α ∈ [0, 0.5] varies.
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Figure 14: The magnitude of radiation B(ϑ) on timelike I for α <
√

−Λ/3 with
charges, where a ∈ [0, 0.5] and α ∈ [0, 0.5] varies.

86



6. Appendix A: The dependence of the amplitude B(ϑ) of radiation on the choices of parameters

-1.5

-1

-0.5

0

0.5

1

1.5

2

2.5

0 0.5 1 1.5 2 2.5 3

B

ϑ

alpha=0,a=0.7
alpha=0.6,a=0.7
alpha=0.7,a=0.7
alpha=0.8,a=0.7

Figure 15: The magnitude of radiation B(ϑ) on timelike I for α >
√

−Λ/3
without charges, where a = 0.7 is fixed and α varies.
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Figure 16: The magnitude of radiation B(ϑ) on timelike I for α >
√

−Λ/3 with
charges, where a = 0.7 is fixed and α varies.
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Figure 17: The magnitude of radiation B(ϑ) on timelike I for α >
√

−Λ/3
without charges, where a ∈ [0, 0.7] varies and α = 0.6 is fixed.
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Figure 18: The magnitude of radiation B(ϑ) on timelike I for α >
√

−Λ/3 with
charges, where a ∈ [0, 0.7] varies and α = 0.6 is fixed.
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Figure 19: The magnitude of radiation B(ϑ) on spacelike I for C–metric without
charges, where a = 0 and α varies.
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Figure 20: The magnitude of radiation B(ϑ) on spacelike I for charged C–metric,
where a = 0 and α varies.
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Figure 21: The magnitude of radiation B(ϑ) on timelike I for α <
√

−Λ/3,
C–metric without charges, where a = 0 and α varies.
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Figure 22: The magnitude of radiation B(ϑ) on timelike I for α <
√

−Λ/3,
charged C–metric, where a = 0 and α varies.
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Figure 23: The magnitude of radiation B(ϑ) on timelike I for α >
√

−Λ/3,
C–metric without charges, where a = 0 and α varies.
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Figure 24: The magnitude of radiation B(ϑ) on timelike I for α >
√

−Λ/3,
charged C–metric, where a = 0 and α varies.
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7 Appendix B: The version of diploma thesis in

other coordinates

8 Introduction

Many rigorous theoretical studies have been devoted to investigation of gravita-
tional waves within the full Einstein theory since 1950s. These are described in
various review articles, such as [1, 2] and [3]. In many existing analyses the asymp-
totic flatness has been naturally assumed and the presence of a non-vanishing
cosmological constant Λ was not usually considered. The importance of such
studies rises due to the fact that the possible presence of a positive Λ has been
indicated by recent observations. Moreover, the spacetimes with cosmological
constant are now used in various branches of theoretical research, e.g. brane
cosmologies, supergravity or string theories.

Krtouš and Podolský recently analyzed the asymptotic directional properties
of electromagnetic and gravitational fields in spacetimes with a non-vanishing
cosmological constant Λ. It had been known for a long time that the dominant
(radiative) component of the fields in spacetimes with Λ 6= 0 depends on the
direction along which a null geodesics approaches a given point at conformal
infinity I, contrary to the asymptotically flat spacetimes where the dominant
term of radiation is unique.

First, they studied the radiation in the C-metric spacetime with Λ which
represents accelerated black holes in de Sitter (Λ > 0) [4] and anti-de Sitter
(Λ < 0) [5] universe. Their results were summarized and discussed in the topical
review [3] where they presented the general asymptotic directional behaviour of
any massless field of spin s. The fields of algebraic type D were investigated
more explicitly in [6]. Furthermore, the generalization to higher dimensions was
recently presented in [7].

The authors demonstrated in [3] that the directional structure of radiation has
a universal character which is determined by the algebraic (Petrov) type of the
field, namely by the number, degeneracy and specific orientation of the principal
null directions with respect to I. It covers all three possibilities Λ > 0, Λ < 0
and Λ = 0, corresponding to a spacelike, timelike or null conformal infinity.

The main intention of this diploma thesis is to apply the above general theory
on particular exact model spacetimes of type D and to find the relation between
the structure of the sources (namely the mass, the charge, the NUT parameter,
the rotation and the acceleration of the corresponding black holes) and the prop-
erties of radiation which is generated by them, as observed at spacelike or timelike
conformal infinity I. As the specific models we use the Plebański–Demiański fam-
ily of solutions, first presented in [8]. This class of solutions was studied recently
in detail by Griffiths and Podolský in [9, 10, 11] and [12].

The text is organized as follows. In section 2 we review necessary facts about
the family of spacetimes of type D found by Plebański and Demiański. In sec-
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tion 3 we first introduce geometrical concepts and objects and we set up the
notation which will be followed throughout the text. Then we define tetrads and
explicit expression which describes the behavior of the field at any conformal
infinity. The relevant work [6] is more explicitly reviewed. In section 4 we apply
the general theory introduced in section 3 to particular exact model spacetimes
of type D described in section 2. First, we study the Kerr–Newman–de Sitter
solution. Then we investigate the general Plebański–Demiański family of solu-
tions, containing not only the mass and the charge of the black holes but also
rotation, the NUT parameter and non-zero acceleration. We derive the corre-
sponding radiation near de Sitter or anti-de Sitter-like conformal infinity. In the
final subsection 9.5 we discuss the results, in particular the dependence of the
amplitude of radiation on the parameters of the sources in various subcases. We
hope that this can provide a deeper insight into the general theory of radiation.
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9 The Plebański–Demiański class of solutions

The complete family of spacetimes of algebraic type D with an aligned electro-
magnetic field and a possibly non-zero cosmological constant Λ can be represented
in a form of the Plebański–Demiański metric [8, 10] and those specific metrics
which can be derived from it by certain limiting procedures (because some par-
ticular and well-known cases are not included explicitly in the original form of
the Plebański–Demiański metric).

In [10] a new form of this metric was described which is more useful for
physical interpretation and for identifying different subfamilies. The parameters
employed in the new metric have clear physical interpretation and it is possible
to classify the complete family in the way that clarifies their physical properties.
The new metric explicitly contains two parameters α and ω which describe the
acceleration of the sources and the twist of the principal null congruences. These
solutions are characterized by two general quartic functions whose coefficients are
related to- the physical parameters of the spacetime. The physical meaning of
these coefficients was clarified and the relation between the Plebański–Demiański
parameter n and the NUT parameter l was identified. These coefficients were
traditionally misinterpreted in the general case.

We will study here the most important solutions from the Plebański–Demiański
family. In particular, we wish to investigate the specific radiative properties of
(possibly) accelerating black holes with charge and rotation in asymptotically
Minkowski, de Sitter or anti–de Sitter universe.

First, we summarize basic facts about these solutions. In [10] the signature
(1,−1,−1,−1) of the metric has been used. We use here an opposite signature
of the metric because we need to follow the notation of the review [3] for further
study of the asymptotic behavior of these solutions. The metrics are thus changed
as gab → −gab. We will also make some other minor changes in the spacetimes
forms presented in [9, 10, 11, 12].

9.1 Initial form of the metric

The original Plebański–Demiański metric [8] can be written in the form [10]

gab =
1

(1 − αpr)2

[ −Q
ω2p2 + r2

(dτ − ωp2dσ)2 +
P

ω2p2 + r2
(ωdτ + r2dσ)2

+
ω2p2 + r2

P
dp2 +

ω2p2 + r2

Q
dr2

]

,

(9.1)

where

P (p) = k + 2ω−1np− ǫp2 + 2αmp3 −
[

α2(ω2k + e2 + g2) + ω2Λ/3
]

p4,

Q(r) = (ω2k + e2 + g2) − 2mr + ǫr2 − 2αω−1nr3 − (α2k + Λ/3)r4,
(9.2)

and m, n, e, g, Λ, ǫ, k, α and ω are arbitrary real parameters of which two can
be chosen for convenience. Only the parameters Λ, e and g have their traditional
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9. The Pleba ński–Demia ński class of solutions

physical interpretation in this metric. The large family of type D spacetimes
given by the metric (9.1) admits (at least) two commuting Killing vectors ∂σ and
∂τ whose orbits are spacelike for Q > 0 and timelike for Q < 0. Surfaces on
which Q = 0 are horizons, points at P = 0 are poles (axes).

Plebański and Demiański considered in their original work [8] that α = 1 and
ω = 1. In [10, 11] it was shown that the physical interpretation of the param-
eters can be determined more easily when α and ω are retained as continuous
parameters and ǫ and k are set to convenient values (without changing their
signs).

It is thus appropriate to describe the full family of solutions in terms of seven
continuous parameters m, n, e, g, Λ, α and ω and two auxiliary ones ǫ and k
which can be set conveniently. Their meaning is as following:

e and g are the electric and the magnetic charges

Λ is the cosmological constant

α is the acceleration of the sources

ω is the twist parameter

m is related to the mass of the source

n is the Plebański and Demiański parameter.

In some particular cases ω is directly related to both the angular velocity of
sources and the effects of the NUT parameter. The metric is flat whenm = n = 0,
e = g = 0 and Λ = 0 (see equation (9.14) below). The remaining parameters ǫ, k,
α and ω may be non-zero even in this flat limit. The well-known solutions such as
the Schwarzschild–de Sitter, the Reissner–Nordström, the Kerr metric, the NUT
solution or the C-metric, and other type D spaces are also included: the simple
transformation (9.16) leads to a form that explicitly includes all these well-known
special cases, see [10, 11] for more details and section 9.2 for demonstration of
this fact.

9.1.1 Natural null tetrad

In [10] the null tetrad was expressed in the coordinates (τ, σ, p, r) using the sig-
nature (1,−1,−1,−1). For our later purposes, we need to have the null tetrad
with opposite signature of the metric. Moreover, it is necessary to introduce the
null tetrad both for Q > 0 and for Q < 0 because the sign of this function Q is
different near r → ∞, as

Q < 0 if (α2k + Λ/3) > 0,

Q > 0 if (α2k + Λ/3) < 0.
(9.3)

The function Q thus may become negative under the square root near the con-
formal infinity where we wish to study radiative properties and therefore we need
to consider also the case Q < 0. Concretely, for α = 0 the sign of Q depends only
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on the sign of Λ. After some calculations outlined below we found the following
null tetrads in the metric signature (−1, 1, 1, 1):

The null tetrad for Q < 0:
The vectors are

ka =
1 − αpr

√

2(ω2p2 + r2)

( −1√
−Q(r2∂τ − ω∂σ) +

√

−Q∂r

)

,

la =
1 − αpr

√

2(ω2p2 + r2)

(

1√−Q(r2∂τ − ω∂σ) +
√

−Q∂r

)

,

ma =
1 − αpr

√

2(ω2p2 + r2)

(

i√
P

(ωp2∂τ + ∂σ) −
√
P ∂p

)

,

ma =
1 − αpr

√

2(ω2p2 + r2)

( −i√
P

(ωp2∂τ + ∂σ) −
√
P ∂p

)

.

(9.4)

The corresponding one–forms are

ka =
1

1 − αpr

(

−
√

−Q
2(ω2p2 + r2)

(dτ − ωp2dσ) −
√

ω2p2 + r2

−2Q
dr

)

,

la =
1

1 − αpr

(
√

−Q
2(ω2p2 + r2)

(dτ − ωp2dσ) −
√

ω2p2 + r2

−2Q
dr

)

,

ma =
1

1 − αpr

(

i

√

P

2(ω2p2 + r2)
(ωdτ + r2dσ) −

√

ω2p2 + r2

2P
dp

)

,

ma =
1

1 − αpr

(

−i
√

P

2(ω2p2 + r2)
(ωdτ + r2dσ) −

√

ω2p2 + r2

2P
dp

)

.

(9.5)

The null tetrad for Q > 0:
The vectors are

ka =
1 − αpr

√

2(ω2p2 + r2)

( −1√
Q

(r2∂τ − ω∂σ) +
√

Q∂r

)

,

la =
1 − αpr

√

2(ω2p2 + r2)

( −1√
Q

(r2∂τ − ω∂σ) −
√

Q∂r

)

,

ma =
1 − αpr

√

2(ω2p2 + r2)

(

i√
P

(ωp2∂τ + ∂σ) −
√
P ∂p

)

,

ma =
1 − αpr

√

2(ω2p2 + r2)

( −i√
P

(ωp2∂τ + ∂σ) −
√
P ∂p

)

.

(9.6)
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The corresponding one–forms are

ka =
1

1 − αpr

(
√

Q

2(ω2p2 + r2)
(dτ − ωp2dσ) +

√

ω2p2 + r2

2Q
dr

)

,

la =
1

1 − αpr

(
√

Q

2(ω2p2 + r2)
(dτ − ωp2dσ) −

√

ω2p2 + r2

2Q
dr

)

,

ma =
1

1 − αpr

(

i

√

P

2(ω2p2 + r2)
(ωdτ + r2dσ) −

√

ω2p2 + r2

2P
dp

)

,

ma =
1

1 − αpr

(

−i
√

P

2(ω2p2 + r2)
(ωdτ + r2dσ) −

√

ω2p2 + r2

2P
dp

)

.

(9.7)

When deriving these null tetrads we began with the null tetrad presented
in [10]. It was sufficient to transform only the vectors, the covariant one-forms
were easily obtained by lowering the indeces, ka = gabk

b, etc., using the metric
(9.1). We expected the changes to occur only in the signs of the two parts of
each vector. We thus added coefficients in front of each part of the vector with
possible values ±1 in ka, la, and also ±i in ma,ma. The new vectors must satisfy
the basic relations for the null tetrad, namely that the scalar products of the
tetrad vectors all vanish, except for

kala = −1, (9.8)

mama = +1. (9.9)

We thus obtained several conditions for the vector coefficients.
For the case when Q < 0, the condition (9.8) implies four possible combina-

tions of the coefficients, two of them are equivalent as

(−ka)(−ka) = ka ka, (−la)(−la) = la la, ka(−la) = (−ka) la. (9.10)

Each two pairs of equivalent vectors contain a combination of future oriented null
vectors ka, la and a combination of past oriented vectors ka, la which differ only
in the sign in front of the first part (r2 ∂τ − ω∂σ) of the vectors. The future/past
orientation means that plus/minus stands in front of the second part ∂r of the
vector. The sign in front of the first part is thus eligible, of course, only ±1. It
corresponds to two possible orientations of the two null vectors aligned along the
light cone. We have chosen the future orientation. The condition (9.9) implies
two possible choices of vectors ma,ma which are completely independent of the
condition (9.8), so we have chosen one orientation arbitrarily.

For the case Q > 0, the condition (9.8) again implies four combinations of
the signs, of which two are equivalent but the two pairs contain one vector future
oriented and one past oriented. We can not choose two vectors oriented in the
same way as in the case Q < 0. We have rather chosen the vectors according
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to their first parts: we took the choice such that the first part of the vector ka

remains the same as in the case Q < 0. The vectors ma,ma were chosen the
same as in the case Q < 0.

The above null tetrads {eA} = {ma,ma, la,ka} given by (9.4) or (9.6) satisfy
further relations (see also [13]). The vectors are related to the dual one-forms by
the non-diagonal metric gAB whose components are

gAB =









0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0









, gAB
−1 ≡ gAB = gAB. (9.11)

In practice, the related one-forms to our vectors are obtained by the following
algorithm:

1. Set up the basis of the vectors and the basis of the dual forms ωA as

e1 = ma, ω1 = ma,
e2 = ma, ω2 = ma,
e3 = la, ω3 = la,
e4 = ka, ω4 = ka.

2. Insert all vectors into each one-form and find to which vector the one-form
is associated, e.g. ω1(e1) = 1. If −1 is obtained, change the sign of the
given one-form.

3. Finally, confirm that the relations (9.8) and (9.9) are satisfied.

We have thus identified the one-forms associated to the vectors (9.4) and (9.6) as

µ ≡ ω1 = ma,

µ ≡ ω2 = ma,

λ ≡ −ω4 = −ka,

κ ≡ −ω3 = −la,

(9.12)

where we introduced a new (temporary) notation for the dual one-forms which
satisfy

µ(e1) = 1,

µ(e2) = 1,

κ(e3) = 1,

λ(e4) = 1.

(9.13)

Consequently, {ma,ma, la,ka} is dual to {µ,µ,κ,λ}.
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9.1.2 Weyl and Ricci tensors

It can be calculated (for example by using the Maple package GR tensor) that
the only non-zero component of the Weyl in the tetrad (9.4) and (9.6) is given
by

Ψ2 = −(m+ in)

(

1 − αpr

r + iωp

)3

+ (e2 + g2)

(

1 − αpr

r + iωp

)3
1 + αpr

r − iωp
. (9.14)

This confirms that the spacetimes studied are of algebraic type D and that the
tetrad vectors la and ka are aligned with the principal null directions of the Weyl
tensor. The only non-zero component of the Ricci tensor is

Φ11 =
1

2
(e2 + g2)

(1 − αpr)4

(ω2p2 + r2)2
. (9.15)

These components of the curvature tensor indicate that there is a curvature sin-
gularity at p = r = 0. This singularity can be considered as the “source” of
gravitational field. It is necessary that P > 0 to retain a Lorentzian signature
in metrics. P (p) is generally a quartic function, so the coordinate p must be
restricted to a particular range between appropriate roots. If this range includes
p = 0, it is necessary that k > 0. The condition P > 0 thus places restric-
tion on the possible signs of the parameters ε and k. Note also, that there are
non-singular solutions in the Plebański–Demiański family when ω 6= 0.

9.2 More general form of the metric

The metric (9.1) does not include the type D non-singular NUT solution. It is
necessary to introduce a specific shift in the coordinate p to cover such cases with
the NUT parameter. This procedure is also essential to obtain the correct metric
for accelerating and rotating black holes. We will start with the metric (9.1) and
perform the coordinate transformation

p =
l

ω
+
a

ω
p̃, τ = t̃− (l + a)2

a
φ̃, σ = −ω

a
φ̃, (9.16)

where a and l are new arbitrary parameters. These solutions have two parameters
k and ǫ which can be scaled to any convenient values. In addition, we have the
further parameters a and l which can be chosen arbitrarily. In practice, it is
convenient to choose a and l to satisfy certain conditions which simplify the form
of the metric, and then to re-express n and ω in terms of these parameters. We
will show that the parameter a corresponds to a Kerr-like rotation parameter
and l corresponds to a NUT parameter. The properties of the solution depend
on the character of the function P . It becomes P̃ = P ω2

a2
after transformation

(9.16). This function is a quartic function and can have up to four distinct roots.
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We will consider the case when P̃ has two roots p̃ = ±1 and p̃ covers the range
between these roots. The function P̃ has a simplified form

P̃ = (1 − p̃2)(a0 − a3p̃− a4p̃
2). (9.17)

Then the conditions specifying the two parameters ǫ and n in terms of a and l
are

ǫ =
ω2k

a2 − l2
+ 4α

l

ω
m− (a2 + 3l2)

[

α2

ω2
(ω2k + e2 + g2) +

Λ

3

]

, (9.18)

n =
ω2kl

a2 − l2
− α

a2 − l2

ω
m+ (a2 − l2)l

[

α2

ω2
(ω2k + e2 + g2) +

Λ

3

]

. (9.19)

(see [9], [10], [11] for more details). The next equation defines the parameter k
for any given value of a0 as

(

ω2

a2 − l2
+ 3α2l2

)

k = a0 + 2α
l

ω
m− 3α2 l

2

ω2
(e2 + g2) − l2Λ. (9.20)

These constraints define the values of k, n and ǫ, the remaining scaling freedom
is in the parameter ω which we can set to any convenient value with assumption
that a and l do not both vanish. The remaining parameters are thus α, a and l
in addition to m, e, g and Λ. We will concentrate on the physically most relevant
case for which P̃ has two roots and a0 > 0. The scaling freedom can be used to
set a0 = 1.

The coordinate p̃ covers the range between the roots p̃ = ±1 and we put
p̃ = cosϑ, where ϑ ∈ [0, π]. The transformation (9.16) from the metric (9.1) to
new general metric has thus the form

p =
l

ω
+
a

ω
cosϑ, τ = t̃− (l + a)2

a
φ̃, σ = −ω

a
φ̃. (9.21)

Then the metrics (9.1) becomes

gab =
1

Ω2

[

−Q

ρ2
(dt̃− (a sin2 ϑ+ 4l sin2 ϑ

2
)dφ̃)2 +

ρ2

P̂
dϑ2 +

ρ2

Q
dr2

+
P̂ sin2 ϑ

ρ2
(dt̃− (r2 + (a + l)2)dφ̃)2

]

,

(9.22)

where

Ω = 1 − α

ω
(l + a cosϑ)r,

ρ2 = r2 + (l + a cosϑ)2,

P̂ ≡ P̃

sin2 ϑ
= 1 − a3 cosϑ− a4 cos2 ϑ,

Q = (ω2k + e2 + g2) − 2mr + ǫr2 − 2αω−1nr3 − (α2k + Λ/3)r4,

(9.23)
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and

a3 = 2α
a

ω
m− 4α2 al

ω2
(ω2k + e2 + g2) − 4

Λ

3
al, (9.24)

a4 = −α2 a
2

ω2
(ω2k + e2 + g2) − Λ

3
a2. (9.25)

with ǫ, n and k given by (9.18)-(9.20).

This solution represents the complete family of black hole spacetimes and con-
tains eight arbitrary parameters m, e, g, a, l, α,Λ and ω. The first seven of these
parameters can be varied independently and ω can be set to any convenient
value if a or l are not both zero. It was shown in [11] that the metric (9.22)
represents for Λ = 0 accelerating and rotating charged black holes with a gen-
erally non-zero NUT parameter. The authors found subsequently in [12] that
there is analytical extension of the metric which was expressed in terms of the
Weyl–Lewis–Papapetrou metric and the boost-rotation form.

This more general form of metric (9.22) contains various special cases which
can be obtained explicitly by setting certain parameters to zero. These will be
reviewed below in subsections 9.2.1-9.2.3.

By performing the transformation (9.21) from the coordinates (τ, σ, p, r) to
(t̃, φ̃, ϑ, r), the null tetrads (9.4) and (9.5), (9.6) and (9.7), the Weyl tensor and
the Ricci tensor will change their forms:

The vectors transform by “inverse” transformation of (9.21),

∂σ = − a

ω
(∂φ̃ +

(l + a)2

a
∂t̃),

∂p = −ω
a

1

sin ϑ
∂ϑ,

∂τ = ∂t̃,

(9.26)

and the one-forms transform by “straight” differentiation of (9.21)

dp = − a

ω
sinϑdϑ,

dσ = −ω
a

dφ̃,

dτ = dt̃− (l + a)2

a
dφ̃.

(9.27)

When we substitute these relations into (9.4) and (9.5), we obtain the null tetrad
vectors for the case Q < 0:
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The vectors are

ka =
Ω√
2ρ

( −1√−Q [a∂φ̃ + (r2 + (l + a)2)∂t̃] +
√

−Q∂r

)

,

la =
Ω√
2ρ

(

1√
−Q [(a∂φ̃ + (r2 + (l + a)2)∂t̃] +

√

−Q∂r

)

,

ma =
Ω√
2ρ

(

−i
√

P̂ sinϑ
[(4l sin2 ϑ

2
+ a sin2 ϑ)∂t̃ + ∂φ̃]) +

√

P̂ ∂ϑ

)

,

ma =
Ω√
2ρ

(

−i
√

P̂ sinϑ
[(4l sin2 ϑ

2
+ a sin2 ϑ)∂t̃ + ∂φ̃] +

√

P̂ ∂ϑ

)

.

(9.28)

The corresponding one–forms are

ka =
1

Ω

(

−
√

−Q
2

1

ρ
[dt̃− (4l sin2 ϑ

2
+ a sin2 ϑ)dφ̃] − ρ√−2Q

dr

)

,

la =
1

Ω

(
√

−Q
2

1

ρ
[dt̃− (4l sin2 ϑ

2
+ a sin2 ϑ)dφ̃] − ρ√−2Q

dr

)

,

ma =
1

Ω



i

√

P̂

2

sinϑ

ρ
[adt̃− (r2 + (l + a)2)dφ̃] +

ρ
√

2P̂
dϑ



 ,

ma =
1

Ω



−i

√

P̂

2

sinϑ

ρ
[adt̃− (r2 + (l + a)2)dφ̃] +

ρ
√

2P̂
dϑ



 .

(9.29)

When we substitute these relations into (9.6) and (9.7), we get the null tetrad
for Q > 0:
The vectors are

ka =
Ω√
2ρ

( −1√
Q

[a∂φ̃ + (r2 + (l + a)2)∂t̃] +
√

Q∂r

)

,

la =
Ω√
2ρ

( −1√
Q

[a∂φ̃ + (r2 + (l + a)2)∂t̃] −
√

Q∂r

)

,

ma =
Ω√
2ρ

(

−i
√

P̂ sinϑ
[(4l sin2 ϑ

2
+ a sin2 ϑ)∂t̃ + ∂φ̃] +

√

P̂ ∂ϑ

)

,

ma =
Ω√
2ρ

(

−i
√

P̂ sinϑ
[(4l sin2 ϑ

2
+ a sin2 ϑ)∂t̃ + ∂φ̃] +

√

P̂ ∂ϑ

)

.

(9.30)
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The corresponding one–forms are

ka =
1

Ω

(
√

Q

2

1

ρ
[dt̃− (4l sin2 ϑ

2
+ a sin2 ϑ)dφ̃] +

ρ√
2Q

dr

)

,

la =
1

Ω

(
√

Q

2

1

ρ
[dt̃− (4l sin2 ϑ

2
+ a sin2 ϑ)dφ̃] − ρ√

2Q
dr

)

,

ma =
1

Ω



i

√

P̂

2

sinϑ

ρ
[adt̃− (r2 + (l + a)2)dφ̃] +

ρ
√

2P̂
dϑ



 ,

ma =
1

Ω



−i

√

P̂

2

sinϑ

ρ
[adt̃− (r2 + (l + a)2)dφ̃] +

ρ
√

2P̂
dϑ



 .

(9.31)

The only non-zero component of the Weyl tensor in these tetrads is given by

Ψ2 =

[

−(m+ in) + (e2 + g2)

(

1 + α
ω
r(l + a cosϑ)

r − i(l + a cosϑ)

)](

1 − α
ω
r(l + a cosϑ)

r + i(l + a cosϑ)

)3

.

(9.32)
The only non-zero component of the Ricci tensor is

Φ11 =
1

2
(e2 + g2)

(1 − α
ω
r(l + a cosϑ))4

(r2 + (l + a cosϑ)2)2
. (9.33)

9.2.1 Kerr–Newman–NUT–de Sitter spacetime (α = 0)

We obtain this particular case when we set α = 0. The constraint (9.20) be-
comes ω2k = (1 − l2Λ)(a2 − l2), the relations (9.18) and (9.19) become

ǫ = 1 − (1
3
a2 + 2l2)Λ, n = l + 1

3
(a2 − 4l2)lΛ. (9.34)

The metric is the same as (9.22) with

Ω = 1

ρ2 = r2 + (l + a cosϑ)2

P̂ = 1 + 4
3
Λal cosϑ+ 1

3
Λa2 cos2 ϑ

Q = (a2 − l2 + e2 + g2) − 2mr + r2 − Λ
[

(a2 − l2)l2 + (1
3
a2 + 2l2)r2 + 1

3
r4
]

.

This solution represents a non-accelerating black hole with mass m, electric and
magnetic charges e, g, rotational parameter a and a NUT parameter l in Minkowski,
de Sitter or anti–de Sitter background. It reduces to well-known forms when l = 0
or a = 0 or Λ = 0. However, it is necessary to distinguish the two cases in which
|a| is greater or less than |l|. When a2 ≥ l2, k ≥ 0, the metric has Kerr like ring
singularity at r = 0. This case represents a Kerr–Newman–de Sitter solution, it
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means a charged black hole with a small NUT parameter. This solution will be
discussed properly in the next section. Alternatively, when a2 < l2, k < 0, the
metric is singularity free. This case is best described as a charged NUT–de Sit-
ter solution with a small Kerr-like rotation. Although these cases have identical
metric forms, their singularity and global structures differ substantially.

9.2.2 Accelerating Kerr–Newman–de Sitter black holes (l = 0)

This is the case where the NUT parameter vanishes but α is arbitrary. Now the
equation (9.20) implies that ω2k = a2. We use the remaining scaling freedom
in ω to set k = 1 so then ω = a (the Kerr rotation parameter) and from the
constraints (9.18)-(9.20) we obtain

ǫ = 1 − α2(a2 + e2 + g2) − 1
3
Λa2, k = 1, n = −αam.

Interestingly, while the NUT parameter vanishes, the Plebański–Demiański pa-
rameter n is not zero. The metric (9.22) becomes

gab =
1

Ω2

[−Q
ρ2

(dt̃− a sin2 ϑdφ̃)2 +
P̂ sin2 ϑ

ρ2
(adt̃− (r2 + a2)dφ̃)2

+
ρ2

P̂
dϑ2 +

ρ2

Q
dr2

]

,

(9.35)

where

Ω = 1 − αr cos ϑ,

ρ2 = r2 + a2 cos2 ϑ,

P̂ = 1 − 2αm cosϑ+ [α2(a2 + e2 + g2) + 1
3
Λa2] cos2 ϑ,

Q = (ω2k + e2 + g2) − 2mr + r2 − 1

3
Λr2(r2 + a2).

The only non-zero components of the curvature tensor are now given by

Ψ2 =

[

−m(1 − iαa) + (e2 + g2)
1 + αr cosϑ

r − ia cosϑ

](

1 − αr cos ϑ

r + ia cosϑ

)3

, (9.36)

Φ11 =
1

2
(e2 + g2)

(1 − αr cosϑ)4

(r2 + a2 cos2 ϑ)2
. (9.37)

This metric (9.35) clearly exhibits the singularity and horizon structure of an ac-
celerating charged and rotating black hole in Minkowski, de Sitter or anti-de Sitter
background. It represents the spacetime from the singularity through the inner
and outer black hole horizons and out to the acceleration horizon. Nevertheless,
it does not cover the complete analytic extension inside the black hole horizon.
In [12] it was shown for the case Λ = 0 that the complete spacetime contains two
causally separated charged and rotating black holes which accelerate away from
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9. The Pleba ński–Demia ński class of solutions

each other in opposite spatial directions. Special subcase of (9.35) is the charged
C-metric with a cosmological constant. We get this when we put a = 0, and the
metric (9.35) reduces to the simple diagonal form

gab =
1

(1 − αr cosϑ)2

(

−Q
r2

dt̃2 +
r2

Q
dr2 + P̂ r2 sin2 ϑdφ̃2 +

r2

P̂
dϑ2

)

, (9.38)

where

P̂ = 1 − 2αm cosϑ+ α2(e2 + g2) cos2 ϑ,

Q = (e2 + g2 − 2mr + r2)(1 − α2r2) − 1
3
Λr4.

For Λ = 0, it describes a pair of black holes of mass m and electric and magnetic
charges e and g which accelerate towards infinity under the action of forces rep-
resented by a conical singularity, where α is the acceleration. The acceleration
horizon is r = α−1. The location of other horizons depends on e, g,m and Λ.

9.2.3 Kerr–Newman–de Sitter spacetime (α = l = 0)

This is obviously the l = 0 subcase of the spacetime discussed in subsection 9.2.1.
It can be written in the standard form of the Kerr–Newman–de Sitter solution
in Boyer–Lindquist coordinates by a simple rescaling transformation

t̃ = tΞ−1, φ̃ = φΞ−1, (9.39)

where Ξ = 1 + 1
3
Λa2. This transformation leads us to

gab =
−∆r

Ξ2ρ2

[

dt− a sin2 ϑdφ
]2

+
∆ϑ sin2 ϑ

Ξ2ρ2

[

adt− (r2 + a2)dφ
]2

+
ρ2

∆r

dr2 +
ρ2

∆ϑ

dϑ2,

(9.40)

where
ρ2 = r2 + a2 cos2 ϑ,

∆r ≡ Q = (r2 + a2)(1 − 1
3
Λr2) − 2mr + (e2 + g2),

∆ϑ ≡ P̂ = 1 + 1
3
Λa2 cos2 ϑ,

(9.41)

In fact, there is no need to introduce the constant rescaling Ξ in t and φ. But
it is included so that the metric has well-behaved axis at ϑ = 0 and ϑ = π with
φ ∈ [0, 2π).

Notice that there exists a direct transformation from the initial metric (9.1)
to the metric (9.40): by inserting (9.39) into (9.16) we get

p = cosϑ,

τ = (t− aφ) Ξ−1,

σ = −φΞ−1.

(9.42)
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(Here we assume α = 0, l = 0 and we set a = ω, ǫ = 1 − 1
3
Λa2, k = 1, n = 0).

Now we can directly rewrite the null tetrads (9.4) and (9.6), as well as the
Weyl tensor and the Ricci tensor into coordinates of the Kerr–Newman–de Sitter
solution (9.40). The vectors transform by inverse transformation of (9.42),

∂σ = −Ξ(∂φ + a∂t),

∂p = − 1

sin ϑ
∂ϑ,

∂τ = Ξ ∂t,

(9.43)

while the one-forms transform by

dp = − sinϑ dϑ,

dσ = −Ξ−1dφ,

dτ = Ξ−1(dt− adφ).

(9.44)

Substituting these relations into (9.4) and (9.5), we finally obtain the null tetrad
vectors for the case Λ > 0:

The vectors are

ka =
1√
2ρ

(

− Ξ√
−∆r

[(r2 + a2) ∂t + a ∂φ] +
√

−∆r ∂r

)

,

la =
1√
2ρ

(

+
Ξ√
−∆r

[(r2 + a2) ∂t + a ∂φ] +
√

−∆r ∂r

)

,

ma =
1√
2ρ

(

√

∆ϑ ∂ϑ − i
Ξ√

∆ϑ sinϑ
(a sin2 ϑ ∂t + ∂φ)

)

,

ma =
1√
2ρ

(

√

∆ϑ ∂ϑ + i
Ξ√

∆ϑ sinϑ
(a sin2 ϑ ∂t + ∂φ)

)

,

(9.45)

and the corresponding one-forms

ka = − 1

Ξρ

√

−∆r

2
(dt− a sin2 ϑ dφ) − ρ√

−2∆r

dr,

la = +
1

Ξρ

√

−∆r

2
(dt− a sin2 ϑ dφ) − ρ√

−2∆r

dr,

ma =
ρ√
2∆ϑ

dϑ+
i

Ξρ

√

∆ϑ

2
sin ϑ (a dt− (r2 + a2) dφ),

ma =
ρ√
2∆ϑ

dϑ− i

Ξρ

√

∆ϑ

2
sinϑ (a dt− (r2 + a2) dφ).

(9.46)

Substituting these relations (9.43), (9.44) into (9.6) and (9.7), we analogously
obtain the null tetrad vectors for the case Λ < 0:
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The vectors are

ka =
1√
2ρ

(

− Ξ√
∆r

[(r2 + a2) ∂t + a ∂φ] +
√

∆r ∂r

)

,

la =
1√
2ρ

(

− Ξ√
∆r

[(r2 + a2) ∂t + a ∂φ] −
√

∆r ∂r

)

,

ma =
1√
2ρ

(

√

∆ϑ ∂ϑ − i
Ξ√

∆ϑ sin ϑ
(a sin2 ϑ ∂t + ∂φ)

)

,

ma =
1√
2ρ

(

√

∆ϑ ∂ϑ + i
Ξ√

∆ϑ sinϑ
(a sin2 ϑ ∂t + ∂φ)

)

,

(9.47)

and the corresponding one-forms are

ka =
1

Ξρ

√

∆r

2
(dt− a sin2 ϑ dφ) +

ρ√
2∆r

dr,

la =
1

Ξρ

√

∆r

2
(dt− a sin2 ϑ dφ) − ρ√

2∆r

dr,

ma =
ρ√
2∆ϑ

dϑ+
i

Ξρ

√

∆ϑ

2
sin ϑ (a dt− (r2 + a2) dφ),

ma =
ρ√
2∆ϑ

dϑ− i

Ξρ

√

∆ϑ

2
sinϑ (a dt− (r2 + a2) dφ).

(9.48)

The only non-zero component of the Weyl tensor (9.14) is now

Ψ2 = − m

(r + ia cos ϑ)3
+

e2 + g2

(r + ia cos ϑ)3(r − ia cosϑ)
, (9.49)

and the Ricci tensor (9.15) becomes

Φ11 =
1

2

e2 + g2

(r2 + a2 cos2 ϑ)
. (9.50)

9.3 Alternative form of the general metric

For our later purposes it is also convenient to introduce a new coordinate q which
is simply related to r by

q = −1

r
. (9.51)

We will express the metric (9.22) in coordinates (p, τ, σ, q). We will use the inverse
transformations of (9.21), its differentials and forms (9.26), (9.27). The metric
(9.22) then becomes

gab =
1

Ω2

[−Q
̺2

(dτ − ωp2dσ)2 +
̺2

P
dp2 +

̺2

Qdq2 +
P

̺2
(ωq2dτ + dσ)2

]

, (9.52)
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where

Ω ≡qΩ = −(q + αp),

̺2 =q2 ρ2 = 1 + q2ω2p2,

P =
a2

ω2
(1 − ω2

a2
(cosϑ− l

ω
)2)(1 − a3

ω

a
(cosϑ− l

ω
) − a4

ω2

a2
(cosϑ− l

ω
)2),

Q(q) ≡q4Q = −(α2k + Λ/3) + 2αω−1nq + ǫq2 + 2mq3 + (ω2k + e2 + g2)q4,
(9.53)

and the coefficients are as in (9.24), (9.25)

a3 = 2α
a

ω
m− 4α2 al

ω2
(ω2k + e2 + g2) − 4

Λ

3
al, (9.54)

a4 = −α2 a
2

ω2
(ω2k + e2 + g2) − Λ

3
a2. (9.55)

with ǫ, n and k again given by (9.18)-(9.20).
We obtain the null tetrads by performing the inverse transformation of (9.21)

in (9.56) and (9.57), (9.58) and (9.59). Then the vectors and their dual forms are
expressed in the coordinates (p, τ, σ, q).

The null tetrad for Q < 0:
The vectors are

ka =
Ω√
2̺

( −1√
−Q

(∂τ − ωq2∂σ) +
√
−Q ∂q

)

,

la =
Ω√
2̺

(

1√
−Q

(∂τ − ωq2∂σ) +
√
−Q ∂q

)

,

ma =
Ω√
2̺

(

i√
P

(ωp2∂τ + ∂σ) −
√
P ∂p

)

,

ma =
Ω√
2̺

( −i√
P

(ωp2∂τ + ∂σ) −
√
P ∂p

)

.

(9.56)

The corresponding one–forms are

ka =
1

Ω

(

−
√

−Q
2

1

̺
(dτ − ωp2dσ) − ̺√

−2Q
dq

)

,

la =
1

Ω

(

+

√

−Q
2

1

̺
(dτ − ωp2dσ) − ̺√

−2Q
dq

)

,

ma =
1

Ω

(

+i

√

P

2

1

̺
(ωq2dτ + dσ) − ̺√

2P
dp

)

,

ma =
1

Ω

(

−i
√

P

2

1

̺
(ωq2dτ + dσ) − ̺√

2P
dp

)

.

(9.57)
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The null tetrad for Q > 0:
The vectors are

ka =
Ω√
2̺

( −1√
Q

(∂τ − ωq2∂σ) +
√
Q ∂q

)

,

la =
Ω√
2̺

( −1√
Q

(∂τ − ωq2∂σ) −
√
Q ∂q)

)

,

ma =
Ω√
2̺

(

i√
P

(ωp2∂τ + ∂σ) −
√
P ∂p

)

,

ma =
Ω√
2̺

(

− i√
P

(ωp2∂τ + ∂σ) −
√
P ∂p

)

.

(9.58)

The corresponding one–forms are

ka =
1

Ω

(
√

Q
2

1

̺
(dτ − ωp2dσ) +

̺√
2Q

dq

)

,

la =
1

Ω

(
√

Q
2

1

̺
(dτ − ωp2dσ) − ̺√

2Q
dq

)

,

ma =
1

Ω

(

+i

√

P

2

1

̺
(ωq2dτ + dσ) − ̺√

2P
dp

)

,

ma =
1

Ω

(

−i
√

P

2

1

̺
(ωq2dτ + dσ) − ̺√

2P
dp

)

.

(9.59)

The non-zero component of the Weyl in these tetrads is given by

Ψ2 =

[

(m+ in) + (e2 + g2)

(

q − αp

1 + iqωp

)](

q + αp

1 − iqωp

)3

. (9.60)

The non-zero component of the Ricci tensor is

Φ11 =
1

2
(e2 + g2)

(q + αp)4

(1 + q2ω2p2)2
. (9.61)

As we will demonstrate, this alternative form of the metric (2.52) is more useful
for investigation of the directional structure of radiation near conformal infinity.

9.4 Radiation in the complete family of the Plebański–

Demiański black hole spacetimes

Now we will generalize the above results to the Λ 6= 0 case of accelerating charged
black holes with rotation a and NUT parameter l. We will use the alternative
form (2.52) of the general metric for our investigation. Let us recall that

gab =
1

Ω2

[−Q
̺2

(dτ − ωp2dσ)2 +
̺2

P
dp2 +

̺2

Qdq2 +
P

̺2
(ωq2dτ + dσ)2

]

, (9.62)
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where

Ω = −(q + αp),

̺2 = 1 + q2ω2p2,

P =
a2

ω2
(1 − ω2

a2
(cosϑ− l

ω
)2)(1 − a3

ω

a
(cosϑ− l

ω
) − a4

ω2

a2
(cosϑ− l

ω
)2),

Q(q) = −(α2k + Λ/3) + 2αω−1nq + ǫq2 + 2mq3 + (ω2k + e2 + g2)q4,
(9.63)

α is the acceleration parameter, the coefficients a3 and a4 are given by (9.54) and
(9.55), and the parameters ǫ, n are defined by the constraints (9.18), (9.19)

ǫ =
ω2k

a2 − l2
+ 4α

l

ω
m− (a2 + 3l2)

[

α2

ω2
(ω2k + e2 + g2) +

Λ

3

]

, (9.64)

n =
ω2kl

a2 − l2
− α

a2 − l2

ω
m+ (a2 − l2)l

[

α2

ω2
(ω2k + e2 + g2) +

Λ

3

]

. (9.65)

The parameter k for a0 = 1 is
(

ω2

a2 − l2
+ 3α2l2

)

k = 1 + 2α
l

ω
m− 3α2 l

2

ω2
(e2 + g2) − l2Λ. (9.66)

These constraints define the values of k, n and ǫ, the remaining scaling freedom
is in the parameter ω which we can set to any convenient value with assumption
that a and l do not both vanish (otherwise ω = 0).

We observe that Ω−2 is factorized from the metric (9.62). The remaining part
of the metric in the square brackets is the conformal metric g̃ab. The conformal
factor is in the sense of the relation (3.1) between the conformal metric g̃ab and
the physical one gab given exactly as

Ω = − (q + αp) . (9.67)

The conformal factor must be positive, so we assume q+αp < 0. Obviously, when
we perform a limit q → 0 of the conformal factor, there remains the term αp with
the acceleration parameter which is non-trivial. This metric is thus convenient
from the point of view of the conformal structure and it is more useful for our
analyses.

The conformal infinity is localized on Ω = 0, and from (9.67) it gives an
important equation

q = −αp. (9.68)

This relation enables us to evaluate our results directly on I.
We easily obtain a gradient of Ω by differentiating (9.67) as

dΩ = −(dq + αdp), (9.69)

which, evaluated on Ω = const., gives the relation

dq = −αdp. (9.70)
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For further purposes, it is convenient to investigate the general expression

Q + α2P = −Λ
3
(1 + α2ω2p4)+Ω

[

(ω2k + e2 + g2)(q − αp)(q2 + α2p2)

+2m(q2 − αqp+ α2p2) + ǫ(q − αp) + 2αnω−1
]

.

(9.71)

The expression (9.71) has two parts, one with the parameter Λ and the second
part with a factorized conformal factor. The second part evaluated on I gives
zero. The expression (4.52) evaluated directly on I, by setting Ω = 0, gives

QI + α2P = −Λ

3

(

1 + α2ω2p4
)

. (9.72)

This expression will be very useful in evaluating our results directly on I.
Now we will examine the conformal metric g̃ab on I. When we substitute

(9.68), (9.70) into g̃ab from (9.62) and (9.63), we obtain

g̃ab|I =

[−QI
̺2
I

(dτ − ωp2dσ)2 + ̺2
I
QI + α2P

PQI
dp2 +

P

̺2
I

a

ω
(α2p2ωdτ + dσ)2

]

,

(9.73)
where the expressions for ̺ and Q changed to

̺I = 1 + α2p2ω2 (9.74)

and

QI = −(α2k + Λ
3
) − 2α

2

ω
np + ǫα2p2 − 2mα3p3 + (ω2k + e2 + g2)α4p4, (9.75)

where n, ǫ and k are the constraints (9.64), (9.65) and (9.66). The coordinate q is
not present in (9.73) because we made the substitution (9.68) and therefore only
the term proportional to dp2 appears in the conformal metric g̃ab|I . Furthermore,
when we use the expression (9.72), it is possible to evaluate the conformal metric
(9.73) on I more explicitly as

g̃ab|I =

[

−QI
̺|2I

(dτ − ωp2dσ)2 + ̺|2I
−Λ

3
(1 + α2ω2p4)

PQI
dp2 +

P

̺|2I
a

ω
(α2p2ωdτ + dσ)2

]

.

(9.76)
We observe from the last expression that g̃ab|I is regular on I for σ = ±1 (Λ 6= 0).
The case Λ = 0 has to be studied in another way, like the Kerr–Newman–de Sitter
solution in section 4.1.

We also calculated the inverse form of the physical metric (9.62) (using the
Maple software)

gab∂a ∂b = Ω2

[Q
̺2
∂q∂q +

P

̺2
∂p∂p −

̺2

QW [∂τ − ωq2∂σ]
2 +

̺2

P W [ωp2∂τ + ∂σ]
2

]

,

(9.77)
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where we denoted
W = [1 + ω2q2p2]2 = ̺2. (9.78)

The trace of metric (9.62) and (9.77) is gabg
ab = 4. This confirms that (9.77) is

really the inverse metric of (9.62).
We are now able to calculate the function Ñ and the conformal normal ña

to I, and σ from the definition (3.3). The function Ñ is, for the cases σ = ±1
and for every Ω = const, given by

Ñ =
̺

√

|Q + α2P |
. (9.79)

Then the conformal normal ña to I and σ are

ña = − 1
√

|Q + α2P |

(Q
̺
∂q +

αP

̺
∂p

)

, (9.80)

σ =
Q + α2P

|Q + α2P | . (9.81)

Clearly, we observe that if Q+α2P > 0 then σ = 1, and also conversely Q+α2P <
0 for σ = −1. Obviously, we can just explicitly evaluate the expression (9.81) on
I using (9.72). It gives

σ|I =
−Λ

3
(1 + α2ω2p4)

| − Λ
3
(1 + α2ω2p4)| =

−Λ

| − Λ| = −signΛ. (9.82)

We have thus confirmed the relation (3.5), σ = −sign Λ which tells us that the
character of I is related to the sign of cosmological constant.

The physical normal vector is according to (3.7) defined as na = Ωña, thus
for σ = ±1

na = − Ω
√

|Q + α2P |
(
Q
̺
∂q +

αP

̺
∂p). (9.83)

In the next sections we will derive explicit form of the radiation in the complete
family of Plebański–Demiański black holes spacetimes. We will discuss separately
the cases Λ > 0 and Λ < 0.

9.4.1 Radiation in the general metric with spacelike I
We will investigate the radiative properties of the general metric (9.62). The
separate cases can be divided according to the sign of the cosmological constant
as in the Kerr–Newman spacetimes. The cases Λ > 0 and Λ < 0 occur for Q < 0
and Q > 0. The sign of the term Q specifies which null tetrad from the section
(9.3) is convenient to use.

First, we will study the case when Λ > 0 with the tetrad chosen for Q < 0.
The algebraically special null tetrad is the tetrad (2.56) and (2.57) for the case

112
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Q < 0 of the general metric. We can easily identify the algebraically special
orthonormal tetrad using the definition (3.12) from the vectors (2.56) as

ts =
Ω

̺

√
−Q ∂q,

qs =
Ω

̺

−1√
−Q

(∂τ − ωq2∂σ),

rs = −Ω

̺

√
P∂p,

ss = −Ω

̺

[ωp2∂τ + ∂σ]√
P

.

(9.84)

We express the reference tetrad in terms of the algebraically special tetrad by
inverting the relations (3.47), as

to = cos−1 θs ts − tan θs rs,

qo = qs,

ro = cos−1 θs rs − tan θs ts,

so = ss.

(9.85)

Substituting (9.84) into (9.85), we obtain the reference tetrad for spacelike I

to =
Ω

̺

(

cos−1 θs
√
−Q∂q + tan θs

√
P∂p

)

,

qo =
Ω

̺

−1√
−Q

(∂τ − ωq2∂σ)

ro =
Ω

̺

(

− cos−1 θs
√
P∂p + tan θs

√
−Q∂q

)

,

so = −Ω

̺

[ωp2∂τ + ∂σ]√
P

.

(9.86)

The reference tetrad (9.86) must satisfy the adjustment condition (3.19) for
σ = −1 which is explicitly n = ǫoto, i.e.

n = ǫoΩ

(

cos−1 θs

√
−Q
̺

∂q + tan θs

√
P

̺
∂p

)

. (9.87)

On the other hand, the normal vector n is given by (9.83) for σ = −1,

n = − Ω√
−Q− α2P

(Q
̺
∂q +

αP

̺
∂p

)

. (9.88)

The normal vectors (9.87) and (9.88) have to be equal. By comparing them we
observe that it is necessary to set and then evaluate on I the following expressions
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(which we have already done by the substitution (9.68)),

cos θs =
√

1 + α2 P
QI

, (9.89)

tan θs = − α
√
P√

−QI − α2P
, (9.90)

sin θs = − α
√
P√

−QI
, (9.91)

where QI(p) is the expression (9.75), P(p) is given by (9.63), and we also observe
that ǫo = 1. In other words, the normal vector and the reference tetrad are
outgoing with respect to the future spacelike conformal infinity I+. We evaluated
the above expressions on I because we are interested in the form of cos θs, sin θs on
I. The parameter θs encodes the orientation of the algebraically special tetrad with
respect to the spacelike I. The expressions cos θs, sin θs and tan θs are functions
of only one coordinate p on the conformal infinity I.

Now we calculate the radiative component of the gravitational field. The only
non-zero component of the Weyl tensor (following the procedure described in [6])
with respect to the algebraically special tetrad is (9.60), let us recall it again,

Ψs
2 =

[

(m+ in) + (e2 + g2)

(

q − αp

1 + iqωp

)](

q + αp

1 − iqωp

)3

. (9.92)

The coefficient Ψs
2∗ is obtained from (3.51) for s = 2 as

Ψs
2 ≈ Ψs

2∗ η
−3, (9.93)

where η ≈ ǫΩ−1 and Ω = −(q + αp) so that η ≈ ǫ (−q − αp)−1. The leading
factor of the gravitational field is thus

Ψs
2∗ ≈ ηΨs

2 = ǫ(−q − αp)−3Ψs
2, (9.94)

for q → −αp when Ω → 0. After substitution of (9.92) into (9.94) we get

Ψs
2∗ ≈

ǫ

(1 − iqωp)3

[

(m+ in) + (e2 + g2)
q − αp

1 + iqωp

]

. (9.95)

The asymptotic directional structure has a standard form for spacelike I de-
scribed by (3.53), namely

|Ψi
4| ≈

3

2

1

|η|
|Ψs

2∗|
cos2 θs

A(θ, φ, θs). (9.96)

where we have conveniently denoted the angular directional dependence as

A(θ, φ, θs) = (sin θ + sin θs cos φ)2 + sin2 θs cos2 θ sin2 φ. (9.97)
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The asymptotic directional structure is determined by Ψs
2∗ evaluated on I and

by cos θs, sin θs which are given by (9.89) and (9.91), both evaluated on I.
The parameter sin θs can be rewritten from (9.91) using (9.72) as

sin θs = − α
√
P

√

α2P + Λ
3
(1 + α2ω2p4)

, (9.98)

and we can also rewrite cos θs from (9.89) and (9.72) as

cos2 θs =
Λ
3
(1 + α2ω2p4)

α2P + Λ
3
(1 + α2ω2p4)

, (9.99)

where the function P is given by (9.63). We are mainly interested in the con-
crete form of Ψs

2∗ evaluated on I. This normalization component (9.95) can be
rewritten as

|Ψs
2∗| =

√
D

(1 + q2ω2p2)3/2
, (9.100)

where

D = m2 + n2 + 2(e2 + g2)
(q − αp)(m− nqωp)

1 + q2ω2p2
+ (e2 + g2)2 (q − αp)2

1 + q2ω2p2
, (9.101)

and the parameters n, k and ǫ are given by the constraints (9.64), (9.66) and
(9.65). The particular form of |Ψs

2∗| on I can be obtained by substituting (9.68)
into the previous expression (9.101) as

|Ψs
2∗|I =

√
DI

(1 + α2ω2p4)3/2
, (9.102)

where

DI = m2 + n2 − 4α(e2 + g2)p
m+ nαωp2

1 + α2ω2p4
+ 4α2(e2 + g2)2 p2

1 + α2ω2p4
. (9.103)

We observe again that |Ψs
2∗|I depends only on the coordinate p. Then it is useful

to denote the factor of the radiation as

B(p) ≡ |Ψs
2∗|I

cos2 θs
. (9.104)

The final form of the asymptotic directional structure of radiation is thus

|Ψi
4| ≈

3

2

1

|η|B(p)A(θ, φ, θs), (9.105)
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where B(p) can be rewritten by (9.99), (9.102) and (9.103) as

B(p) =
α2P + Λ

3
(1 + α2ω2p4)

Λ
3
(1 + α2ω2p4)5/2

√

DI , (9.106)

with

DI = m2 + n2 − 4α(e2 + g2)p
m+ nαωp2

1 + α2ω2p4
+ 4α2(e2 + g2)2 p2

1 + α2ω2p4
, (9.107)

and the function P given by (9.63). The expressions (9.105), (9.106) and (9.107)
give the explicit formula for the radiative component of gravitational field in the
complete Plebański–Demiański black hole spacetimes in the de Sitter universe
for Q < 0. The other possibility Q > 0... The null direction along which
the field is measured is parametrized by angles θ, φ in expression A in (9.97).
The field itself is characterized by the normalization component |Ψs

2∗|I or B(p)
and the parameter θs fixes the orientation of the algebraically special directions
with respect to a spacelike infinity I. Two PNDs are both oriented outside the
manifold on future spacelike I+. There are two directions in which the radiation
vanish as which are spatially opposite to PNDs.

The result is consistent with [4] where the C-metric was investigated. The
difference is in the sign of sin θs that it is probably caused by the choice of the
reference tetrad. The other minor difference is again in the normalization of
the normal component of the vector ki which is defined slightly differently in [4]
and in the [3]. The result for α = 0, l = 0 reduces to our previous result for
Kerr–Newman–de Sitter presented in the section 4.1.1.

The amplitude of radiation B(p) is represented by expression which depends
on a single coordinate p and on the parameters m, α, ω, a, l, Λ, e, g. The co-
ordinate p specifies one point on the conformal infinity I while the parameters
characterize the sources (black holes) which generate the radiation. The depen-
dence of the amplitude B(p) on the parameters of the black holes is discussed in
section 9.5. Surprisingly, we will observe that the amplitude B(p) is quite similar
for spacelike I and also for the cases with timelike I, except of one special case.
Thus all these cases can be investigated together.

9.4.2 Radiation in the general metric with timelike I Q > 0

In this section we will subsequently discuss four possible orientations of PNDs on
timelike I for Λ < 0 in the tetrad for Q > 0.

We start with the case when one PND is outgoing and one is ingoing with
respect to I, see the section 3.6.3. The algebraically special null tetrad is repre-
sented by (2.58) and (2.59) for the case Q > 0 of the general metric (9.62). We can
easily identify the algebraically special orthonormal tetrad using the definition
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(3.12) from the vectors (2.58)

ts = −Ω

̺

1√
Q

(∂τ − ωq2∂σ),

qs =
Ω

̺

√
Q ∂q,

rs = −Ω

̺

√
P∂p,

ss = −Ω

̺

[ωp2∂τ + ∂σ]√
P

.

(9.108)

This algebraically orthonormal tetrad will be used troughout this section for all
cases which may appear on timelike I for Λ < 0 (Q > 0).

We express the reference tetrad in terms of the algebraically special tetrad by
inverting the relations (3.60),

to = ts,

qo = − tanhψs rs + cosh−1 ψs qs,

ro = cosh−1 ψs rs + tanhψs qs,

so = ss.

(9.109)

We find the reference tetrad by substituting (9.108) into (9.109) as

to = −Ω

̺

1√
Q

(∂τ − ωq2∂σ),

qo =
Ω

̺

(

+ tanhψs

√
P∂p + cosh−1 ψs

√
Q∂q

)

,

ro =
Ω

̺

(

− cosh−1 ψs

√
P∂p + tanhψs

√
Q∂q

)

,

so = −Ω

̺

[ωp2∂τ + ∂σ]√
P

.

(9.110)

The reference tetrad must satisfy the adjustment condition (3.19) for σ = +1
which is explicitly n = −ǫoqo, i.e.

n = −ǫo
Ω

̺

(

+ tanhψs

√
P∂p + cosh−1 ψs

√
Q∂q

)

. (9.111)

On the other hand, the normal vector n is given by (9.83) for σ = +1,

n = − Ω√
Q + α2P

(Q
̺
∂q + α

P

̺
∂p

)

. (9.112)
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The normal vectors (9.111) and (9.112) have to be equal. By comparing them
we observe that it is necessary to set and evaluate on I the expressions as

coshψs =
√

1 + α2 P
QI

, (9.113)

tanhψs =
α
√
P√

QI + α2P
, (9.114)

sinhψs =
α
√
P√

QI
, (9.115)

where QI is the expression (9.75), P is (9.63), and we also observe that ǫo = +1.
It means, the normal vector is ingoing and one PND ks is outgoing while ls is
ingoing with respect to the timelike conformal infinity I.

Again, we evaluated the above expressions on I because then the parameter
ψs encodes the orientation of the algebraically special tetrad with respect to I.
The expressions cosψs, sinψs and tanψs are functions of coordinate p only.

We are able to calculate the radiative component of the gravitational field.
The procedure is almost the same as in the previous spacelike case, the normaliza-
tion factor is (9.95) and its evaluation on I is (9.102). The asymptotic directional
structure of radiation has a form (3.64), namely

|Ψi
4| ≈

3

2

1

|η|
|Ψs

2∗|
cosh2 ψs

A1(ψ, φ, ψs) (9.116)

and it is determined by Ψs
2∗ evaluated on I, and by coshψs, sinhψs which are

given by (9.113) and (9.115), both evaluated on I, and the directional angular
dependence is

A1(ψ, φ, ψs) = (sinhψ + ǫ sinhψs cosφ)2 + sinh2 ψs cosh2 ψ sin2 φ,

where we substituted ǫo = +1.
The term sinhψs can be rewritten from (9.115) by (9.72) as

sinhψs =
α
√
P

√

−α2P − Λ
3
(1 + α2ω2p4)

, (9.117)

and we can also rewrite coshψs from (9.113) by (9.72) as

cosh2 ψs =
Λ
3
(1 + α2ω2p4)

α2P + Λ
3
(1 + α2ω2p4)

, (9.118)

where the function P is given by(9.63). If we denote the amplitude of the radia-
tion as

B(p) =
|Ψs

2∗|I
cosh2 ψs

, (9.119)
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the asymptotic directional structure has the form

|Ψi
4| ≈

3

2

1

|η|B(p)A1(ψ, φ, ψs) (9.120)

where B(p) can be rewritten by (9.102),(9.118) and (9.107) as

B(p) =
α2P + Λ

3
(1 + α2ω2p4)

Λ
3
(1 + α2ω2p4)5/2

√

DI (9.121)

and

DI = m2 + n2 − 4α(e2 + g2)p
m+ nαωp2

1 + α2ω2p4
+ 4α2(e2 + g2)2 p2

1 + α2ω2p4
, (9.122)

where the parameters n, k and ǫ are given by the constraints (9.64), (9.66) and
(9.65).

We obtained the explicit formula for the radiative component of gravitational
field of the black hole spacetimes in the anti-de Sitter background for Q > 0. The
null direction is parametrized by ψ, φ in expression (9.120). The field itself is
characterized by the normalization component |Ψs

2∗|s or B(p) and the parameter
ψs fixes the orientation of the algebraically special directions with respect to a
timelike infinity I.

The PNDs are oriented on I such that one PND k is outgoing and the other
PND l is ingoing with respect to I. There exists just one ingoing direction
of vanishing radiation which is a mirror reflection of PND k and one outgoing
direction of mirrored reflection of PND l. The result is fully consistent with
[5] where the C-metric was investigated for α <

√

−Λ/3. For this range of
acceleration, the C-metric represents a single accelerating black hole.

We observe that the amplitude B(p) is identical with the amplitude from
previous section for spacelike I, see equations (9.106), (9.107). The dependence
of the amplitude B(p) will be investigated in the section 9.5 together with other
cases.

In the following we will discuss the remaining possible cases.
First, we first consider the case 3.6.4 where both PNDs are oriented to be out-

going or both ingoing. The identification of the algebraically special orthonormal
tetrad from its definition (3.12) for the vectors of the tetrad (2.58) is the same
as in the previous case (9.108). We express the reference tetrad in terms of the
algebraically special tetrad by inverting the relations (3.68) as

to = + sinh−1 ψs rs + cothψsts,

qo = − sinh−1 ψs ts − cothψs rs,

ro = qs,

so = ss.

(9.123)
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When we substitute (9.108) into (9.123), we obtain the reference tetrad

to =
Ω

̺

(

− sinh−1 ψs

√
P∂p − cothψs

1√
Q

(∂τ − ωq2∂σ)

)

,

qo =
Ω

̺

(

sinh−1 ψs
1√
Q

(∂τ − ωq2∂σ) + cothψs

√
P∂p

)

,

ro =
Ω

̺

√
Q ∂q

so = −Ω

̺

[ωp2∂τ + ∂σ]√
P

.

(9.124)

This reference tetrad must satisfy the adjustment condition (3.19) for σ = +1
which is explicitly n = −ǫoqo as

n = −ǫo
Ω

̺

(

sinh−1 ψs
1√
Q

(∂τ − ωq2∂σ) + cothψs

√
P∂p

)

. (9.125)

The normal vector n calculated directly from the metric is given by (9.112).
These two vectors have to be equal again. We have to choose the parameter ψs

in (9.125) to obtain the vector qo proportional to the normal n. However, we
observe that the component ∂q of the normal vector n (9.112) is not present in
the vector (9.125). This reference tetrad thus does not satisfy the adjustment
condition, so that this case does not appear as a possible asymptotic behavior of
the gravitational field of the studied family of black hole spacetime in the anti de
Sitter universe.

We can also calculate the projection of ks into I, to check this result. Begin-
ning from (3.25), using (9.124) and (3.67), we obtain ks · qo = 1√

2
sinh−1 ψs, and

the projection is thus

ts =
Ω

̺

(

− sinhψs(1 + sinh−2 ψs)
1√
Q

(∂τ − ωq2∂σ)

+ sinhψs

√
Q∂q − cothψs

√
P∂p

)

.

(9.126)

Again, because the vector ts is a projection of ks onto I and n is normal vector
to I, the scalar product must be ts · n = 0. The scalar product has a form

ts · n =
− sinhψs√
Q + α2P

(

√
Q +

√
Pα

coshψs

)

. (9.127)

The scalar product is zero only when sinhψs = 0 or when coshψs = −
√
Pα√
Q .

When we substitute these conditions into qo, the first condition implies that the
first part of qo diverges, the second condition implies that the second part of the
vector qo is proportional to the normal vector n (9.112), but still the first part
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of qo is not. Therefore, these two conditions which satisfy ts · n = 0 do not give
consistent results.

Now we will investigate the case described in section 3.6.5, the case when one
PND is tangent to I. The identification of the algebraically special orthonormal
tetrad is (9.108). We express the reference tetrad in terms of the algebraically
special tetrad by inverting the relations (3.77). We obtain

to = 3
2
ts + 1

2
qs − rs,

qo = rs − 1
2
ts + 1

2
qs,

ro = rs − ts − qs,

so = ss.

(9.128)

Substituting (9.108) into (9.128), we obtain the reference tetrad

to =
Ω

̺

(

−3

2

1√
Q

(∂τ − ωq2∂σ) +
1

2

√
Q ∂q +

√
P∂p

)

,

qo =
Ω

̺

(

−
√
P∂p +

1

2

1√
Q

(∂τ − ωq2∂σ) +
1

2

√
Q ∂q

)

,

ro =
Ω

̺

(

−
√
P∂p +

1√
Q

(∂τ − ωq2∂σ) −
√
Q ∂q

)

,

so = −Ω

̺

[ωp2∂τ + ∂σ]√
P

.

(9.129)

This reference tetrad must satisfy the adjustment condition (3.19) When we
compare the vector qo with such normal n (9.112), we observe that the vector qo

has components ∂q and ∂p pointing in the same direction as the normal n, but
qo has one another component 1

2
1√
Q(∂τ − ωq2∂σ) which cannot disappear. This

reference tetrad thus again does not satisfy the adjustment condition. We can
also calculate the projection of ks into I. Using (3.25), (9.129) and (3.76), we
obtain ks · qo = 1√

2
, and the the projection is

ts =
Ω

̺

(

1

2

√
Q ∂q +

√
P∂p −

3

2

1√
Q

(∂τ − ωq2∂σ)

)

. (9.130)

Again, the scalar product must be ts · n = 0 and thus this condition is not
satisfied: we obtain ts · n = −(

√
Pα+ 1

2

√
Q)/(

√
Q + α2P ). When this vanishes,

the situation is unphysical.

This case thus again does not represent the asymptotic behavior of the grav-
itational field of the complete family of black hole solutions in anti-de Sitter
universe.

The last possible case is described in the section 3.6.6, when two PNDs are
tangent to I. We only write the inverse relation between the reference tetrad and
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the algebraically special tetrad (3.86) as

to = ts,

qo = −rs,

ro = qs,

so = ss,

(9.131)

and after substituting from (9.108) into (9.131) we get

to = −Ω

̺

1√
Q

(∂τ − ωq2∂σ),

qo =
Ω

̺

√
P∂p,

ro =
Ω

̺

√
Q ∂q,

so = −Ω

̺

[ωp2∂τ + ∂σ]√
P

.

(9.132)

The vector qo does not point into the both directions ∂q and ∂p as the normal
vector n. But when we set Q = 0, the normal vector (9.112) becomes (the
function P > 0 is positive)

n =
Ω

̺

√
P∂p. (9.133)

and the vector qo is proportional to (9.133). The adjustment condition is thus
satisfied on horizons where Q = 0, and we observe that ǫo = +1. But we
investigate the radiation at infinity, so that the adjustment condition is satisfied
on roots of QI given by (9.75). The directional structure is given by (3.91),
where the amplitude of the radiation will be fully determined by |Ψs

2∗|I . When we
substitute the roots of QI into |Ψs

2∗|I , it becomes constant, of course, depending
on the parameters of the sources.

This special case thus also occurs as a possible directional structure of radia-
tion of general metric. It is a new feature, which does not occur in the C–metric
and need further investigation.

To summarize the asymptotic directional structure of radiation near the time-
like conformal infinity I for the general metric (9.62) in anti-de Sitter spacetime
with small acceleration: it is characterized by the directional structure (9.121)
corresponding to the situation when one PND k is ingoing and the other PND l
is outgoing with respect to I, which is fully consistent with the results presented
in [5] for the C–metric, and by the structure where both PNDs are tangent to
I on roots of QI that is not present in the C–metric and is completely new.
Again, there is a small difference in the normalization of the normal component
of the vector ki. We also observe that this section for timelike I of the com-
plete family of black hole spacetimes for small acceleration is quite similar to the
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section 4.1.2 of Kerr–Newman–anti-de Sitter spacetime. This section is thus a
generalization of the section on the Kerr–Newman–anti-de Sitter solution which
includes acceleration.

9.4.3 Radiation in the general metric with timelike I Q < 0

Again, we will gradually discuss all four possible orientations of PNDs on timelike
I for Λ < 0 in tetrad where Q < 0. This situation does not appear in the
directional structure of the Kerr–Newman–de Sitter spacetime.

First, we start with the case when one PND is outgoing and one is ingoing
with respect to I, see section 3.6.3. We have previously identified the algebraically
special orthonormal tetrad (9.84) and the normal vector n for Q < 0, (9.88) in
the section 9.4.1 for spacelike I. This tetrad and the normal vector are the same
for all cases in this section. We express the reference tetrad in terms of the
algebraically special tetrad by inverting the relations (3.60), we obtain

to = ts,

qo = − tanhψs rs + cosh−1 ψs qs,

ro = cosh−1 ψs rs + tanhψs qs,

so = ss.

(9.134)

Substituting (9.84) into (9.134), we find the reference tetrad

to =
Ω

̺

√
−Q∂q,

qo =
Ω

̺

(

tanhψs

√
P∂p − cosh−1 ψs

1√
−Q

(∂τ − ωq2∂σ)

)

,

ro =
Ω

̺

(

− cosh−1 ψs

√
P∂p − tanhψs

1√
−Q

(∂τ − ωq2∂σ)

)

,

so = −Ω

̺

[ωp2∂τ + ∂σ]√
P

.

(9.135)

The reference tetrad must satisfy the adjustment condition (3.19) which is ex-
plicitly n = −ǫoqo, i.e.

n = −ǫo
Ω

̺

(

tanhψs

√
P∂p − cosh−1 ψs

1√
−Q

(∂τ − ωq2∂σ)

)

. (9.136)

The normal vector obtained from the metric (9.112) and (9.136) have to be equal.
By comparing them we observe that the component ∂q of the normal vector n
does not appear in the normal from reference tetrad (9.136). This reference tetrad
thus does not satisfy the adjustment condition, this case does not appear as a
possible asymptotic behavior of the gravitational field of the complete family of
black hole spacetime in anti-de Sitter universe.
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We can also calculate the projection of ks into I, to prove this result. Begin-
ning from (3.25), using (9.135) and (3.58), we obtain ks · qo = 1√

2
cosh−1 ψs, and

the projection then is

ts =
Ω

̺

(

coshψs

√
−Q∂q − tanhψs

√
P∂p

+ (
1

coshψs

− coshψs)
1√
−Q

(∂τ − ωq2∂σ))

)

.

(9.137)

Again, the vector ts is a projection of ks onto I and n is normal vector n (9.88)
to I, the scalar product must be ts ·n = 0. When we calculate the scalar product,

ts · n = − 1√
Q + α2P

(

coshψs

√
−Q + tanhψsα

√
P
)

, (9.138)

we observe that when ts · n = 0 is satisfied, the implied expression does not give
useful results. This case again does not represent the asymptotic behavior of the
gravitational field of the complete family of black hole solutions in anti-de Sitter
background.

Now we will investigate the case 3.6.4, in which both PNDs are oriented to be
outgoing or both ingoing. The algebraically special orthonormal tetrad is (9.84).
The reference tetrad expressed in terms of the algebraically special tetrad is the
inverse of relations (3.68),

to = + sinh−1 ψs rs + cothψsts,

qo = − sinh−1 ψs ts − cothψs rs,

ro = qs,

so = ss.

(9.139)

When we substitute (9.84) into (9.139), we obtain the reference tetrad in
terms of the coordinate tetrad as

to =
Ω

̺

(

− sinh−1 ψs

√
P∂p + cothψs

√
−Q∂q

)

,

qo =
Ω

̺

(

− sinh−1 ψs

√
−Q∂q + cothψs

√
P∂p

)

,

ro =
Ω

̺

−1√
−Q

(∂τ − ωq2∂σ),

so = −Ω

̺

[ωp2∂τ + ∂σ]√
P

.

(9.140)

This reference tetrad must satisfy the adjustment condition, so n = −ǫ0q0,

n = −ǫo
Ω

̺

(

− sinh−1 ψs

√
−Q∂q + cothψs

√
P∂p

)

. (9.141)
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By comparing (9.141) with (9.112), we observe that it is necessary to set and
evaluate on I the following expressions

coshψs =
α
√
P√

−QI
, (9.142)

cothψs =
α
√
P√

QI + α2P
, (9.143)

sinhψs =

√

QI + α2P

−QI
, (9.144)

where QI is the expression (9.75), P is (9.63) and we also observe that ǫo = +1.
It means that the normal vector is outgoing and both PNDs are outgoing with
respect to the timelike conformal infinity I. Again, we evaluated the above
expressions on I and they are dependent only on the coordinate p.

We may calculate the radiative component of the gravitational field. The
procedure is almost the same as in the previous spacelike case, the normalization
factor is (9.95) and its evaluation on I is (9.102). The asymptotic directional
structure has a form (3.73),

|Ψi
4| ≈

1

|η|
3

2

|Ψs
2∗|

sinh2 ψs

A2(ψ, φ, ψs). (9.145)

Where we denoted the angular dependence as

A2(ψ, φ, ψs) = (coshψs + ǫ coshψ)2 + sinh2 ψs sinh2 ψ sin2 φ,

and we substituted ǫo = +1. Then sinhψs can be rewritten from (9.144) using
(9.72) as

sinh2 ψs = −
Λ
3
(1 + α2ω2p4)

α2P + Λ
3
(1 + α2ω2p4)5/2

(9.146)

and we can also rewrite coshψs from (9.142) as

coshψs =

√
Pα

√

α2P + Λ
3
(1 + α2ω2p4)

, (9.147)

where the function P is given by (9.63).
We also denote the amplitude of the radiation as

B(p) =
|Ψs

2∗|I
sinh2 ψs

. (9.148)

Consequently, the asymptotic directional structure has a form

|Ψi
4| ≈

3

2

1

|η|B(p)A2(ψ, φ, ψs), (9.149)
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where B(p) can be rewritten by (9.102), (9.147) and (9.107) as

B(p) = − α2P + Λ
3
(1 + α2ω2p4)

Λ
3
(1 + α2ω2p4)5/2

√

DI (9.150)

with

DI = m2 + n2 − 4α(e2 + g2)p
m+ nαωp2

1 + α2ω2p4
+ 4α2(e2 + g2)2 p2

1 + α2ω2p4
, (9.151)

where the parameters n, k and ǫ are given by the constraints (9.64), (9.66) and
(9.65).

We obtained the explicit formula for the radiative component of gravitational
field of the accelerated black holes in the anti-de Sitter universe for Q <0. Both
PNDs are oriented outwards with respect to I. There is no outgoing direction
along which the radiation vanishes because mirrored reflections of both PNDs are
ingoing. But there are two ingoing vanishing-radiation directions given by the
mirrored reflections of both PNDs. This result is consistent with [5] where the
C-metric was investigated for α >

√

−Λ/3.
We observe that the amplitude B(p) given by (9.149) is identical up to a sign

with the magnitudes from previous sections for spacelike I and for timelike I
with small acceleration, see equations (9.106), (9.107) and (9.121), (9.122). The
dependence of the amplitude B(p) will be investigated in section 9.5.

We now investigate the next case described in section 3.6.5, the case when one
PND is tangent to I. The identification of the algebraically special orthonormal
tetrad is (9.84). We express the reference tetrad in terms of the algebraically
special tetrad by inverting the relations (3.77). We obtain

to = 3
2
ts + 1

2
qs − rs,

qo = rs − 1
2
ts + 1

2
qs,

ro = rs − ts − qs,

so = ss.

(9.152)

Substituting (9.84) into (9.152), we obtain the reference tetrad

to =
Ω

̺

(

3

2

√
−Q ∂q −

1

2

1√
−Q

(∂τ − ωq2∂σ) +
√
P∂p

)

,

qo =
Ω

̺

(

−
√
P∂p −

1

2

√
−Q ∂q −

1√
−Q

(∂τ − ωq2∂σ)

)

,

ro =
Ω

̺

(

−
√
P∂p +

1√
−Q

(∂τ − ωq2∂σ) −
√
−Q ∂q

)

,

so = −Ω

̺

[ωp2∂τ + ∂σ]√
P

.

(9.153)

This reference tetrad must satisfy the adjustment condition (3.19). When we
compare the vector qo with the normal n (9.112), we observe that the vector
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qo has components ∂q and ∂p pointing in the same direction as the normal n,
but qo has another component which cannot disappear. This reference tetrad
thus again does not satisfy the adjustment condition. We can also calculate the
projection of ks into I as in the section for small acceleration and its discussion
is quite similar. This case again does not represent the asymptotic behaviour of
the gravitational field of black hole solutions in anti-de Sitter.

The last possible case is described in the section 3.6.6 when two PNDs are
tangent to I. We write the inverse relation between the reference tetrad and the
algebraically special tetrad (3.86) as

to = ts,

qo = −rs,

ro = qs,

so = ss,

(9.154)

and after substituting from (9.84) into (9.154), we get

to =
Ω

̺

√
−Q ∂q,

qo =
Ω

̺

√
P∂p,

ro = −Ω

̺

1√
−Q

(∂τ − ωq2∂σ),

so = −Ω

̺

[ωp2∂τ + ∂σ]√
P

.

(9.155)

As in the previous section, this reference tetrad satisfy the adjustment condition
n = −ǫoqo for σ = +1 because the vector qo points into the ∂p direction as the
normal for special case when QI = 0. We will not discuss this special case in this
work. This degenerate case thus also occur as a possible asymptotic directional
structure of the complete family of black hole spacetimes in anti-de Sitter space.

To sum up: the asymptotic directional structure of radiation near the time-
like conformal infinity I for the general metric (9.62) for Λ < 0 and Q < 0 is
characterized by the case (9.149) corresponding to the situation when both PNDs
are oriented outward with respect to I. The other possible exceptional structure
is when both PNDs are tangent to I.

This result is not yet completely consistent with the results presented in [5] for
the C-metric. The C-metric has two possible directional structures, first when one
PND k is outgoing and the other one PND l is ingoing, second when two PNDs
are oriented outwards with respect to I. The conformal infinity in C–metric is
divided into domains with different structures of PNDs, on the boundaries the
PNDs are tangent to I. The C–metric represents two accelerating black holes for
α >

√

−Λ/3 which are causally separated.
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The first case does not occur in the general metric studied here for large
acceleration. Most probably, the coordinates which we are using here do not
cover completely the manifold of the general metric near I. The possible structure
of both PNDs tangent to I on horizons of Q on I also does not appear in the
C–metric. More work is necessary to investigate this particular feature.

9.5 Discussion of the amplitude B(p) of radiation

In previous sections we found that the amplitude of radiation B(p) has an iden-
tical form for spacelike I as (9.106), (9.107) with Q < 0, and for timelike I as
(9.121), (9.122) with Q > 0. The amplitude B(p) for timelike I given by (9.150),
(9.151) with Q < 0 is similar up to a sign.

The amplitude B(p) is very similar for all these cases because it is generally
given by the same field component |Ψs

2∗|I and by cos θs (9.99) for spacelike I,
or coshψs (9.118) for timelike Q > 0) which have, quite surprisingly, the same
form. The term sinhψs (9.146) for timelike I (Q < 0) is the same up to a sign.
To have just one expression for amplitude B(p) for all cases mentioned above.
For convenience, we introduce parameter b which distinguishes these cases. The
parameter is b = 1 applies for spacelike I and timelike I for Q > 0, while b = −1
for timelike I Q < 0.

The amplitude B(p) depends on a single coordinate p and on the physical
parameters α, m, a, l, e, g, Λ (and ω). We will now investigate the shape of the
function B(p) and the influence of these parameters. The conformal infinities are
distinguished by different ranges of parameters α and Λ and also by the parameter
b.

It is also very convenient to do transformation

p = cosϑ, (9.156)

where ϑ ∈ [0, π].
First, we will study the physically most interesting case of accelerating Kerr–

Newman–de Sitter black holes (see section 9.2.2): we set the NUT parameter
l = 0. This implies ω = a (k = 1). The parameter n is then n = −αam, and
when we put these parameters into (9.150) and (9.151), we get the amplitude
B(ϑ) in the form

B(ϑ) = b
(1 + α2a2 cos4 ϑ) + 3

Λ
α2P

(1 + α2a2 cos4 ϑ)5/2

×
√

m2(1 + α2a2) − 4mα(e2 + g2) (1−α2a2 cos2 ϑ) cosϑ
1+α2a2 cos4 ϑ

+ 4(e2 + g2)2 α2 cos2 ϑ
1+α2a2 cos4 ϑ

,

(9.157)

where

P = sin2 ϑ(1 − 2αm cosϑ+
[

α2(a2 + e2 + g2) + Λ
3
a2
]

cos2 ϑ) (9.158)
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which must be positive to retain the Lorentzian signature (P > 0).
Notice that for ϑ = π

2
one gets simply

B(ϑ = π
2
) = bm(1 + 3

Λ
α2)

√
1 + α2a2. (9.159)

For bigger rotational parameter a, the radiation is thus stronger when (α 6= 0).
In particular, to visualize the results we have chosen the values of parameters

of the Kerr–Newman black holes as m = 1.1, e = g = 0.5. The parameter a then
can not be chosen arbitrarily. It is necessary to respect the location of horizon of
the black hole. The function Q has a form (see section (9.2.2))

Q = (ω2k + e2 + g2) − 2mr + r2 − 1

3
Λr2(r2 + a2). (9.160)

The horizons are determined by Q = 0 and the above function is cubic equation
for r and it is not easy to solve. If we consider horizons for Λ = 0 the function
(9.160) factorizes as

Q =
(

(a2 + e2 + g2) − 2mr + r2
)

(1 − α2r2). (9.161)

The inner/outer horizons of the black hole occurs for Λ = 0 on

r± = m±
√

m2 − a2 − e2 − g2 (9.162)

and the acceleration horizon is located on r = 1/α. To avoid a naked singularity
case, we thus have to satisfy the condition

m2 > a2 + e2 + g2. (9.163)

which follows from (9.162). According to this relation we set a ∈ [0, 0.7]. Let
us remark that we have used the coordinate r = −1/q instead of q, but these
conclusions are obviously valid in general. The parameters must also satisfy
following: α > 0, e > 0, g > 0, a2 > e2, a2 > g2.

We realized that we have problems with negative values of B(ϑ) for timelike
I Q < 0, so I tried the next methods.

First, I tried to look numerically for roots of Q and then draw graphs for
values of parameters, which give four roots of Q. But it did not work, because
when I found four roots of Q, the B(ϑ) went to negative values (the reason is
that condition P > 0 was not satisfied).

So, I tried something more easier. I started to fix gradually the parameters,
first m, e, g, a,Λ and then look for values of α to make the graph B(ϑ) positive.
I used the values of parameters from the first part of this text. The ranges of α
really correspond to the limit from the beginning of this text (9.3). The graphs
in the first version (first part of this text) of my diploma thesis are correct and I
found that I am not able to make the graphs for timelike I Q < 0 fully positive
and this is also valid for the limit of C–metric.
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9.5.1 Discussion of B(ϑ) for C-metric

Secondly, we will discuss the important special case namely, the non–rotating
charged C–metric with cosmological constant. It can be obtained from the pre-
vious amplitude B(ϑ) given by (9.157) and (9.158) when we simply set a = 0.
Then we obtain the following expression for the amplitude of radiation,

B(ϑ) = b (1 + 3
Λ
α2P )(m− 2α(e2 + g2) cosϑ), (9.164)

where
P = sin2 ϑ(1 − 2αm cosϑ+ α2(e2 + g2) cos2 ϑ). (9.165)

and subsequently,

m− 2α(e2 + g2) cosϑ > 0 and P > 0. (9.166)

We first look at the correspondence with papers about C-metric. We will compare
our result (9.164) with papers [4] (Λ > 0) and [5] (Λ < 0).

For Λ > 0, our result (9.164) fully agrees with Eq. 5.19 [4], because there
exists transformation between the coordinates used in [4] and coordinates used
in our work, that

−x∞ = ξ = p = cos ϑ, (9.167)

and also it is necessary to rescale the affine parameter η, which is fixed by γ, like

(
√

2aΛ)2γ = 1. (9.168)

After we use (9.167) and (9.168), we observe that our result agrees with the paper
[4]. (We also observe, that expressions for sin θs and cos θs from [4] agree with
our expressions).

For Λ < 0, we are able to compare our result (9.164) only with the Eq. 4.21
from [5]. We use the transformation (9.167) and we have to rescale the affine
parameter η by

|Λ|
4γ

=
3

2
, (9.169)

to observe that the prefactors coincide. Unfortunately, we are not able to compare
explicit expressions for There are not explicit expressions for sinhψs and coshψs
which are not presented in the paper [5] for all possibilities of orientation of PNDs.
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