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1. Introduction

1 Introduction

Many rigorous theoretical studies have been devoted to investigation of gravita-
tional waves within the full Einstein theory since 1950s. These are described in
various review articles, such as [1, 2] and [3]. In many existing analyses the asymp-
totic flatness has been naturally assumed and the presence of a non-vanishing
cosmological constant A was not usually considered. The importance of such
studies rises due to the fact that the possible presence of a positive A has been
indicated by recent observations. Moreover, the spacetimes with cosmological
constant are now used in various branches of theoretical research, e.g. brane
cosmologies, supergravity or string theories.

Krtous and Podolsky recently analyzed the asymptotic directional properties
of electromagnetic and gravitational fields in spacetimes with a non-vanishing
cosmological constant A. It had been known for a long time that the dominant
(radiative) component of the fields in spacetimes with A # 0 depends on the
direction along which a null geodesics approaches a given point at conformal
infinity Z, contrary to the asymptotically flat spacetimes where the dominant
term of radiation is unique.

First, they studied the radiation in the C-metric spacetime with A which
represents accelerated black holes in de Sitter (A > 0) [4] and anti-de Sitter
(A < 0) [5] universe. Their results were summarized and discussed in the topical
review [3] where they presented the general asymptotic directional behaviour of
any massless field of spin s. The fields of algebraic type D were investigated
more explicitly in [6]. Furthermore, the generalization to higher dimensions was
recently presented in [7].

The authors demonstrated in [3] that the directional structure of radiation has
a universal character which is determined by the algebraic (Petrov) type of the
field, namely by the number, degeneracy and specific orientation of the principal
null directions with respect to Z. It covers all three possibilities A > 0, A < 0
and A = 0, corresponding to a spacelike, timelike or null conformal infinity.

The main intention of this diploma thesis is to apply the above general theory
on particular exact model spacetimes of type D and to find the relation between
the structure of the sources (namely the mass, the charge, the NUT parameter,
the rotation and the acceleration of the corresponding black holes) and the prop-
erties of radiation which is generated by them, as observed at spacelike or timelike
conformal infinity Z. As the specific models we use the Plebanski-Demianski fam-

ily of solutions, first presented in [8]. This class of solutions was studied recently
in detail by Griffiths and Podolsky in [9, 10, 11] and [12].

The text is organized as follows. In section 2 we review necessary facts about
the family of spacetimes of type D found by Plebanski and Demianski. In sec-
tion 3 we first introduce geometrical concepts and objects and we set up the
notation which will be followed throughout the text. Then we define tetrads and
explicit expression which describes the behavior of the field at any conformal
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infinity. The relevant work [6] is more explicitly reviewed. In section 4 we apply
the general theory introduced in section 3 to particular exact model spacetimes
of type D described in section 2. First, we study the Kerr-Newman-de Sitter
solution. Then we investigate the general Plebanski-Demianski family of solu-
tions, containing not only the mass and the charge of the black holes but also
rotation, the NUT parameter and non-zero acceleration. We derive the corre-
sponding radiation near de Sitter or anti-de Sitter-like conformal infinity. In the
final subsection 9.5 we discuss the results, in particular the dependence of the
amplitude of radiation on the parameters of the sources in various subcases. We
hope that this can provide a deeper insight into the general theory of radiation.
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2 The Plebanski—Demianski class of solutions

The complete family of spacetimes of algebraic type D with an aligned electro-
magnetic field and a possibly non-zero cosmological constant A can be represented
in a form of the Plebanski-Demianiski metric [8, 10] and those specific metrics
which can be derived from it by certain limiting procedures (because some par-
ticular and well-known cases are not included explicitly in the original form of
the Plebanski-Demianski metric).

In [10] a new form of this metric was described which is more useful for
physical interpretation and for identifying different subfamilies. The parameters
employed in the new metric have clear physical interpretation and it is possible
to classify the complete family in the way that clarifies their physical properties.
The new metric explicitly contains two parameters o and w which describe the
acceleration of the sources and the twist of the principal null congruences. These
solutions are characterized by two general quartic functions whose coefficients are
related to- the physical parameters of the spacetime. The physical meaning of
these coefficients was clarified and the relation between the Plebanski-Demianski
parameter n and the NUT parameter [ was identified. These coefficients were
traditionally misinterpreted in the general case.

We will study here the most important solutions from the Plebanski—Demianski
family. In particular, we wish to investigate the specific radiative properties of
(possibly) accelerating black holes with charge and rotation in asymptotically
Minkowski, de Sitter or anti—de Sitter universe.

First, we summarize basic facts about these solutions. In [10] the signature
(1,—1,—1,—1) of the metric has been used. We use here an opposite signature
of the metric because we need to follow the notation of the review [3] for further
study of the asymptotic behavior of these solutions. The metrics are thus changed
as g, — —8a- We will also make some other minor changes in the spacetimes
forms presented in [9, 10, 11, 12].

2.1 Initial form of the metric

The original Plebanski-Demiariski metric [8] can be written in the form [10]

1 —Q

— d _ 2d 2 d 2d 2
Eab (1 —apr)? w2p2+r2( 7~ wp'do) +w2p2—|—r2(w 7+ rdo) (2.1)
w2p2+r2d2+w2p2+r2d2 '
il LI “Yr Tl
P p Q 9
where
P(p) =k + 2w 'np — ep® + 2amp® — [aQ(ka + e+ g*) + wQA/S} pt, (2.2)

Q(r) = (Wk +e* + ¢g*) — 2mr + er? — 2aw ™~ 'nr® — (a®k + A/3)r?,

and m, n, e, g, A, €, k, « and w are arbitrary real parameters of which two can
be chosen for convenience. Only the parameters A, e and g have their traditional

10



2. The Pleba hski-Demia Aski class of solutions

physical interpretation in this metric. The large family of type D spacetimes
given by the metric (9.1) admits (at least) two commuting Killing vectors 0, and
0, whose orbits are spacelike for ) > 0 and timelike for ) < 0. Surfaces on
which @) = 0 are horizons, points at P = 0 are poles (axes).

Plebanski and Demianski considered in their original work [8] that & = 1 and
w = 1. In [10, 11] it was shown that the physical interpretation of the param-
eters can be determined more easily when o and w are retained as continuous
parameters and € and k are set to convenient values (without changing their
signs).

It is thus appropriate to describe the full family of solutions in terms of seven
continuous parameters m, n, e, g, A, @ and w and two auxiliary ones € and k
which can be set conveniently. Their meaning is as following;:

and g are the electric and the magnetic charges
is the cosmological constant
is the acceleration of the sources

is the twist parameter

is related to the mass of the source

s 3 € 2 = o

is the Plebanski and Demianski parameter.

In some particular cases w is directly related to both the angular velocity of
sources and the effects of the NUT parameter. The metric is flat when m = n = 0,
e =g =0and A = 0 (see equation (9.14) below). The remaining parameters ¢, k,
a and w may be non-zero even in this flat limit. The well-known solutions such as
the Schwarzschild—de Sitter, the Reissner—Nordstrom, the Kerr metric, the NUT
solution or the C-metric, and other type D spaces are also included: the simple
transformation (9.16) leads to a form that explicitly includes all these well-known
special cases, see [10, 11] for more details and section 9.2 for demonstration of
this fact.

2.1.1 Natural null tetrad

In [10] the null tetrad was expressed in the coordinates (7, o, p,r) using the sig-
nature (1, —1,—1,—1). For our later purposes, we need to have the null tetrad
with opposite signature of the metric. Moreover, it is necessary to introduce the
null tetrad both for () > 0 and for ) < 0 because the sign of this function @) is
different near r — oo, as

Q<0 if (o®’k+A/3)>0,

Q>0 if (a®’k+A/3)<0. (2:3)

The function @) thus may become negative under the square root near the con-
formal infinity where we wish to study radiative properties and therefore we need
to consider also the case () < 0. Concretely, for o = 0 the sign of () depends only

11



2.1. Initial form of the metric

on the sign of A. After some calculations outlined below we found the following
null tetrads in the metric signature (—1,1,1,1):

The null tetrad for () < 0:
The vectors are

a 1 — apr -1, =
V2(w?p? + 12) (\/—Q(T Or = wle) V€ ar) ’
" 1 —apr 1 9
= i (g e+ V08, o
o Ll—apr i ) '
o 2(w2p? + 1) (\/F(Wp Or +05) — \/ﬁap) )
0 1—apr —1 9
- o <\/ﬁ(wp3 +0,) — \Fa)
The corresponding one—forms are
k, = L —@ (dr — wp?do) — wp—l—rQ
1 —apr 2(w?p? +12) P
I, = L (dr — wp?do) — pr +T2
1 —apr 2(w2p? + 7"2 b 25)
m, = L wd7'+r2da “wp +r2
1—apr pr + 72
m, = ! wd7+7’2d0 “wp +r2
1—apr pr + 72
The null tetrad for () > 0:
The vectors are
1 —apr —1
¢ = )+ Oy
2(w?p? +12) \/@( \/7
1—apr —1
1 = r 0,
2(w?p? +r?) \/@( Ve (2.6)
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The corresponding one—forms are

1 2
ky = —— (d7 — wp?do) + wp +T
1—apr 2(w?p? +r2
1 2
l,= —— (d7 — wp*do) — wp +T
1 —apr 2(w?p? +r2
1 2
m, = ——— (wdr + r*do) — “wp +7"
1—apr 2(w?p? +r2
1 2
m,=—— (wdr + r?do) — “wp +7"
1— apr pr +72)

When deriving these null tetrads we began with the null tetrad presented
n [10]. It was sufficient to transform only the vectors, the covariant one-forms
were easily obtained by lowering the indeces, k, = gupk®, etc., using the metric
(9.1). We expected the changes to occur only in the signs of the two parts of
each vector. We thus added coefficients in front of each part of the vector with
possible values +1 in k,, 1,, and also £ in m,, m,. The new vectors must satisfy
the basic relations for the null tetrad, namely that the scalar products of the
tetrad vectors all vanish, except for

(2.7)

K, = -1, (2.8)
m°m, = +1. (2.9)

We thus obtained several conditions for the vector coefficients.
For the case when @ < 0, the condition (9.8) implies four possible combina-
tions of the coefficients, two of them are equivalent as

(_ka)(_ka) =k* kaa (_la)(_1a> =1 laa ka(_la) = <_ka> la- (210)

Each two pairs of equivalent vectors contain a combination of future oriented null
vectors k%, 1* and a combination of past oriented vectors k® 1* which differ only
in the sign in front of the first part (r* 9, — wd,) of the vectors. The future/past
orientation means that plus/minus stands in front of the second part 0, of the
vector. The sign in front of the first part is thus eligible, of course, only +1. It
corresponds to two possible orientations of the two null vectors aligned along the
light cone. We have chosen the future orientation. The condition (9.9) implies
two possible choices of vectors m,, m, which are completely independent of the
condition (9.8), so we have chosen one orientation arbitrarily.

For the case @ > 0, the condition (9.8) again implies four combinations of
the signs, of which two are equivalent but the two pairs contain one vector future
oriented and one past oriented. We can not choose two vectors oriented in the
same way as in the case ) < 0. We have rather chosen the vectors according

13



2.1. Initial form of the metric

to their first parts: we took the choice such that the first part of the vector k*
remains the same as in the case () < 0. The vectors m,, m, were chosen the
same as in the case @) < 0.

The above null tetrads {e4} = {m?* m* 1% k*} given by (9.4) or (9.6) satisfy
further relations (see also [13]). The vectors are related to the dual one-forms by
the non-diagonal metric g45 whose components are

0
0 0 )
o 1 |+ ea=gY=gus (2.11)

In practice, the related one-forms to our vectors are obtained by the following
algorithm:

1. Set up the basis of the vectors and the basis of the dual forms w* as

e, = m° w!= m,,
e, = m?, w?= m,,
€3 — la, w3 = la,

€y = ka, w4 ka.

2. Insert all vectors into each one-form and find to which vector the one-form
is associated, e.g. w'(e;) = 1. If —1 is obtained, change the sign of the
given one-form.

3. Finally, confirm that the relations (9.8) and (9.9) are satisfied.

We have thus identified the one-forms associated to the vectors (9.4) and (9.6) as

p=w =N,

—_— 2 J—

H=w =g,

=l K (2.12)
k=-w=-1,

where we introduced a new (temporary) notation for the dual one-forms which
satisfy

(e1)
(e2)
(e3)

)

Aleq

SIS

(2.13)

3

HP—‘HH

Consequently, {m* m® 1% k®} is dual to {u, @, K, A}.

14



2. The Pleba hski-Demia Aski class of solutions

2.1.2 Weyl and Ricci tensors

It can be calculated (for example by using the Maple package GR tensor) that
the only non-zero component of the Weyl in the tetrad (9.4) and (9.6) is given
by

, 1—apr 3 9 o (1 —apr 31+apr
Uy =—(m+in) | ——— | +(e“+g%) . —. (2.14)
T+ wp T+ wp T —1Wwp

This confirms that the spacetimes studied are of algebraic type D and that the
tetrad vectors 1* and k* are aligned with the principal null directions of the Weyl
tensor. The only non-zero component of the Ricci tensor is

(1 — apr)*

1
b= (2 + ) — L .
i 2(6 +9 )(w2p2+r2)2

(2.15)
These components of the curvature tensor indicate that there is a curvature sin-
gularity at p = r = 0. This singularity can be considered as the “source” of
gravitational field. It is necessary that P > 0 to retain a Lorentzian signature
in metrics. P(p) is generally a quartic function, so the coordinate p must be
restricted to a particular range between appropriate roots. If this range includes
p = 0, it is necessary that & > 0. The condition P > 0 thus places restric-
tion on the possible signs of the parameters ¢ and k. Note also, that there are
non-singular solutions in the Plebanski—-Demianski family when w # 0.

2.2 More general form of the metric

The metric (9.1) does not include the type D non-singular NUT solution. It is
necessary to introduce a specific shift in the coordinate p to cover such cases with
the NUT parameter. This procedure is also essential to obtain the correct metric
for accelerating and rotating black holes. We will start with the metric (9.1) and
perform the coordinate transformation

[ a

I
~
|

p:__'__ﬁa ¢7 U:_g(b? (216)
W oow a

where a and [ are new arbitrary parameters. These solutions have two parameters
k and € which can be scaled to any convenient values. In addition, we have the
further parameters a and [ which can be chosen arbitrarily. In practice, it is
convenient to choose a and [ to satisfy certain conditions which simplify the form
of the metric, and then to re-express n and w in terms of these parameters. We
will show that the parameter a corresponds to a Kerr-like rotation parameter
and [ corresponds to a NUT parameter. The properties of the solution depend
on the character of the function P. It becomes P = P“;—z after transformation

(9.16). This function is a quartic function and can have up to four distinct roots.

15



2.2. More general form of the metric

We will consider the case when P has two roots p = £1 and p covers the range
between these roots. The function P has a simplified form

P = (1—p*(ap — asp — asp?). (2.17)

Then the conditions specifying the two parameters ¢ and n in terms of a and [
are

w?k l 2 A
= da— ? ? 2.1
€= _—p tda-m-— (a® +3l)Lu( k+ € —l—g)—l—g}, (2.18)
w?kl a?—I? s o [OF, 9 o A
n= g A m + (a —Z)Z{E(wk—%e —|—g)—|—§], (2.19)

(see [9], [10], [11] for more details). The next equation defines the parameter k
for any given value of a( as

2 2
w 272 ! 27 o o 2
(a2_l2+3al)k:a0—|—2a;m—3a w2(€ +g°) — A (2.20)

These constraints define the values of k, n and e, the remaining scaling freedom
is in the parameter w which we can set to any convenient value with assumption
that a and [ do not both vanish. The remaining parameters are thus «, a and [
in addition to m, e, g and A. We will concentrate on the physically most relevant
case for which P has two roots and ag > 0. The scaling freedom can be used to
set ag = 1.

The coordinate p covers the range between the roots p = +1 and we put
p = cos¥, where ¥ € [0,7]. The transformation (9.16) from the metric (9.1) to
new general metric has thus the form

l - (+a)? - ;
p:——i—gcosﬁ, T:t—(+a) (03 U:—Eéb- (2.21)
woow

Then the metrics (9.1) becomes

L[ Q, - 2 P p
g = o —?(dt — (asin® ¥ + 4lsin® 2)dg)* + FdﬁQ + = dr?

R 2.22)
Psin?¢ , - ~ (
+ e (df — (r* + (a +1)*)do)?
where
o
——(1 Y
w( + acosV)r,
p? =1+ (I + acos?)?,
]5 (2.23)

=1—ascos? — a4 cos? v,

P
sin® )
Q = (Wk+e* + g% — 2mr + er® — 2aw ' — (a®k + A/3)r,

16



2. The Pleba hski-Demia Aski class of solutions

and
s a sal , 9 9 A
as —204;771—40[ E(w k+e +g°) —4§al, (2.24)
a? A
as = —(12E(w2k + e+ g%) — §a2. (2.25)

with €, n and k given by (9.18)-(9.20).

This solution represents the complete family of black hole spacetimes and con-
tains eight arbitrary parameters m,e, g, a,l,a, A and w. The first seven of these
parameters can be varied independently and w can be set to any convenient
value if a or [ are not both zero. It was shown in [11] that the metric (9.22)
represents for A = 0 accelerating and rotating charged black holes with a gen-
erally non-zero NUT parameter. The authors found subsequently in [12] that
there is analytical extension of the metric which was expressed in terms of the
Weyl-Lewis—Papapetrou metric and the boost-rotation form.

This more general form of metric (9.22) contains various special cases which
can be obtained explicitly by setting certain parameters to zero. These will be
reviewed below in subsections 9.2.1-9.2.3.

By performing the transformation (9.21) from the coordinates (7,0, p,r) to
(t,¢,9,7), the null tetrads (9.4) and (9.5), (9.6) and (9.7), the Weyl tensor and
the Ricci tensor will change their forms:

The vectors transform by “inverse” transformation of (9.21),

a [+ a)?
0y = ——(95 + ( - ) %),
NrE (2.26)
P asing
0, — o,

and the one-forms transform by “straight” differentiation of (9.21)

dp = —Zsin Jdv,
w
w ~
do = ——do, (2.27)
a
2 ~
dr = di — @dqs.

When we substitute these relations into (9.4) and (9.5), we obtain the null tetrad
vectors for the case Q) < 0:

17



2.2. More general form of the metric

The vectors are

% (7 v=aa)
— [adz + ( r? 4+ (1 +a)?)o;] + Qo
~ V2p
Q 1
— [(ady + ( 2+ (1 +a)?)0] + /— 8)
T V2 (\/
(2.28)

2 ( [(4] sin® ﬁ#—asm 29)0; +8 +\/7819>
\/§P \/781I119 2

“ 4l51n2ﬁ+asm V)05 + 0] +\/7619

\/781I119 2
The corresponding one—forms are
1 Q1. - o U ) 1 P

ka_Q \/ 5 p[dt (4l sin 5 Tasin J)d¢] _QQdT ,
1 -Q1, - -

lazﬁ @/7Q;[dt—(4lsin2§+asin2ﬂ)d¢]—\/_pQ_QdT>,

. (2.29)

1 (. |/Psingd. . ~ 0

m, = — |i\/ = adt — (r? + (1 + a)*)d¢] + —=dv |,
o |13 e - (2 i+

— 1 | Psind, - ~ 0

m, = — | —i\/| = adt — (r* + (1 + a)*)d¢] + ——dv | .
o | 5 e o aad

When we substitute these relations into (9.6) and (9.7), we get the null tetrad
for @ > 0:

The vectors are

1
—Q[a8 + (r*+ (I +a)?) +\/78)
1
—Q[aa +(r? + (1 +a)?) fa)

0 i -
m° = ( Z [(41 sin? g + asin® 9)0; + 93] + \/];80> :

(2.30)

[(41 sin? g + asin® 9)0; + 93] + \/]gc%> :

18



2. The Pleba hski-Demia Aski class of solutions

The corresponding one—forms are

k, = é \/g%[df— (4l sin? g + asin?0)dg] + \/g_er> :

l, = é \/g%[df— (4l sin? g + asin?9)d¢] — \/%_er> ,
m, = % z’\/§S“p“9[ad£— (2 + (1 + a)®)dd] + \/%dﬁ : .
i, — é —i\/éSizﬁ[adf— (2 + (1 + 0)?)dd] + \/%dﬁ

The only non-zero component of the Weyl tensor in these tetrads is given by

1+ %T(Z+CLCOSI9)):| (1 - %r(l+acos¢9)>3

U, — [—(m +in) + (€2 + ¢?) (

r —i(l + acos?) r+i(l + acos V)
(2.32)
The only non-zero component of the Ricci tensor is
1 (1 —2r(l+acosd))*
Dy ==(e*+¢° = . 2.33
H 2(e +g)(r2+(l+acosﬁ)2)2 (2:33)

2.2.1 Kerr—-Newman-NUT—de Sitter spacetime (« = 0)

We obtain this particular case when we set &« = 0. The constraint (9.20) be-
comes w?k = (1 — [2A)(a® — [?), the relations (9.18) and (9.19) become

e=1—(3a®+2P)A, n=1+5(a®—4P)IA. (2.34)
The metric is the same as (9.22) with

Q=1

p? =712+ (I + acosV)?

P=1+ %Aal cosv + %Aa2 cos? ¥

Q=(a*—1P+e*+g%) —2mr+r*—A [(a2 — )+ (%a2 + 20%)r? + %7“4} )
This solution represents a non-accelerating black hole with mass m, electric and
magnetic charges e, g,
rotational parameter a and a NUT parameter [ in Minkowski, de Sitter or anti—de
Sitter background. It reduces to well-known forms when [ =0 ora =0 or A = 0.

However, it is necessary to distinguish the two cases in which |a| is greater or
less than |I|. When a® > [, k > 0, the metric has Kerr like ring singularity
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2.2. More general form of the metric

at » = 0. This case represents a Kerr—-Newman—de Sitter solution, it means a
charged black hole with a small NUT parameter. This solution will be discussed
properly in the next section. Alternatively, when a® < I?, k < 0, the metric is
singularity free. This case is best described as a charged NUT-de Sitter solution
with a small Kerr-like rotation. Although these cases have identical metric forms,
their singularity and global structures differ substantially.

2.2.2 Accelerating Kerr—Newman—de Sitter black holes (I =0)

This is the case where the NUT parameter vanishes but « is arbitrary. Now the
equation (9.20) implies that w?k = a®. We use the remaining scaling freedom
in w to set Kk = 1 so then w = a (the Kerr rotation parameter) and from the
constraints (9.18)-(9.20) we obtain

e=1-a’(@®+e +g¢°)— A, k=1 n=—aam.

Interestingly, while the NUT parameter vanishes, the Plebanski-Demianski pa-
rameter n is not zero. The metric (9.22) becomes

1 [-Q, .- -,  Psin?9 -
g = 0z —?(dt — asin®¥dep)? + SHQ] (adt — (r* + a*)dg)?
P , - (2.35)
P 2, P 52
+ —=dv"+ —=dr*|,
p Q
where
Q=1-—arcosd,
p? =1°+a’cos® ¥,
P=1-2amcos? + [a*(a® + €% + ¢*) + +Aa*] cos® 9,
1
Q= (Wk+e*+gh) —2mr +1r? - §A7"2(7“2 +a?).
The only non-zero components of the curvature tensor are now given by
1+ arcos?] (1 —arcosd\®
Uy = |—m(l—i +g° 2.36
? m(l —iaa) + (e +g)r—iacosﬂ] <T+iacosﬂ) ’ (2.36)
1 1 — arcosd)?
q)ll = —(62 + g2) ( ) (237)

2 (r2 4 a? cos? )2

This metric (9.35) clearly exhibits the singularity and horizon structure of an ac-
celerating charged and rotating black hole in Minkowski, de Sitter or anti-de Sitter
background. It represents the spacetime from the singularity through the inner
and outer black hole horizons and out to the acceleration horizon. Nevertheless,
it does not cover the complete analytic extension inside the black hole horizon.
In [12] it was shown for the case A = 0 that the complete spacetime contains two
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2. The Pleba hski-Demia Aski class of solutions

causally separated charged and rotating black holes which accelerate away from
each other in opposite spatial directions. Special subcase of (9.35) is the charged
C-metric with a cosmological constant. We get this when we put a = 0, and the
metric (9.35) reduces to the simple diagonal form

g, = 1 _Qdﬁ + ﬁdr2 + Pr?sin?9d¢? + r—2d192 (2.38)
P (1= arcosv)2 \ 2 Q P ’ |

where
P =1-2amcos? + a?(e? + ¢°) cos* ¥,
Q= (" +g* = 2mr+r*)(1 — a’r?) — A%

For A = 0, it describes a pair of black holes of mass m and electric and magnetic
charges e and g which accelerate towards infinity under the action of forces rep-
resented by a conical singularity, where « is the acceleration. The acceleration
horizon is r = a~!. The location of other horizons depends on e, g, m and A.

2.2.3 Kerr-Newman—de Sitter spacetime (o« =1 =0)

This is obviously the [ = 0 subcase of the spacetime discussed in subsection 9.2.1.
It can be written in the standard form of the Kerr-Newman—de Sitter solution
in Boyer—Lindquist coordinates by a simple rescaling transformation

t=t2"', ¢=¢=", (2.39)
where = =1+ éAaQ. This transformation leads us to

A
g = :2p; [dt — asin® 19d¢} g

—

Ay sin? ¥

=2 2
=%p

[adt — (r* + az)dgb}2
PP P (240
+ Ed?" + A_gdﬁ s

where
p* =1r?+a’cos® ¥,
A =Q= (" +ad*)(1— A7) —2mr + (2 + ¢), (2.41)
Ap=P=1+ %Aa2 cos> 0,
In fact, there is no need to introduce the constant rescaling = in ¢t and ¢. But
it is included so that the metric has well-behaved axis at ¥ = 0 and ¥ = 7 with
¢ €10,2m).
Notice that there exists a direct transformation from the initial metric (9.1)
to the metric (9.40): by inserting (9.39) into (9.16) we get

p = cos v,
T=(t—ap)=", (2.42)
o=—¢p=""



2.2. More general form of the metric

(Here we assume o =0, [ = 0 and we set a = w, € = 1—%/\@2, k=1,n=0).
Now we can directly rewrite the null tetrads (9.4) and (9.6), as well as the

Weyl tensor and the Ricci tensor into coordinates of the Kerr—Newman—de Sitter

solution (9.40). The vectors transform by inverse transformation of (9.42),

Oy = —Z(0s + ady),

1
0, = ——0 2.43
P sing ( )
a7' == ata
while the one-forms transform by
dp = —sin v d,
do = —=d¢, (2.44)
dr = Z71(dt — adg).

Substituting these relations into (9.4) and (9.5), we finally obtain the null tetrad
vectors for the case A > 0:
The vectors are

1 =
ke — - 24628, +ad +\/—Arar),
\/§,O< \/——AT[(T +a) t+a ¢]

—

a __ 1 = 7’2 CL2 a _
1_\/_p (+m[( +a”) 0+ a0y + v/ Arar),

vV Ay O,
( v \/Aﬁ sin v
(\/ 9 Oy —i—z\/A_ﬁSlm?(asm (Vo) +8¢))

(2.45)
———(asin® Y d; + 8¢))

and the corresponding one-forms

1 /=A
ky= —— " (dt — asin® 9 dg) — —L— dr,
=p 2 —2A,
1 /=A p
]_ _ T _ -2 .
a +Ep 5 (dt — asin” 9 do) Nesnw dr, 016)

Ay

ma—\/;mdwr_—p Stsind (adt — (12 + a?) do).
/A

ma—\/;mdﬂ—%p SEsind (adt - (1 + @) do).

Substituting these relations (9.43), (9.44) into (9.6) and (9.7), we analogously
obtain the null tetrad vectors for the case A < 0:
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2. The Pleba hski-Demia Aski class of solutions

The vectors are

1 =
— (r* +a*) 0, + adg) + /A, O
\/ﬁp ( /_Ar ) t <75 )
1 ( =
— r +a® )0y +ady] — /A O )
AN (2.47)
) .
— | VAy Oy — in?9 0, + 0
ﬂp( vl gsmﬁ(asm ' ¢))’
90, in®1 0, + 0,
T, 5 (VB i et 00, +0,).
and the corresponding one-forms are
1 /A
k, = = 7T(dt — asin® Y do) + 7_§AT dr,
1 /A p
l, = =1/ —(dt — asin®v d¢) — dr,
=pV 2 V28, (2.48)
A
m, = mdﬁ—k:—p Tﬂsinﬁ(adt—(r2+a2)d¢),
A
W, = \/;Tﬁdﬁ - _ip SEsind (adt — (1 + a) do).
The only non-zero component of the Weyl tensor (9.14) is now
m e? + ¢*
Uy = — 2.49
2 (r 4+ iacos )3 * (r +iacos¥)3(r —iacos )’ (249)
and the Ricci tensor (9.15) becomes
1 e? + g*
b = = . 2.50
T2 (r2 4 a2 cos? ) (2:50)

2.3 Alternative form of the general metric

For our later purposes it is also convenient to introduce a new coordinate ¢ which
is simply related to r by

= ——. 2.51
¢=— (2.51)
The metric (9.22) then becomes
—0 9 - 2 2
g = — | =2 (df — (asin? 0 + 41sin? 2)dd)? + Lav® + Ldg?

Q 2 2 P Q

P sin? 9 - ~ (2:52)
+ T(andt — 1+ (a+1)*¢*]dg)?

23



2.8. Alternative form of the general metric

where

Q=¢Q=—(q +g(l+acosq9))
= p=1+¢ (l—l—acosﬂ)
P(9) =P =1 — agcos?) — ay cos? ¥,
Alq) =¢' Q = —(®k + A/3) + 20w 'ng + e¢” 4+ 2mg® + (W*k + €* + g%)¢’,

(2.53)
and the coefficients are as in (9.24), (9.25)
L a sal 9 o A
as = 2a;m — 4o E(w k+e*+g°) — 4§al, (2.54)
a? A
ag = —aQE(ka +e*+g°) — §a2. (2.55)

with €,n and k again given by (9.18)-(9.20).

We obtain the null tetrads by performing the simple transformation (9.51) in
(9.28) and (9.29), (9.30) and (9.31). Then the vectors and their dual forms are
expressed in the coordinates (£, ¢, 9, q).

The null tetrad for Q < 0:

The vectors are

ke = i ( —1 (anadg + [1 + (l + a)2q2]65) + @aq) )

V20 \V=0
Q 1
1= — aq?0; + [1 + (I + a)*¢*0;) + —Q@),
ﬁg(@< 5+ [+ 1+ 0)%%9) + V=24, .
.0 i L0 '
m® = NG (ﬁsinﬁ((lllsng—i—astﬂ)@g—i-@(g)—i-\/73319)7
Q 1 ¥
m = 4lsin® — + '2198~+8~+\/738).
m NGF (\/7_35im9(( sin” o + asin )0 + 03) o
The corresponding one—forms are
1 [—Q1, . o
ka:ﬁ — TQg(dt—(4lsin22+asin2ﬁ)d¢)—\/_QQ—qu>,
1 91, . o
2.57

1 . [Psinvd, o - 9 9117 0
m, = & +Z\/2 . (ag”dt [1+(l+a)q]d¢)+\/ﬁd19>,

_ 1 Psind, o - 9 9117 0
e = = dt —[1+ (I + dg) + —=dv | .
Mo =g | T g, e dt = L+ (T a)yede) + =
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2. The Pleba hski-Demia Aski class of solutions

The null tetrad for ¢Q > 0:
The vectors are

Q —1
k" = — [ —=(aq’0; + 1+l+a2q28~+\/@3),
\@Q(¢@< 5+ [+ (L + 0)%6%0) + V24,
Q ( -1, 2 92
1" = — [ —=(ag®0; + [1 + (1 + a)%¢})0;) — V20, |,
V2o \va Y t ' (2.58)
Y i L0 '
m‘’ = NP <\/7_35in19((4l sin? 5 + asin® 9)0; + d3) + \/73319) )
. Q i .o U :
m’ = Vo <\/7_35im9((4l sin? 5 + asin® 9)0; + 93) + \/73319) :
The corresponding one—forms are
k, = é U%%(dﬁ— (4 sin® g + asin? ﬁ)dqg) + \/%_qu> ;
1, = é @/%%(df— (4 sin® g + asin? ﬂ)dqg) — \/%_qu> )
(2.59)

1 . [Psind, , - 9 9117 0
= — _— —_ 1 [
m, = o +i / 5 (ag*dt — [1+ (I + a)*q”]de) + \/Q_dﬁ> :

. [Psind, 5 - 9 9147 0
—2\/; . (ag dt—[1+(l+a)q]d¢)+\/7_7)dl9>.

The non-zero component of the Weyl in these tetrads is given by

q—§a+aa$m)](q+ga+awmg)j

1 +iq(l + acosv) 1 —ig(l+ acos?)

Ty = [(mﬂ'n) + (2 + ¢%) (

(2.60)
The non-zero component of the Ricci tensor is
1 (q+2(l+acos?))*
Py =—(*+¢° = : 2.61
H 2(6 9 )(1+q2(l+ac0519)2)2 (261)

As we will demonstrate, this alternative form of the metric (2.52) is more useful
for investigation of the directional structure of radiation near conformal infinity.
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3. Asymptotic directional structure of radiation for fields of algebraic type D

3 Asymptotic directional structure of radiation
for fields of algebraic type D

In the next few sections we will review basic facts about the asymptotic proper-
ties of a physical spacetime and its conformally related spacetime which will be
necessary for our further investigations.

3.1 Conformal infinity 7

As in [3] we will consider a manifold M with physical metric g which can be
embedded into a larger conformal manifold M with conformal metric g through
a conformal transformation

gab = Qanba (31)

where Q is a conformal factor. The spacetimes (M, g) and (M, g) have identical
causal structures, which means that they have the same light cones. The confor-
mal factor €2 is assumed to be positive in M and vanishes on the boundary of
M in M. This boundary is called the conformal infinity Z and the condition for
its localization is 2 = 0. In the following, it is not necessary to require a global
existence of Z. We assume that the conformal factor is smooth near Z and it is
sufficiently smooth along null geodesics approaching Z in (M, g).
The Weyl tensor remains unchanged under the conformal transformation,
C,. = Cupe’. (3.2)
The character of Z is given by the gradient d{2 — it can be timelike, null, or
spacelike. In [3] a normalized vector nn was introduced (in conformal geometry)
which is normal to the conformal infinity Z,

n® = Ng®d,Q, gpnn’ = o, o=—1,0,+1. (3.3)

The function N > 0 is given for o = £1 by N = |§*d,Q dyQ|~/2, for o = 0 the
function N is chosen as an arbitrary constant on Z. The normalization parameter
o determines the character of the conformal infinity,

—1: Z is spacelike,
o= 0: 7 is null, (3.4)
+1: I is timelike.
For the values 0 = —1 or ¢ = 0, we can distinguish the future conformal infinity

I+ and the past conformal infinity Z~. For o = +1 the future and past infinities
of null geodesics are the same. The character of the conformal infinity is usually
correlated with the sign of the cosmological constant,

o = —sign A. (3.5)

26



3. Asymptotic directional structure of radiation for fields of algebraic type D

In [3] a vector n normal to §2 = const. was introduced in the physical spacetime
(M, g) with
guwn’n’ =o, (3.6)

which implies the relation
n’ = Qn“ (3.7)

The vector n normalized in the physical spacetime is not possible to introduce
at the conformal infinity Z directly because Z does not belong to the physical
spacetime. The physical metric g is not well defined on Z. However, it is impor-
tant that the conformal transformation is isotropic. It means that all directions
are rescaled in the same way. Practically, we can associate with any physical
quantity (like tensors, vectors etc.) a conformal quantity transformed by proper
power of 2 which is correctly defined at Z and which is independent of direction
along which Z is approached.

In the following text we will use vectors (null tetrads) normalized in the
physical geometry, in the sense mentioned above. However, we must be careful
if the transformation is not isotropic, as in the case of interpretation null tetrad
parallelly transported to Z.

3.2 Null geodesics

We can relate geodesics z(n) in the physical spacetime (M, g) to geodesics (7))
in the conformal spacetime (M, g). It is well-known that null geodesics are con-
formally invariant. The affine parameter 7 for geodesics in conformal spacetime
is related to the affine parameter n for geodesics in physical spacetime by

dn D Dz

D2 je, 2= (3.8)
dn dn dn
We can set the affine parameter to 7 = 0 at the conformal infinity Z. When the
null geodesic Z(7) approaches a specific point P € Z in the conformal geometry,

2(0) = P and

Dz® d)
24,0 = &2 = . (3.9)
dn r  dnls

This geodesics is outgoing when € = +1, 7 < 0 in M, or ingoing when € = —1,

71 > 0 in M. The normalization of the affine parameter 7 is thus fixed uniquely.
Because of the assumption of smoothness of the conformal factor along Z(77), we
can expand (2 in powers of 77 near Z. The equation (3.9) becomes (using 77|7 = 0)

Q=—ei+ Wi +...,, (3.10)

with €2y constant. After substituting into equation (3.8) and integration we get
the relation between the physical and conformal affine parameters as

1 - - -
77:—%(1—2€an1n|n|—77077+...), (3.11)
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3.8. Null tetrads

where 7 is a constant of integration. We thus obtain the leading terms as 7 &~
—n ' and 2 ~ en~! near Z. The null geodesic z(n) reaches the point P € T
for an infinite value of the affine parameter, namely z(eco) = P. The leading
term in these expressions (3.10) and (3.11) is sufficient for all calculations in the
following text (as in [3]). The inversion of (3.10) and (3.11) to higher orders can
be found in [3] in Appendix A.

3.3 Null tetrads

Our aim is to investigate the behavior of fields near conformal infinity. For this
we need to define various tetrads. We denote the vectors of an orthonormal tetrad
as t,q,r,s, where t is a future-orientated unit timelike vector and the remaining
three are spacelike unit vectors. We associate with the vectors a null tetrad of
null vectors k, 1, m, m by expressions

1 1
k=—(t+q), l1=—(t—q),
\/5( q) \/5( q)
1 1 (3.12)
m=—(r—is), m=—(r+is),
\/5( ) \/5( )
the normalization conditions are
gt t’=—1, guq'q’ =gur'r’ =gus's’ =1, (3.13)
i.e.
gkl =—1, gupm*m’ =1, (3.14)

the other scalar products are zero. Transformations between orthonormal tetrads
(null tetrads) form the Lorentz group. It is convenient to consider four simple
transformations which can generate any Lorentz transformation:

null rotation with k fized, parametrized by L € C,

k=k, 1=lL,+Lm,+Lm,+LLk,, m=m,+ Lk, (3.15)

null rotation with 1 fized, parametrized by K € C
k=ki+Km,+Km, +KKIl,, 1=1, m=m,+ Kl, (3.16)
boost in the k —1 plane, B € R, and a spatial rotation in the m —m plane, ¢ € R,
k =Bk, 1=B"1'l,, m=exp/(i¢)m,. (3.17)

We will use the interpretation null tetrad k;, 1;, m;, m;. This tetrad is parallelly
transported along a null geodesic z(7n) in the physical spacetime, with k; tangent
to the geodesics z(n). We require that the vector k; is proportional to Dz/dn
by the same factor. It means that the component of the vector k; normal to Z
is the same for all interpretation tetrads approaching a given point on Z. We
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3. Asymptotic directional structure of radiation for fields of algebraic type D

will define the radiative component of the field with respect to this tetrad. More
precise definition and asymptotic behavior of this tetrad is described in [3].

Another important tetrad is the reference null tetrad k,,1,, m,, m,. This
tetrad helps us to identify the direction k; of the null geodesics and orientation of
the associated interpretation tetrad near Z using suitable directional parametriza-
tion.

The reference tetrad is any tetrad adjusted to conformal infinity (at any point
P € T) that satisfies the relation

n= eo%(—ako +1,), (3.18)
where the sign ¢, = +1 indicates the outgoing/ingoing orientation of the vector
k, and 1, with respect to Z. For ¢ = —1 or 0, the parameter ¢, will be ¢, = +1
onZt and e, = —1 onZ . For 0 = +1, the parameter ¢, can be chosen either +1
or —1 because it corresponds to k, oriented outside or inside M. The condition
(3.18) guarantees that the vectors k, and 1, are collinear with the normal n to
Z, and then are normalized particularly as

€oto for a spacelike infinity (o= —1),
n=< —€q, for a timelike infinity (o =41), (3.19)
6lo/vV2  for a null infinity (o =0).

The condition (3.18) also implies

b

gom’n’ =0=g,m’n’, (3.20)

so that the vectors m, m on the conformal infinity are always tangent to Z. The
reference tetrad can be chosen arbitrarily so we can choose it conveniently. It can
respect the spacetime geometry (the reference tetrad is adapted to the Killing
vectors or to directions toward sources etc.). Alternatively, it can be adapted to
the studied fields—it can be oriented along algebraically special directions of the
fields. In [6] the authors showed possible privileged definitions of the reference
tetrad for algebraically simple fields of type D. Normalization and adjustment
conditions do not fix the reference tetrad uniquely, so further condition will be
specified in section 3.6.

3.4 Parametrization of null directions

It is also necessary to parametrize suitably a general null direction k near Z.
Naturally, we characterize this direction by a complex directional parameter R
such that

k « k, + Rm, + Rm, + RR1,. (3.21)

In other words, the direction k is obtained from k, by the null rotation (3.16)
with parameter K = R. The value R = oo is also permitted — it corresponds to
k orientated along 1.
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3.5. Asymptotic directional structure of radiation

We can project a null vector k onto the corresponding conformal infinity.
When the infinity is spacelike (A > 0), we perform (see [3]) a normalized spatial
projection (since q - n = 0) to a three-dimensional space orthogonal to t,,

k + (k- to)to
= 3.22
k-t,| (3:22)
where k - t, = gk’ Such a null direction k is possible to parametrize by
spherical angles. The normalized spatial projection q of the null direction k into
7 is given by

q=cosfq, +sinf (cospr, +sings,). (3.23)

The complex parameter R is exactly the stereographic representation of the spa-
tial direction q:

R = tan (&) exp(—i¢). (3.24)
When the infinity is timelike (A < 0), the normalized projection of k onto Z (now
t-n=0)is
k — (k : CIO>CI0

k- qof

Analogously, we parametrize the null direction k by pseudo-spherical parameters.
The normalized projection t of the null direction k into Z is given by

t = (3.25)

t = cosh ) t, + sinh ¢ (cos pr, + sings,). (3.26)

However, these parameters do not specify the null direction k uniquely so there
always exists one ingoing and one outgoing null direction with the same parame-
ters ¢ and ¢. These directions need to be distinguished by the parameter €. The
outgoing direction is € = +1 and the ingoing direction is € = —1. We can write
the complex parameter R in a closed formula for both cases ¢ = £1 as

R = tanh®° (%) exp(—ig). (3.27)

The value R = oo is also allowed, it corresponds to ¢v = 0,¢ = —¢,, ie.
k « (t, — qo)/v2. These parametrizations can be introduced simultaneously,
independently of the causal character of the infinity, depending on the reference
tetrad. The relation of the parameters is

tanh ) = sin 6, sinh ) = tan @, coshv = cos™' 6, tanh(z)/2) = tan(6/2). (3.28)

3.5 Asymptotic directional structure of radiation

In [3] the authors investigated a general field of spin s, which transforms according
to spin-s representation of the Lorentz group. These fields can be characterized by
specific 2541 complex components T;, 7 = 0, ..., 2s with respect to a null tetrad.
The particular cases of gravitational (s = 2) and electromagnetic (s = 1) fields
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3. Asymptotic directional structure of radiation for fields of algebraic type D

were studied in more detail. The components of gravitational and electromagnetic
fields are standard Newman-Penrose coefficients ¥;, j = 0,1,2,3,4, and &,
7 = 0,1,2, respectively. The gravitational field is characterized by the Weyl
tensor Cgq and can be parametrized by five complex coefficients

Ty = Capeak®m’km?,

U = Capeakkm?,

Ty = Cupeak®mbme1Y, (3.29)
Uy = Cupeal?kb1em?,

U, = Capeglém®lem?.

The electromagnetic field is described by the tensor F,, which is parametrized
by three complex coefficients

®y = Fpk'm’,
®; = Fyp(k*1’ — m“m?), (3.30)
dy = Fyme1?.

There exist principal null directions (PNDs) for gravitational, electromagnetic
or, generally, for any field of spin s. They are privileged null directions k such
that Yo = 0 in the null tetrad k,1, m, m (where choice of 1, m, m is irrelevant).
The PND k can be obtained from a reference tetrad k,,1,, m,, m, by null rota-
tion (3.21) given by a directional parameter R € €. We choose the remaining
vectors 1, m, m by the same null rotation (3.16) with K = R. The field of spin
s has 2s PNDs. There are thus 4 principal null directions for gravitational field
and 2 for electromagnetic field which can be degenerate, i.e. some PNDs may
coincide, and this degeneracy is called the special algebraic structure of the field.
The classification of PNDs of the gravitational field is the well-known Petrov
classification.

It was shown that these field components satisfy the standard peeling-off prop-
erty. It means that they exhibit a different fall-off in » when approaching 7 where
7 is the affine parameter of the geodesic.

We will briefly describe the derivation of the final result, the directional struc-
ture of these fields, for precise discussion see [3]. First, the field components are
expressed in the reference tetrad as 15, for j = 0,...,2s, then it is possible to
find the relation Y§ = (—1)*73, Hjil R; where R; characterize the algebraically
privileged principal null directions. These field components have to be evaluated
with respect to the interpretation tetrad Y%,. Then, after assuming the fall-off
typical for zero-rest-mass fields as

o T?* o
TS ~ ey T, = const., (3.31)
we obtain the final result (3.32) below. The leading component of the field
represents the radiative component Y% : it has the fall-off of the order n~! and
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3.6. Fields of type D

also depends on the direction R of the null geodesics along which a fixed point
at the infinity Z is approached.

Using the above notation, Krtous and Podolsky derived in [3] the explicit
dependence of the radiative component of the field on the direction along which
the infinity is approached. This dependence is called the asymptotic directional
structure of radiation,

, 1 (1—0RR)(1 —0R3R)...(1 —0RysR)
T, ~ —e T3, ) .
n (1-0RR)®

This expression fully characterizes the asymptotic behaviour on Z of the dominant
component of any massless fields of spin s in the normalized interpretation tetrad
k;, I;, m;, m; which is parallelly propagated along a null geodesics z(n). Only the
modulus |Y},| has an invariant meaning because there is remaining freedom in
spatial rotation in the transverse m; — my; plane. The phase of T}, describes
polarization.

The complex constants Ry, ..., Ry represent the principal null directions
(PNDs) ki, ..., ko, of the spin-s field, the directional structure is thus completely
determined by the algebraic (Petrov) type of the field. The sign o = £1, 0 spec-
ifies the causal character of the conformal infinity, ¢, denotes orientation of the
reference tetrad and 1§, is a constant normalization factor of the field evaluated
with respect to reference tetrad. The dependence of Th, on the direction R along
which P € 7 is approached occurs only for cases ¢ = +1, i.e. at a spacelike 7
(de Sitter) or timelike Z (anti-de Sitter). The directional dependence completely
vanishes for null Z (¢ = 0).

(3.32)

3.6 Fields of type D

In this work we will concentrate on algebraically special spacetimes which are
of type D. These fields have two distinct and equivalent algebraically special
directions. This case may appear only for fields of an integer spin, s € N. The
degeneracy of PNDs is thus

ki =---=k, and ks = =ko,. (3.33)
The directional structure (3.32) then takes the simpler form

, 1 1—0RR)*(1 —0RyR)®
Tés%—Engs*( rn ) ( *0’ 2 ) )
n (1—-0RR)®
where the constants R, and Ry, parametrize the two distinct PNDs.
The magnitudes for gravitational and electromagnetic field are obviously

(3.34)

. 1 . |1=0RR*1—0oR4R|?

W~ W (3.5)
. 1 ‘1—O'R1RH1—O'R2R|

| =~ —|PY = 3.36
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3. Asymptotic directional structure of radiation for fields of algebraic type D

The form of the directional structure (3.34) has been derived assuming that
the normalization factor Y9, is non-vanishing. Particularly, the vanishing of
this factor indicates that the reference tetrad is asymptotically aligned along
some PND and we have to use a different normalization factor to express the
field components, see [3]. For type D spacetimes there exists a more natural
“symmetric” normalization of the field which is not degenerate and the only non-
vanishing component with respect of the null tetrad associated with the PNDs

(3.33) can be used (a canonical field component).

3.6.1 Directions of vanishing radiation and algebraically special null
tetrad

In this section we will study the conditions under which the radiation vanishes.
We are mostly interested in the asymptotic directional structure of gravitational
(s = 2) a electromagnetic (s = 1) fields.

First, the conformal infinity for ¢ = 0 is Minkovskian and the field has no
directional structure. It follows from (3.35) and (3.36) that the equation reduces

to the forms |V}| ~ |‘I|’;‘*‘, | Y| ~ ‘Tgr', the form is the same for all geodesics
approaching a given point P € Z. It is thus possible to distinguish between
the radiative and non-radiative fields for (locally) asymptotically flat spacetimes.
Radiation is absent where the constants W§, or @5, vanish. It occurs when the
principal null direction is oriented along the vector 1,  n.

The asymptotic directional structure near a de Sitter-like spacelike conformal

infinity can be obtained by substituting ¢ = —1 into (3.34): for s =2 and s = 1

we obtained
o 1 R\ 2 R\?
Pl 4 1 — — R —— 3.37
"~ <1+|R\2>2( Ra) ( R) ’ (3:37)

. oo 1 Ry Ry
e —2—— (1-2)(1-=22), 3.38
2Ty <1+|R|2>( R)( Ra) (3.38)

where by using (3.24) we get (14 |R|?)~! = cos*(%) and the complex number R,
1s

R, = —% = —cot(%) exp (—ig). (3.39)

The number R, characterizes a spatial direction opposite to the direction which
is given by R with 6, = 7—60 and ¢, = ¢+ 7. Generally, the radiative component
of the gravitational field asymptotically vanishes for the directions which satisfy
R, = R,, n = 1,2, similarly, there are two directions for electromagnetic field.
These directions of vanishing radiation are given by (3.21) with R = R,, = R,,
exactly opposite to the projections of the principal null directions onto ZL.

Finally, the asymptotic directional structure near a anti-de Sitter-like timelike
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3.6. Fields of type D

conformal infinity can be rewritten by substituting o = +1 into (3.34), as

e 1 R \? R, \?
Pl oy — 4 1 — — j—— 3.40
ol U-—Uﬂ%2( Rm) ( Rm) ’ (3.40)

. oo 1 Rl RZ
Pl —2— (11— — | ([1-=2 3.41
2 na—mm( }%)( &J’ (3:41)

where by using (3.27) we get the complex number

R,, = —% = coth“ (%) exp (—i¢). (3.42)

The complex number R,, characterizes a direction obtained from the direction R
by a reflection with respect to Z, the mirrored direction with ¢, = ¥, ¢,, = ¢
but with opposite orientation ¢,, = —e. As in the previous case for gravitational
field there are two special directions where the radiation vanishes: these are
directions corresponding to PNDs reflected with respect to Z which are given by
R =R, = R,.

There also occurs a divergence at |R| = 1. These are null directions tangent
to Z which do not represent a direction of any geodesics approaching Z from the
interior of spacetime. The reason for divergence is “kinematic” because we have
fixed the component k; normal to Z. If k; is tangent to Z, the fixing condition
implies an infinite rescaling and it causes the divergence of |¥}|. This diver-
gence splits the radiation pattern into two components—the pattern of outgoing
geodesics (e = +1) and the separate pattern for ingoing geodesics (¢ = —1).

In [6] the algebraically special null tetrad kg, ls, mg, my (and associated or-
thonormal tetrad tg, gs, rs, Ss) was employed. We require that kg, Iy are propor-
tional to the PNDs, are future-oriented and that the spatial vector sy is tangent
to Z,

ke o< ki, Iy o< ko, s¢-n=0. (3.43)

These PNDs, which are not tangent to the conformal infinity, can be fixed by the
normalization condition for null vectors kg, 15 as

Elks n = 62813 -1, (344)

where €1, €5, = £1 parametrize orientations of the PNDs with respect to Z.

The field components for type D fields have very special form with respect the
algebraically special tetrad — only the component Y% is non-vanishing i. e. (V3
for gravitational and @3 for electromagnetic fields). Moreover, this component
is independent of the choice of the spatial vectors ry, s; and then it does not
depend on the normal vector n, which is used in definition (3.43). It does not
depend on the normalization (3.44), provided that the normalization (3.13) is
satisfied. It is convenient to use this privileged component Y% of the field for
the normalization of the directional structure of radiation for fields of type D.
However, this algebraically special tetrad is not adjusted to the infinity because
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3. Asymptotic directional structure of radiation for fields of algebraic type D

the condition (3.18) is not in general satisfied (ks, 1s are not collinear with n ) so
it cannot be directly used as a reference tetrad.

However, in [6] privileged reference tetrads were defined which are basically
aligned with the algebraically special tetrads. They share together some symme-
tries of the geometric situation. We shall always assume that the reference tetrad
satisfies the normalization and adjustment conditions (3.13), (3.18) and we set
So = Sg. But this still does not fix the reference tetrad completely. The remaining
necessary condition cannot be prescribed generally. It must be discussed sepa-
rately in various possible cases which depend on the character of the infinity Z
and on the orientation of the PNDs with respect to Z, particularly in the case of
timelike Z.

In [6] the privileged reference tetrads were defined for all the possible cases.
The relation between the reference frame component T§, and the canonical frame
component Y% which can be substituted into the directional structure (3.34) were
also given. Let us summarize them here.

3.6.2 Spacelike 7

We will first describe the behavior of radiation near a spacelike conformal infinity
(0 = —1). The two distinct future-orientated algebraically special directions
are both ingoing or both outgoing, accordingly we set the orientation ¢, of the
reference terad. In this case, the reference tetrad is defined by the conditions

qO = an So = SS7 €o = €1 = 6237 (345)

and by adjustment condition (3.19). Afterwards, the algebraically special direc-
tions kg and 1l are parametrized with respect to the reference tetrad by a single
parameter 6 as

1
k, = % cos ' b (ro 4 cos b5 g, + sin b 1),

1 (3.46)
I, = —=cos !0, (r, — cosfq, +sinfr,).

V2
The algebraically special and reference tetrads are thus related by

ts = cos 1O, t, + tan s ro,

qs = Yo,

3.47
ry = cos ' 0r, + tan b, to, ( )

Ss = So,

which is a boost in t, — r, plane with rapidity parameter ) related to 65 by
(3.28), see Fig. 2 on p.126 in [6]. Comparing the normalized projections of
k; = k, and kys = s with (3.23), we find that the spherical parameters 6, ¢ of
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3.6. Fields of type D

the algebraically special directions are 6; = 65, ¢, and 0y = ™ — 0, @95 = 0.
Then the complex parameters R; and Ry are

R, = tan (%95) , Roy = cot(%@s). (3.48)

The transformation (3.47) from algebraically special to the reference tetrad can
be decomposed into boost, subsequent null rotation with k fixed and null rota-
tion with 1 fixed (see [6]). After this transformation the relation between the
component Y9, and the canonical component 1% was found as

o S 28 ! S S
15, = (—1) 22(83)2 tan® 6515, (3.49)

Explicit expressions for gravitational (s = 2) and electromagnetic (s = 1) fields
components with respect to the reference tetrad are

3
Uy =0 = 3 tan 0, U5, ®F = O = —tan® 0, 3, (3.50)

—s—1

We assume the asymptotic behaviour T9 ~ T9.n with constant coeflicients

T°,. The equivalent equations holds for 1%,
TS~ TS (3.51)
The relations (3.49)-(3.50) have also their “stared” version. Substituting (3.48),

(3.24) with “stared” version of (3.49) and ¢ = —1 into (3.34), we obtain the
asymptotic directional structure of radiation for type D fields

; —€,)° (2s)! i s
TS, ~ (=€) 2(3(3))2T2* ei:{(l))s(l@gb) (sinf + sin 65 cos ¢ — isin b cosfsin )| .

(3.52)
The null direction along which the field is measured is parametrized by angles
0, ¢, the field is characterized by the normalization component Y$, and by the
parameter 65 which specifies the directions of the algebraically special directions
with respect to a spacelike infinity Z. We can finally write the magnitude of the
component of the gravitational and electromagnetic fields as

13 |93
| Z|%ﬂ§| ;*9| |sin 6 + sin 65 cos ¢ — isin 6, cos A sin ¢|* (3.53)
n| 2 cos? b,
112 ~ ;E_Pii*|2 : . i . 2
|D5|° ~ 2 oo O |sin 6 + sin O cos ¢ — isin 65 cos Osin |~ . (3.54)
n? cos? b

The directional structure of radiation is illustrated in Fig. 1.
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3. Asymptotic directional structure of radiation for fields of algebraic type D

(b)

Figure 1: Directional structure of radiation near a spacelike infinity. Directions in
the diagram parametrized by 6 and ¢ correspond to spatial directions (projections
onto Z) of null geodesics along which the infinity is approached. The diagrams
show the directional dependence of the magnitude of the radiative component
(3.53) or (3.54) of the field. The arrows depicts the directions which are spatially
opposite to algebraically special directions PNDs, the radiation evaluated along
these directions is asymptotically vanishing. The diagram (a) shows a general
orientation of PNDs, the diagram (b) shows the situation when both PNDs are
spatially opposite. These diagrams are taken over from [6].

3.6.3 Timelike 7 with non-tangent PNDs, ¢ # e

Now we will study the behavior near a timelike conformal infinity (0 = +1),
when both algebraic directions are not tangent to Z, such that one of them 1is
outgoing and the other one is ingoing, € # €35. For this case we require that
the orientation parameter €, of the reference tetrad is adjusted to €, and tg is
aligned along t,. The reference tetrad is then defined by conditions

to =1ts, S, =385, € =€ = —€y, (355)

and by adjustment condition (3.19). Again, the algebraically special directions kg
and 1; are parametrized with respect to the reference tetrad by single parameter
0, as
1
ks = — (t, + cos b5 q, + sinbsr,),
(3.56)

l, = (to —cosbsq, — sinbsr,).

S-S

The relation between the algebraically special and reference tetrad is given by

ts = t07
s = cosbq, +sinbgr,,
4 A (3.57)
rys = —sinfs q, + cos by,
Ss = So,
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3.6. Fields of type D

which is a spatial rotation in q, — r, plane by angle 6, see Fig. 4a on p.129 in
[6]. The relation (3.57) between reference tetrad and algebraically special tetrad
can be parametrized by the angle 65, which lies in the t, — r, plane (the angle
between t, and the projection of ks to Z) and by pseudospherical parameter 1)
in cases 3.6.3 and 3.6.4. These parameters are related by (3.28). It is convenient
to rewrite (3.56) in another form by pseudospherical parameter 1 to read out
the normalized projection into Z of the null vectors kg, 15 as

1
k, = —= cosh ™ )y (q, + cosh i to + sinh o xo),

\( (3.58)
L=— cosh™! s (—q, + cosh i, t, — sinh ¥ r,).
7 Ys(—q (& PsTo)

Comparing the normalized projections of k; = k, and ko, = 15 with (3.26), we find
that the pseudospherical parameters v, ¢, € of the algebraically special directions
are Y1 = s, 01 = 0,61 = €,, and Wys = Y, Pos = T, €95 = —¢€, respectively. The
complex parameters R; and Ry then are

R, = tanh (%ws) , Ry = —coth (%ws) ) (3.59)
The relation (3.57) can thus be expressed in pseudospherical parameter 15 as
ts = to,
qs = cosh™! Vs qo + tanh g 1y,
rs = —tanh s q, + cosh™? s To,

Ss = So,

(3.60)

The transformation (3.57) from algebraically special to the reference tetrad can
be decomposed into boost, null rotation with k fixed and null rotation with 1
fixed (see [6]). After this transformation it was found that the relation between
the component Y9, and the canonical component T is

o _ (29) 5 s
15, = 2(s1)2 tanh® s T3, (3.61)

and concretely for gravitational and electromagnetic fields
3
W= 0= tanh® ¢, U5,  —®F = &9 = tanh 1, 5. (3.62)

Assuming again the relation for 5 ~ TS n~*~! and substituting (3.59), (3.27)
and ’‘stared’ version of (3.61) into (3.34), we obtain the asymptotic directional
structure of radiation for type D fields

- s (2s)!
1), ~ D @) e
) 28

exp(i¢) (sinh ¢ + €€, sinh 1) cos ¢ — isinh ¢ cosh ¢ sin @) | .

(3.63)
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3. Asymptotic directional structure of radiation for fields of algebraic type D

The direction is given by pseudospherical parameters 1, ¢, €, the field is charac-
terized by the component Y%, and by the parameter 15, which fixes the orientation
of the algebraically special directions with respect to conformal infinity Z . Again,
only the magnitude of the component Y%, has the physical meaning so

13 |U5
|0y | ~ méﬁ |sinh 1) + €€, sinh 1 cos ¢ — isinh ¢, cosh ¢ sin ¢|>, (3.64)
) 1 Ps 2
|DL|? ~ 125 |sinh 1) 4 e, sinh 1) cos ¢ — isinh¢)s coshsing|*.  (3.65)

? cosh? Vs

The directional structure is illustrated in Fig. 2a. The radiation asymptotically
vanishes along mirrored reflections of the PNDs, this fact is valid also for all other
timelike cases.

3.6.4 Timelike 7 with non-tangent PNDs, ¢; = ey,

In the previous section the two PNDs were oriented in opposite directions with
respect to the conformal infinity when we studied the directional structure of
radiation near timelike Z. Now we will discuss the case when both PNDs are
outgoing or both outgoing, €, = €55 in this section. The reference tetrad is fixed
by conditions

o = (s, So=Ss, €, =€ = €, (3.66)

and by adjustment condition (3.19). The algebraically special directions kg and
l; are parametrized with respect to the reference tetrad by single parameter 65 or
s related by (3.28) as

1
k, = —— sin" 0, (t, + cos b q, +sinf,r,)

V2

1
= 7 sinh ™ 4 (qo + cosh ¥ t, + sinh s 1),
& (3.67)
l, = % sin ! 6, (t, + cosfs q, — sin f 1)
1
= — sinh ' 4 (qo + cosh ¢s t, — sinh ¥ 1y).
7 s (q. 08 UsTo)
The algebraically special and reference tetrad are related by
ts = sin~! 6y t, + cot 05 q, = tanh™" ) t, + sinh™ ! 1 q.,
. =T s
4= To . o . (3.68)
—rs = cot b, t, +sin” " O5q, = sinh™ " s t, + tanh™ " 15 q,,
Ss = So,

see Fig. 4b for details, p. 131 in [6]. The pseudospherical parameters v, ¢, € of
projections of the PNDs into Z are 11 = 15, 1 = 0, €1 = €, and o5 = Vs, ¢os =
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T, €35 = €o, Tespectively. The complex parameters R; and Ry then are
R, = tanh (%Q/JS) ,  Rys = —tanh (%Q/JS> ) (3.69)

The transformation (3.68) from algebraically special to the reference tetrad can be
decomposed into boost, null rotation with k fixed and null rotation with 1 fixed,
(see [6]). The relation between the component 19, and the canonical component
T3 is
95 = (29)! coth® Y
5 2%(sl)? 2

in particular the expression for gravitational and electromagnetic fields are

T3, (3.70)

3 . i
Uf = 5 coth2(%@/)s) U5, @5 = COth(%ws) o1 (3.71)

Substituting into expression (3.34), we obtain the asymptotic directional struc-
ture of radiation as

P (28)
B os(sh)2 T
e%iplgléb) ((cosh ¥ + €€, cosh 1)) cos ¢ — i(e€, + cosh i), cosh ) sin @) | .
sinh v
(3.72)

Finally, we obtain magnitudes of components for gravitational and electromag-
netic fields:

13
up:
. 1, ..
| @))% ~ |05, [* (sinh™? ¢ (cosh s + €eo cosh 1)) 4 sinh® ¢ sin® ¢) . (3.74)
n

VAR W5, | (sinh ™ 4 (cosh s + €€, cosh1p)® + sinh® ¢sin® @), (3.73)

This is illustrated in Fig. 2b.

3.6.5 Timelike 7, one PND tangent to 7

In the following two sections we will study the special cases when the PNDs are
tangent to Z. This can happen only for timelike and null conformal infinity. First,
we will discuss the case when only one of two distinct PNDs, say ko, is tangent
to Z. We require the normalization condition (3.44) only for ke o k;. The second
PND I is fixed by the normalization condition kg -1, = —1. The reference tetrad
is fixed by these conditions

ko = ks, So = Sg, €1 = €1, (375)

and by adjustment condition (3.19). Then the algebraically special directions kg
and Iy are given by (see Fig. 4c on p. 133 in [6])

(to +15). (3.76)

1 1
ks_—ro_'_ o) ls_—
\/5( Qo) 7
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3. Asymptotic directional structure of radiation for fields of algebraic type D

Figure 2: Directional structure of gravitational radiation near a timelike infinity.
The four diagrams correspond to different orientation of algebraically special
directions with respect to the infinity Z. Each consists from a pair of radiation
patterns: (a) one PND outgoing and one ingoing (subsec. 3.6.3), (b) both PNDs
outgoing, the case with both PNDs ingoing is analogous (subsec. 3.6.4), (¢) one
PND tangent to Z and one outgoing (subsec. 3.6.5), (d) both PNDs tangent
to Z (subsec. 3.6.6). In each diagram the circles in horizontal plane represent
spatial projections of hemispheres of ingoing (left circle) and outgoing (right
circle) directions. The circles are parametrized by coordinates p = tanh ¢ = sin
and ¢. The magnitude of the radiative field component is plotted on vertical axis.
The arrows indicate mirror reflections with respect to Z of PNDs. The radiative
component evaluated along these geodesics in these directions is asymptotically
vanishing. Diagrams are taken over from [6].

The algebraically special and the reference tetrads are related by

ts = %to + %qo + I,
qs = _%to + %qo — Iy,

(3.77)
ry :t0+q0+r07
Ss = So,
the corresponding complex parameters are
Ry =0, Ry =+1. (3.78)

The transformation (3.77) from algebraically special to the reference tetrad is
just the null rotation with k fixed (see [6]). Afterwards, the authors found the
relation between the component Y9, and the canonical component Y% as

TS, = (—1)8((2!3))2! T, (3.79)
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specifically for s = 2,1
Ui = 6V5, &5 = —207. (3.80)
After substituting into (3.34), we obtain the asymptotic directional structure of

radiation .
i€ (2s)!

2 2 (s])?
And thus we obtain magnitudes of components for gravitational and electromag-
netic fields

T3, (€€, + coshtp — sinh ¢ exp(i))”. (3.81)

. A&
|0 | ~ 3| | 2|*| (€€ + cosh 1)) (cosh ¢ — sinh 1) cos ¢), (3.82)
n
) q)s 2
|PL? ~ 2| i (€€ + cosh 1)) (cosh 1) — sinh 1) cos ¢), (3.83)

>
for illustration see Fig. 2c.

3.6.6 Timelike 7, two PNDs tangent to 7

Now we will describe the remaining case when both the PNDs are tangent to a
timelike conformal infinity Z. There does not exist such natural normalization
of both PNDs analogous to the condition (3.44) which we have used above. It is
related to an ambiguity in the choice of the timelike unit vector ts because we can
choose any future oriented unit vector in the plane k; —ky,. But the nonvanishing
component T% is independent of this ambiguity because the choices of the special
tetrad differ only by a boost in k; —kog plane and Y% does not change under that
boost. So we arbitrarily choose one particular algebraically special tetrad with
respect to which we define the reference tetrad. Let us note that the reference
tetrad thus shares the same ambiguity as the algebraical tetrad. The reference
tetrad is fixed by conditions

to=1ts, S,=s5s, € =€, (3.84)
and by adjustment condition (3.19). The algebraically special directions kg and
Iy are given by

1 1
ks = ﬁ(to + ro)a ls = ﬁ(to - ro)- (385)

The algebraically special and the reference tetrads are related by

ts = t,,
s = To,
s = To (3.86)
Ir's = —qo,
Ss = 8o,
the corresponding complex parameters are
Ry =41, Rys=—1. (3.87)
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3. Asymptotic directional structure of radiation for fields of algebraic type D

The transformation (3.86) from algebraically special to the reference tetrad is
just the null rotation with k fixed and null rotation with 1 fixed. The relation
between 1§, and Y% is now

T3, = (1) T (3.59)

specifically for s = 2,1 we obtain

UG = U9 = 303, B9 = —PY = 285, (3.89)

— 2

By substituting into (3.34), we obtain

. —6)° !
T, ~ ( 7670) 222(;))2 T3, (exp(ip)(cos ¢ — ie€, cosh i sin ¢))” . (3.90)

So that for gravitational and electromagnetic fields,

31
VAR 2T |5, | (1 + sinh? 1) sin? ¢), (3.91)
1
|PL|* ~ 93" (1 + sinh® 1) sin? ¢) (3.92)
21 ng ) .

for illustration see Fig. 2d.

3.6.7 NullZ

Finally, we describe the case of null conformal infinity. We can see directly from
(3.34) by setting o = 0 that the directional structure of radiation near the null
infinity is independent of the direction along which the infinity is approached.
We will only be interested in the question whether the field is radiative or non-
radiative (when the dominant field component is vanishing or not). From the
definition of PNDs it follows that the normalization factor Y9, is vanishing if
one of the PNDs is tangent to Z. We assume that one of the PNDs (it can be )
is tangent to Z. Following the previous section, we can not fix the normalization
of the algebraically tetrad by condition (3.44), we can not select the algebraically
tetrad uniquely. But the field component Y% is still unique. If we choose one
algebraically special tetrad, we can use it as the reference tetrad, because it sat-
isfies the adjustment condition (3.19), see Fig. 6 at p. 135 in [6]. In other words,
we take

to=t5, Qo=0qs, TIo=Trs S, =S (3.93)

o

9s« 1s vanishing because one

It is clear that then 1, = 15 &~ n, so the component YT
PND is tangent to Z:

Y3, = 0. (3.94)
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Now we will concentrate on another case when both PNDs are not tangent
to Z. The PNDs can be normalized by condition (3.44) and we can fix the
reference tetrad by condition

to, =1ts, S,=258, € =€y, (395)

and by adjustment condition (3.19), see Fig. 6 in [6]. The algebraically special
directions ks and lg in terms of the reference tetrad are given by

1
ks = ﬁ(to + ro)a ls = —(to - ro)- (396)

As in section 3.6.6, the algebraically special and the reference tetrads are related
by

ts = t,,
s = To,
4 (3.97)
Ir's = —qo,
Ss = 8o,
and their complex parameters are
Ry =41, Rys=—1. (3.98)

Using (3.34), o = 0, and relation (3.88), we find that the radiative component
has no directional structure

i 3(28)' S 1
Y, ~ € (s!)2TS*E' (3.99)

The magnitudes of components for gravitational and electromagnetic fields are
then

. 1
V4| =~ 3| W5, |, (3.100)
yl
. ) 1
|PL|* ~ 2@3*'2?' (3.101)

We have thus reviewed all possible directional structures which may occur on
spacelike Z, timelike Z and null Z.
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4 Asymptotic structure of radiation
for the Plebanski—Demianski black holes

Now we have a complete framework needed to analyze the asymptotic directional
properties of the gravitational field of exact models from the Plebanski—-Demianski
family. In the first part 4.1 of this section we will investigate the Kerr—-Newman
black holes in de Sitter or anti-de Sitter universe, respectively, and then in 9.4 we
will study the general Plebanski-Demianski metric which describes the complete
family of black hole spacetimes. We are mainly interested in the explicit depen-
dence on the parameters of the metric, namely the mass, the charge, the rotation
and the cosmological constant, in the final formula for the directional structure
of radiation.

4.1 Radiation in the Kerr-Newman—de Sitter spacetime

The Kerr-Newman-de Sitter metric has the form (9.40); let us recall it again

_A Aysin?
8up = = [dt — asin? 9dg]” + S0 [adt — (1 + a2)dg)’
=2p =p i (4.1)
14 d 2_|_ P d192
—dar _
+ A, A, )
where
0> = 1?4 a*cos? ¥,
A, = ?+a®)(1=2r2) —2mr + (® + ¢* )
( )(1—377) (" +9%) (4.2)

Ay=1+ %aQ cos® 1,

Ezl—l—%aQ.

First, to study the radiation structure following chapter 3, we have to identify
the conformal infinity Z of the spacetime (4.1). We will demostrate that the ap-
propriate conformal factor is 2 = 7! (as in the simplest Schwarzschild solution,
which is the special case of (4.1) for e = g = a = A = 0). The conformal infinity
7 is then situated on €2 = 0 which corresponds to r = oo.

Indeed, by substituting the relations (4.2) into the metric (4.1), the metric
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4.1. Radiation in the Kerr—Newman—de Sitter spacetime

can be written explicitly as

[dt — asin® ¥d¢)?

Ay sin® ¥ 9 9\ 1,12
+ ( 2 005219) - ﬁ[adt — (r° + a”)d¢]
1 =2
r2
] a? cos®
N r2 dr?
LY (Lol (g
r2 rz2 3 r3 rd
( ) a? cos? 19)
r2
+ d?

where we factorized the term 72 corresponding to the conformal factor 2. The
expression in the curly brackets is the conformal metric g,,. We will investigate
its behavior as r — oo:

. A Ly ,  Agsin®d  , 3 a2 1

TILIEO 8 = @(dt — asin” 9d¢)” + ?dqﬁ X [d(r )] + A_gdﬂ . (4.3)

We observe that the relation (4.3) is regular for A # 0 (considering the new
coordinate £ = r71). The case A = 0. (The analytical extension of Kerr-Newman
was studied in [14, 15] but still the explicit conformal factor was not presented.
Thus, we will not investigate this case in this work.)

The conformal factor is thus exactly

1
Q=- 4.4
- (44)
in the sense of the relation (3.1) between the conformal metric g,, and the physical
one ggp.

By differentiating (4.4) we get a gradient of €2 as

1
The inverse of the conformal Kerr—Newman—de Sitter metric is
p252 pQEQ
g“baa ab = ’1"2 {m[a/ Sin2 7.9815 -+ 8¢]2 — AT,M [(7"2 -+ a2) 3,5 —+ a8¢]2
A A,
+ =005+ =0, ar} ,
P P
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where we denoted
M = (r* + a*) + a®sin® J(a? sin® ¥ — 2r* — 2a?). (4.6)

Accordingly, we obtain N for the case o = +1 by using the relations (4.6), (4.5)
and the definition (3.3), as

N=-P2"_ (4.7)
A
Now we calculate n® and o by using (3.3)

~ A A, r
n = N7 =-——— g (4.8)

p? VAP

JAVIIS A

_ " N2 = T 4.9
T A 9

We may explicitly rewrite the last equation by using (4.2) which evaluated on
the conformal infinity 7 gives

a? 1 1 2m  (e? + ¢?)
T4K1+ﬁ) (5_5A>_T—3+T}

a’ 1 1 2m  (e* + ¢?)
T4KH§) (5_51\)_7+T”

The result (4.10) shows explicitly that the character of the conformal infinity
is given by the sign of the cosmological constant, namely

= —signA.  (4.10)

—1: for A >0,
olz = 0: for A=0, (4.11)
+1: for A <0.

(In fact, we have just confirmed the general relation (3.5) for the Kerr—-Newman—
de Sitter spacetime.)
We can now obtain the physical normal vector n using the conformal trans-
formation (3.7) of the conformal normal vector n (4.8) for o = +1
A1
n=————_-9,. (4.12)
|A P
This expression crucially depends on the value of A,, which has the form
(4.2). The normal vector (4.12) near Z is thus

Ve

0, for A >0 (A, is negative)
p

n=¢ fo (4.13)

0, for A <0 (A, is positive).
p

In the next sections (4.1.1) and (4.1.2) we will derive an explicit form for the
radiative component of the Kerr-Newman—de Sitter gravitational field. We will
separately discuss the cases A > 0 and A < 0.
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4.1. Radiation in the Kerr—Newman—de Sitter spacetime

4.1.1 Radiation in the Kerr—-Newman—de Sitter spacetime with space-
like 7

We first consider the case A > 0 when the conformal infinity Z is spacelike.
The algebraically special null tetrad (ks, lg, mg, m;) for this solution was already
derived above in equations (9.45) and (9.46). Using this tetrad we easily identify
the algebraically special orthonormal tetrad from the definition (3.12) as

ts = ara
p
= iAT [(1? +a?) D+ a dy) )
VAy '
rs = P 8197

—_

S, = ;
psin ¥/ Ay

Now we need to express the reference tetrad in terms of the algebraically special
tetrad. By inverting the relations (3.47), we obtain

(asin® 9 0, + 0,).

t, = cos sty — tan b, ry,

Jo = Qs;
4.15
r, = cos 61y — tan b, tg, ( )
t, = t..
Substituting (4.14) into (4.15), we find
vV—A VA
t, = cos ' 6, "9, — tan b, ) Oy,
P P
Qo = — = [(r2+a2) 8t—|—a8¢,],
' _A\;A_ e (4.16)
r, = cos 10,0 9y — tan O, ~——" 0,

p

—_

°T psin v/ Ay

The reference tetrad (4.16) must satisfy the adjustment condition (3.19) for
o = —1 which is explicitly n = ¢,t, and where n is given by (4.13). To sat-
isfy this, it is necessary to choose the parameter

S (a sin? 9 0, + 6¢) )

0, = 0. (4.17)

Indeed, the component of the vector t, proportional to dy must not contribute
to the normal n to Z and thus we have to set tanf, = 0. The first part of t, is
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then proportional to the normal (4.13) with cosfs = 1. These two conditions on
fs give us the unique value of the parameter 65 = 0. We also observe that for this
case €, = 1. It means that the normal and the reference tetrad (both PNDs) are
outgoing with respect to the future spacelike conformal infinity Z.

We can also use the following argument. We can calculate the projection
(3.22) where k; - t, = gq k2?2, Explicitly, we get k - t, = —% cos~! s by using
(4.16), and then the projection is

—_

= tan 6
s =cosb | — >+4a®) 0, +ad “V Ay 0
qs = COS (p\/__AT[(T—Fa)t—Fad)-F P 9 O
VS
P

(4.18)

+ cos 0s(1 — cos™26;) O,.

Because qs is the projection of kg onto Z, and n is vector (4.13) normal to Z, the
scalar product must be q-n = 0. This condition is satisfied when (cos™ 6, — cos ;)
0. It means that cos?f, = 1, cosf, # 0, and it again contains the solution
cosfy = 1, i.e. O = 0. The second solution cosfs = —1 gives the value of
the parameter 6, = m which would mean that the normal n and the reference
tetrad (PNDs) are oriented to the past. This is not our case because we have
chosen future oriented PNDs.

This again confirms that the appropriate choice of the parameter is 65 = 0.
In other words: in the present case the reference tetrad is identical with the
algebraically special tetrad (4.14), see (4.15).

Now we can calculate the radiative component of the gravitational field. The
only non-zero component of the Weyl tensor (following the procedure described
in [6]) with respect to the algebraically special tetrad is (9.49), i.e.

m e + g*

U = — . 4.1
2 (r +iacos )3 * (r +iacos¥)3(r —iacos ) (4.19)

The coefficient U3, is obtained from (3.51) for s = 2,
Wy~ U5, (4.20)

where (see section 3.2) n ~ ¢ Q27! and Q = r~! so that n ~ er. The leading factor
of the gravitational field is thus

2 2 . 19—3
@;%¢@:€Cm+_iii_>0+m“5> : (4.21)

r —iacost r

as r — 00. We use this explicit function and the fact that 6, = 0 to evaluate the

expression (3.53),
(m— 62'-1—92 ) (1+iacosq9)_3
r — ia cos v r
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4.1. Radiation in the Kerr—Newman—de Sitter spacetime

which can be written explicitly as

1w 2L o 2T Fay
2 |n| r2 + a? cos? v r?
(4.23)
Considering the fact that the expansion of the field in powers of r—! is only
consistent here up to the first order, we finally obtain
|Wl| ~ 3m sin’ 6. (4.24)

2 |n|

This gives the explicit formula for the radiative component of gravitational field
in the Kerr-Newman—de Sitter spacetime. From the equation (4.23) we observe
that the contribution from the electric and magnetic charges e and g is negligible
with respect to the mass m of the black hole in the order r—!, and the influence of
the rotation represented by a is even smaller of the order r—2. The formula (4.24)
is independent of ¢ so that the directional pattern is axially symmetric, see Fig.
la. Radiation is vanishing in the directions where 6 = 0, 7. The fact that generic
observer detects radiation even for in non—accelerating case is intuitively caused
by observer’s asymptotic motion relative to the “static” black hole. Only for the
special observers moving along the null geodesics radial with respect to the black
hole (# = 0, ) the radiation vanishes as is expected for “static” sources.

The result (4.24) thus agrees with the radiative component of the gravitational
field for the non—accelerating C—metric-de Sitter metric found in [4]. These re-
sults differ only in the constant factor due to the normalization condition of the
component k; normal to Z which is different in [3], otherwise they fully agree.
The result (4.23) is the same for the Schwarzschild-de Sitter solution because
the parameter a does not contribute to the directional structure of the Kerr—

Newman—de Sitter spacetime, only up to the order r—2.

4.1.2 Radiation in the Kerr-Newman—anti—de Sitter spacetime with
timelike 7

Analogously, we investigate the gravitational field in the anti-de Sitter back-
ground with A < 0. The algebraically special null tetrad (ks, ls, mg, m;) for this
solution was already derived above, see (9.47) and (9.48). In this section we have
to analyze the directional structure of radiation near timelike conformal infin-
ity Z. There are four possibilities of PNDs orientation with respect to Z. We
will start our analysis with the case described in 3.6.3 where both PNDs are not
tangent to Z and one PND is outgoing and one is ingoing with respect to Z. Us-
ing the tetrad (9.47) we can easily identify the algebraically special orthonormal
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tetrad from its definition (3.12),

ty = — 2+ah)0 AN
p\/A_T[(T + a0+ ady)
VA,
qs = — 0y,
p
4.25
V& 2
rs = 8197

== (asin?08; +9,).
s pyce _Aﬂ(asm , + 0yp)

This algebraically special orthonormal tetrad is clearly the same for all the cases
possible on timelike Z. We need to express the reference tetrad in terms of this
algebraicaly special tetrad. By inverting the relations (3.60) we obtain

t, =t

qo = — tanh ¢, rs + cosh™* ¢ qs,

r, = cosh™? s T + tanh ¢ qs,

Sy = Ss.

(4.26)

After substituting (4.25) into (4.26), we obtain the reference tetrad expressed in
terms of the coordinate frame

—_
—
—

t, = [(7’2 +a*) 0, + a(%] ,

s
Qo = cosh ™" ¢ & = Dy,
P P (4.27)

Var g,

0, — tanh 1)

VA
r, = cosh ™! 1/ p v Oy + tanh v,

—_

° psindy/Ay

The reference tetrad (4.27) must satisfy the adjustment condition (3.19) for
o = 41 which is explicitly n = —¢,q,, and when we substitute the vector q,
we directly get

s (asin®9 0, + 0,) .

n = —¢, (cosh™ ') 0, — tanh 1) Op). (4.28)

VA, VAy
p P
Generally, for A < 0 the normal vector n has the form (4.13). We see that the
component of the vector q, proportional to dy must not contribute to the normal
n near Z so we have to set tanhvy, = 0. The other component of the vector
q. is proportional to the normal n up to the factor cosh ' 5 = 1. These two

conditions imply

¢s:0'

o1



4.1. Radiation in the Kerr—Newman—de Sitter spacetime

We observe that the parameter e, which denotes orientation of the reference
tetrad is ¢, = +1. It tells us that the PND vector 1, is oriented into the manifold
M while the other PND k, is oriented outside the manifold on Z, and the normal
n is oriented inside the manifold on Z.

As in the previous section we can also use another argument We can calculate
the projection (3.25) where k; - q, = g k%q®.  Explicitly, we get k; - q, =
% cosh ™ 1) by using (4.27), and the projection gives

—_
—

= tanh 1)y
ts = — cosh 1)y >+ a*) 0, 0, >V Ay O
cosw<p\/A_r[(r +a®)0+a ¢]>—|— p 9 Oy
VA,
P

(4.29)
_l’_

cosh 1) (1 — cosh™2 ws) Oy.

Again, the vector tg is the projection of kg onto Z. Thus n is normal vector to 7
then the scalar product of ts - n must be equal to zero. This condition is satisfied
only when cosh 1 (1 — cosh™ ws) = 0. It means that cosh?t) = 1, coshv) # 0
and it again contains two solutions cosh ¢)g = £1. Only cosh ¢); = 1 makes sense.
This again confirms that the appropriate choice of the parameter is s = 0.

To sum up: also in the present A < 0 case the reference tetrad is identical to
the algebraically special tetrad, see (4.26).

Now we can calculate the radiative component of the gravitational field. The
general derivation is described in the section 3.6.3. We use the explicit expression
(4.21) and 5 = 0 to evaluate (3.64) which explicitly gives

' 31 9 2 2y _ (2 2)2 2 cos29\ 2
LARS (m2— mr(e” +97) = (¢ + ) > (1+7a e > sinh? ).

4920 72 4+ a? cos? v 72
(4.30)
After proper expansion to the first order in 7!, we finally obtain the result
- 3m
|Wi| ~ =— sinh®1). (4.31)
2|

This gives the dominant component of radiation in the Kerr-Newman-anti-de
Sitter spacetime. As in the previous case A > 0 it is independent of the charges
e, g and rotation a of the black hole. The directional pattern is again axially
symmetric. There are two directions of vanishing radiation. One direction is
ingoing which is the mirrored reflection of outgoing PND I and the other is out-
going which is mirrored reflection of ingoing PND kg. The generic observer thus
detects radiation except for these two directions. The result (4.31) agrees with
non-accelerating C—metric—anti-de Sitter studied in [5]; again, the only difference
is in the normalization condition of the component of the vector k; normal to Z.
In the following we will discuss the remaining possible cases and we will prove
that they do not, in fact, occur in the Kerr-Newman—anti-de Sitter spacetime.
First, we begin with the case 3.6.4, where both PNDs are oriented to be out-
going or both ingoing. The algebraically special orthonormal tetrad is (4.25).
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We express the reference tetrad in terms of the algebraically special tetrad by
inverting the relations (3.68); we obtain

t, = +sinh ! s Ts + coth st
do = — sinh ™! Ys ts — coth g 1y,
ro = (Qs,

Sy = Ss.

(4.32)

When we substitute (4.25) into (4.32), we obtain the reference tetrad in terms of
the coordinate tetrad as

VA =
t, = sinhfl @Z)S—ﬁaﬁ — coth 77/)57
P VA,

sinh™! 9 [(7“2 +a®) 0 +a 8(;5} — tanh ™! 1)

[(7’2 +a*) 0, + a(%} ,
VAy
p

(11

Qo = 8197

s
E

(4.33)

5

o,

r, =
p

—_

So = psin v/ Ay (

This reference tetrad must satisfy the adjustment condition (3.19) for ¢ = +1
which is explicitly n = —€,qe.

Generally, n has the form (4.13) for 0 = +1. We have to choose the parameter
s in (4.33) to obtain the vector q, proportional to the normal n. However, we
see that none of the components of the vector q, is proportional to 0, which
occurs in the normal n near Z. This reference tetrad thus does not satisfy the
adjustment condition.

Alternatively, we can also calculate the projection of kg into Z to check this
result. Beginning from (3.25), we obtain kg - q, = % sinh ™ 1) by using (4.33),
and the projection gives

asin® 90, + &b) )

—_
—
—

ty = — sinh ¢ (1 + sinh ™2 (I (
( ) Vi

VA VA
+ coth ws—ﬁ Oy + sinh 1)y " 0,.
P P

[(r? +a®) 0, + a@d) o
4.34

Again, the scalar product must be ts-n = 0. The condition is satisfied only when
sinh ¢)s = 0 but this does not make sense when substituting this result into q, in
(4.32) because q, becomes infinite. This case thus does not appear as a possible
asymptotic behavior of the gravitational field of the Kerr-Newman—anti-de Sitter
spacetime.

We will investigate the next possibility described in section 3.6.5, i.e. the case
when one PND is tangent to Z. The algebraically special orthonormal tetrad is
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4.1. Radiation in the Kerr—Newman—de Sitter spacetime

again (4.25). We express the reference tetrad in terms of the algebraically special
tetrad by inverting the relations (3.77), we obtain

_ 3 1
to - Qts + §CIS — T,
Qo = I's — %ts + %q&

(4.35)
I'o:rs_ts_qm

So = Ss.

Substituting (4.25) into (4.35), we obtain the reference tetrad

3 = 1vA VAy
t, = —— 2+adh)0 0, X109, — =—2 0y,
>, A_r[(r +a®) 0+ a ¢]+2 p P
VAy 1 = 5 o 1 VA,
Qo = Oy + = " 4+a”) 0 +ady| + -—— 0,
VAy = 5 9 VA,
r, = Oy + r“+a°)0; +a0y| — O,
p VA, L Jo+ads] - =

o= —————(asin®9 9, + 0,).
psinﬁx/Ag(asm :+05)

Of course, this reference tetrad must satisfy the adjustment condition (3.19).
When we compare the vector q, with the normal vector n, we observe that the
vector q, has a component J, pointing in the same direction as the normal n,
but q, has two other components which cannot disappear. This reference tetrad
thus gain does not satisfy the adjustment condition. We can also calculate the
projection of kg into Z. Using (3.25), since kg - q, = %, the projection gives

1 VA, \/A,ga 3 =
= 5 r Y T 5

t, =
2 p p 2pVA,

[(r +a®) 0, + ady) - (4.37)

and the scalar product must be ts-n = 0. This condition is not satisfied since we
obtain ty - n = —%. This case again does not represent the possible asymptotic
behavior of the gravitational field of the Kerr-Newman —anti-de Sitter spacetime.

The last possible case is described in the section 3.6.6, when two PNDs are
tangent to Z. It is the simplest case: we only write the inverse relation between
the reference tetrad and the algebraically special tetrad (3.86) as

to - ts>
o = T,
b (4.38)
o = Qs,
So = Sg,
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and after substituting from (4.25) into (4.38) we get

t, = — 2+ah)0 AN
p\/A_T[(r +a”) 0 +a ¢]
qo = — P 8197
4.39
A (4.39)
o= O,
p —
b= ——— (asin2 99, + D).
S s v _Aﬁ(asm 4+ 05)

This reference tetrad (4.39) must satisfy the adjustment condition (3.19) for
o = +1, with n given by (4.13). The vector q, does not point into the 9, direction
as the normal vector n, and again the adjustment condition is not satisfied. This
case thus also does not occur as a possible asymptotic directional structure of the
Kerr-Newman-—anti-de Sitter spacetime.

We may thus conclude this section by summarizing that of 4 possible di-
rectional structures of radiation near the timelike conformal infinity Z for the
Kerr—-Newman—anti-de Sitter spacetime, the only actual possibility is character-
ized by the directional structure (4.31) corresponding to the situation when one
PND Kk is outgoing while the other PND 1y is ingoing with respect to Z. This is
fully consistent with the results presented in [5] for non-accelerated limit of the
C-metric with A < 0.

4.2 Radiation in the complete family of the Plebanski—
Demianski black hole spacetimes
Now we will generalize the above results to the A # 0 case of accelerating charged

black holes with rotation @ and NUT parameter [. We will use the alternative
form (2.52) of the general metric for our investigation. Let us recall that

1 _ 5 _ 2 2
gab = 3 —Q(dt — (asin® 9 + 41 sin® g)dgb)2 + 2 a0+ Q—dqQ
Q2| o? 2 P Q
A (4.40)
sin - ~
S (ag*dt — 1+ (a +1)°¢°]dg)* |,
where
«a
Q=—(¢+ ;(l + acosv)),
Q2 = 1+q2(l+aCOS7.9)2, (441)

P(W) =1 — azcos? — a4 cos V2,
Q(q) = —(a®k + A/3) + 2aw ™ 'ng + e¢* + 2mg® + (W?k + €* + g°)¢",
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4.2. Radiation in the complete family of the Plebariski—Demianiski black hole spacetimes

« is the acceleration parameter, the coefficients az and a4 are given by (9.54) and
(9.55), and the parameters €, n are defined by the constraints (9.18), (9.19)

w?k ! 2 o [0 5 2, 2y, A
e:a2_l2—|—4a;m—(a +3l)[ﬁ(wk+e —|—g)—|—§}, (4.42)
w?kl a?—I? P S 9 o A
= T A m+ (a —l)l{ﬁ(wk—l—e —|—g)+§}. (4.43)
The parameter k for ag =1 is
W +3a2 ) k=1+ 204£m — 3042ﬁ(€2 + ¢%) — I?A. (4.44)
a? —[? w w?

These constraints define the values of k, n and e, the remaining scaling freedom
is in the parameter w which we can set to any convenient value with assumption
that a and [ do not both vanish (otherwise w = 0).

We observe that 272 is factorized from the metric (9.62). The remaining part
of the metric in the square brackets is the conformal metric g,,. The conformal
factor is in the sense of the relation (3.1) between the conformal metric g,, and
the physical one g, given exactly as

Q=—(q+ g(l + acos)). (4.45)

The conformal factor must be positive, so we assume ¢ + 2(I + acosd) < 0.
Obviously, when we perform a limit ¢ — 0 of the conformal factor, there remains
the term (/4 a cos?) with the acceleration parameter which is non-trivial. This
metric is thus convenient from the point of view of the conformal structure and
it is more useful for our analyses.

The conformal infinity is localized on © = 0, and from (9.67) it gives an
important equation N

q= (I + acos?). (4.46)
w

This relation enables us to evaluate our results directly on Z.
We easily obtain a gradient of € by differentiating (9.67) as

dQ = —(dg — Zasin 9dv), (4.47)
w
which, evaluated on {2 = const., gives the relation
(67 .
dg = —asin¥dd. (4.48)
w
For further purposes, it is convenient to investigate the general expression
a2
Q+ o’ —Psin* 0. (4.49)
w
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We find, surprisingly, that this expression (4.49) already has an interesting form
in the initial metric (9.1) where we have substituted » = —1/¢. Then the quartic
Q is the same as in (9.63) and the quartic P is connected to P in the initial metric
(9.1) by several scalings which lead to the general form of the metric (9.62) as
(see (9.23) and (9.53))

2

a~ .
P = > sin? 9 P. (4.50)

After substituting (4.50) into (4.49), we simply get Q+a?P. When we substitute
P and Q (with ¢ = —1/r) from the initial metric (9.1), we obtain
Q+a’P = —4(1+ W )+Q [(Wh + € + g°) (¢ — ap) (¢ + a*p?)
+2m(¢* — agp + o’p®) + (g — ap) + 2anw™] .

(4.51)

The expression (9.71) has two parts, one with the parameter A and the second

part with a factorized conformal factor. The second part evaluated on Z gives

zero. Now, it is clear that this nice structure remains even after we perform

all the transformations (9.16) in the coordinate p leading to the general metric
(9.62); we obtain

2
Q—FO[Q%P sin? 1) = —%(1 + g—z(l +acos?)?)
m[ — (a2 +31)(g - g(z +acosd)) — 22(a? — 12)])
+(Wk+ e+ ¢°)g® — ¢2(l — acos ) — qg—z((l + acos¥)?) — (a® + 31%)]
“—3[(l +acos?)(a* + 3l2 (I + acos®)?) + 2(a® — I?)1?]
+2m[q* + ¢2(1 — acos V) + fj—z[(l +acosd)? — 21(l + acos V) — (a* — 1%)]
+a§—°fp(1 + 2adw™ )],
(4.52)

where k has the form (9.66). Finally, we evaluate the expression (4.52) directly
on Z, by setting 2 = 0,
2 A 2
Qr + 042%73 sin? 1) = —3 (1 + %(l + a cos 19)4) . (4.53)
This expression will be very useful in evaluating our results directly on Z.
Now we will examine the conformal metric g,, on Z. When we substitute
(9.68), (9.70) into g, from (9.62) and (9.63), we obtain

. -9 - . ) Qz+a2a P sin? )
wlT = dt — ¥+ 4l d dv
S|z z ( (asin® ¥ + 41 sin® ) gb) PO,
in2d ~ ~
P#(a%(l + acos¥)*dt — [1+ (a +1)* Q—Q(l + acos¥)?]dg)?
o1
(4.54)
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where the expressions for ¢ and Q changed to

2
or =1+ %(Z + acos¥)* (4.55)

and

Qr = — (a®k + %) - Qg—zn(l + cos V) + efj—i(l + a cos ¥)?

) 5 (4.56)

—2m% (I + acos )’ + % (w’k + € + ¢*) (I + acosV)*,
where n, € and k are the constraints (9.64), (9.65) and (9.66). The coordinate ¢ is
not present in (9.73) because we made the substitution (9.68) and therefore only
the term proportional to di? appears in the conformal metric g,,|7. Furthermore,
when we use the expression (9.72), it is possible to evaluate the conformal metric
(9.73) on Z more explicitly as

) Q7 . N —5(1+ % (L +acos))
ablz = ?%I(dt — (asin® @ +4lsin® 2)d¢)* + ol — 2PQI aw
. 219 ) - 2 T
%(a%(l +acos?)?dl — [1+ (a + 1) (1 + acos¥)?]dg)?| .
I

(4.57)

We observe from the last expression that g,|7 is regular on Z for 0 = £1 (A # 0).
The case A = 0 has to be studied in another way, like the Kerr-Newman—de Sitter
solution in section 4.1.

We also calculated the inverse form of the physical metric (9.62) (using the
Maple software)

Q P ¢
ab 2
g &l 31, = anaq +Eaﬁaﬁ — QW

[(1+ (a+1)%¢")0; + aq0y)?

) (4.58)
+ Psifw[(asirﬁ19+4lsin2(19/2))8g+8q;]2 ,
where we denoted
W = [(1+ (a +1)%¢%) — ag*(asin® ¥ + 4lsin®(9/2))]”. (4.59)

The trace of metric (9.62) and (9.77) is gug® = 4. This confirms that (9.77) is
really the inverse metric of (9.62).

We are now able to calculate the function N and the conformal normal a®
to Z, and o from the definition (3.3). The function N is, for the cases ¢ = £1
and for every {2 = const, given by

0

N = :
\/|Q + a2 L Psin? )|

(4.60)
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Then the conformal normal n® to Z and o are

1
n" = — (9@1 — 0482 sin 19(%) : (4.61)
\/|Q+oz22—27351n219| 9 we
Q9+ 0425—2273 sin? ¢

o= 5 . (4.62)
|Q + a2%P sin® V|

Clearly, we observe that if Q + ong—ZP sin?® > 0 then o = 1, and also conversely

Q+ 0425—273 sin?9 < 0 for ¢ = —1. Obviously, we can just explicitly evaluate the
expression (9.81) on Z using (9.72). It gives

A1+ % (I +acosv)* —A
ol = ?’A( (! +acosv)) — _signA. (4.63)

— 531+ % (I +acosv)t)| | — A

We have thus confirmed the relation (3.5), 0 = —sign A which tells us that the
character of Z is related to the sign of cosmological constant.

The physical normal vector is according to (3.7) defined as n® = Qn?, thus
for o = £1

n® f (Lo, = 2T sinvay). (4.64)

== —Uq
\/|Q+oz23—227351n219| 0 w o

In the next sections we will derive explicit form of the radiation in the complete
family of Plebanski-Demianski black holes spacetimes. We will discuss separately
the cases A > 0 and A < 0.

4.2.1 Radiation in the general metric with spacelike 7

We will investigate the radiative properties of the general metric (9.62). The
separate cases can be divided according to the sign of the cosmological constant
as in the Kerr-Newman spacetimes. The case A > 0 occurs for Q < 0, it means
that the leading term in Q gives the condition a2k > —% near the conformal
infinity, while A < 0 occurs for @ > 0, o?k < —% and for Q < 0, o’k > —%. The
sign of the term Q specifies which null tetrad from the section (9.3) is convenient

to use.

First, we will study the case when A > 0 with the tetrad chosen for Q < 0.
The algebraically special null tetrad is the tetrad (2.56) and (2.57) for the case
Q < 0 of the general metric. We can easily identify the algebraically special
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orthonormal tetrad using the definition (3.12) from the vectors (2.56) as

.= 230,
0
Q= 2 (a0 + [1+ (L + 010
s 0 \/@ ) ),
L (4.65)
Is = Z\/,]Sag,
s, = Q [(41sin?(0¥/2) + asin? 9)0; + aq;]'
¢ VP sin ¥

We express the reference tetrad in terms of the algebraically special tetrad by
inverting the relations (3.47), as

t, = cos !0t — tan b rs,

Qo = (s,

4.66
r, = cos ' fsr, — tan b, ts, ( )
t, = t.

Substituting (9.84) into (9.85), we obtain the reference tetrad for spacelike 7

t, = g <cos’1 0s vV —Q0, — tan 0 \/73&9) ,
0
~ 2 L g, I+ a)’¢*|0;
qO_Q@(aq ¢+[1+(+a)q]t)a
Q (4.67)
r, = — (cos 0, VPOy — tan b, v —Qaq) ,
0
Q [(41sin?(9/2) + asin® 9)0; + ;]
So 0 VP sind .

The reference tetrad (9.86) must satisfy the adjustment condition (3.19) for
o = —1 which is explicitly n = €,t,, i.e.

n =N (cos_1 0 ;Q(?q — tan 6, @&9> ) (4.68)
0 0
On the other hand, the normal vector n is given by (9.83) for 0 = —1,
Q
n=— (gaq N sinﬂ&g) . (4.69)
\/—Q—&zg—ipsinQﬂ ¢ we

The normal vectors (9.87) and (9.88) have to be equal. By comparing them we
observe that it is necessary to set and then evaluate on Z the following expressions
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(which we have already done by the substitution (9.68)),

cos b, :\/1 + 042%29% sin? ¥, (4.70)
2\/Psind
tanfy = — LV , (4.71)
\/—QI — 0423—273 sin? ¥
Ly/Psin?
sinf, = — agVPsing (4.72)

vV=0r '
where Qz(¥) is the expression (9.75), P (V) is given by (9.63), and we also observe
that ¢, = 1. In other words, the normal vector and the reference tetrad are
outgoing with respect to the future spacelike conformal infinity Z*. We evaluated
the above expressions on Z because we are interested in the form of cos 6, sin 6, on
Z. The parameter 6, encodes the orientation of the algebraically special tetrad with
respect to the spacelike Z. The expressions cos b, sin 65 and tan ; are functions
of only one coordinate ¥/ on the conformal infinity Z.

Now we calculate the radiative component of the gravitational field. The only
non-zero component of the Weyl tensor (following the procedure described in [6])
with respect to the algebraically special tetrad is (9.60), let us recall it again,

q—%<l+acosz9>)} (q+g<z+acosm>3.

1 +iq(l + acos?v) 1 —ig(l+ acos?)

TS = |(m+in) + (e* + ¢%) (
(4.73)
The coefficient U3, is obtained from (3.51) for s = 2 as

LR S I (4.74)

where n ~ e Q7! and Q = —(g+2(I+acos?)) so that n ~ € (—g—2(I+acos¥)) "
The leading factor of the gravitational field is thus

U3, ~ W =e(—q — 2(I + acos ) >3, (4.75)

for ¢ — —2(I 4+ acosv) when €2 — 0. After substitution of (9.92) into (9.94) we
get

(1 —iq(l +acos?))

q—2(l+acos?)
1+ iq(l +acos?) |’

S, ~ = [(m+in) + (e + ¢%) (4.76)

The asymptotic directional structure has a standard form for spacelike Z de-
scribed by (3.53), namely
31 |5,

U~ = —
kel 2 |n| cos? O

A9, 6,6.). (4.77)

where we have conveniently denoted the angular directional dependence as

A(0, ¢,0,) = (sin 0 + sin 6, cos ¢)? + sin §, cos® # sin” ¢. (4.78)

61



4.2. Radiation in the complete family of the Plebariski—Demianiski black hole spacetimes

The asymptotic directional structure is determined by U5, evaluated on Z and
by cos 0, sin 65 which are given by (9.89) and (9.91), both evaluated on Z.
The parameter sin 65 can be rewritten from (9.91) using (9.72) as

2\/Psind
sinfy = — ozw\/_sm , (4.79)
\/O[QZ—QQPSiHQ U+ 2(1+ g—i(l + acosv)?)
and we can also rewrite cos s from (9.89) and (9.72) as
A1+ 2 (1 4 acos9)*
cos? O, = s+ &I+ acos) (4.80)

a2 % Psin® 9 + §(1+ (1 + acosv)t)’

where the function P is given by (9.63). We are mainly interested in the con-
crete form of W, evaluated on Z. This normalization component (9.95) can be
rewritten as

VD

Vol = 4.81
o (14 ¢*(l 4+ acos¥)?)3/?’ (4.81)
where
D =m? 4 n? +2( + ¢°) (¢ —2(I+acos?))(m —ng(l + acos?))
I 1+ ¢*(l + acosv)?
(4.82)

(¢ —2(l+acos?))?
1+ ¢*(l 4+ acos )2

)

+ (e +¢°)

and the parameters n, k and € are given by the constraints (9.64), (9.66) and
(9.65). The particular form of |¥$,| on Z can be obtained by substituting (9.68)
into the previous expression (9.101) as

vDz

TS, |7 = i | .
|05, |7 (14 % (1 + acos¥)1)3/2 (4.83)
where
+n2(l + 192
Dy =m? + n* — 42 (¢* + ¢°)(L + a cos V) n(l+acost)
1+ % (I 4+acosd)? (454)

(I + acosd)?

+ 42 62+g22 .
= ) 1+g—§(l+acosq9)4

We observe again that | U3, |7 depends only on the coordinate ). Then it is useful
to denote the factor of the radiation as

BW) = o520,

(4.85)
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The final form of the asymptotic directional structure of radiation is thus

31
2 |n|

where B(19)) can be rewritten by (9.99), (9.102) and (9.103) as

VDr, (4.87)

VAR B(9).A(8, ¢, 6;), (4.86)

Q2L P sin® @ + A(1+ % (1 + acos9)*)
A1+ 5—§(l + acos19)*)5/2

BW) =

with
m 4+ n2(l + acos?)?

Dz =m* +n® —49(e* + ¢*)(1 + acosV 5
* ] al )1+%(Z+acosq9)4

(I 4+ acos?))? (4.88)

1+ g—z(l+acosq9)4’

+495(e* + g*)?

and the function P given by (9.63). The expressions (9.105), (9.106) and (9.107)
give the explicit formula for the radiative component of gravitational field in the
complete Plebanski-Demianski black hole spacetimes in the de Sitter universe.
The null direction along which the field is measured is parametrized by angles 6,
¢ in expression A in (9.97). The field itself is characterized by the normalization
component |U5 |7 or B(J) and the parameter 6s0) fixes the orientation of the
algebraically special directions with respect to a spacelike infinity Z. Two PNDs
are both oriented outside the manifold on future spacelike Z+. There are two
directions in which the radiation vanish as which are spatially opposite to PNDs.

The result is consistent with [4] where the C-metric was investigated. The
difference is in the sign of sin 6, that it is probably caused by the choice of the
reference tetrad. The other minor difference is again in the normalization of
the normal component of the vector k; which is defined slightly differently in [4]
and in the [3]. The result for a = 0, [ = 0 reduces to our previous result for
Kerr-Newman—de Sitter presented in the section 4.1.1.

The amplitude of radiation B(¥}) is represented by expression which depends
on a single coordinate ¥ and on the parameters m, «a, w, a, [, A, e, g. The
coordinate 9 specifies one point on the conformal infinity Z while the parameters
characterize the sources (black holes) which generate the radiation. The depen-
dence of the amplitude B(¥) on the parameters of the black holes is discussed in
section 9.5. Surprisingly, we will observe that the amplitude B(1}) is quite similar
for spacelike Z and also for the cases with timelike Z, except of one special case.
Thus all these cases can be investigated together.

4.2.2 Radiation in the general metric with timelike 7

In this section we will subsequently discuss four possible orientations of PNDs
on timelike Z for A < 0 in the tetrad for @ > 0 which gives the condition for the
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acceleration o’k < —%. In other words, the acceleration « is smaller than the
cosmological constant and k is a positive constant.

We start with the case when one PND is outgoing and one is ingoing with
respect to I, see the section 3.6.3. The algebraically special null tetrad is repre-
sented by (2.58) and (2.59) for the case Q > 0 of the general metric (9.62). We can
easily identify the algebraically special orthonormal tetrad using the definition

(3.12) from the vectors (2.58)

Q1
b=~ @(aq%’ + [1+ (1 + a)*¢*)0y),

= Z\/@aqa

0 (4.89)
rs = Eﬁ&g,
QA sin®(9/2) + asin®9)0; + 93]
== 0 VP sind .

This algebraically orthonormal tetrad will be used troughout this section for all
cases which may appear on timelike Z for A < 0 (Q > 0).

We express the reference tetrad in terms of the algebraically special tetrad by
inverting the relations (3.60),

t, = tsa
Qo = — tanh ¢y 15 + cosh™" ¢ g,
r, = cosh ™! ¢ ry + tanh 1 q,

Sy = Ss.

(4.90)

We find the reference tetrad by substituting (9.108) into (9.109) as

Q-1

t, = E—Q(aq28¢; +[1+ (I +a)*¢°)0y),
9 ( tanh ws\/ﬁ&g + cosh™* @Z)S\/Q&,) ,
ng (4.91)
E (cosh LV POy + tanhws\/_a )

. 9 (4] sin?(¥/2) + asin®9)0; + 0; 5]

o VP sind '

The reference tetrad must satisfy the adjustment condition (3.19) for ¢ = +1
which is explicitly n = —€,q,, i.e.

n= —60% (cosh_1 ws\/@(?q — tanh @Z)S\/7_9819) ) (4.92)
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On the other hand, the normal vector n is given by (9.83) for 0 = +1,

n=— L (gﬁq - 04%2 sin 19(%) : (4.93)
\/Q—FaQZ—iPsinZﬂ @ @

The normal vectors (9.111) and (9.112) have to be equal. By comparing them
we observe that it is necessary to set and evaluate on Z the expressions as

cosh 1 :\/1 + (12%% sin? ¥, (4.94)
tanh ) a%ﬁsinﬁ (4.95)
anh ), = , :
\/Qz + 042f5—§77 sin? ¥
L\/Psinv
sinh ¢, :%\/_751“, (4.96)

VOr

where Q7 is the expression (9.75), P is (9.63), and we also observe that €, = +1.
It means, the normal vector is ingoing and one PND kg is outgoing while L is
ingoing with respect to the timelike conformal infinity Z.

Again, we evaluated the above expressions on Z because then the parameter
s encodes the orientation of the algebraically special tetrad with respect to Z.
The expressions cos 1), sin s and tan v, are functions of coordinate ¥ only.

We are able to calculate the radiative component of the gravitational field.
The procedure is almost the same as in the previous spacelike case, the normaliza-
tion factor is (9.95) and its evaluation on Z is (9.102). The asymptotic directional
structure of radiation has a form (3.64), namely

| 1|N§i WS, |
7 21n] cosh? 1h,

Av (¥, ¢, ¢s) (4.97)

and it is determined by U5, evaluated on Z, and by cosh g, sinh v, which are
given by (9.113) and (9.115), both evaluated on Z, and the directional angular
dependence is

A1 (1, ¢, 105) = (sinh ¢ + esinh 1) cos $)? + sinh? 1) cosh? 1) sin? ¢,

where we substituted ¢, = +1.
The term sinh ¢)5 can be rewritten from (9.115) by (9.72) as

04% P sin v

sinh ¢y = : (4.98)
\/—04253—2273 sin® ¢ — (1 + 2> (1+ acos)*)
and we can also rewrite cosh s from (9.113) by (9.72) as
A1+ 0)*
cosh? i)y = s+ (I +acosd)’) (4.99)

oﬂZ—iPsinQﬂ AL+ S+ acosv)t)’
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where the function P is given by(9.63). If we denote the amplitude of the radia-
tion as

\I[S
B() = ] (4.100)
cosh” 1
the asymptotic directional structure has the form
; 31
Wyl ~ §m3(19)A1(w, b, ) (4.101)

where B(19)) can be rewritten by (9.102),(9.118) and (9.107) as

Q2L Psin?d + A(1+ 4 (1 + acos )
21+ %1+ acos¥)4)s/2

B(Y) =

V/Dr (4.102)

and

m +n2(l 4+ acos)?
1+ g—i(l +acosV)*

Dz =m® +n’ — 42(e* + ¢°)(l + acos V)

4.103
o (I +acos?)? ( )

1+ %2([—1—@00519)4’

+ 49 (e + g?)

where the parameters n, k and € are given by the constraints (9.64), (9.66) and
(9.65).

We obtained the explicit formula for the radiative component of gravitational
field of the black hole spacetimes in the anti-de Sitter background for o’k <
—A/3. The null direction is parametrized by v, ¢ in expression (9.120). The
field itself is characterized by the normalization component |¥$, | or B(¥) and
the parameter 1) fixes the orientation of the algebraically special directions with
respect to a timelike infinity Z.

The PNDs are oriented on Z such that one PND k is outgoing and the other
PND 1 is ingoing with respect to Z. There exists just one ingoing direction
of vanishing radiation which is a mirror reflection of PND k and one outgoing
direction of mirrored reflection of PND 1. The result is fully consistent with
[5] where the C-metric was investigated for o < /—A/3. For this range of
acceleration, the C-metric represents a single accelerating black hole.

We observe that the amplitude B(¢) is identical with the amplitude from
previous section for spacelike Z, see equations (9.106), (9.107). The dependence
of the amplitude B(?)) will be investigated in the section 9.5 together with other
cases.

In the following we will discuss the remaining possible cases.

First, we first consider the case 3.6.4 where both PNDs are oriented to be out-
going or both ingoing. The identification of the algebraically special orthonormal
tetrad from its definition (3.12) for the vectors of the tetrad (2.58) is the same
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as in the previous case (9.108). We express the reference tetrad in terms of the
algebraically special tetrad by inverting the relations (3.68) as

t, = +sinh ! s Ts + coth st

qdo = — sinh ™! Ys ts — coth g ry,
= qS7

S, = Ss.

When we substitute (9.108) into (9.123), we obtain the reference tetrad

(4.104)

Q 1
t, = — ( sinh ™" 1 VPOy — coth thy——
. ( VeV PO = cothts 75

——(aq®d; + [L + (1 + a)’¢*)0;) — coth VP a,g>

(a?0; + 1+ (1 + a)qu]&z)) ,

Q 1
o— — i hil s
L= ( Vo)

g (4.105)
ro, = E\/@aq

Q [(41sin*(9/2) + asin® ¥)d; + 0]
So = — :

Y VP sin ¥

This reference tetrad must satisfy the adjustment condition (3.19) for o = +1
which is explicitly n = —¢,q, as

. % (Sinh—l %%(aq@; + [1+ (1 + a)*¢*)3;) — coth @bs\/7_’5’024 -

The normal vector n calculated directly from the metric is given by (9.112).
These two vectors have to be equal again. We have to choose the parameter
in (9.125) to obtain the vector q, proportional to the normal n. However, we
observe that the component 0, of the normal vector n (9.112) is not present in
the vector (9.125). This reference tetrad thus does not satisfy the adjustment
condition, so that this case does not appear as a possible asymptotic behavior of
the gravitational field of the studied family of black hole spacetime in the anti de
Sitter universe.

We can also calculate the projection of kg into Z, to check this result. Begin-
ning from (3.25), using (9.124) and (3.67), we obtain ks - q, = % sinh ™! v, and
the projection is thus

te :% (— sinh 9)(1 + sinh ™2 ¢) ——= (aq28 +[1 4 (I + a)*¢*)0;)

\/@ (4.107)
+ sinh¢,v/09, + coth @z)S\/TDaﬁ) .

Again, because the vector tg is a projection of kg onto Z and n is normal vector
to Z, the scalar product must be ts - n = 0. The scalar product has a form

t e — sinh v Jo_ YP,asmy \/_O‘a51n19 (4.108)
T \/Q + 0423—273 sin® cosh ¢ . .
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. . PLasiny
The scalar product is zero only when sinhs = 0 or when cosh ¢, = VP, asind

When we substitute these conditions into q,, the first condition implies that the
first part of q, diverges, the second condition implies that the second part of the
vector q, is proportional to the normal vector n (9.112), but still the first part
of q, is not. Therefore, these two conditions which satisfy ts - n = 0 do not give
consistent results.

Now we will investigate the case described in section 3.6.5, the case when one
PND is tangent to Z. The identification of the algebraically special orthonormal
tetrad is (9.108). We express the reference tetrad in terms of the algebraically
special tetrad by inverting the relations (3.77). We obtain

_ 3 1
to - Qts + §CIS — T,
Qo = Ts — %ts + %qsa

(4.109)
ro:rs_ts_q87
S, = S;.
Substituting (9.108) into (9.128), we obtain the reference tetrad
to= 2 (=2 (ag?y + [+ (1 + a)*¢10)) + 2v/Q 0, — VPO
T ey Cram )
Q 1 1
L (\/738 bt a0y + L+ (4 0)0y) + —\/@&,) :
0 2V/Q 2
’ 1 (4.110)
=2 (vPa+ TG o) =R ot
Q [(4]sin®(9/2) + asin®9)0; + 0; 5]
So = ~

0 VP sind

This reference tetrad must satisfy the adjustment condition (3.19) When we
compare the vector q, with such normal n (9.112), we observe that the vector q,
has components J, and Jy pointing in the same direction as the normal n, but q,
has one another component 5 \F(aq28&—|—[1+(l—l—a)2q2]8g) which cannot disappear.
This reference tetrad thus again does not satisfy the adjustment condition. We
can also calculate the projection of ks into Z. Using (3.25), (9.129) and (3.76),
we obtain kg - q, = %, and the the projection is

:%(%\/@3 \/_319—— (aq28 +11 +<l+a)2q2]8t~)). (4.111)
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Again, the scalar product must be t; - n = 0 and thus this condition is not

satisfied: we obtain ty-n = —(vP2asind + %\/@)/(\/Q + a273$—22 sin®¢). When
this vanishes, the situation is unphysical.

This case thus again does not represent the asymptotic behavior of the grav-
itational field of the complete family of black hole solutions in anti-de Sitter
universe.
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The last possible case is described in the section 3.6.6, when two PNDs are
tangent to Z. We only write the inverse relation between the reference tetrad and
the algebraically special tetrad (3.86) as

to = ts,
Qo =T (4.112)
o = Qs;,
So = Sy,
and after substituting from (9.108) into (9.131) we get
Q1
to = —— ——(aq’0; + [1 + (1 + a)*¢?)0;),
0 \/@( ¢ [ ( ) ] t)
Q
9o = __\/7_38197
o’ (4.113)
ro = Z\/@aqa
Q [(4lsin*(9/2) + asin® 0)0; 4 0]
So = — :
0 VP sind
The vector g, does not point into the both directions 9, and Jy as the normal
vector n. But when we set @ = 0, the normal vector (9.112) becomes (the
function P > 0 is positive)
Q
n=——vPay. (4.114)
0

and the vector q, is proportional to (9.133). The adjustment condition is thus
satisfied on horizons where @ = 0, and we observe that ¢, = +1. But we
investigate the radiation at infinity, so that the adjustment condition is satisfied
on roots of Qr given by (9.75). The directional structure is given by (3.91),
where the amplitude of the radiation will be fully determined by | U3, |7. When we
substitute the roots of Qr into |V3, |7, it becomes constant, of course, depending
on the parameters of the sources.

This special case thus also occurs as a possible directional structure of radia-
tion of general metric. It is a new feature, which does not occur in the C—metric
for small acceleration.

To summarize the asymptotic directional structure of radiation near the time-
like conformal infinity Z for the general metric (9.62) in anti-de Sitter spacetime
with small acceleration: it is characterized by the directional structure (9.121)
corresponding to the situation when one PND k is ingoing and the other PND 1
is outgoing with respect to Z, which is fully consistent with the results presented
in [5] for the C—metric, and by the structure where both PNDs are tangent to Z
on roots of Q7 that is not present in the C—metric and is completely new. Again,
there is a small difference in the normalization of the normal component of the
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vector k;. We also observe that this section for timelike Z of the complete fam-
ily of black hole spacetimes for small acceleration is quite similar to the section
4.1.2 of Kerr-Newman-anti-de Sitter spacetime. This section is thus a general-
ization of the section on the Kerr-Newman-anti-de Sitter solution which includs
acceleration.

4.2.3 Radiation in the general metric with timelike 7

Again, we will gradually discuss all four possible orientations of PNDs on timelike
7 for A < 0 in tetrad where Q < 0, and it gives the condition for the acceleration
o’k > —%. It means that the acceleration « is larger than the cosmological
constant. This situation does not appear in the directional structure of the Kerr—
Newman-de Sitter spacetime.

First, we start with the case when one PND 1is outgoing and one is ingoing
with respect to I, see section 3.6.3. We have previously identified the algebraically
special orthonormal tetrad (9.84) and the normal vector n for @ < 0, (9.88) in
the section 9.4.1 for spacelike Z. This tetrad and the normal vector are the same
for all cases in this section. We express the reference tetrad in terms of the

algebraically special tetrad by inverting the relations (3.60), we obtain
to = ts>
qo = — tanh ¢, rs + cosh ™' 1 qs,
r, = cosh™* s Ts + tanh 1 qs,

Sy = Ss.

(4.115)

Substituting (9.84) into (9.134), we find the reference tetrad

t, = 2/=0o,

0
qo = % ( tanh 1), v/Pdy — cosh™ @/)s\/—Q(aCf% ++ 1+ G)QQZ]E)E)) ;
r, — % (cosh L/ POy — tanhz/zs\/_g(aqzaqg +1+ 1+ a)qu]ag) ,
ol [(41sin®(9/2) + asin®9)0; + 0]
So = E VP sind .

(4.116)
The reference tetrad must satisfy the adjustment condition (3.19) which is ex-
plicitly n = —¢,q,, i.e.

(ag®05 + [1 4 (1 4 a)*¢*)9;)

1
V-9
(4.117)

The normal vector obtained from the metric (9.112) and (9.136) have to be equal.
By comparing them we observe that the component J, of the normal vector n

n= _609 (— tanh wsx/7_38g — cosh™! 1),
0

70



4. Asymptotic structure of radiation
for the Pleba nski—-Demia hski black holes

does not appear in the normal from reference tetrad (9.136). This reference tetrad
thus does not satisfy the adjustment condition, this case does not appear as a
possible asymptotic behavior of the gravitational field of the complete family of
black hole spacetime in anti-de Sitter universe.

We can also calculate the projection of kg into Z, to prove this result. Begin-
ning from (3.25), using (9.135) and (3.58), we obtain ks - q, = % cosh™" 1, and
the projection then is

ts :% <cosh sV —Q0, + tanh 1/13\/7_3&9

1
V-9

Again, the vector tg is a projection of ks onto Z and n is normal vector n (9.88)
to Z, the scalar product must be t;-n = 0. When we calculate the scalar product,

(4.118)
+ (

— cosh vy)

= (@0 + [+ 1+ 0PP10)).

B 1
\/Q + a25—2273 sin? ¥

ts'n

(cosh sV —Q — tanh wsa%\/fsin 19) . (4.119)

we observe that when tg - n = 0 is satisfied, the implied expression does not give
useful results. This case again does not represent the asymptotic behavior of the
gravitational field of the complete family of black hole solutions in anti-de Sitter
background.

Now we will investigate the case 3.6.4, in which both PNDs are oriented to be
outgoing or both ingoing. The algebraically special orthonormal tetrad is (9.84).
The reference tetrad expressed in terms of the algebraically special tetrad is the
inverse of relations (3.68),

t, = +sinh ! g Ts + coth ¢ty,
qo = — sinh ™! s ts — coth s 1y,

o = (s,

Sy = Ss.

(4.120)

When we substitute (9.84) into (9.139), we obtain the reference tetrad in
terms of the coordinate tetrad as

t, = g <sinh_1 1/18\/73&9 + coth ¥,V —Q&]) ,

0
Q
Q= <_ sinh~! ¢/~ 08, — coth ws\/ﬁaﬂ) ,
0
L PR (4.121)
o= — ag?d; + [1+ (1 + a)?¢*)0;,
0 \/@( q 03 q |0
- QM sin®(9/2) + asin® 9)d; + 0;]
So = 0 VP sind .
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This reference tetrad must satisfy the condition
Q
n= e (- sinh~! ¢,v/— 00, — coth zpsﬁaﬁ) . (4.122)
0

By comparing (9.141) with (9.112), we observe that it is necessary to set and
evaluate on Z the following expressions

a% P sin ¥

cosh s = : (4.123)
V=971
th) aZyVPsind (4.124)
coth g = : :
\/Qz + 0425—273 sin? ¥

202 D gin2 Y

sinh ¢, :\/ Ota WQQP me (4.125)
-9z

where Q7 is the expression (9.75), P is (9.63) and we also observe that ¢, = +1.
It means that the normal vector is outgoing and both PNDs are outgoing with
respect to the timelike conformal infinity Z. Again, we evaluated the above
expressions on Z and they are dependent only on the coordinate .

We may calculate the radiative component of the gravitational field. The
procedure is almost the same as in the previous spacelike case, the normalization
factor is (9.95) and its evaluation on 7 is (9.102). The asymptotic directional
structure has a form (3.73),

Wi~ L3 W5, |
8 [l 2sinh® g,
Where we denoted the angular dependence as

As(1, ¢, 1)) = (cosh ) + € cosh ))? 4 sinh? 1) sinh? 1 sin? ¢,

Az (¥, ¢, ). (4.126)

and we substituted €, = +1. Then sinh s can be rewritten from (9.144) using
(9.72) as
A o? 4
214+ % (I +acos
sinh® ¢, = ——— 31+ Gl 8 ) (4.127)
a2 Psin® 9 + £(1 4 % (1 + acosV)*)

and we can also rewrite cosh 1) from (9.142) as

agin 9
cosh ¢y = \/73&“ o : (4.128)

\/a2z—i735in219 + %(1 + fj—i(l + acos)*)

where the function P is given by (9.63).
We also denote the amplitude of the radiation as

\I}S
B(o) = BT
sinh” 1)

(4.129)
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Consequently, the asymptotic directional structure has a form

31

(Wl ~ ——
120

where B(9) can be rewritten by (9.102), (9.147) and (9.107) as

2L Psin? 0+ A(1+ %5 (1 + acosv)?)

B)=- 21+ fj‘—i(l + acos)*))5/? VD (4.131)

with

m~+n2(l + acos?)?

Dr =m? +n? —42%(e? + ¢*)(1 + acos ¥
g 2 )N ) 1+g—§(l+acosq9)4

4.132
(I +acosd)? ( )

1+ g—z(l—l—acosﬁ)‘*’

+4Z_§(€2 _|_92)2

where the parameters n, k and € are given by the constraints (9.64), (9.66) and
(9.65).

We obtained the explicit formula for the radiative component of gravitational
field of the accelerated black holes in the anti-de Sitter universe for ok > —A/3.
Both PNDs are oriented outwards with respect to Z. There is no outgoing di-
rection along which the radiation vanishes because mirrored reflections of both
PNDs are ingoing. But there are two ingoing vanishing-radiation directions given

by the mirrored reflections of both PNDs. This result is consistent with [5] where
the C-metric was investigated for o > \/—A/3.

We observe that the amplitude B(9) given by (9.149) is identical up to a sign
with the magnitudes from previous sections for spacelike Z and for timelike Z
with small acceleration, see equations (9.106), (9.107) and (9.121), (9.122). The
dependence of the amplitude B(¢) will be investigated in section 9.5.

We now investigate the next case described in section 3.6.5, the case when one
PND 1is tangent to Z. The identification of the algebraically special orthonormal
tetrad is (9.84). We express the reference tetrad in terms of the algebraically
special tetrad by inverting the relations (3.77). We obtain

t, = %ts + %qs — T,
Qo = I's — %ts + %an

(4.133)
I'o:rs_ts_qm

So = Ss.

73
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Substituting (9.84) into (9.152), we obtain the reference tetrad

1

“:QGJ_V 7S

——(aq?; + [1 + (1 + a)*¢°10;) — \Faﬁ)

Q 2 2 2
%zEQﬁ%—¢_® ,f_ma+u+wM>w0,Mw®
rM:%(¢5%+- (w%§+ﬂ+ﬂ+ﬂffW9—Vj§%>’

Q [(41sin*(0/2) + asin®9)d; + 05
So = 0 VP sind .

This reference tetrad must satisfy the adjustment condition (3.19). When we
compare the vector q, with the normal n (9.112), we observe that the vector
g, has components 9, and 0y pointing in the same direction as the normal n,
but q, has another component which cannot disappear. This reference tetrad
thus again does not satisfy the adjustment condition. We can also calculate the
projection of kg into Z as in the section for small acceleration and its discussion
is quite similar. This case again does not represent the asymptotic behaviour of
the gravitational field of black hole solutions in anti-de Sitter.

The last possible case is described in the section 3.6.6 when two PNDs are
tangent to Z. We write the inverse relation between the reference tetrad and the
algebraically special tetrad (3.86) as

to = t,
Qo= "t (4.135)
= (s,
So = Ss,
and after substituting from (9.84) into (9.154), we get
Q
:EM_Q@,
Q
qQo = _E\/ﬁaﬁa
Q1 . (4.136)
ro=—— aq 0z + [1 + (I + a)*q*]0y),
Q [(41sin?(9/2) + asin® 9)0; + 9;]
So = — :
0 VP sind

As in the a?k < —A/3 case, this reference tetrad satisfy the adjustment condition
n = —¢,q, for 0 = +1 because the vector q, points into the dy direction as the
normal for special case when Q7 = 0. We will not discuss this special case in this
work. This degenerate case thus also occur as a possible asymptotic directional
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structure of the complete family of black hole spacetimes in anti-de Sitter space
for a?k > —A/3.

To sum up: the asymptotic directional structure of radiation near the time-
like conformal infinity Z for the general metric (9.62) with large acceleration
a? > —A/3 is characterized by the case (9.149) corresponding to the situation
when both PNDs are oriented outward with respect to Z. The other possible
exceptional structure is when both PNDs are tangent to Z.

This result is not yet completely consistent with the results presented in [5] for
the C-metric. The C-metric has two possible directional structures, first when one
PND k is outgoing and the other one PND 1 is ingoing, second when two PNDs
are oriented outwards with respect to Z. The conformal infinity in C-metric is
divided into domains with different structures of PNDs, on the boundaries the
PNDs are tangent to Z. The C—metric represents two accelerating black holes for
a > y/—A/3 which are causally separated.

The first case does not occur in the general metric studied here for large
acceleration. Most probably, the coordinates which we are using here do not
cover completely the manifold of the general metric near Z. The possible structure
of both PNDs tangent to Z on horizons of Q on Z also does not appear in the
C-metric. More work is necessary to investigate this particular feature.

4.3 Discussion of the amplitude B(9) of radiation

In previous sections we found that the amplitude of radiation B(¢) has an iden-
tical form for spacelike Z as (9.106), (9.107) with o?k > —A/3, and for timelike
T as (9.121), (9.122) with a?k < —A/3. The amplitude B(¥) for timelike Z given
by (9.150), (9.151) with a?k > —A/3 is similar up to a sign.

The amplitude B(¥) is very similar for all these cases because it is generally
given by the same field component |5, |7 and by cos 6 (9.99) for spacelike Z, or
cosh ¢, (9.118) for timelike Z (a?k < —A/3) which have, quite surprisingly, the
same form. The term sinh g (9.146) for timelike Z (a?k > —A/3) is the same
up to a sign. To have this just one expression for amplitude B(9) for all cases
mentioned above. For convenience, we introduce parameter b which distinguishes
these cases. The parameter is b = 1 applies for spacelike Z and timelike Z for
o’k < —A/3, while b = —1 for timelike Z with large acceleration ok > —A/3.

The amplitude B(¥) depends on a single coordinate ¥ € [0, 7] and on the
physical parameters «, m, a, [, €, g, A (and w). We will now investigate the
shape of the function B(¢) and the influence of these parameters. The conformal
infinities are distinguished by different ranges of parameters a and A and also by
the parameter b.

First, we will study the physically most interesting case of accelerating Kerr—
Newman—de Sitter black holes (see section 9.2.2): we set the NUT parameter
[ = 0. This implies w = a (k = 1). The parameter n is then n = —aam, and
when we put these parameters into (9.150) and (9.151), we get the amplitude
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B(¥) in the form
(1+ a?a? cos* ¥) + 2a?P sin® ¥
(1 + a2a? cos* 9)>/2
% \/m2(1 + a2a2) N 4ma(€2 +g2>(1—a2a2 cos? ¥9) cos ¥ _'_4<€2 "—92)2 o2 cos? ¥

1+a2a? cos? ¥ 1+a2a? cost 9’

(4.137)

B() =1b

where
P =1-2amcos? + [a*(a® + €* + g°) + 3a°] cos® ¥ (4.138)

which must be positive to retain the Lorentzian signature. Notice that for ¢ = 7
one gets simply

B =72)=bm(l+ 3a*)V1+ a2a. (4.139)

For bigger rotational parameter a, the radiation is thus stronger when (« # 0).

In particular, to visualize the results we have chosen the values of parameters
of the Kerr-Newman black holes as m = 1.1, e = g = 0.5. The parameter a then
can not be chosen arbitrarily. It is necessary to respect the location of horizon of
the black hole. The function @ has a form (see section (9.2.2))

1
Q= (Wk+e*+g%) —2mr+1r* — gATQ(rz + a?). (4.140)

The horizons are determined by Q = 0 and the above function is cubic equation
for r and it is not easy to solve. If we consider horizons for A = 0 the function
(9.160) factorizes as

Q= ((a®+e*+g¢°) — 2mr +17) (1 — a*r?). (4.141)

The inner/outer horizons of the black hole occurs for A = 0 on

ry =m+/m?—a?—e?— g2 (4.142)

and the acceleration horizon is located on r = 1/a. To avoid a naked singularity
case, we thus have to satisfy the condition

m? —a* —e* — g*> > 0. (4.143)

which follows from (9.162). According to this relation we set a € [0,0.7]. Let
us remark that we have used the coordinate r = —1/q instead of ¢, but these
conclusions are obviously valid in general.

The spacelike infinity is further characterized by A > 0 (we set A = 1) and ov >
0. The amplitude B(¥) for spacelike Z (b = +1) is visualized in Figs. 3-8. There
are always figures without charges (e = g = 0) and with charges (e = g = 0.5).
For comparison, the figures also include the constant line corresponding to o = 0.
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This line represents the constant value of m and it is exactly the Kerr-Newman-
de Sitter limit of (9.157) and non-accelerating limit of C-metric corresponding to
expression (4.24).

Fig. 3 exhibits the same pattern as Fig. 4. The curves start at ¥ = 0 under
the o = 0 line, then they reach considerably high maximum and finally fall again
under the o = 0 line at the end of the axes ¥ = 7. There is a difference in the
amplitudes. The charged case on Fig. 4 has higher amplitude than uncharged
one on Fig. 3. Also Fig. 5 and Fig. 6 have similar patterns as on the previous
figures, but the amplitudes of these figures are higher than in Figs. 3 and 4. It
shows that the acceleration has stronger influence than rotation even for small
values. In Fig. 7 the curves start and end near the red line corresponding to
a = 0. The charged version of the previous figure, Fig. 8, is shifted, the curves
start under this line and end above it.

The timelike infinity has A < 0 (we set A = —1). We have studied time-
like Z twice, i.e. for different ranges of acceleration a. For small acceleration
o’k < —A/3 and for [ = 0 the parameter k is k = 1, so it implies a? < —A/3. It
has two roots and we have chosen it according to [5] as a < y/—A/3. For large
acceleration the range of acceleration is thus av > /—A/3.

The amplitude B(¢) for small acceleration with (b = +1) is visualized in
Figs. 9-14. The figures are basically the same as for spacelike Z, but they are
turned upside down. Thus the cosmological constant strongly determines the
shape the amplitude of radiation on Z. The amplitude B(?) with large acceler-
ation (b = —1) is visualized in Figs. 15-18. The fact that the radiation appears
negative in these figures is caused by the violation of the condition (9.163) which
we are considering and which is satisfied here only for A = 0. The parameters are
thus chosen not completely correctly to describe a physically realistic situation.

Secondly, we will discuss the important special case namely, the non-rotating
charged C—metric with cosmological constant. It can be obtained from the pre-
vious amplitude B(1)) given by (9.157) and (9.158) when we simply set a = 0.
Then we obtain the following expression for the amplitude of radiation,

B(W) =b(1+ 3a°Psin*V) Vm2 — dma(e? 4 g2) cos ¥ + 4a2(e2 + g2)2 cos? V),
(4.144)

where
P =1-2amcos? + a*(e® + g*) cos® ¥. (4.145)

The values of the parameters used in the corresponding figures are the same as
before, except for the values of charges. We can now afford higher values (see
(9.163)) when we have a = 0. We set e = g = 0.7.

The amplitude B(v) for spacelike T is visualized in two figures Fig. 19 and
charged version is in Fig. 20. We observe that when the rotational parameter is
zero or is small, charges have greater influence.

The amplitude B(¥) for timelike T with small acceleration is visualized in Fig.
21 and the charged version is in Fig. 22. The amplitude for timelike T with large
acceleration is visualized in Fig. 23 and the charged version is in Fig. 24.
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4.3. Discussion of the amplitude B(¥) of radiation

To conclude our discussion, we investigated influence of the physical parame-
ters of the sources, namely a, a, m, e, g and A on the amplitude of the radiation
(9.157) which appears at spacelike and timelike conformal infinity in the subcase
[ = 0 of the general metric (9.62) and its special subcase of the C-metric. Gener-
ally, we observe that the acceleration parameter o and the cosmological constant
A have dominant influence on the amplitude. The acceleration parameter « is
stronger than the rotational parameter a. The charges e and g have a smaller in-
fluence than acceleration but their influence is quite stronger when the rotational
parameter a is small or vanishes.
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5 Conclusion

In our work we analyzed the asymptotic directional structure of gravitational field
in the family of solutions of algebraic type D, namely in the Plebanski-Demianski
black-hole spacetimes.

We demonstrated that two different choices of algebraically special tetrads
are needed to study the directional structure near the de Sitter-like (A > 0) and
anti-de Sitter-like (A < 0) conformal infinity Z, cf. subsection 9.1.1.

First, we investigated the asymptotic directional structure of the non-accele-
rating Kerr-Newman—de Sitter solution. The directional pattern (4.24) is de-
termined by two PNDs oriented outwards with respect to the future spacelike
conformal infinity Z+. The pattern of radiation (4.31) near the timelike Z is
given by only one structure of PNDs of four general possibilities. In these cases,
the explicit forms are axially symmetric and the radiation vanishes in the di-
rections where = 0 and § = 7. From these results we also observed that the
contribution of the electric and magnetic charges e and g is negligible compared
to the mass m of the black hole to the order r—!, and that the influence of the
rotation represented by a is even smaller of the order r—2. The fact that generic
observer detects radiation in this case of non—accelerating sources is intuitively
caused by observer’s asymptotic motion relative to the “static” black hole. We
have thus basically verified results for non-rotating C-metric obtained in [4] and
in [5] for A > 0 and A < 0, respectively.

Subsequently, the general form of Plebanski-Demianski metric which repre-
sents the complete family of black hole spacetimes was investigated. The ex-
pressions (9.105), (9.106) and (9.107) give the explicit formula for the radiative
component of gravitational field in the accelerated black holes with mass m,
charges e and g, rotation a and NUT parameter [ in the de Sitter universe. The
pattern is determined by two PNDs which are both oriented outside the manifold
on future spacelike Zt. We also investigated the structure near timelike Z for
both cases where o’k > —A/3 and o’k < —A/3. Thus we obtained the explicit
expressions for the radiative component of gravitational field for small and large
acceleration for negative cosmological constant.

The directional structure for a?k < —A/3 is described by (9.120) which is
determined by one PND k outgoing and the other PND 1 ingoing with respect
to Z. A special structure of both PNDs tangent to Z occurs which is only possible
on the horizon of the function Q evaluated on Z. This exceptional situation was
not mentioned in [5] where the C-metric was investigated for ao < /—A/3.

The directional pattern in the case of large acceleration o« > /—A/3 is given
by (9.149) corresponding to the situation when both PNDs are oriented outward
with respect to Z. There again occurs the case when two PND are tangent to
Z. This is not yet completely in agreement with the results presented in [5] for
C—metric because one possible case (one PND k outgoing and the other PND
1 ingoing) does not occur in the general metric for large acceleration. We think
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that the reason is that the coordinates which we use here most probably do not
cover completely the region near the conformal infinity of the general metric.

We have observed that the amplitude B(¢) given by (9.121) is up to a sign
the same for all the possible directional structures which occur on spacelike 7
and for timelike Z with small acceleration, and for timelike 7 for large accel-
eration (except for one special case). Thus, they were investigated together in
section 9.5. The amplitude of radiation B(4¢) is given by the expression which
depends on a single coordinate ¥ and on the physical parameters m, o, w, a, A, e
and g. The coordinate 1 specifies a point on the conformal infinity Z, while the
parameters characterize the black-hole sources of the radiation. The dependence
of the radiation on the parameters of sources is discussed and presented in several
figures which are contained in appendix.
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6 Appendix A: The dependence of the ampli-
tude B(¥) of radiation on the choices of pa-
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Figure 3: The magnitude of radiation B(J) on spacelike Z without charges, where
a = 0.7 is fixed and « varies, the constant line for o = 0 is shown for comparison.
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Figure 4: The magnitude of radiation B(¥) on spacelike Z with charges, where
a = 0.7 is fixed and « varies. The constant line for & = 0 is shown for comparison.
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Figure 5: The magnitude of radiation B(¢) on spacelike Z without charges, where
a € [0,0.7] varies and « = 1 is fixed. The constant line for « = 0 is shown for
comparison.
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Figure 6: The magnitude of radiation B(v)) on spacelike Z with charges, where
a € [0,0.7] varies and o = 1 is fixed. The constant line for & = 0 is shown for
comparison.
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Figure 7: The magnitude of radiation B(J) on spacelike Z without charges, where
the parameters o = a € [0,0.7] vary. The constant line for « = 0 is shown for
comparison.
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Figure 8: The magnitude of radiation B(v) on spacelike Z with charges, where
the parameters a« = a € [0,0.7] vary. The constant line for &« = 0 is shown for
comparison.
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Figure 9: The magnitude of radiation B(¢}) on timelike Z for o < y/—A/3 without
charges, where a = 0.7 is fixed and « € [0, 0.5] varies.
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Figure 10: The magnitude of radiation B(¥) on timelike Z for o < \/—A/3 with

charges, where a = 0.7 is fixed and « € [0, 0.5] varies.
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Figure 11: The magnitude of radiation B(¢}) on timelike Z for a < /—A/3
without charges, where a € [0,0.7] varies and o = 0.4 is fixed.
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Figure 13: The magnitude of radiation B(¢}) on timelike Z for a < /—A/3
without charges, where a € [0,0.5] and « € [0, 0.5] varies.
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Figure 14: The magnitude of radiation B(¥) on timelike Z for o < \/—A/3 with
charges, where a € [0,0.5] and « € [0,0.5] varies.
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Figure 15: The magnitude of radiation B(¢)) on timelike Z for a > /—A/3
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Figure 19: The magnitude of radiation
charges, where a = 0 and « varies.

B(¥) on spacelike Z for C-metric without

T T
alpha=0,a=0 ——
alpha=0.3,a=0 -----
il alpha=0.4,a=0 * i
alpha=0.5,a=0 ----e---
o o*° ."... i
0 o,
.. ..
Ld ..
=T .. '. i
* ARIHRHKH %,
] K ™ .
.!' y HK ***"*x* o...
m . . ) A
2F K o S
o i OOOOOBOODK N0
.:X 4 xxxxxxx.xxxx POO00xx0030¢
ver ‘-;gf %Xxxxx ]
X X
P
ﬁ?’@xxx
gl -
X2
5k
::3,<,xxxxxx>< G ]
05 poe=t *%*%**x* ...c’
SRRIHRAHA
L -
0 . . 1 1 1 1
0 0.5 1 1'5,9 5 - :

Figure 20: The magnitude of radiation B(¥) on spacelike Z for charged C—metric,
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Figure 21: The magnitude of radiation B(¢)) on timelike Z for a < /—A/3,

C-metric without charges, where a = 0 and « varies.
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Figure 22: The magnitude of radiation B(¢) on timelike Z for a <
charged C—metric, where a = 0 and « varies.
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Figure 23: The magnitude of radiation B(¢)) on timelike Z for a > /—A/3,

C-metric without charges, where a = 0 and « varies.
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Figure 24: The magnitude of radiation B(¢) on timelike Z for a >

—A/3,

charged C—metric, where a = 0 and « varies.
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7 Appendix B: The version of diploma thesis in
other coordinates

8 Introduction

Many rigorous theoretical studies have been devoted to investigation of gravita-
tional waves within the full Einstein theory since 1950s. These are described in
various review articles, such as [1, 2] and [3]. In many existing analyses the asymp-
totic flatness has been naturally assumed and the presence of a non-vanishing
cosmological constant A was not usually considered. The importance of such
studies rises due to the fact that the possible presence of a positive A has been
indicated by recent observations. Moreover, the spacetimes with cosmological
constant are now used in various branches of theoretical research, e.g. brane
cosmologies, supergravity or string theories.

Krtous and Podolsky recently analyzed the asymptotic directional properties
of electromagnetic and gravitational fields in spacetimes with a non-vanishing
cosmological constant A. It had been known for a long time that the dominant
(radiative) component of the fields in spacetimes with A # 0 depends on the
direction along which a null geodesics approaches a given point at conformal
infinity Z, contrary to the asymptotically flat spacetimes where the dominant
term of radiation is unique.

First, they studied the radiation in the C-metric spacetime with A which
represents accelerated black holes in de Sitter (A > 0) [4] and anti-de Sitter
(A < 0) [5] universe. Their results were summarized and discussed in the topical
review [3] where they presented the general asymptotic directional behaviour of
any massless field of spin s. The fields of algebraic type D were investigated
more explicitly in [6]. Furthermore, the generalization to higher dimensions was
recently presented in [7].

The authors demonstrated in [3] that the directional structure of radiation has
a universal character which is determined by the algebraic (Petrov) type of the
field, namely by the number, degeneracy and specific orientation of the principal
null directions with respect to Z. It covers all three possibilities A > 0, A < 0
and A = 0, corresponding to a spacelike, timelike or null conformal infinity.

The main intention of this diploma thesis is to apply the above general theory
on particular exact model spacetimes of type D and to find the relation between
the structure of the sources (namely the mass, the charge, the NUT parameter,
the rotation and the acceleration of the corresponding black holes) and the prop-
erties of radiation which is generated by them, as observed at spacelike or timelike
conformal infinity Z. As the specific models we use the Plebanski-Demianski fam-
ily of solutions, first presented in [8]. This class of solutions was studied recently
in detail by Griffiths and Podolsky in [9, 10, 11] and [12].

The text is organized as follows. In section 2 we review necessary facts about
the family of spacetimes of type D found by Plebanski and Demianski. In sec-
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tion 3 we first introduce geometrical concepts and objects and we set up the
notation which will be followed throughout the text. Then we define tetrads and
explicit expression which describes the behavior of the field at any conformal
infinity. The relevant work [6] is more explicitly reviewed. In section 4 we apply
the general theory introduced in section 3 to particular exact model spacetimes
of type D described in section 2. First, we study the Kerr—-Newman—de Sitter
solution. Then we investigate the general Plebanski-Demianski family of solu-
tions, containing not only the mass and the charge of the black holes but also
rotation, the NUT parameter and non-zero acceleration. We derive the corre-
sponding radiation near de Sitter or anti-de Sitter-like conformal infinity. In the
final subsection 9.5 we discuss the results, in particular the dependence of the
amplitude of radiation on the parameters of the sources in various subcases. We
hope that this can provide a deeper insight into the general theory of radiation.
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9 The Plebanski—Demianski class of solutions

The complete family of spacetimes of algebraic type D with an aligned electro-
magnetic field and a possibly non-zero cosmological constant A can be represented
in a form of the Plebanski-Demianiski metric [8, 10] and those specific metrics
which can be derived from it by certain limiting procedures (because some par-
ticular and well-known cases are not included explicitly in the original form of
the Plebanski-Demianski metric).

In [10] a new form of this metric was described which is more useful for
physical interpretation and for identifying different subfamilies. The parameters
employed in the new metric have clear physical interpretation and it is possible
to classify the complete family in the way that clarifies their physical properties.
The new metric explicitly contains two parameters o and w which describe the
acceleration of the sources and the twist of the principal null congruences. These
solutions are characterized by two general quartic functions whose coefficients are
related to- the physical parameters of the spacetime. The physical meaning of
these coefficients was clarified and the relation between the Plebanski-Demianski
parameter n and the NUT parameter [ was identified. These coefficients were
traditionally misinterpreted in the general case.

We will study here the most important solutions from the Plebanski—Demianski
family. In particular, we wish to investigate the specific radiative properties of
(possibly) accelerating black holes with charge and rotation in asymptotically
Minkowski, de Sitter or anti—de Sitter universe.

First, we summarize basic facts about these solutions. In [10] the signature
(1,—1,—1,—1) of the metric has been used. We use here an opposite signature
of the metric because we need to follow the notation of the review [3] for further
study of the asymptotic behavior of these solutions. The metrics are thus changed
as gup — —Zaup- We will also make some other minor changes in the spacetimes
forms presented in [9, 10, 11, 12].

9.1 Initial form of the metric

The original Plebanski-Demiariski metric [8] can be written in the form [10]

1 —Q

— dr — 2d 2 —  (wd 2d 2
Sab 1= ap)? w2p2+r2(T wp-do) +w2p2+r2(w T+ r°do) o)
w2p2+r2d2+w2p2+r2d2 '
el L “Yr Tl
P p Q )
where
P(p) =k + 2w 'np — ep® + 2amp® — [aQ(ka + e+ g*) + wQA/S} pt, (9.2)

Q(r) = (Wk +e* + ¢g*) — 2mr + er? — 2aw ™~ 'nr® — (a®k + A/3)r?,

and m, n, e, g, A, €, k, « and w are arbitrary real parameters of which two can
be chosen for convenience. Only the parameters A, e and g have their traditional
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physical interpretation in this metric. The large family of type D spacetimes
given by the metric (9.1) admits (at least) two commuting Killing vectors 0, and
0, whose orbits are spacelike for ) > 0 and timelike for ) < 0. Surfaces on
which @) = 0 are horizons, points at P = 0 are poles (axes).

Plebanski and Demianski considered in their original work [8] that & = 1 and
w = 1. In [10, 11] it was shown that the physical interpretation of the param-
eters can be determined more easily when o and w are retained as continuous
parameters and € and k are set to convenient values (without changing their
signs).

It is thus appropriate to describe the full family of solutions in terms of seven
continuous parameters m, n, e, g, A, @ and w and two auxiliary ones € and k
which can be set conveniently. Their meaning is as following;:

and g are the electric and the magnetic charges
is the cosmological constant
is the acceleration of the sources

is the twist parameter

is related to the mass of the source

s 3 € 2 = o

is the Plebanski and Demianski parameter.

In some particular cases w is directly related to both the angular velocity of
sources and the effects of the NUT parameter. The metric is flat when m = n = 0,
e =g =0and A = 0 (see equation (9.14) below). The remaining parameters ¢, k,
a and w may be non-zero even in this flat limit. The well-known solutions such as
the Schwarzschild—de Sitter, the Reissner—Nordstrom, the Kerr metric, the NUT
solution or the C-metric, and other type D spaces are also included: the simple
transformation (9.16) leads to a form that explicitly includes all these well-known
special cases, see [10, 11] for more details and section 9.2 for demonstration of
this fact.

9.1.1 Natural null tetrad

In [10] the null tetrad was expressed in the coordinates (7, o, p,r) using the sig-
nature (1, —1,—1,—1). For our later purposes, we need to have the null tetrad
with opposite signature of the metric. Moreover, it is necessary to introduce the
null tetrad both for () > 0 and for ) < 0 because the sign of this function @) is
different near r — oo, as

Q<0 if (o®’k+A/3)>0,

Q>0 if (a®’k+A/3)<0. (9:3)

The function @) thus may become negative under the square root near the con-
formal infinity where we wish to study radiative properties and therefore we need
to consider also the case () < 0. Concretely, for o = 0 the sign of () depends only
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on the sign of A. After some calculations outlined below we found the following
null tetrads in the metric signature (—1,1,1,1):

The null tetrad for () < 0:
The vectors are

a 1 — apr -1, =
V2(w?p? + 12) (\/—Q(T Or = wle) V€ ar) ’
" 1 —apr 1 9
= i (g e+ V08, o
o Ll—apr i ) '
o 2(w2p? + 1) (\/F(Wp Or +05) — \/ﬁap) )
0 1—apr —1 9
- o <\/ﬁ(wp3 +0,) — \Fa)
The corresponding one—forms are
k, = L —@ (dr — wp?do) — wp—l—rQ
1 —apr 2(w?p? +12) P
I, = L (dr — wp?do) — pr +T2
1 —apr 2(w2p? + 7"2 b 05)
m, = L wd7'+r2da “wp +r2
1—apr pr + 72
m, = ! wd7+7’2d0 “wp +r2
1—apr pr + 72
The null tetrad for () > 0:
The vectors are
1 —apr —1
¢ = )+ Oy
2(w?p? +12) \/@( \/7
1—apr —1
1 = r 0,
2(w?p? +r?) \/@( Ve (9.6)
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The corresponding one—forms are

1 2
ky = —— (d7 — wp?do) + wp +T
1—apr 2(w?p? +r2
1 2
l,= —— (d7 — wp*do) — wp +T
1 —apr 2(w?p? +r2
1 2
m, = ——— (wdr + r*do) — “wp +7"
1—apr 2(w?p? +r2
1 2
m,=—— (wdr + r?do) — “wp +7"
1— apr pr +72)

When deriving these null tetrads we began with the null tetrad presented
n [10]. It was sufficient to transform only the vectors, the covariant one-forms
were easily obtained by lowering the indeces, k, = gupk®, etc., using the metric
(9.1). We expected the changes to occur only in the signs of the two parts of
each vector. We thus added coefficients in front of each part of the vector with
possible values +1 in k,, 1,, and also £ in m,, m,. The new vectors must satisfy
the basic relations for the null tetrad, namely that the scalar products of the
tetrad vectors all vanish, except for

(9.7)

k1, = -1, (9.8)
m‘m, = +1. (9.9)

We thus obtained several conditions for the vector coefficients.
For the case when @ < 0, the condition (9.8) implies four possible combina-
tions of the coefficients, two of them are equivalent as

(_ka)(_ka) =k* kaa (_la)(_1a> =1 laa ka(_la) = <_ka> la- (910)

Each two pairs of equivalent vectors contain a combination of future oriented null
vectors k%, 1* and a combination of past oriented vectors k® 1* which differ only
in the sign in front of the first part (r* 9, — wd,) of the vectors. The future/past
orientation means that plus/minus stands in front of the second part 0, of the
vector. The sign in front of the first part is thus eligible, of course, only +1. It
corresponds to two possible orientations of the two null vectors aligned along the
light cone. We have chosen the future orientation. The condition (9.9) implies
two possible choices of vectors m,, m, which are completely independent of the
condition (9.8), so we have chosen one orientation arbitrarily.

For the case @ > 0, the condition (9.8) again implies four combinations of
the signs, of which two are equivalent but the two pairs contain one vector future
oriented and one past oriented. We can not choose two vectors oriented in the
same way as in the case ) < 0. We have rather chosen the vectors according
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9.1. Initial form of the metric

to their first parts: we took the choice such that the first part of the vector k*
remains the same as in the case () < 0. The vectors m,, m, were chosen the
same as in the case @) < 0.

The above null tetrads {e4} = {m?* m* 1% k*} given by (9.4) or (9.6) satisfy
further relations (see also [13]). The vectors are related to the dual one-forms by
the non-diagonal metric g45 whose components are

0
0 0 B
0 . gap =g =gup. (9.11)

In practice, the related one-forms to our vectors are obtained by the following
algorithm:

1. Set up the basis of the vectors and the basis of the dual forms w* as

e, = m° w!= m,,
e, = m?, w?= m,,
€3 — la, w3 = la,

€y = ka, w4 ka.

2. Insert all vectors into each one-form and find to which vector the one-form
is associated, e.g. w'(e;) = 1. If —1 is obtained, change the sign of the
given one-form.

3. Finally, confirm that the relations (9.8) and (9.9) are satisfied.

We have thus identified the one-forms associated to the vectors (9.4) and (9.6) as

H=w =g,

— 9 —

=W = 1N,

= ! -k (9.12)
K=-w=-1,

where we introduced a new (temporary) notation for the dual one-forms which
satisfy

(e1)
(e2)
(e3)

)

Aleq

SIS

(9.13)

3

HP—‘HH

Consequently, {m* m® 1% k®} is dual to {u, @, K, A}.
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9. The Pleba hski—-Demia Aski class of solutions

9.1.2 Weyl and Ricci tensors

It can be calculated (for example by using the Maple package GR tensor) that
the only non-zero component of the Weyl in the tetrad (9.4) and (9.6) is given
by

, 1—apr 3 9 o (1 —apr 31+apr
Uy = —(m+in) | ——— | +(e* +¢°) . —. (9.14)
T+ wp T+ wp T —1Wwp

This confirms that the spacetimes studied are of algebraic type D and that the
tetrad vectors 1* and k* are aligned with the principal null directions of the Weyl
tensor. The only non-zero component of the Ricci tensor is

(1 — apr)*

1
b= (2 + ) — L .
i 2(6 +9 )(w2p2+r2)2

(9.15)
These components of the curvature tensor indicate that there is a curvature sin-
gularity at p = r = 0. This singularity can be considered as the “source” of
gravitational field. It is necessary that P > 0 to retain a Lorentzian signature
in metrics. P(p) is generally a quartic function, so the coordinate p must be
restricted to a particular range between appropriate roots. If this range includes
p = 0, it is necessary that & > 0. The condition P > 0 thus places restric-
tion on the possible signs of the parameters ¢ and k. Note also, that there are
non-singular solutions in the Plebanski—-Demianski family when w # 0.

9.2 More general form of the metric

The metric (9.1) does not include the type D non-singular NUT solution. It is
necessary to introduce a specific shift in the coordinate p to cover such cases with
the NUT parameter. This procedure is also essential to obtain the correct metric
for accelerating and rotating black holes. We will start with the metric (9.1) and
perform the coordinate transformation

[ a

I
~
|

p=—+-p, o, o=-24 (9.16)
W oow a

where a and [ are new arbitrary parameters. These solutions have two parameters
k and € which can be scaled to any convenient values. In addition, we have the
further parameters a and [ which can be chosen arbitrarily. In practice, it is
convenient to choose a and [ to satisfy certain conditions which simplify the form
of the metric, and then to re-express n and w in terms of these parameters. We
will show that the parameter a corresponds to a Kerr-like rotation parameter
and [ corresponds to a NUT parameter. The properties of the solution depend
on the character of the function P. It becomes P = P“;—z after transformation

(9.16). This function is a quartic function and can have up to four distinct roots.
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9.2. More general form of the metric

We will consider the case when P has two roots p = £1 and p covers the range
between these roots. The function P has a simplified form

P = (1—p*(ap — asp — asp?). (9.17)

Then the conditions specifying the two parameters ¢ and n in terms of a and [
are

w?k l 2 A
= da— ? ? 1
€= —p tda—m~— (a® +3l)Lu( k+ e? +g)+3], (9.18)
w?kl a?—I? s o [OF, 9 o A

(see [9], [10], [11] for more details). The next equation defines the parameter k
for any given value of a( as

2 2
w 272 ! 27 o o 2
(a2_l2+3al)k:a0—|—2a;m—3a w2(€ +g°) — A (9.20)

These constraints define the values of k, n and e, the remaining scaling freedom
is in the parameter w which we can set to any convenient value with assumption
that a and [ do not both vanish. The remaining parameters are thus «, a and [
in addition to m, e, g and A. We will concentrate on the physically most relevant
case for which P has two roots and ag > 0. The scaling freedom can be used to
set ag = 1.

The coordinate p covers the range between the roots p = +1 and we put
p = cos¥, where ¥ € [0,7]. The transformation (9.16) from the metric (9.1) to
new general metric has thus the form

l - (I+a)? - :
p:——i—gcosﬁ, T:t—(+a) (03 U:—Eéb- (9.21)
woow

Then the metrics (9.1) becomes

L[ Q, - 2 P p
g = o —?(dt — (asin® ¥ + 4lsin® 2)dg)* + FdﬁQ + = dr?

R 9.22)
Psin?¢ , - ~ (
+ e (df — (r* + (a +1)*)do)?
where
o
——(1 Y
w( + acosV)r,
p? =1+ (I + acos?)?,
]5 (9.23)

=1—ascos? — a4 cos? v,

P
sin® )
Q = (Wk+e* + g% — 2mr + er® — 2aw ' — (a®k + A/3)r,

100



9. The Pleba hski—-Demia Aski class of solutions

and
s a sal , 9 9 A
as —204;771—40[ E(w k+e +g°) —4§al, (9.24)
a? A
a; = —azﬁ(uﬂk +e®+g°) — §a2. (9.25)

with €, n and k given by (9.18)-(9.20).

This solution represents the complete family of black hole spacetimes and con-
tains eight arbitrary parameters m,e, g, a,l,a, A and w. The first seven of these
parameters can be varied independently and w can be set to any convenient
value if a or [ are not both zero. It was shown in [11] that the metric (9.22)
represents for A = 0 accelerating and rotating charged black holes with a gen-
erally non-zero NUT parameter. The authors found subsequently in [12] that
there is analytical extension of the metric which was expressed in terms of the
Weyl-Lewis—Papapetrou metric and the boost-rotation form.

This more general form of metric (9.22) contains various special cases which
can be obtained explicitly by setting certain parameters to zero. These will be
reviewed below in subsections 9.2.1-9.2.3.

By performing the transformation (9.21) from the coordinates (7,0, p,r) to
(t,¢,9,7), the null tetrads (9.4) and (9.5), (9.6) and (9.7), the Weyl tensor and
the Ricci tensor will change their forms:

The vectors transform by “inverse” transformation of (9.21),

a [+ a)?
0y = ——(95 + ( - ) %),
5w 1 (9.26)
P asiny
0, — o,

and the one-forms transform by “straight” differentiation of (9.21)

dp = —Zsin Jdv,
w
w ~
do = ——do, (9.27)
a
2 ~
dr = di — @dqs.

When we substitute these relations into (9.4) and (9.5), we obtain the null tetrad
vectors for the case Q) < 0:
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9.2. More general form of the metric

The vectors are

% (7 v=aa)
— [adz + ( r? 4+ (1 +a)?)o;] + Qo
~ V2p
Q 1
— [(ady + ( 2+ (1 +a)?)0] + /— 8)
T V2 (\/
(9.28)

2 ( [(4] sin® ﬁ#—asm 29)0; +8 +\/7819>
\/§P \/781I119 2

“ 4l51n2ﬁ+asm V)05 + 0] +\/7619

\/781I119 2
The corresponding one—forms are
1 Q1. - o U ) 1 P

ka_Q \/ 5 p[dt (4l sin 5 Tasin J)d¢] _QQdT ,
1 -Q1, - -

lazﬁ @/7Q;[dt—(4lsin2§+asin2ﬂ)d¢]—\/_pQ_QdT>,

. (9.29)

1 (. |/Psingd. . ~ 0

m, = — |i\/ = adt — (r? + (1 + a)*)d¢] + —=dv |,
o |13 e - (2 i+

— 1 | Psind, - ~ 0

m, = — | —i\/| = adt — (r* + (1 + a)*)d¢] + ——dv | .
o | 5 e o aad

When we substitute these relations into (9.6) and (9.7), we get the null tetrad
for @ > 0:

The vectors are

1
—Q[a8 + (r*+ (I +a)?) +\/78)
1
—Q[aa +(r? + (1 +a)?) fa)

0 i -
m° = ( Z [(41 sin? g + asin® 9)0; + 93] + \/];80> :

(9.30)

[(41 sin? g + asin® 9)0; + 93] + \/]gc%> :
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The corresponding one—forms are

k, = é \/g%[df— (4l sin? g + asin?0)dg] + \/g_er> :

l, = é \/g%[df— (4l sin? g + asin?9)d¢] — \/%_er> ,
m, = % z’\/§S“p“9[ad£— (2 + (1 + a)®)dd] + \/%dﬁ : .
i, — é —i\/éSizﬁ[adf— (2 + (1 + 0)?)dd] + \/%dﬁ

The only non-zero component of the Weyl tensor in these tetrads is given by

1+ %T(Z+CLCOSI9)):| (1 - %r(l+acos¢9)>3

U, — [—(m +in) + (€2 + ¢?) (

r —i(l + acos?) r+i(l + acos V)
(9.32)
The only non-zero component of the Ricci tensor is
1 (1 —2r(l+acosd))*
RO VI SN G _ 9.33
H 2(e +g)(r2+(l+acosﬁ)2)2 (9:33)

9.2.1 Kerr—-Newman—-NUT-de Sitter spacetime (a = 0)

We obtain this particular case when we set &« = 0. The constraint (9.20) be-
comes w?k = (1 — [2A)(a® — [?), the relations (9.18) and (9.19) become

e=1—(3a®+2P)A, n=1+5(a®—4P)IA. (9.34)
The metric is the same as (9.22) with

Q=1

p? =712+ (I + acosV)?

P=1+ %Aal cosv + %Aa2 cos? ¥

Q=(a*—1P+e*+g%) —2mr+r*—A [(a2 — )+ (%a2 + 20%)r? + %7“4} )
This solution represents a non-accelerating black hole with mass m, electric and
magnetic charges e, g, rotational parameter a and a NUT parameter [ in Minkowski,
de Sitter or anti—de Sitter background. It reduces to well-known forms when [ = 0
or a =0 or A = 0. However, it is necessary to distinguish the two cases in which

|la| is greater or less than |I|. When a? > [, k > 0, the metric has Kerr like ring
singularity at » = 0. This case represents a Kerr-Newman—-de Sitter solution, it

103



9.2. More general form of the metric

means a charged black hole with a small NUT parameter. This solution will be
discussed properly in the next section. Alternatively, when a? < [2, k < 0, the
metric is singularity free. This case is best described as a charged NUT-de Sit-
ter solution with a small Kerr-like rotation. Although these cases have identical
metric forms, their singularity and global structures differ substantially.

9.2.2 Accelerating Kerr—Newman—de Sitter black holes (I = 0)

This is the case where the NUT parameter vanishes but « is arbitrary. Now the
equation (9.20) implies that w?k = a?. We use the remaining scaling freedom
in w to set Kk = 1 so then w = a (the Kerr rotation parameter) and from the
constraints (9.18)-(9.20) we obtain

e=1-a’(@®+e +g¢°)—3Aa®, k=1 n=—aam.

Interestingly, while the NUT parameter vanishes, the Plebanski-Demianski pa-
rameter n is not zero. The metric (9.22) becomes

1 [-Q, .- -,  Psin?9 -
g = o | =2 (df — asin? 94)? + 0 (qdf — (12 + 2)dd)?
02 | p2 2
) ) (9.35)
P 2, P52
-+ —Adﬁ + — dr s
p Q
where
Q=1-—arcosd,
p* =1+ a®cos? ¥V,
P=1-2amcos? + [a*(a® + €% + ¢*) + +Aa?] cos® 9,
1
Q= (Wk+e*+gh) —2mr +1r? - §A7"2(7“2 + a?).
The only non-zero components of the curvature tensor are now given by
1+ arcosd] (1 —arcosd\®
Uy — |—m(1 — 3 24 42 9.36
? m(l —iaa) + (e +g)r—iacosﬂ] <T+iacosﬂ) ’ (9:36)
1 (1 — arcos?)?
Py ==(e*+¢° : 9.37
1 2(e t9 >(7"2—|—a2(:os?19)2 ( )

This metric (9.35) clearly exhibits the singularity and horizon structure of an ac-
celerating charged and rotating black hole in Minkowski, de Sitter or anti-de Sitter
background. It represents the spacetime from the singularity through the inner
and outer black hole horizons and out to the acceleration horizon. Nevertheless,
it does not cover the complete analytic extension inside the black hole horizon.
In [12] it was shown for the case A = 0 that the complete spacetime contains two
causally separated charged and rotating black holes which accelerate away from
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9. The Pleba hski—-Demia Aski class of solutions

each other in opposite spatial directions. Special subcase of (9.35) is the charged
C-metric with a cosmological constant. We get this when we put a = 0, and the
metric (9.35) reduces to the simple diagonal form

g, = 1 _Qdﬁ + ﬁdr2 + Pr?sin?9d¢? + 77—2(11(/12 (9.38)
P (1= arcosv)2 \ 12 Q P ’ |

where

P =1-2amcos? + a?(e? + ¢°) cos* ¥,
Q= (e +g* = 2mr+r?)(1 — %) — A%,

For A = 0, it describes a pair of black holes of mass m and electric and magnetic
charges e and g which accelerate towards infinity under the action of forces rep-
resented by a conical singularity, where « is the acceleration. The acceleration
horizon is r = a~!. The location of other horizons depends on e, g, m and A.

9.2.3 Kerr—-Newman—de Sitter spacetime (o =1 =0)

This is obviously the [ = 0 subcase of the spacetime discussed in subsection 9.2.1.
It can be written in the standard form of the Kerr-Newman—de Sitter solution
in Boyer—Lindquist coordinates by a simple rescaling transformation

F=t2", ¢=9¢=", (9.39)
where = =1 + %AaQ. This transformation leads us to

—A
gy = :Qp; [dt — asin? 19d<;ﬂ ? 4

—

Ay sin? ¥

=2 )2
=°p

[adt — (r* + a®)d¢]”

(9.40)

2 2
P 2, P 2
—d —dv

+Ar T %—A19 )

where ) ) s
=r°+a“cos” 9,

p
A =Q=(r*+ad*)(1—3Ar?) — 2mr + (2 + ¢°), (9.41)
Ap=P=1+ %Aa2 cos> 0,
In fact, there is no need to introduce the constant rescaling = in ¢t and ¢. But
it is included so that the metric has well-behaved axis at ¥ = 0 and ¥ = 7 with
¢ € [0,2m).
Notice that there exists a direct transformation from the initial metric (9.1)
to the metric (9.40): by inserting (9.39) into (9.16) we get

p = cos,
T=(t—ap)E7", (9.42)
o=—¢p=""
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(Here we assume o =0, [ = 0 and we set a = w, € = 1—%/\@2, k=1,n=0).
Now we can directly rewrite the null tetrads (9.4) and (9.6), as well as the

Weyl tensor and the Ricci tensor into coordinates of the Kerr—Newman—de Sitter

solution (9.40). The vectors transform by inverse transformation of (9.42),

Oy = —Z(0s + ady),

1
0, = ——0 9.43
P sing ( )
a7' == ata
while the one-forms transform by
dp = —sin v d,
do = —="'dg¢, (9.44)
dr = Z71(dt — adg).

Substituting these relations into (9.4) and (9.5), we finally obtain the null tetrad
vectors for the case A > 0:
The vectors are

1 =
ke — - 24628, +ad +\/—Arar),
\/§,O< \/——AT[(T +a) t+a ¢]

—

a __ 1 = 7’2 CL2 a _
1_\/_p (+m[( +a”) 0+ a0y + v/ Arar),

vV Ay O,
( v \/Aﬁ sin v
(\/ 9 Oy —i—z\/A_ﬁSlm?(asm (Vo) +8¢))

(9.45)
———(asin® Y d; + 8¢))

and the corresponding one-forms

1 /=A
ky= —— " (dt — asin® 9 dg) — —L— dr,
=p 2 —2A,
1 [=A, . p
l,=+— (dt — asin®9 d¢) — dr,
= 2 vV —
P 28, (9.46)

Ay

ma—\/;mdwr_—p Stsind (adt — (12 + a?) do).
/A

ma—\/;mdﬂ—%p SEsind (adt - (1 + @) do).

Substituting these relations (9.43), (9.44) into (9.6) and (9.7), we analogously
obtain the null tetrad vectors for the case A < 0:
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The vectors are

(1]

(1 + a®) 0y + a dg) + /A 3)

1
T V2 ( VA,
1 ( =
— [(r* + a®) Oy 4+ a 0y) — /A 8)
VI \ VA (9.47)
1 .
— Oy — 290, + 0O
)
VAy O in?9 9, +0,) |,
< 19+2\/A_198m19(asm L ¢))
and the corresponding one-forms are
1 A,
k, = — (dt — asin® ¥ do) + \/QpTr dr,
,0
la:—\/ “(dt — asin? 9 d¢) — dr
A ' (9.48)
m, = \/mdﬂ—i_ELp 7sm19(adt (r* + a®) do),
A
W, = \/m i — %p Stsind (adt — (1 + @) do).
The only non-zero component of the Weyl tensor (9.14) is now
m e? + g?
Uy = — 9.49
? (r 4+ iacos )3 * (r +iacos¥)3(r —iacos )’ (9.49)
and the Ricci tensor (9.15) becomes
by = - . .
U2 (2 4 a2 cos? V) (9.50)

9.3 Alternative form of the general metric

For our later purposes it is also convenient to introduce a new coordinate g which

is simply related to r by
1
=——. 9.51
¢=— (9.51)
We will express the metric (9.22) in coordinates (p, 7, 0, ¢). We will use the inverse
transformations of (9.21), its differentials and forms (9.26), (9.27). The metric

(9.22) then becomes

1

o) P
g = o —(dr —wp?do)® + dp + dq + = 7 —(wg*dr +do)?|,  (9.52)

P Q
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where

Q=¢Q=—(q+ap),

0 =¢*p* =1+ ¢w?p?,
2 2 l l 9 I
P = 32(1 - Z_(COSI(} - ;)2)(1 — agg(cosf/l — ;) - a4%(cosf} — ;)2)
4

Qlq) =¢* Q = —(®k + A/3) + 20w 'ng + e¢® + 2mg® + (W*k + €* + ¢*)q¢*,
(9.53)
and the coefficients are as in (9.24), (9.25)

l A
as = 20Lm — 40?2 — Wk +€® + ¢°) — 4—al, (9.54)
w w? 3
2 A
ay = —0[2%((,«)2]{3 + e+ g% — gaQ. (9.55)

with €, n and k again given by (9.18)-(9.20).

We obtain the null tetrads by performing the inverse transformation of (9.21)
n (9.56) and (9.57), (9.58) and (9.59). Then the vectors and their dual forms are
expressed in the coordinates (p, 7,0, q).

The null tetrad for Q < 0:

The vectors are

Q 1
— [ ——=—=(0r — wq®D,) + V— 8),
ﬂ@(m A0 VA0
Q 1
— [ ——=(0; — wq®0, +V—Q8>,
" V2o (\/ g0 %) ! (9.56)
Q i 5 '
— | —= 0- + 0, 0
ﬂg(@w +0,) = VPO,
Q —1 9
— | —= 0- + 0, o, .
m = 75 (Fplro v o0 - vPa,)
The corresponding one—forms are
(22— wdo) — 8
ka_Q 5 Q(dT wp“do) —_QQdCI)a
(22— 0
1a_Q 5 (dr — wp*do) —_Qqu>’
(9.57)
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The null tetrad for ¢Q > 0:
The vectors are

Q -1
k= — [ —=(0; —wg*d,) +VQ0, |,
2@(\/@( 70) !
1a_i(__1(a —qua)—JQ&))
\/QQ /—Q T o q ? (958)
Q 7 9 '
= — | —= 0r +0,) — VPO, |,
mt = (0, +0,) - VP,
_ Q 7 9
= — | —= 0- + 0y) — Pa)
5 (-t w0 - vPo,
The corresponding one—forms are
I N M RO S A
k“_Q 2Q(dT wp d0)+@dq>,
O O T O S
l, = Q 5 Q(dT wp“do) @dq>,
(9.59)

1 . /P1, 0
m, = — | +i\/ ——(wg¢*dT +do) — —dp | ,
Q \/29( q )~ %p p)

_ 1 /P11 9 0
m, = = | —i\/ 5 —(wg™dT +do) — —==dp | .

The non-zero component of the Weyl in these tetrads is given by

\112:[(m+m)+(62—|—g2)(q_&p )}(Hw )3. (9.60)

1+ qwp 1 —iqwp

The non-zero component of the Ricci tensor is

(¢ +ap)*
(1+ ¢°w?p®)*
As we will demonstrate, this alternative form of the metric (2.52) is more useful
for investigation of the directional structure of radiation near conformal infinity.

1
q)ll = _(62 + g2)

5 (9.61)

9.4 Radiation in the complete family of the Plebanski—
Demianski black hole spacetimes

Now we will generalize the above results to the A # 0 case of accelerating charged
black holes with rotation a and NUT parameter [. We will use the alternative
form (2.52) of the general metric for our investigation. Let us recall that

1

-Q ¢* 0’ P
e wpdo)® + dp® + Sdg” + ?(qudT +do)*|, (9.62)

P Q
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where
Q= —(q+ap),
0’ =1+ ¢,
a? w? 9 w w? L,
P = E(l — ﬁ(cosﬁ ——))(1 - agg(cosﬂ — =) —as—5(cos¥ — —)%),

Q(q) = —(a®k + A/3) + 20w 'ng + e¢® + 2mg® + (W*k + €2 + ¢*)¢?,
(9.63)
« is the acceleration parameter, the coefficients a3 and a4 are given by (9.54) and
(9.55), and the parameters €, n are defined by the constraints (9.18), (9.19)

w’k ! 2 o [ 5 2, oy, A
e:a2_l2—|—4a;m—(a —|—3l)[ﬁ(wk‘—l—e —I—g)+§], (9.64)
w2kl a’—1? R O 5 9. A
n= T a— m+ (a —l)l[ﬁ(wk:—l—e —I—g)+§]. (9.65)
The parameter k for ag =1 is
W +3% ) k=1+ QOzim - 3a2£(e2 + g% — I’A (9.66)
a? — 2 w w? ' '

These constraints define the values of k, n and e, the remaining scaling freedom
is in the parameter w which we can set to any convenient value with assumption
that a and [ do not both vanish (otherwise w = 0).

We observe that £~ is factorized from the metric (9.62). The remaining part
of the metric in the square brackets is the conformal metric g,,. The conformal
factor is in the sense of the relation (3.1) between the conformal metric g,, and
the physical one g, given exactly as

Q=—(¢+ap). (9.67)

The conformal factor must be positive, so we assume ¢+ap < 0. Obviously, when
we perform a limit ¢ — 0 of the conformal factor, there remains the term ap with
the acceleration parameter which is non-trivial. This metric is thus convenient
from the point of view of the conformal structure and it is more useful for our
analyses.

The conformal infinity is localized on € = 0, and from (9.67) it gives an
important equation

q= —ap. (9.68)

This relation enables us to evaluate our results directly on Z.
We easily obtain a gradient of € by differentiating (9.67) as

dQ2 = —(dg + adp), (9.69)
which, evaluated on 2 = const., gives the relation

dg = —adp. (9.70)
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For further purposes, it is convenient to investigate the general expression

Q-+ a’P = —%(1 + ?W?ph)+Q [(W’k + € + ¢%)(q — ap)(¢® + o*p?)

+2m(q* — agp + o*p®) + €(q — ap) + 2omw’1] )
(9.71)

The expression (9.71) has two parts, one with the parameter A and the second
part with a factorized conformal factor. The second part evaluated on Z gives
zero. The expression (4.52) evaluated directly on Z, by setting €2 = 0, gives

A
Q7 +a’P = —3 (14 a*w’p?). (9.72)
This expression will be very useful in evaluating our results directly on Z.

Now we will examine the conformal metric g,, on Z. When we substitute
(9.68), (9.70) into g, from (9.62) and (9.63), we obtain

~ _QI 2 2 2 QI + O(2P 2 Pa 2.2 2
o = d — d d o d d )
S|z Q%(T wpdo)” + o7 70, p—l—g%w(apw 7+ do)
(9.73)
where the expressions for o and Q changed to
or = 1+ a*p?w? (9.74)

and
Q1 = —(’k + %) — 2%np + ea’p” — 2ma’p® + (WP + € + ¢*)a'p?,  (9.75)

where n, € and k are the constraints (9.64), (9.65) and (9.66). The coordinate ¢ is
not present in (9.73) because we made the substitution (9.68) and therefore only
the term proportional to dp? appears in the conformal metric g,|7. Furthermore,
when we use the expression (9.72), it is possible to evaluate the conformal metric
(9.73) on Z more explicitly as

~ _QI 2 2 2—%(1—}—042002}94) 2 P a 2 2 2
guwlz = | —5—(d7 —wp®do)” + o dp” + ——(a“p°wdt + do
Iz [ e e o )

(9.76)
We observe from the last expression that g,|7 is regular on Z for 0 = £1 (A # 0).
The case A = 0 has to be studied in another way, like the Kerr-Newman—de Sitter
solution in section 4.1.
We also calculated the inverse form of the physical metric (9.62) (using the
Maple software)

0,0, + 58 0p — Q—z[@ — wq?0,* + Q—Q[wp2aT + 0,)?
q~q QQ p~p QW PW )
(9.77)

Q

gabaa ab = 92 E
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where we denoted
W = [1+w?¢*p*)? = 0% (9.78)

The trace of metric (9.62) and (9.77) is g,»g® = 4. This confirms that (9.77) is
really the inverse metric of (9.62).

We are now able to calculate the function N and the conformal normal 2
to Z, and ¢ from the definition (3.3). The function N is, for the cases o = %1
and for every {2 = const, given by

o
V1Q+a?P|

Then the conformal normal n® to Z and o are

pro L (25495 (9.80)
VI@+a?P[\e ™ o "

O+ a?P

oc=——.

|Q +a?P]

N = (9.79)

(9.81)

Clearly, we observe that if Q4+a?P > 0 then o = 1, and also conversely Q+a?P <
0 for 0 = —1. Obviously, we can just explicitly evaluate the expression (9.81) on
7 using (9.72). It gives

—%(1+a2w2p4) _ —A
3Tt A

olr = = —signA. (9.82)

We have thus confirmed the relation (3.5), 0 = —sign A which tells us that the
character of 7 is related to the sign of cosmological constant.
The physical normal vector is according to (3.7) defined as n* = Qn?, thus
for o = £1
N L (9.83)
|Q + 2P| o 0

In the next sections we will derive explicit form of the radiation in the complete
family of Plebanski-Demianski black holes spacetimes. We will discuss separately
the cases A > 0 and A < 0.

9.4.1 Radiation in the general metric with spacelike 7

We will investigate the radiative properties of the general metric (9.62). The
separate cases can be divided according to the sign of the cosmological constant
as in the Kerr—-Newman spacetimes. The cases A > 0 and A < 0 occur for Q < 0
and @ > 0. The sign of the term Q specifies which null tetrad from the section
(9.3) is convenient to use.

First, we will study the case when A > 0 with the tetrad chosen for Q < 0.
The algebraically special null tetrad is the tetrad (2.56) and (2.57) for the case
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Q < 0 of the general metric. We can easily identify the algebraically special
orthonormal tetrad using the definition (3.12) from the vectors (2.56) as

Q
ts - E\/ —Qaq,
Q -1

s — T T —= 87' —w 28{7 ’
%= 7=5! q°0s)
0 (9.84)
rs = —E\/ﬁap,
_ Q[wp®d; + 0,

Ss = —_

e VP
We express the reference tetrad in terms of the algebraically special tetrad by
inverting the relations (3.47), as

t, = cos sty — tan b, ry,

qo = Qs;
r, = cos ' 6fsrs — tan b, tg,

(9.85)
So = Ss.

Substituting (9.84) into (9.85), we obtain the reference tetrad for spacelike 7

t, = 2 (cos_1 05 v —Q0, + tan b \/]_36p> ,
0

qo = g_—lQ(aT _ qu&,)

ol (9.86)
ro = — (— cos 1 0, \/ﬁﬁp + tan 64 v/ —Q@,) ,

0
.  Q[wp?dr + 0]

o P

The reference tetrad (9.86) must satisfy the adjustment condition (3.19) for
o = —1 which is explicitly n = €,t,, i.e.

n = e, (cos1 0 ;Q&] + tan 6, @@,) ) (9.87)
0 0

On the other hand, the normal vector n is given by (9.83) for 0 = —1,

___ 9@ (2, aP
n= \/W(Qaﬁgap). (9.88)

The normal vectors (9.87) and (9.88) have to be equal. By comparing them we
observe that it is necessary to set and then evaluate on Z the following expressions
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(which we have already done by the substitution (9.68)),

cosfs =4/1+ 042%, (9.89)
P
tanf, = — L, (9.90)
V=091 —a?P
P
$in 6, = — (9.91)

where Qz(p) is the expression (9.75), P(p) is given by (9.63), and we also observe
that ¢, = 1. In other words, the normal vector and the reference tetrad are
outgoing with respect to the future spacelike conformal infinity Z*. We evaluated
the above expressions on Z because we are interested in the form of cos 6, sin 6, on
7. The parameter 05 encodes the orientation of the algebraically special tetrad with
respect to the spacelike Z. The expressions cos b, sin f; and tan f; are functions
of only one coordinate p on the conformal infinity Z.

Now we calculate the radiative component of the gravitational field. The only
non-zero component of the Weyl tensor (following the procedure described in [6])
with respect to the algebraically special tetrad is (9.60), let us recall it again,

U = (m+m)+(e2+g2)<q_o‘p )} ( gt op )3. (9.92)

1+ qwp 1 —iqwp

The coefficient W3, is obtained from (3.51) for s = 2 as
LEER R (9.93)

where n ~ ¢! and Q = —(¢ + ap) so that n =~ ¢(—¢ — ap)~'. The leading
factor of the gravitational field is thus

s, ~ 00 = e(—q — ap) 03, (9.94)
for ¢ — —ap when Q — 0. After substitution of (9.92) into (9.94) we get

€
(1 —igqwp)?

q—ap

U, ~ — .
1+ iquwp

(m +in) + (e* + ¢%) (9.95)

The asymptotic directional structure has a standard form for spacelike Z de-
scribed by (3.53), namely

31 W
2|n| cos? 0

W | ~ A0, ¢,0s). (9.96)

where we have conveniently denoted the angular directional dependence as
A(0, ¢, 0,) = (sin 0 + sin 0, cos ¢)? + sin® 6, cos? # sin? ¢. (9.97)
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The asymptotic directional structure is determined by W5, evaluated on Z and
by cos 0, sin 5 which are given by (9.89) and (9.91), both evaluated on Z.
The parameter sin 5 can be rewritten from (9.91) using (9.72) as

a/P

sinfy = — : (9.98)
\/a2P + 2(1 4 a2w?p?)
and we can also rewrite cos s from (9.89) and (9.72) as
A(1 + o*w?pt)
cos? O, = 3 (9.99)

oa?P 4+ %(1 + 042w2p4)’

where the function P is given by (9.63). We are mainly interested in the con-
crete form of W, evaluated on Z. This normalization component (9.95) can be
rewritten as

VD

|\Il2*| = (1 +q2w2p2)3/27 (9100)
where
2 2 2 2 (q — ap)(m — nqwp) 2 2\2 (q— Oép)z
D=m +n +2(€ +g) 1+q2w2p2 +(€ +g)m, (9101)

and the parameters n, k and € are given by the constraints (9.64), (9.66) and
(9.65). The particular form of |¥$,| on Z can be obtained by substituting (9.68)
into the previous expression (9.101) as

vDz

Wikt = e (9.102)
where
2 2 2 2y M + nawp? 2/.2 242 P’
Dr =m®+n° —4da(e’+g¢ )pm—f-éla (e“+g7) T3 ottt (9.103)

We observe again that |U3, |7 depends only on the coordinate p. Then it is useful
to denote the factor of the radiation as

U,
B(p) = Al

(9.104)

cos? 0,
The final form of the asymptotic directional structure of radiation is thus
31

v~

2mB(p)A(@, o, 0s), (9.105)
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where B(p) can be rewritten by (9.99), (9.102) and (9.103) as

_ 3( )\/1717

B(p) = 9.106
(p> %(1 + a2w2p4)5/2 ( )
with
Dr = m? +n? — da(e + g2)pw + 4a?(e* + g2)2L (9.107)
* 1 + o2w?p? 1+ a?w?pt’

and the function P given by (9.63). The expressions (9.105), (9.106) and (9.107)
give the explicit formula for the radiative component of gravitational field in the
complete Plebanski-Demianski black hole spacetimes in the de Sitter universe
for Q@ < 0. The other possibility @ > 0... The null direction along which
the field is measured is parametrized by angles 6, ¢ in expression 4 in (9.97).
The field itself is characterized by the normalization component |U3, |7 or B(p)
and the parameter 64 fixes the orientation of the algebraically special directions
with respect to a spacelike infinity Z. Two PNDs are both oriented outside the
manifold on future spacelike Z%. There are two directions in which the radiation
vanish as which are spatially opposite to PNDs.

The result is consistent with [4] where the C-metric was investigated. The
difference is in the sign of sin 6, that it is probably caused by the choice of the
reference tetrad. The other minor difference is again in the normalization of
the normal component of the vector k; which is defined slightly differently in [4]
and in the [3]. The result for a = 0, [ = 0 reduces to our previous result for
Kerr—-Newman—de Sitter presented in the section 4.1.1.

The amplitude of radiation B(p) is represented by expression which depends
on a single coordinate p and on the parameters m, «, w, a, [, A, e, g. The co-
ordinate p specifies one point on the conformal infinity Z while the parameters
characterize the sources (black holes) which generate the radiation. The depen-
dence of the amplitude B(p) on the parameters of the black holes is discussed in
section 9.5. Surprisingly, we will observe that the amplitude B(p) is quite similar
for spacelike Z and also for the cases with timelike Z, except of one special case.
Thus all these cases can be investigated together.

9.4.2 Radiation in the general metric with timelike 7 Q > 0

In this section we will subsequently discuss four possible orientations of PNDs on
timelike Z for A < 0 in the tetrad for Q > 0.

We start with the case when one PND is outgoing and one is ingoing with
respect to I, see the section 3.6.3. The algebraically special null tetrad is repre-
sented by (2.58) and (2.59) for the case Q > 0 of the general metric (9.62). We can
easily identify the algebraically special orthonormal tetrad using the definition
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(3.12) from the vectors (2.58)

Q1

ts = T = a’F_W 280 )
0 \/@( 70:)
Q
qS = _\/@aq7
‘0 (9.108)
ry = —E\/ﬁap,
_ Q[wp®dr + 0,

Ss = _
o VP

This algebraically orthonormal tetrad will be used troughout this section for all

cases which may appear on timelike Z for A < 0 (Q > 0).

We express the reference tetrad in terms of the algebraically special tetrad by
inverting the relations (3.60),

to - ts>
qo = — tanhysrg + cosh™! s Qs

) (9.109)
r, = cosh™ Y1y + tanh v, qs,
So = Ss.
We find the reference tetrad by substituting (9.108) into (9.109) as
Q1
to=———"F7+= a7' - wq2aa )
0 \/@( )
Q
qo = — <—|— tanh z/;sx/ﬁap + cosh™! 1/15\/@&1) ,
g (9.110)

Q
ry = — <— cosh™! ws\/]_Dﬁp + tanh ws\/@&,) ,
0
. - _Q [wp?0; + 0]
o Q \/ﬁ .
The reference tetrad must satisfy the adjustment condition (3.19) for ¢ = +1
which is explicitly n = —¢,q,, i.e.

n= —EO% (+ tanh @Z)S\/fﬁp + cosh™! ws\/@(?q) ) (9.111)

On the other hand, the normal vector n is given by (9.83) for 0 = +1,

Q o) P
_ £ “a). 112
! Q+&2P(@aq+a@ap) (5112)
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The normal vectors (9.111) and (9.112) have to be equal. By comparing them
we observe that it is necessary to set and evaluate on Z the expressions as

cosh 1 :\/1+042QL;, (9.113)

a/P

tanh ws :\/ﬁ, (9114)
sinh ¢, _avP (9.115)

VOr

where Q7 is the expression (9.75), P is (9.63), and we also observe that ¢, = +1.
It means, the normal vector is ingoing and one PND kg is outgoing while L is
ingoing with respect to the timelike conformal infinity Z.

Again, we evaluated the above expressions on Z because then the parameter
15 encodes the orientation of the algebraically special tetrad with respect to Z.
The expressions cos s, sin s and tan v, are functions of coordinate p only.

We are able to calculate the radiative component of the gravitational field.
The procedure is almost the same as in the previous spacelike case, the normaliza-
tion factor is (9.95) and its evaluation on Z is (9.102). The asymptotic directional
structure of radiation has a form (3.64), namely

31 U5, |
2[n| cosh® ¢

Py ~ Av (e, ¢, 1) (9.116)
and it is determined by U5, evaluated on Z, and by cosh g, sinh s which are
given by (9.113) and (9.115), both evaluated on Z, and the directional angular
dependence is

A1 (1, ¢, 1)) = (sinh ¢ + esinh 1 cos $)? + sinh? 1), cosh? 1) sin? ¢,

where we substituted ¢, = +1.
The term sinh 15 can be rewritten from (9.115) by (9.72) as

sinh 1, = VP (9.117)

\/—042]3 — 21+ a?w?p?)

and we can also rewrite cosh s from (9.113) by (9.72) as

%(1 + oz2w2p4)

cosh? . = )
v o?P + %(1 + a?w?pt)

(9.118)

where the function P is given by(9.63). If we denote the amplitude of the radia-

tion as s,
B — 2% | L ’
Q cosh?

(9.119)
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the asymptotic directional structure has the form

31
(W4l = §m3(p)«41(1/1,¢,ws) (9.120)
where B(p) can be rewritten by (9.102),(9.118) and (9.107) as
B(p) =P T 5L+ o)
p)= %(1 + a2w?pt)5/2

Dz (9.121)

and

p2

m + nawp2
1+ a2w?p?’

22 2, 2
Dr =m”+n” —4a(e +g)p1+a2w2p4

+ 4a*(e® + ¢*)? (9.122)
where the parameters n, k and € are given by the constraints (9.64), (9.66) and
(9.65).

We obtained the explicit formula for the radiative component of gravitational
field of the black hole spacetimes in the anti-de Sitter background for () > 0. The
null direction is parametrized by 1, ¢ in expression (9.120). The field itself is
characterized by the normalization component |U$,|s or B(p) and the parameter
s fixes the orientation of the algebraically special directions with respect to a
timelike infinity Z.

The PNDs are oriented on Z such that one PND k is outgoing and the other
PND 1 is ingoing with respect to Z. There exists just one ingoing direction
of vanishing radiation which is a mirror reflection of PND k and one outgoing
direction of mirrored reflection of PND 1. The result is fully consistent with
[5] where the C-metric was investigated for « < y/—A/3. For this range of
acceleration, the C-metric represents a single accelerating black hole.

We observe that the amplitude B(p) is identical with the amplitude from
previous section for spacelike Z, see equations (9.106), (9.107). The dependence
of the amplitude B(p) will be investigated in the section 9.5 together with other
cases.

In the following we will discuss the remaining possible cases.

First, we first consider the case 3.6.4 where both PNDs are oriented to be out-
going or both ingoing. The identification of the algebraically special orthonormal
tetrad from its definition (3.12) for the vectors of the tetrad (2.58) is the same
as in the previous case (9.108). We express the reference tetrad in terms of the
algebraically special tetrad by inverting the relations (3.68) as

t, = +sinh ! s Ts + coth st
do = — sinh ™! Ys ts — coth g 1y,
o = Qs,

Sy = Ss.

(9.123)
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When we substitute (9.108) into (9.123), we obtain the reference tetrad

1

Q
t, = — [ —sinh ™ VPO, — coth 1,
Q( YoV I /o

(&—wf&o,

qo = 9 (Sinhl wsi(aT - szaU) + coth Qﬂs\/ﬁap) )

é Va (9.124)
ro = _\/@aq

0
S — _9 [szaT + 60]

e VP
This reference tetrad must satisfy the adjustment condition (3.19) for o = +1
which is explicitly n = —¢,q, as

1
VO

The normal vector n calculated directly from the metric is given by (9.112).
These two vectors have to be equal again. We have to choose the parameter 1)
in (9.125) to obtain the vector q, proportional to the normal n. However, we
observe that the component 0, of the normal vector n (9.112) is not present in
the vector (9.125). This reference tetrad thus does not satisfy the adjustment
condition, so that this case does not appear as a possible asymptotic behavior of
the gravitational field of the studied family of black hole spacetime in the anti de
Sitter universe.

We can also calculate the projection of kg into Z, to check this result. Begin-
ning from (3.25), using (9.124) and (3.67), we obtain ks - q, = % sinh™! v, and
the projection is thus

Q
n— _EOE (sinh1 Vg (0. — wq2&,) + coth z/JS\/]_Dﬁp) ) (9.125)

Q ( . . -2 1 2
ts =— | —sinh ¢(1 + sinh™* ) —=(9; — wq“0,)
0 v (9.126)

+ sinh ws\/@aq — coth %ﬁ@;) )

Again, because the vector ts is a projection of ks onto Z and n is normal vector
to Z, the scalar product must be t, - n = 0. The scalar product has a form

B — sinh ) VvV Pa
ts 1NN = \/ﬁ (\/@"‘ COSh’l/}S> . (9127)
_VPa.

The scalar product is zero only when sinhs = 0 or when cosh, =
When we substitute these conditions into q,, the first condition implies that the
first part of q, diverges, the second condition implies that the second part of the
vector q, is proportional to the normal vector n (9.112), but still the first part
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of q, is not. Therefore, these two conditions which satisfy ts-n = 0 do not give
consistent results.

Now we will investigate the case described in section 3.6.5, the case when one
PND 1is tangent to Z. The identification of the algebraically special orthonormal
tetrad is (9.108). We express the reference tetrad in terms of the algebraically
special tetrad by inverting the relations (3.77). We obtain

_ 3 1
to - §ts + QCIS — Ty,
Qo = I's — %ts + %q&

(9.128)
ro =7Ts — ts — Qs
So = Ss.
Substituting (9.108) into (9.128), we obtain the reference tetrad
Q/ 31 , 1
- - P
to Q( 2\/_( wqag)+2\/@aq+fap),
Q 1
Ao = — ( —VP9, —I— (0, — wgd,) + =V Q0, |,
¢ \/_ 2 (9.129)
Q :
r, = — (—VPO, + —=(09, — wg®0, —\/éa),
0 ( P \/@( q°0,) q
. — Q[wp*0r 4 0]

o VP

This reference tetrad must satisfy the adjustment condition (3.19) When we
compare the vector q, with such normal n (9.112), we observe that the vector q,
has components d, and d, pointing in the same direction as the normal n, but
d, has one another component %%(87 — wq?0,) which cannot disappear. This
reference tetrad thus again does not satisfy the adjustment condition. We can
also calculate the projection of kg into Z. Using (3.25), (9.129) and (3.76), we
obtain kg - q, = %, and the the projection is

( V0, +VPd, - \/_( quaU)). (9.130)

Again, the scalar product must be t; - m = 0 and thus this condition is not

satisfied: we obtain t, - n = —(v/Pa+ $v/0)/(v/Q + a2P). When this vanishes,
the situation is unphysical.
This case thus again does not represent the asymptotic behavior of the grav-
itational field of the complete family of black hole solutions in anti-de Sitter
universe.

The last possible case is described in the section 3.6.6, when two PNDs are
tangent to Z. We only write the inverse relation between the reference tetrad and
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the algebraically special tetrad (3.86) as

t, = tsa
Qo = I,
o = (s,

So = Ss,

(9.131)

and after substituting from (9.108) into (9.131) we get

Q1
040
do = %\/I_Dap,
r. = V20,
o _ _SQwpdr +0,]
o VP
The vector g, does not point into the both directions J, and 0, as the normal

vector n. But when we set @ = 0, the normal vector (9.112) becomes (the
function P > 0 is positive)

t, = (a'r - wq2aa)>

(9.132)

n= %\/Fa,,. (9.133)

and the vector q, is proportional to (9.133). The adjustment condition is thus
satisfied on horizons where @ = 0, and we observe that ¢, = +1. But we
investigate the radiation at infinity, so that the adjustment condition is satisfied
on roots of Q7 given by (9.75). The directional structure is given by (3.91),
where the amplitude of the radiation will be fully determined by | U3, |7. When we
substitute the roots of Qr into |V3, |7, it becomes constant, of course, depending
on the parameters of the sources.

This special case thus also occurs as a possible directional structure of radia-
tion of general metric. It is a new feature, which does not occur in the C—metric
and need further investigation.

To summarize the asymptotic directional structure of radiation near the time-
like conformal infinity Z for the general metric (9.62) in anti-de Sitter spacetime
with small acceleration: it is characterized by the directional structure (9.121)
corresponding to the situation when one PND k is ingoing and the other PND 1
is outgoing with respect to Z, which is fully consistent with the results presented
in [5] for the C—metric, and by the structure where both PNDs are tangent to
7 on roots of Q7 that is not present in the C—metric and is completely new.
Again, there is a small difference in the normalization of the normal component
of the vector k;. We also observe that this section for timelike 7 of the com-
plete family of black hole spacetimes for small acceleration is quite similar to the
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section 4.1.2 of Kerr—-Newman—anti-de Sitter spacetime. This section is thus a
generalization of the section on the Kerr-Newman—anti-de Sitter solution which
includes acceleration.

9.4.3 Radiation in the general metric with timelike 7 Q < 0

Again, we will gradually discuss all four possible orientations of PNDs on timelike
7 for A < 0 in tetrad where @ < 0. This situation does not appear in the
directional structure of the Kerr-Newman—de Sitter spacetime.

First, we start with the case when one PND 1is outgoing and one is ingoing
with respect to I, see section 3.6.3. We have previously identified the algebraically
special orthonormal tetrad (9.84) and the normal vector n for @ < 0, (9.88) in
the section 9.4.1 for spacelike Z. This tetrad and the normal vector are the same
for all cases in this section. We express the reference tetrad in terms of the
algebraically special tetrad by inverting the relations (3.60), we obtain

to - ts>
o = — tanh 1), ry + cosh™ 1 q,
4 hy e (9.134)
r, = cosh™ Yy rs + tanh v qs,
So = Ss.
Substituting (9.84) into (9.134), we find the reference tetrad
Q —
tO = E _Qaqa
Q L1 ,
qo = — | tanh @ZJS\/]_DE)p — cosh @/)S\/—_Q(E?T —wq 0y) |,
¢ (9.135)

Q 1
r, = — ([ —cosh™" ¥V P3, — tanh ¢, — (0, — wq*d, ) ’
7 (—eo™ VP, a0,
_Q[wp’d; +0]

o VP

The reference tetrad must satisfy the adjustment condition (3.19) which is ex-
plicitly n = —¢,q,, i.e.

So =

vV-Q

The normal vector obtained from the metric (9.112) and (9.136) have to be equal.
By comparing them we observe that the component J, of the normal vector n
does not appear in the normal from reference tetrad (9.136). This reference tetrad
thus does not satisfy the adjustment condition, this case does not appear as a
possible asymptotic behavior of the gravitational field of the complete family of
black hole spacetime in anti-de Sitter universe.

n= —60% (tanh wsx/ﬁap — cosh™! %L(@ — qu&,)) ) (9.136)
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9.4. Radiation in the complete family of the Plebariski—Demiariski black hole spacetimes

We can also calculate the projection of kg into Z, to prove this result. Begin-
ning from (3.25), using (9.135) and (3.58), we obtain ks - q, = % cosh™! ¢, and
the projection then is

ts :9 <cosh sV —Q0, — tanh @/)S\/Fap
¢ (9.137)
+ (

— cosh ws)\/%_g(af — qu&,))> .

Again, the vector tg is a projection of ks onto Z and n is normal vector n (9.88)
to Z, the scalar product must be t;-n = 0. When we calculate the scalar product,

cosh 1)

ts ‘n = —\/ﬁ (COSh ws V —Q + tanh @Dsa\/ﬁ) y (9138)
o

we observe that when tg - n = 0 is satisfied, the implied expression does not give
useful results. This case again does not represent the asymptotic behavior of the
gravitational field of the complete family of black hole solutions in anti-de Sitter
background.

Now we will investigate the case 3.6.4, in which both PNDs are oriented to be
outgoing or both ingoing. The algebraically special orthonormal tetrad is (9.84).
The reference tetrad expressed in terms of the algebraically special tetrad is the
inverse of relations (3.68),

t, = +sinh ! g Tg + coth ity,
qdo = — sinh ™! s ts — coth s rg,

o = (s,

Sy = Ss.

(9.139)

When we substitute (9.84) into (9.139), we obtain the reference tetrad in
terms of the coordinate tetrad as

Q
t, = E (— sinh™* @/)S\/fap + coth 1V —Q6q> ,
Q 1
Qo = — (— sinh™" 15V —Q0, + coth @/)S\/fap> ,
o (9.140)
r, = _—(87' - quao)a
VALY
. — _Q [wp?0; + 0]
(0] Q \/F .
This reference tetrad must satisfy the adjustment condition, so n = —¢pqp,
Q
n=—e,— <— sinh ™! ¢V —Q0, + coth @Dsﬁ@p) ) (9.141)
0
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9. The Pleba hski—-Demia Aski class of solutions

By comparing (9.141) with (9.112), we observe that it is necessary to set and
evaluate on Z the following expressions

cosh 1) :ﬂ (9.142)

V=071
aV/P
VOr + 2P’

2
sinh i, :,/QILQO‘P, (9.144)
T

where Q7 is the expression (9.75), P is (9.63) and we also observe that €, = +1.
It means that the normal vector is outgoing and both PNDs are outgoing with
respect to the timelike conformal infinity Z. Again, we evaluated the above
expressions on Z and they are dependent only on the coordinate p.

We may calculate the radiative component of the gravitational field. The
procedure is almost the same as in the previous spacelike case, the normalization
factor is (9.95) and its evaluation on 7 is (9.102). The asymptotic directional
structure has a form (3.73),

coth s = (9.143)

i~ L3 03, |
7 In] 2 sinh? ¢

Where we denoted the angular dependence as
As(1, ¢, 10s) = (cosh 1) 4 € cosh 0)? 4 sinh? 1) sinh? 1 sin? ¢,

and we substituted ¢, = +1. Then sinh ) can be rewritten from (9.144) using
(9.72) as
A1+ a%?p?)

sinh? ¢, = —
4 a?P + %(1 + a?w?pt)5/2

(9.146)

and we can also rewrite cosh 1) from (9.142) as

VPa

cosh ¢y =
\/a2P + %(1 + a2w?pt)

, (9.147)

where the function P is given by (9.63).

We also denote the amplitude of the radiation as

B(p) = :
P) = Sy,

(9.148)

Consequently, the asymptotic directional structure has a form
; 31
W[ ~ §mB(P)A2(¢,¢,¢s)> (9.149)
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where B(p) can be rewritten by (9.102), (9.147) and (9.107) as

B(p) = — YR NG (9.150)

with

p2

m + nawp
1+ a?w?p?’

(9.151)
1+ o?w?p?

Dr =m? +n? —da(e* + ¢*)p +4a?(e* + g*)?
where the parameters n, k and € are given by the constraints (9.64), (9.66) and
(9.65).

We obtained the explicit formula for the radiative component of gravitational
field of the accelerated black holes in the anti-de Sitter universe for Q@ <0. Both
PNDs are oriented outwards with respect to Z. There is no outgoing direction
along which the radiation vanishes because mirrored reflections of both PNDs are
ingoing. But there are two ingoing vanishing-radiation directions given by the
mirrored reflections of both PNDs. This result is consistent with [5] where the
C-metric was investigated for a > /—A/3.

We observe that the amplitude B(p) given by (9.149) is identical up to a sign
with the magnitudes from previous sections for spacelike Z and for timelike Z
with small acceleration, see equations (9.106), (9.107) and (9.121), (9.122). The
dependence of the amplitude B(p) will be investigated in section 9.5.

We now investigate the next case described in section 3.6.5, the case when one
PND is tangent to Z. The identification of the algebraically special orthonormal
tetrad is (9.84). We express the reference tetrad in terms of the algebraically
special tetrad by inverting the relations (3.77). We obtain

_ 3 1
to - Qts + §CIS — T,
Qo = I's — %ts + %q&

(9.152)
ro =7rs —ts — Qs
So = Ss.
Substituting (9.84) into (9.152), we obtain the reference tetrad
_ 0
—(V-0Q0, - cﬂ@+J%>,
= (3 § (0 — w0 + VP,
_ 0
— | VP9, — v Q0, — a—w%>
w5 (- g )
K (9.153)
— | —VPo, + 0r — wq?d \/—Qé)),
0 ( \/—Q( T0) = !
S__[wﬁ+&]

o VP

This reference tetrad must satisfy the adjustment condition (3.19). When we
compare the vector g, with the normal n (9.112), we observe that the vector
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9. The Pleba hski—-Demia Aski class of solutions

g, has components 9, and d, pointing in the same direction as the normal n,
but q, has another component which cannot disappear. This reference tetrad
thus again does not satisfy the adjustment condition. We can also calculate the
projection of kg into Z as in the section for small acceleration and its discussion
is quite similar. This case again does not represent the asymptotic behaviour of
the gravitational field of black hole solutions in anti-de Sitter.

The last possible case is described in the section 3.6.6 when two PNDs are
tangent to Z. We write the inverse relation between the reference tetrad and the
algebraically special tetrad (3.86) as

t, = ts,
o = — T,
d (9.154)
o = Qs;,
So = Sg,
and after substituting from (9.84) into (9.154), we get
Q
t, = E \% _Qaqa
Q
o = _\/Fapa
‘a9 1 (9.155)
ro = (a'r - wq280),

0V-0
Q [wp?0; 4 0]
e VP

As in the previous section, this reference tetrad satisfy the adjustment condition
n = —¢,q, for 0 = 41 because the vector q, points into the @, direction as the
normal for special case when Q7 = 0. We will not discuss this special case in this
work. This degenerate case thus also occur as a possible asymptotic directional
structure of the complete family of black hole spacetimes in anti-de Sitter space.

To sum up: the asymptotic directional structure of radiation near the time-
like conformal infinity Z for the general metric (9.62) for A < 0 and Q < 0 is
characterized by the case (9.149) corresponding to the situation when both PNDs
are oriented outward with respect to Z. The other possible exceptional structure
is when both PNDs are tangent to Z.

This result is not yet completely consistent with the results presented in [5] for
the C-metric. The C-metric has two possible directional structures, first when one
PND k is outgoing and the other one PND 1 is ingoing, second when two PNDs
are oriented outwards with respect to Z. The conformal infinity in C-metric is
divided into domains with different structures of PNDs, on the boundaries the
PNDs are tangent to Z. The C—metric represents two accelerating black holes for

a > /—A/3 which are causally separated.

So =
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9.5. Discussion of the amplitude B(p) of radiation

The first case does not occur in the general metric studied here for large
acceleration. Most probably, the coordinates which we are using here do not
cover completely the manifold of the general metric near Z. The possible structure
of both PNDs tangent to Z on horizons of Q on Z also does not appear in the
C—metric. More work is necessary to investigate this particular feature.

9.5 Discussion of the amplitude B(p) of radiation

In previous sections we found that the amplitude of radiation B(p) has an iden-
tical form for spacelike Z as (9.106), (9.107) with Q@ < 0, and for timelike Z as
(9.121), (9.122) with @ > 0. The amplitude B(p) for timelike Z given by (9.150),
(9.151) with Q < 0 is similar up to a sign.

The amplitude B(p) is very similar for all these cases because it is generally
given by the same field component |¥$, |7 and by cosfs (9.99) for spacelike Z,
or cosh s (9.118) for timelike @ > 0) which have, quite surprisingly, the same
form. The term sinh v (9.146) for timelike Z (Q < 0) is the same up to a sign.
To have just one expression for amplitude B(p) for all cases mentioned above.
For convenience, we introduce parameter b which distinguishes these cases. The
parameter is b = 1 applies for spacelike Z and timelike Z for @ > 0, while b = —1
for timelike 7 O < 0.

The amplitude B(p) depends on a single coordinate p and on the physical
parameters «, m, a, [, e, g, A (and w). We will now investigate the shape of the
function B(p) and the influence of these parameters. The conformal infinities are
distinguished by different ranges of parameters a and A and also by the parameter
b.

It is also very convenient to do transformation
p = cos v, (9.156)

where ¥ € [0, 7].

First, we will study the physically most interesting case of accelerating Kerr—
Newman—de Sitter black holes (see section 9.2.2): we set the NUT parameter
[ = 0. This implies w = a (k = 1). The parameter n is then n = —aam, and
when we put these parameters into (9.150) and (9.151), we get the amplitude
B(?) in the form

(1+ o?a?cos* ¥) + 2a*P
(1 + a?a? cos* 19)5/2
% \/m2(1 + a2a2) N 4ma(€2 +g2>(1—a2a2 cos? 9) cos ¥ _'_4<€2 "—92)2 o2 cos? ¥

1+a2a? cos? ¥ 1+a2a? cost 9’

(9.157)

B) =1b

where
P =sin®9(1 — 2amcosd + [o*(a® + € + ¢°) + %cﬂ cos? 1)) (9.158)
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which must be positive to retain the Lorentzian signature (P > 0).
Notice that for ¥ = 7 one gets simply

B =1%)=bm(l+ 3a*)V1+ a2a (9.159)

For bigger rotational parameter a, the radiation is thus stronger when (a # 0).

In particular, to visualize the results we have chosen the values of parameters
of the Kerr-Newman black holes as m = 1.1, e = g = 0.5. The parameter a then
can not be chosen arbitrarily. It is necessary to respect the location of horizon of
the black hole. The function @) has a form (see section (9.2.2))

1
Q= (Wk+e*+ g% —2mr +1r* — 51\7’2(7’2 + a?). (9.160)
The horizons are determined by ¢ = 0 and the above function is cubic equation
for r and it is not easy to solve. If we consider horizons for A = 0 the function
(9.160) factorizes as
Q= ((a®+ €+ g¢*) — 2mr +77%) (1 — o®r?). (9.161)

The inner/outer horizons of the black hole occurs for A = 0 on

ry =m+/m?—a?—e?— g2 (9.162)

and the acceleration horizon is located on r = 1/a. To avoid a naked singularity
case, we thus have to satisfy the condition

m? > a® + e + g°. (9.163)

which follows from (9.162). According to this relation we set a € [0,0.7]. Let
us remark that we have used the coordinate r = —1/q instead of ¢, but these
conclusions are obviously valid in general. The parameters must also satisfy
following: a > 0, e > 0,9 > 0, a®> > €%,a® > ¢°.

We realized that we have problems with negative values of B(d) for timelike
7 Q <0, so I tried the next methods.

First, I tried to look numerically for roots of Q and then draw graphs for
values of parameters, which give four roots of Q. But it did not work, because
when I found four roots of Q, the B(¢) went to negative values (the reason is
that condition P > 0 was not satisfied).

So, I tried something more easier. I started to fix gradually the parameters,
first m, e, g,a, A and then look for values of  to make the graph B(v)) positive.
I used the values of parameters from the first part of this text. The ranges of «
really correspond to the limit from the beginning of this text (9.3). The graphs
in the first version (first part of this text) of my diploma thesis are correct and I
found that I am not able to make the graphs for timelike Z Q < 0 fully positive
and this is also valid for the limit of C-—metric.
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9.5.1 Discussion of B(J) for C-metric

Secondly, we will discuss the important special case namely, the non-rotating
charged C-metric with cosmological constant. It can be obtained from the pre-
vious amplitude B(1)) given by (9.157) and (9.158) when we simply set a = 0.
Then we obtain the following expression for the amplitude of radiation,

B(W) =b(1+ 2a’P)(m — 2a(e* + ¢°) cos V), (9.164)
where
P = sin®9(1 — 2amcosd + a*(e* + ¢*) cos* ). (9.165)
and subsequently,
m — 2a(e? + g*)cos?d >0 and P > 0. (9.166)

We first look at the correspondence with papers about C-metric. We will compare
our result (9.164) with papers [4] (A > 0) and [5] (A < 0).

For A > 0, our result (9.164) fully agrees with Eq. 5.19 [4], because there
exists transformation between the coordinates used in [4] and coordinates used

in our work, that
—Too =& =p = cosv, (9.167)

and also it is necessary to rescale the affine parameter 7, which is fixed by =, like
(V2a)%y = 1. (9.168)

After we use (9.167) and (9.168), we observe that our result agrees with the paper
[4]. (We also observe, that expressions for sin s and cos @ from [4] agree with
our expressions).

For A < 0, we are able to compare our result (9.164) only with the Eq. 4.21
from [5]. We use the transformation (9.167) and we have to rescale the affine

parameter 1 by
A3
— =, 9.169
9 (9.169)
to observe that the prefactors coincide. Unfortunately, we are not able to compare
explicit expressions for There are not explicit expressions for sinh ¢, and cosh

which are not presented in the paper [5] for all possibilities of orientation of PNDs.

130



References

References

1]

[9]

[10]

[11]

[12]

[13]

Bicdk, J., Selected Solutions of Einstein’s Field Equation: Their Role in
General Relativity and Astrophysics, Lecture Notes in Physics 540, Berlin
(2000) 1-126

Bonnor, W.B., Griffiths, J.B. and MacCallum, M.A.H., Physical Interpreta-
tion of Vacuum Solutions of Einstein’s Equations. Part II. Time-dependent
Solutions, Gen. Relativ. Gravit. 26 (1994) 687-729

Krtous, P. and Podolsky, J., Asymptotic directional structure of radiative
fields in spacetimes with a cosmological constant, Class. Quantum Grav. 21
(2004) R233-273

Krtous, P. and Podolsky, J., Radiation from accelerated black holes in the de
Sitter universe, Phys. Rev. D 68 (2003) 024005

Podolsky, J., Ortaggio M. and Krtous, Radiation from accelerated black holes
in an anti-de Sitter universe, Phys. Rev. D 68, (2003) 124004

Krtous, P. and Podolsky, J., Asymptotic directional structure of radiation
for fields of algebraic type D, Czech. J. Phys. 55 (2005) 119-138

Krtous, P. and Podolsky, J., Asymptotic structure of radiation in higher
dimensions, Class. Quantum Gravity 26 (2006) 1603-1615

Plebanski, J. F. and Demiannski, M., Rotating, charged, and uniformly ac-
celerating mass in general relativity, Ann. Phys. (NY) 98 (1976)

Podolsky, J. and Griffiths, J. B., Accelerating Kerr—Newman black holes in
(anti-)de Sitter space—time, Phys. Rev. D 73 (2006) 044018

Griffiths, J. B. and Podolsky, J., A new look at the Plebanski—Demiariski
family of solutions, Int. J. Mod. Phys. D 15 (2006), in press

Griffiths, J. B. and Podolsky, J., Accelerating and rotating black holes, Class.
Quantum Grav. 22 (2005) 3467-3479

Griffiths, J. B. and Podolsky, J., Global aspects of accelerating and rotating
black hole spacetimes, Class. Quantum Grav. 23 (2006) 555-568

Stephani, H., Kramer D., Maccallum M., Hoenselaers and Herlt E., Fzact
Solutions to Finstein’s Field Fquations, Second Edition, Cambridge (2003),
Cambridge University Press.

Hongsu, Kim, Toward a Complete Analysis of the Global Structure of Kerr—
Newman Spacetime, gr-qc/9703003 (1996)

131



References

[15] Hongsu, Kim, Removal of Closed Timelike Curves in Kerr—Newman Space-
time, gr-qc/0207014 (2002)

132



