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Abstract

We investigate higher dimensional Robinson—Trautman spacetimes with an
electromagnetic field aligned with the hypersurface orthogonal, non-shearing,
expanding geodesic null congruence. After integrating the system of Einstein—
Maxwell equations with an arbitrary cosmological constant, we present the
complete family of solutions. In odd spacetime dimensions they represent
(generalized) Reissner—Nordstrom—de Sitter black holes. The event horizon
(more generically, the transverse space) may be any Einstein space, and the full
metric is specified by three independent parameters related to mass, electric
charge and cosmological constant. These solutions also exhaust the class
of Robinson-Trautman spacetimes with an aligned Maxwell-Chern—Simons
field (the CS term must vanish because of the alignment assumption and
Einstein equations). In even dimensions an additional magnetic ‘monopole-
like’ parameter is also allowed provided now the transverse space is an (almost-)
Kaihler Einstein manifold. The Weyl tensor of all such solutions is of algebraic
type D. We also consider the possible inclusion of aligned pure radiation.

PACS numbers: 04.50.+h, 04.20.Jb, 04.40.Nr

1. Introduction

In general relativity, the study of ray optics has played a major role in the construction,
interpretation and invariant classification of exact solutions (see, e.g., [1] for a review and
for original references). This applies, in particular, to solutions representing gravitational
radiation. During the golden age of theoretical studies of exact radiative spacetimes, Robinson
and Trautman introduced and investigated D = 4 dimensional Lorentzian geometries that
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admit a geodesic, non-twisting, non-shearing, expanding null congruence [2, 3]. The
Robinson-Trautman family is by now one of the fundamental classes of exact solutions
to Einstein’s field equations in vacuum and with principal matter fields such as pure radiation
or an electromagnetic field [1]. It includes a number of well-known spacetimes ranging
from static black holes and the Vaidya solution to the C-metric and other radiative solutions.
Noticeably, the Goldberg—Sachs theorem [1] implies that Robinson-Trautman geometries are
algebraically special (at least in vacuum and with ‘sufficiently aligned’ matter fields), since
they are non-shearing. In fact, explicit vacuum solutions of all special Petrov types are known
[1-3].

The geometric optics approach was naturally developed in the framework of D =4
general relativity. On the other hand, in recent years string theory and specific extra-dimension
scenarios have stimulated the investigation of gravity in more than four spacetime dimensions.
It is thus now interesting to consider possible extensions of the above concepts to arbitrary
(higher) dimensions, and their relation to the D > 4 classification of the Weyl tensor [4]. In
[5-9], various general aspects of geometric optics in D > 4 dimensions (which evades the
standard D = 4 Goldberg—Sachs theorem in many ways) have been analyzed. In [10], the
Robinson—Trautman family of solutions has been extended to higher dimensions in the case of
empty space possibly with a cosmological constant and in the case of aligned pure radiation.
The authors pointed out important differences with respect to the D = 4 case for vacuum
spacetimes (see also [9, 11]). However, from a higher dimensional perspective one would
also be interested in theories that incorporate electromagnetic fields. It is thus the purpose
of this paper to study Robinson—Trautman spacetimes in the higher dimensional Einstein—
Maxwell theory (for any value of the cosmological constant). For simplicity, we will focus on
aligned fields. In D > 5 odd dimensions, we shall also consider the inclusion of an additional
Chern—Simons term, which gives rise, e.g., to the bosonic sector of five-dimensional minimal
(gauged) supergravity.

The paper is organized as follows. In section 2, we present the line element of generic
Robinson-Trautman spacetimes [10] and study purely algebraic properties of an aligned
Maxwell field. In section 3, we proceed by integrating systematically the full set of Einstein—
Maxwell equations within such a setting. We summarize the resulting spacetimes and discuss
some special cases in section 4. Concluding remarks are given in section 5, and some technical
details in appendix A. Throughout the paper, we focus on D > 4 dimensions, and well-known
results in the special case D = 4 are summarized in appendix B.

2. Robinson-Trautman geometry and aligned Maxwell fields

As shown in [10], the general line element for any D-dimensional spacetime which admits a
non-twisting, non-shearing but expanding congruence [5, 6] generated by the geodesic null
vector field k can be written as

ds? = g;;(dx’ + g"du)(dx’ + g”du) — 2dudr — g""du?. (1)

Here, u = const are the null hypersurfaces to which k is normal, r is the affine parameter along
the geodesics generated by k = 9,, and x = @) =" x2, ., xP ) are spatial coordinates
on a ‘transverse’ (D — 2)-dimensional Riemannian manifold M p_»). The metric functions

r

g =g"gu. g = —guu+ 87 guigujs and gui = 8" gij, 2)

may depend arbitrarily on (x, u, r), while the spatial components g;; have the factorized form
gij = p‘z(x, u,r)hij(x,u),and g,, = 0 = g,; (note that det g;; = —det g,g). The expansion
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of k is given by 6 = k2, / (D —2) = —(In p) ,, which we assume to be non-vanishing. The
above metric is invariant under the coordinate transformations

x'=x'(%, i), u = u(it), r=ro(X, it) +7/u(i). (3)
The next step is to impose Einstein’s equations with a suitable energy—momentum tensor
in the above Robinson-Trautman class. In the present paper we concentrate on spacetimes

with Maxwell fields aligned with the geometrically privileged null vector field k, characterized
by

Fopk? = Nk, “4)
where A is an arbitrary function. In the coordinate system introduced above this means

Fj=0=F", Fru=N=F", )
with components F;j, F; (or F/ = gikgi'Fy, FI" = —./\fg” + g F,; — g™ g Fyj) still
arbitrary. Consequently, F*, = F*, = Fl, =0=F"=F'=F" and F', = —F%, =
N = —F,” = F,". For the corresponding energy—momentum tensor of the electromagnetic
field

1 a1 v

Taﬂ = E Fa;LFﬂ - ZgotﬁFp.vF s (6)
we find

Trr — Lyi — Oa (7)

with the remaining components 7;, T, T,;, T, in principle non-trivial and specified below.
Note that the trace
4—-D 4—D i,
TH = F FW = ——(F;; F7 — 2N\ 8
» 167 " 167 (Fij ) ®
is generally non-zero unless D = 4. The field equations R, — %Rgaﬁ + Agup = 8Ty

including an arbitrary cosmological constant A thus take the form

Rup = — > Agus 4+ 87Tus + L 220 pv )
aﬁ—D_z 8ap T Lap 2D_2gtxﬁ v s

which will now be solved together with source-free Maxwell equations Fjug;,; = 0 and
F*'., = 0, and their Chern—Simons modification in odd dimensions.

3. Integration of the Einstein—-Maxwell field equations

3.1. Equations R,, =0and R,; =0

Due to (7) and (1), the Einstein equations (9) for R,, and R,; are exactly the same as in the
vacuum case [10]. Consequently, for the Robinson-Trautman class of spacetimes, we obtain
p = r~! (up to a trivial rescaling of hi; by a function of (x, u)) [10], i.e.

gij =r’hij.u), g = Gouw)+r TP f (e, (10)
where h;;, which is the transverse spatial part of the metric, and €', f are arbitrary functions

of x and u. The r-dependence of the metric functions g;;, g" is now fixed. Thanks to (10), we
can write

—det gop = r*PPh, (1D
where
h =h(x,u) =deth;;(x, u). (12)

We further note that the expansion of the congruence k is now given by 6 = 1/r.
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3.2. Maxwell equations (step one)

To determine the r-dependence of the components F,,, we now employ Maxwell’s
equations. With equation (5), the ‘geometrical’ equations Fiug;,] = 0, equivalent to Fug, +
F,By,a + Fya”g = O, ll’l’lply

F;,=0, (13)
Fui.r = _Miv (14)
Fiju,=Fy; — Fu j, (15)
Fiijn =0. (16)

In view of (11), the ‘dynamical’ equations F*"., = (—det gaﬂ)‘% ((—det gaﬁ)% F“”) .= 0 are

PN, =0, (17)

\/E(er2Fir),r — —rDi2(\/EFij),j, (18)

WhF") ; = —(VhN) . (19)

From (13) we observe that the components F;; are independent of r,

Fj = Fyj(x, u). (20)
Using (17), we find

Fu =N =r"0(x,u), 1)
with Q(x, u) arbitrary. Using this result and (14), we obtain

Fui = r3—DDQ—j3 —&(x,u), (22)

with &;(x, u) being some functions of x and u. Thus we found the r-dependence of all
electromagnetic field components. In particular, the invariant F,,, F*" of the Maxwell field is

o PR — 22D 02, 23)
where we have defined
F(x,u) = Fy Fjh" h", (24)

and (from now on) 4"/ denotes the inverse of h;;. We always have F? > 0 (with F? = 0 <
F;; = 0) because, in an orthonormal frame, F? = Zi’j Fé)(j).
Substituting (22) into (15), we get

Fiju=%&;—§&;i (25)
while equation (16) is unchanged. Finally, if expanded in the powers of r using the previous

results, the remaining Maxwell equations (18) and (19) yield the following set of relations in
D > 4:

of =0, (26)
Fyff =0, (27)
0= 0, (28)
£ — Fye =0, (29)
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VhE* ' Fy) ; =0, (30)
WhQ).. — (Vhoe),; =0. 31

Relations (25)—(31) and (16) place restrictions on the admissible electromagnetic fields (20)—
(22) in Robinson—Trautman spacetimes. We shall return to the implications of these constraints
after we employ the next Einstein equation in subsection 3.4. For the special case D = 4, see
appendix B.

The above results already have an important consequence. Namely, one of the necessary
conditions for having a null Maxwell field reads F,,, F*' = 0. In view of the r-dependence
specified by (23), one finds immediately that for D > 4 this requires F;; = 0 = Q and thus
F,, = 0. Substituting into (18), this also gives F,; = 0, that is, a vanishing electromagnetic
field. Hence higher dimensional Robinson—Trautman spacetimes do not admit aligned null
Maxwell fields, as opposed to the D = 4 case [1, 3]. This is an explicit example of the result of
[11] that higher dimensional null Maxwell fields cannot have expanding rays with vanishing
shear.

3.3. Chern—Simons term

In theories which include a Chern—Simons term, formulated in odd spacetime dimensions
(D =2n+ 1), the set of geometrical equations (13)—(16) is unchanged (dF' = 0). On the
other hand, the dynamical set now contains an additional term on the rhs (cf, e.g., [12])

(/—det gug F™") , = —Ae"*"T F 5. F,., (32)
———™
n times

where X is a coupling constant. Note that F,; = 0 thanks to the alignment condition (5), so
that the Chern—Simons term does not affect equation (32) with ;© = u, which thus takes again
the form (17). In fact, this is the only dynamical equation we used in the discussion above, so
that equations (20)—(25) apply also in the Chern—Simons case. Moreover, if one assumes that
also F;; = 0 (no ‘magnetic’ field), the Chern—Simons term then vanishes identically for any
odd D. In particular, null fields are thus ruled out again. Further analysis will be simpler after
looking at the next Einstein equation.

3.4. Equation R;; = 525 Agij + 8w Ti; + 1 2=3 g, F, F*

The 7;; components of the energy-momentum tensor are T;; = -r?G=2Q%h,; +
r=2 L (FiFjih*" — YF?h;;). Using (20) and (23), one can separate terms with different
r-dependences and thus proceed to integrate the corresponding field equation. As detailed in

appendix A, one finds the important simplification

fil=0=¢, (33)
so that g"* = 0. Then, the Robinson-Trautman metric is simplified considerably and reads
ds? = r?h;;dx' dx/ — 2dudr — g du?, (34)
where (cf equations (A.2) and (A.3)) the coefficient g’" is explicitly given by
. R 2(Invh) , 2A ,
S T D-»m-3 D-2  D-nD-1) o
20 1 F? 1

+(D—2)(D—3)72(D_3)_(D—Z)(D—S)r_zl (35

The function w(x, u) (which renames the cg of appendix A) is arbitrary.
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The (D —2)-dimensional spatial metric /;; is constrained by (A.4) and (A.5) (with el =0):

R

Rii = ——
) )

hij, (36)
2
hiju = 5 hi(In Vi) . 37)

As in [10], relation (36) tells us that at any given u = uo = const, the spatial metric
hi;(x, uo) must describe an Einstein space (M p_2), h;;). For D > 4 this implies [10] that
the spatial Ricci scalar R can only depend on the coordinate « (and that in the particular case
D =5 the metric h;;(x, ug) corresponds to a 3-space of constant curvature). Equation (37)
‘controls’ the parametric dependence of A4;;(x, u) on u, and can easily be integrated to obtain
hij = h'/P=Dy,.(x). Consequently, h = deth;; = hdety;;, so that the matrix y;; must be
unimodular. Considering equation (12),
hi; = PZ”& where dety;; = 1, P2 = p!/P=D), (38)
(x, u)

The spatial metric /;;(x, u) can thus depend on the coordinate u only via the conformal
factor P2,

It follows from (A.8) and the subsequent discussion that the Maxwell field is constrained
by

F*=0 (D =2n+1 o0dd), (39)
hijF* = (D — 2)Fy Fjh" (D = 2n +2 even). (40)

3.5. Maxwell equations (step two)

Let us now return to the Maxwell equations. As noted above, for any odd D we have F? = 0,
i.e. F;; = 0. Thanks to this significant simplification in odd dimensions, the Chern—Simons
term in equation (32) vanishes identically (cf the discussion in subsection 3.3), and from now
on we can thus study both Maxwell and Maxwell-Chern—Simons theories in a unified way.
Since now ¢/ = 0 = f, cf (33), the dynamical Maxwell equations (26)—(29) simplify to
0.;=0,&; =0. In view of (22), (21) and (25), we see that for D > 4
L N ) (1)

The only remaining Maxwell equations (16), (30) and (31) read

Fijxn =0, (42)
VhR* ' Fy) ; =0, (43)
WhQ).. =0. (44)

Note that in even dimensions (cf (39)) relations (42) and (43) are effective source-free Maxwell
equations for the (D —2)-dimensional ‘spatial’ (magnetic) field F;; in the Riemannian geometry
of h;;. That s, the 2-form

F = JF;j(x)dx’ Adx/ (45)

must be closed (dﬁ’ = 0) and coclosed (d*F = 0) in (M(p-2), hij). However, F must
also obey the extra constraint (40), that is the last remnant of the Einstein equation for R;;.

6
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Recalling the block-diagonal canonical form F' = cj;m™® Am® +c3um® Am® +... of a
generic even-dimensional antisymmetric matrix in an adapted orthonormal coframe

(m®, ..., mP=2) of h;;, the condition (40) requires that in such a coframe one has in
fact
F= L(m(” AmP +mP Am® 4. 4 mP7I AmP2)
VD=2
(D =2n +2 even). (46)

This special form of F" implies

(Zn)(n—Z)/Z 5 B .
= FmDEFAFA...AF, (47)
(n—1D! —_

(n—1) times

*FZ

where the *-duality and A-product are (in this paragraph only) those of (M p_y), h;;). Hence,
for n > 2 (D > 6) imposing that the 2-form F is simultaneously closed and coclosed
requires F; = 0. Forn = 2 (D = 6), instead, F is self-dual, therefore if it is closed it is
also automatically coclosed, without any restriction on F. We will recover the same results
explicitly also below using the Einstein equations, cf equation (51).

Note also that if F" is supposed to be regular and non-zero on Mp-2), then equation (40)
requires that the Einstein space (M p_2), h;;) is an almost-Hermitian (possibly, Hermitian)
manifold [13] with the almost-complex structure J j’ = |FI"Y(D — 2)!/? FJ’ In view of the
previous comments, for D = 2n +2 > 6 the Maxwell equations imply that the 2-form
Jij = hixJ Jk associated with the almost-complex structure is closed, so that the transverse
space is not only almost-Hermitian but actually almost-Kihler (possibly, Kéhler).

3.6. Equation R,, = —%A +8x T, — %HFWF’“’

D2
The Ricci tensor component R,, for metric (34) reads R, = 3r’>7P (rD_zgfr*)r
r’l(ln\/ﬁ),u, see [10]. Substituting expression (35) we obtain R, = —gi\z +

r22-D1B3502 4 p~4 L F2. Using (23) and T, = éF,wF’” + ﬁ,Z(%D) 0? we observe
that the corresponding field equation is automatically satisfied in any dimension.

3.7. Equation R,; = 8nT,;

For the energy—momentum tensor, using (6) and (41), we find 7,; = 0. The Ricci tensor
component R,; for metric (34) and (35), using Q ; = 0 and relation (37), is
D—-dHR; ; D —6)(F?);
Rui=r ' DR opbhi s (DZOWF); (48)
2(D —2)(D —3) 2 2(D —2)(D —5)

Comparing the coefficients of different powers of r, we obtain immediately the following
conditions:

(D—-4R,; =0, (49)
wi =0, (50)
(D —6)(F*); =0. (51)

Therefore, (for D > 4) the functions R and © must be independent of the spatial coordinates,
R =R, w=pu), (52)

7
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and we further find
F*=F*®u) for D # 6, even, (53)

with F2 = 0 in any odd D. For D = 6, equation (51) is satisfied identically, with F? remaining
a function of both x and u. In D = 4, corresponding to the standard general relativity,
equation (49) is an identity, so that one can have a much more general function R(x, u);
equations (50) and (51) are also modified, cf appendix B.

3.8. Equation R, = %Aguu + 87T, + %%FMF“”gW
As explained in appendix A, after some calculations this field equation requires

M= (D —=1){An P) (D #4,6), (54)
or

o =5(nP) o — 7 AF?) (D =6), (55)

in the two distinct cases D # 6 and D = 6. We analyze these separately in the next section.

4. Summary and discussion

Starting from the general Robinson—Trautman geometric ansatz (1), in the preceding section
we have imposed all the constraints following from the Einstein—-Maxwell equations. The
resulting metric takes a simplified form (34), which is fully specified by the single function g"”
in equation (35), along with the transverse Einstein geometry (M p_2), h;;), as determined by
(36). The specific form of the parameters and functions entering equation (35) and possible
constraints on the Einstein metrics 4;; depend on the number of spacetime dimensions, as we
will discuss below.

4.1. Even dimensions: the generic case (D # 6)

For an arbitrary even D > 4 such that D # 6, by differentiating any of equations (A.12),
(A.13), (A.15) with respect to the spatial coordinates, we obtain (recall that Q = Q(u), F =
F(u), p = p(u))

(InP),; =0, (56)

unless © = 0 and Q = 0 = F?, which is the exceptional vacuum spacetime discussed in
[10, 11], and [9]. Equation (56) can be integrated immediately, yielding the factorized form
P(x,u) = P(x)U (u), where P and U are arbitrary functions. Without loss of generality, we
can set U = 1 by a suitable coordinate transformation of the form u = u(@t), r = 7/u(it),
under which the form of the metric (34), (35) is invariant and the individual metric functions
are reparametrized as follows:

P = Pu, R = Rit?, a = pul ", F? = F2i*, 0 =0uP2 (57
Choosing &t = 1/U and dropping tildes, we obviously achieve

P(x,u) = P(x), (58)
and considering equations (A.12), (A.13), and (A.15), we thus have

/4 = const, Q = const, F? = const. (59)
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Considering (52) and the fact that R is the Ricci scalar associated with the spatial metric
hij = hij(x) = P72(x)y;j(x), cf (38), which now does not involve u, we conclude

R = const. (60)

In addition, we can now always set the constant term K = R /(D —2)(D — 3) in the metric (35)
to K = %1, 0 using the remaining scaling freedom (57), namely u — Cu,r — r/C,x' —
Cl/(D=2) i

To summarize, the explicit form of even-dimensional (D # 6) Robinson-Trautman
spacetimes with an aligned electromagnetic field and possibly a cosmological constant is

ds? = r2h;;(x) dx’ dx/ — 2dudr — 2H (r) du®. (61)
The function 2H = g'" = —g,, and the Maxwell field are given by
2A 20? 1 F? 1
2H=K — R o - -,
(D—2)(D—1) rD=3 " (D —2)(D —3) r2P-3 (D —=2)(D —5) r?
(62)
F = DQ_2 dr A du + 5 F;j(x) dx’ Adx/ (D # 6, even), (63)
r

where K = 1,0, and u, Q, F are constants.> The transverse manifold (M(p=-2), hij)
is a Riemannian FEinstein space, see (36), with the Ricci scalar normalized as R =
K(D — 2)(D — 3). If this is taken to be compact, these solutions admit a black hole
interpretation.* Obviously, A is the cosmological constant, y parametrizes the mass, and
Q is the electric charge. If the magnetic term F;; is non-zero, (M( p—2), hij, J j‘ ) must be an
almost-Kéhler Einstein manifold (cf subsection 3.5). The almost-complex structure gives F;;
(up to a constant factor), which thus satisfies the ‘effective’ (D — 2)-dimensional Maxwell
equations (42) and (43).

Note that when F is non-zero and D > 4, (M p_»), h;;) cannot be a sphere of constant
curvature,’ as one would require, e.g., for an asymptotically flat spacetime. By contrast,
spherically symmetric magnetic monopole solutions of the Einstein—Yang—Mills equations
have been recently found in [14]. The line element given in [14] coincides with our
equations (61), (62) in the special subcase K = 1, Q = 0, except that (M(p_y), h;;) is a
round sphere there. Note, however, that even in that case the large-r behavior of the F term in
(62) does spoil the standard ‘good properties’ of an asymptotically simple spacetime [14] (in
asymptotically flat spaces in D-dimensions the ‘mass term’ behaves as 1/r?~3, cf [21]—terms
with a slower fall-off give infinite Komar integrals).

From the above form (63) of the Maxwell field, it is clear that it is of type D [22] with
principal null directions given by

k=3, l=39,— Hd,. (64)

3 In the special case D = 4 (see also appendix B) the electric and magnetic monopole terms in Q and F become
indistinguishable in the metric. This corresponds to the well-known fact that in D = 4 Einstein-Maxwell gravity all
solutions are determined only up to a constant duality rotation of the electromagnetic field.

4 There s clearly a curvature singularity at » = 0, as one can see, e.g., from the Ricci scalar R = % A+ % FrYFy,
(with equation (23)). In general, however, this is hidden behind an event horizon. Various Killing horizons are in fact
possible, as determined by the roots of the function H(r). The appropriate parameter range for the existence (and
number) of such roots has been discussed in detail in [14] (cf also [15] for the case F = 0). For A < 0 the asymptotic
region is static, whereas for A > 0 the Killing vector 9, becomes spacelike at large r (like in de Sitter space).

5 More generally, it is an old result that Kihler manifolds of constant (Riemannian) curvature must be flat in 21 > 2
real dimensions [16]. It has been demonstrated more recently that this applies also to almost-Kédhler manifolds
(see [17] and references therein). In this context, it is also worth mentioning that the celebrated conjecture of [18]
that almost-Kihler, Einstein, compact manifolds must be Kéhler has been proven in the case of non-negative scalar
curvature [19]. See, e.g., [17, 20] for some more general properties of almost-Kéhler Einstein manifolds and for more
references.
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In addition, in view of (59) the line element (61) and (62) is a warped product of (M p_z), h;;)
with a two-dimensional Lorentzian factor. For such a type of warped spacetimes, the Weyl
tensor is necessarily of type D, unless zero (type O) [9]. However, the latter case cannot occur
here since, e.g., the Weyl component C,,,, reads

- o @D-5) 20 (D —3) 6F>
Crune = =D =D =3 5+ 5= P0D ~ D-DD-2(D =5 r
(65)

The above Robinson—Trautman spacetimes in D > 4 are thus of type D with WANDs given
again by (64) (cf [9]). Conformal flatness requires © =0 and Q = 0 = F, in particular
vacuum spacetimes [10], so that the only possible conformally flat metrics are of constant
curvature.

Note finally that when F;; = 0 (i.e., ' = 0), these solutions are electrically charged
black holes. In the simplest case when (M p_y), h;;) is a round sphere, one obtains the
well-known asymptotically flat/(A)dS spacetimes of [23]. However, (M p_»), h;;) can now
be any Einstein space (cf also [24], and see, e.g., [25, 26] for related discussions in the vacuum
case Q = 0 = F). Stability properties of these black holes have been studied in [15].

4.1.1. An explicit example. For the sake of definiteness, as a simple example with F £ 0 we
can consider (M p_y), h;;) as the Riemannian analog of Nariai-like solutions with geometries
§? x 8% x ---or H? x H* x - - -, namely

o n 02 02 -1
hijdxtdx/ =) (1—e—§>dw}+(1—e—g) dpj |
a a

I=1

\ (66)
. . F
1 i
Fidx' Adx! = —— dy; And D=2n+2
201 m ; WI P1 ( )
where € = +1 or € = —1 (or € = 0, which gives a flat s;;), a and F are constants, the scalar

curvature is givenby K = ea~2(2n — 1)~! (normalizable to K = ¢ if desired) and D = 2n + 2
is the number of spacetime dimensions. Note that F;; is covariantly constant in (M p_2), h;;).

4.2. Odd dimensions

For odd D, as above one can reduce~ the line element to the form (61), (62). Since in odd
dimensions F = 0 identically (i.e. F' = 0, see (45)), a complete solution of the Maxwell
equations is now simply given by a purely electric ‘radial’ field

F= % dradu (D odd). (67)
D
Asineven D with F' = 0, these are again a generalization of the familiar Reissner—Nordstrom—
de Sitter spacetimes [23, 24]: the standard Schwarzschild-type form

dr?

ds> = —2H(r)de* +
2H(r)

+r2hj(x) dx’ dxd F=

dr A dt, (68)

rD-2

10
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is achieved via the transformation® du = d¢ — dr/2H. Recall also that these represent the
only Robinson—Trautman solutions with an aligned electromagnetic field which obeys either
the Maxwell or the Maxwell-Chern—Simons equations.

4.3. The special case D = 6

The even-dimensional D = 6 case is special in that F? may depend also on the spatial x
coordinates, see equation (51). This fact has two consequences. First, one has to solve the
more complicate equation (55). In addition, when Q = 0, one cannot conclude now that
P (x, u) takes the factorized form P (x, u) = P(x)U (u). Let us discuss the two possible cases
separately.

4.3.1. Factorized P(x,u) (generic transverse space). Because of equations (A.12), this
corresponds to the generic situation with O # 0. In such a case we can arrive again at (58) so
that h;; = h;;(x), and equations (A.12) and (A.13) lead to

0 = const, F? = F2(x). (69)
In addition, equation (55) simplifies to p , (1) = —l—léA(F 2)(x) which requires both terms to
be constant. By integration we obtain (1) = o + cou and A(F?)(x) = —16¢,, where 119, co

are constants.
If we restrict to the case when (M), h;;) is compact, as for black hole solutions, by
standard results (cf, e.g., [27], and [13] on p 338) the only regular solution is

JL = const, F? = const, (70)

as in the D > 6 even-dimensional case. Therefore the results of subsection 4.1 apply, and
(M(4), hij, JJ’) is again (almost-)Kihler Einstein (e.g., flat, or S2 x §2, etc).

4.3.2. Non-factorized P(x,u) (transverse space of constant curvature). From (A.12) we
observe that this case is possible only for Q = 0, so that we can assume F' # O (otherwise the
Maxwell field would be identically zero). When P (x, u) is non-factorized, as in [11] one can
argue that the Riemannian metric £;;(x, u) describes a family of conformal four-dimensional
Einstein spaces parametrized by u. Itis well known that four-dimensional Riemannian Einstein
spaces which admit a conformal (non-homothetic) map on Einstein spaces must be of constant
curvature [28]. Since h;; = P2(x, u)y, ;j(x), this means that we can always find suitable x
coordinates such that

hij = P28, P =a(u) +b;(u)x' +c(u)d;x'x’. (71)

Herei, j =1,...,4,and a(u), b; (u), c(u) are arbitrary functions of u related to the constant
curvature K by K = 4ac — Y_;_, b? [10]. Recall also that (M, h;j, Ji) must be almost-
Hermitian. The self-dual ‘spatial’ Maxwell field (cf (47) with n = 2) is proportional to the
almost-complex structure and must satisfy the Maxwell equations (42) (or, now equivalently,
(43)). In addition, there is constraint (55).

Using (24), the (analog of the) Ricci identity applied to the 2-form Fj;, the effective
Maxwell equations (42), (43), and the constant curvature equation Rz = K (hjxhj;—hith i),

© This transformation (which also applies in the even-dimensional case with F # 0) explicitly shows that the two
WANDs (64) are related by ‘time reflection’, as observed for arbitrary algebraically special static spacetimes in [9].
This also implies that the two WANDs must have equivalent optical properties (e.g., geodeticity). Note, in particular,
that while k is a principal null direction of the Maxwell 2-form by construction, it turned out that also I shares this
property.



Class. Quantum Grav. 25 (2008) 025006 M Ortaggio et al

we can write (cf, e.g., [27], for detailed calculations) A(F?) = 24KF? +
h’”ih”jhpkEijan”p) or, by (24) and (71),
4 4
A(Fz) = 2P4 4K Z FijEj + P2 Z FijllkFijllk . (72)
ij=1 ijk=1

The right-hand side of equation (72) is non-negative for K > 0. Therefore, if we again
restrict to the case of a compact (M), h;;), for K > 0 standard results [13, 27] imply that
F? does not depend on the x coordinates, and that F;jjx = 0. In particular, the case K > 0
requires also F2 = 0, i.e. F;j = 0 and there is no electromagnetic field (we had already
Q = 0). For K = 0, as in subsection 4.1 thanks to F = F(u) we can achieve P = P(x)
(and F = const, i = const). But now one can rescale and shift the spatial coordinates to fix
P =1,i.e. hj; = §;; is manifestly flat and Fj;jx = 0 becomes Fj;; = O (this is the solution of
subsubsection 4.1.1 with e = 0, D = 6).

The exceptional case F?> = F?(x,u), P = P(x,u) (non-factorized) can thus possibly
arise only when the transverse space (M), h;;) is non-compact, or of constant negative
curvature K = —1 (in which case equation (72) does not prevent it from being compact, in
principle, provided now Fj;jx # 0). We do not investigate further this very special case here.
Let us only observe that 9, is no longer a Killing vector field since the metric depends on u.

4.4. Inclusion of pure radiation

It is not difficult to generalize these results to include a pure radiation field aligned with
the null vector k. In this case, the total energy—momentum tensor to insert into the Einstein
equations is given by the sum of the electromagnetic energy—momentum tensor (6) and the pure
radiation contribution 7,5 = ®%k,ks. In the coordinate system introduced above this means
that only the 7,, = ®> component is non-vanishing. Moreover, since the covariant divergence
of the electromagnetic energy—momentum tensor (6) vanishes, the Bianchi identities imply
7f .p = 0. For the Robinson-Trautman family of spacetimes this leads to (cf [10])

&% =7 Pr%(x, u), (73)

where n is an arbitrary function of x and u.
This additional term modifies the field equation of subsection 3.8. Instead of (54), in the
generic case we obtain the equation
167 n?
(D—=DpnP)y — py = ) (D #6). (74)

It is thus possible to prescribe the ‘mass function’ w(u), and relation (74) then uniquely
determines the corresponding null matter profile n> (x, u), provided its left-hand side is positive.
In the exceptional case D = 6 equation (55) becomes

SunP), — pwu — = A(F?) = 4nn? (D = 6). (75)

Again, when the left-hand side is positive, this may be considered as the definition of the
function n. We do not study further details of pure radiation spacetimes here. Let us just
observe that purely electric solutions (such that ' = 0) contain generalized charged Vaidya
spacetimes, cf [29].

5. Conclusions

We have derived systematically all higher dimensional spacetimes that contain a hypersurface
orthogonal, non-shearing, and expanding congruence of null geodesics, together with an

12
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aligned electromagnetic field. These are solutions of the coupled Maxwell(~Chern—Simons)
and Einstein equations (for any value of the cosmological constant). As already noted in the
vacuum case [10], there arise important differences with respect to the standard D = 4 family
of Robinson—Trautman solutions [1-3]. In particular, for D > 4 there is no analog of radiative
spacetimes such as the charged C-metric, and the aligned null Maxwell field is not permitted.
After integrating the full set of equations, one is essentially left only with (a variety of) static
black holes (exceptional subcases possibly arise in D = 6). These are characterized by mass,
electric charge and cosmological constant, and by the topology and geometry of the horizon,
which must be an Einstein space. In even spacetime dimensions an additional magnetic
parameter is permitted provided the horizon is not only Einstein but also (almost-)Kihler.
Some of the presented solutions were already known (see the references mentioned above),
but we have obtained them systematically as elements of the Robinson—Trautman class, which
was the purpose of our work.

Our contribution also makes contact with recent studies of the algebraic classification
of the Weyl tensor and of geometric optics in higher dimensions. For instance, it has been
recently shown [9] that arbitrary D > 4 static spacetimes can be only of the algebraic types G,
I;, D or O. Using another result of [9], we have demonstrated that our specific static solutions
are restricted to the type D, and we have also given the corresponding WANDs with no need to
compute the Weyl tensor. In addition, along with various previous results [5, 6, 8—10], the new
features pointed out above for D > 4 indicate that in some cases the shear-free assumption
might be too strong for expanding solutions in higher dimensions. In future work it would
thus be worth investigating spacetimes with shear and expansion, at least with some alternative
simplifying assumptions.

Acknowledgments

We are grateful to Alessio Celi for useful discussions. Part of the work of MO was carried
out at Dipartimento di Fisica, Universita degli Studi di Trento, whereas his stay in Barcelona
has been supported by Fondazione Angelo Della Riccia (Firenze). JP and MZ have been
supported by the grant GACR 202/06/0041, and by the Czech Ministry of Education under
the projects MSM0021610860 and LC06014. MZ has been further supported by the grant
GACR 202/05/P127 and JP by the grant GACR 202/08,/0187.

Appendix A. Some technical details
/ = 2 .. L. 1 D4, 1224
Equation Rij = 5= Agij +8nTij + 5558 Fu F
The Ricci tensor component R;; for metric (1) was calculated in [10]. With (10) this reads

rz(sz) (D - 1)2

Rij =Rij —r* PP ¢") hij — 7

hixh i f* f!

D -2
—r |: ) (th(iek,j) + ekh,‘j,k — hij,u) + (€’kk + Ek(ll’l \/Z)k — (lIl \/}_l),u)hij:|

1
472D [5 (2hi f* gy + hije) = (fh + f*an m,k)hi.f} : (A-D

where R;; is the Ricci tensor associated with the spatial metric /;;, and indices in small round
brackets are symmetrized. Using (20) and (23), one can separate terms in the field equation

13
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with different r-dependences. By contracting with h%/, we obtain a differential equation for
g"" which can be integrated immediately. For D > 5 this yields

g =ci+cr+cr? e’ P 4 esr? D) 4 egri TP e 4 cgr?CD), (A.2)
where cy, ..., cg are functions of (x, u) as follows,
R 2
— ———, = - 1 h u - k - kl h k]
=D -2 -3 2= 5 [nVh) . — e — e (n Vi) 1]
2A D-3_,
- _ e = —— + Invh) .|,
c3 D-DD -2 4 D—Z[f’k A nvn) ]
(A.3)
LD, g bit
= - , arbitrary,
Cs >D_2 Kl Co y
F? 207
(= g= ——,
(D —-2)(D-5) (D —2)(D —3)

where R = h"/R;;. For D = 5 the only difference is that in (A.2) one should replace c7r~>

with the term —%F 2r~2In(c7r) where c7 is an arbitrary function of (x, 1) with the dimension
of an inverse length. Next, substituting the above expressions back into the Einstein equation
for R;;, we determine for any D > 4 the following constraints on the metric h;; and the
functions e and f':

R

R,‘j = mh,’j, (A4)
2
2hie )+ hiji — i = m[e{; +e“(Invh) & — (Invh) , ]hi;, (A.5)
2
2hii 5+ frhije = m[ fh+ fEanvn) i Jhij, (A.6)
(i f* iy = (D = 2) (hise ) i 1), (A7)
hijF* = (D — 2)Fy Fj;h". (A.8)
As we note, (A.7) is identical to the vacuum case discussed in [10] and it requires
fl=o. (A.9)
In analogy to [10], we also use the coordinate freedom (3) to achieve
e =0, (A.10)

so that g"* = 0 = g,; and equations (A.6) and (A.7) are now satisfied identically.

In addition, constraint (A.8) requires F' 2 = Ofor any odd D.Indeed, taking the determinant
of (A.8), we obtain (F?)P~2h? = (2— D)P~?(det F;;)?, but det F;; = 0 for any antisymmetric
matrix F;; and odd dimension D — 2 since detF;; = det(—F;;) = (—1)P72det F;.
Consequently, the logarithmic term in D =5 is zero, and we need not treat the D =5
case separately.

Equation Ry, = %Ag““ + 87 T + %%FMVFlwguu
First, we evaluate the Ricci tensor component R,,,,. Using the general expression (31) of [10],
relation (35) for g'" = —g., equations (37), (38) implying v/ = P?~", and (52), we obtain

14
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_ 2 w2 senD )
Ruu— D_2Aguu_(r D—2+ D — 2Q 8uu
72 P L2210~ atin Py — ] - rHD%[(D ~2)0(nP), — 0]
YW P F?) _ A (A.11
S I Py = (P, = 5 1)

where A is the covariant Laplace operator with respect to the spatial metric h;;, i.e.

A(F?) = (FY))) = [(F?);h7]; + (2 — D)hU(F?);(In P) ;. Note that we also dropped
the term proportional to ~', which vanishes identically, see [10] (equations (33) and (B4)
therein).

Now, the coefficient of the rS’ZD term vanishes provided the Maxwell equation (44) is
satisfied, and the coefficient of 3 is zero thanks to F;; ;i = F;j(x) and equations (24) and

(38)—indeed these conditions can be re-expressed as

Q.=(D-2)(InP),0, (A.12)
(F?) , = 4(InP) ,(F?). (A.13)

Moreover, using (23) and (41), we have

2D-2 D -2 D -2

We thus now only need to make sure that in (A.11) the coefficients of r2=P and of the last
term in 7 ~* vanish. Note that, by (53), (F?); = 0 for D # 6 so that the latter is automatically
zero. On the other hand, in the special case D = 6 both terms are non-zero and they combine
in a single expression. The field equations thus require

Hu = (D —=1(nP),pn (D #4.,6), (A.15)

1D—4 F?
87TTuu + = Fp,vF guu - - (}"4— +r 22- D) 2Q ) guu. (A14)

or
fu =500 P) up — 15 A(F?) (D =6), (A.16)
in the two distinct cases D # 6 and D = 6.

Appendix B. The special case of D =4

For comparison, we will present here a summary of the results in the familiar case D = 4
[1, 3]. We first note that the trace (8) of the energy—momentum tensor of the electromagnetic
field is now zero, T = 0. Maxwell’s equations still imply (20)~(22), which now read

= Fyj(x, ), Fru =r720(x,u), Fi=r"0; =&, w), (B.1)

where i, j =1, 2, so that F, is the only independent F;; component. The invariants of the
Maxwell field are thus

Fu F" = r 4 (F? —20%), F,*F™ = 4r*P2F), 0, (B.2)

so that there can be null Maxwell fields when Q =0 = F (i.e., F,, =0 = F;; while F,; =
—&;). The source-free equation (16) is now an identity. We further have the relation (25).
Finally, the remaining Maxwell equations (18), (19), when expanded in powers of r using
previous results, yield the following set of relations:

Fif* = Qhj f*, (B.3)

15
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ViHhiQ ;= Vhh*h' Fy) (B.4)
(VhQ) — (WhQe) ;= (Whh' (g — Fieh)),i. (B.5)
Note that the remaining condition (v/Ah"/ 0. j).; = 01is satisfied identically as a consequence

of (B.4) and the antisymmetry of Fj;.

Applying now the field equation for R;;, we observe that the powers of 7 in (A.2) coincide
in the terms corresponding to ¢4, ¢7 and cg. The expansion of g’” then only contains the first of
these terms, yet (A.7) remains unchanged so we obtain f = 0, and we can again set &’ = 0.
The expression for ¢, is thus modified to ¢, = Q% + F2/2. We further find that (A.4) and
(A.8) remain unchanged. However, for D = 4, they are both identically satisfied so they do
not provide additional constraints on /;; and on the electromagnetic field. Thus the expansion
of g’ is the same as in (35) but the last two terms are combined (cf also footnote 3).

Let us also emphasize that in the D = 4 case the spatial metric 4;; is two-dimensional, so
that it can always be written in the conformally flat form 4;; = P~2(x, u)s; j, with Vh=pP2
In fact, for D = 4 we can achieve this by a transformation x’ = x' (%) involving only the spatial
coordinates x, since the u-dependence is factorized out as in equation (38). Consequently,
R =2AInP =2P*[(In P) 1; + (In P) »].

We can thus summarize that the Robinson—Trautman metric in D = 4 can be cast in the
form

ds> = r?P72(x, u)((dx"H? + (dx»?) — 2du dr — 2H du?, (B.6)

and the aligned electromagnetic field is given by
F = %dr Adu + (& —§1>du Adx! + <& —§2>du Adx?+ Flodx! Adx?. (B.7)
r r r

The various functions and parameters above are constrained by the conditions

A 2+ lFZ
Y DL SRS S S T L (B.8)
2 ’ 3 r?
where = u(x, u), \%F = P?F),, and (from (B.4), (B.5) and (25))
— (L - _ (L
0.1=(%F),  Ca=-(&F) - (B.9)
1
(QP ) =E&1+Ep, (EFP_Z),M =& 61 (B.10)

Unlike in higher dimensions (cf equations (28) and (29)), in D = 4 we have Q (x, 1) depending
on the spatial coordinates x, and &; (x, u) # 0.

The field equation for R, in now satisfied. Also equation (49) for R,; is satisfied
identically, so that one can have a much more general function R(x, u). Using (B.9), R,;
yields only two remaining equations

ni=4(06 - HFe).  pa=4(0a+5FE). (B.11)

Finally, the field equation R, gives
(Q2+%F2),11+(Q2+%F2),22:4(Q,21+Q,22)’ (B.12)
P21+ p2) +8(In P) ,(Q% + 3 F?) =2(Q* + 5F?) = 8PX Q151 + 0261,  (B.13)
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and
AR+ 12u(n P) , — 4, = 4P*(§] + &), (B.14)

where A is the covariant Laplace operator on a 2-space with metric h;;, ie. AR =
PX (R 11 + R ).

We have thus recovered the well-known results summarized in theorems 28.3 and 28.7
of [1] with the identification ¢ = %(x1 +ix?), h(z, T, u) = %(51 +1&;), and the complex
function Q (¢, u) related to Q(x, u) and % F(x, u) asitsreal and imaginary parts, respectively.
Indeed, (B.9) are the Cauchy—Riemann conditions so that Q(¢, #) must be analytic in ¢.
Consequently, Q 11+ Q.2 =0 = F 1, + F, and (B.12) is an identity. Equations (B.10) and
(B.11) correspond to equations (28.37e) in reference [1], (B.13) leads to (28.37d), and (B.14)
is exactly the equation (28.37c) in [1].

Recall that for D = 4 electrovacuum Robinson—Trautman solutions can be of the Petrov
types II, D or IIT [1].
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