IOPScience

Home

Search Collections Journals About Contactus My IOPscience

Physical interpretation of Kundt spacetimes using geodesic deviation

This content has been downloaded from IOPscience. Please scroll down to see the full text.

2013 Class. Quantum Grav. 30 205016
(http://iopscience.iop.org/0264-9381/30/20/205016)

View the table of contents for this issue, or go to the journal homepage for more

Download details:

IP Address: 195.113.23.22
This content was downloaded on 01/10/2013 at 12:43

Please note that terms and conditions apply.

iopscience.iop.org


iopscience.iop.org/page/terms
http://iopscience.iop.org/0264-9381/30/20
http://iopscience.iop.org/0264-9381
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

TIOP PUBLISHING

CLASSICAL AND QUANTUM GRAVITY

Class. Quantum Grav. 30 (2013) 205016 (24pp) doi:10.1088/0264-9381/30/20/205016

Physical interpretation of Kundt spacetimes using
geodesic deviation

J Podolsk)’f1 and R Svarc'?

! Institute of Theoretical Physics, Charles University in Prague, Faculty of Mathematics and
Physics, V HoleSovickéch 2, 180 00 Praha 8, Czech Republic

2 Department of Physics, Faculty of Science, J. E. Purkinje University in Usti nad Labem,
Ceské mladeZe 8, 400 96 Usti nad Labem, Czech Republic

E-mail: podolsky @mbox.troja.mff.cuni.cz and robert.svarc@mff.cuni.cz

Received 28 June 2013, in final form 6 September 2013
Published 1 October 2013
Online at stacks.iop.org/CQG/30/205016

Abstract

We investigate the fully general class of non-expanding, non-twisting and
shear-free D-dimensional geometries using the invariant form of geodesic
deviation equation which describes the relative motion of free test particles.
We show that the local effect of such gravitational fields on the particles
basically consists of isotropic motion caused by the cosmological constant A,
Newtonian-type tidal deformations typical for spacetimes of algebraic type D
or II, longitudinal motion characteristic for spacetimes of type III, and type
N purely transverse effects of exact gravitational waves with D(D — 3)/2
polarizations. We explicitly discuss the canonical forms of the geodesic
deviation motion in all algebraically special subtypes of the Kundt family
for which the optically privileged direction is a multiple Weyl aligned null
direction, namely D(a), D(b), D(c), D(d), IlI(a), II(b), III;, II;, II(a), II(b),
II(c) and II(d). We demonstrate that the key invariant quantities determining
these algebraic types and subtypes also directly determine the specific local
motion of test particles, and are thus measurable by gravitational detectors.
As an example, we analyze an interesting class of type N or II gravitational
waves which propagate on backgrounds of type O or D, including Minkowski,
Bertotti—Robinson, Nariai and Plebafiski-Hacyan universes.

PACS numbers: 04.20.Jb, 04.50.—h, 04.30.—w

1. Introduction

Spacetimes of the Kundt class are defined by a purely geometric property, namely that they
admit a geodesic null congruence which is non-expanding, non-twisting and shear-free. In the
context of four-dimensional general relativity, such vacuum and pure radiation spacetimes of
type N, III, or O were introduced and initially studied 50 years ago by Kundt [1, 2].

The whole Kundt class is, in fact, much wider. It admits a cosmological constant,
electromagnetic field, other matter fields and supersymmetry. The solutions may be of various
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algebraic types and can be extended to any number D of dimensions. All Kundt spacetimes
(without assuming field equations) can be written as

ds* = 8pq(u, x) dxPdx? + 2 g, (r, u, x) dudx” — 2 dudr + g, (1, u, x) du?, (D

see [1-9]. In this metric, the coordinate r is an affine parameter along the optically privileged
null congruence k = 9, (with vanishing expansion, twist and shear), u = const. label null
(wave)surfaces, and x = (&2, x3, ..., xP" 1) are D —2 spatial coordinates in the transverse
Riemannian space. The spatial part g, of the metric must be independent of r, all other metric
components g,, and g,, can be functions of all the coordinates (7, u, x).

The Kundt class of spacetimes is one of the most important families of exact solutions
in Einstein’s general relativity theory, see chapter 31 of the monograph [3] or chapter 18 of
[4] for reviews of the standard D = 4 case. It contains several famous subclasses, both in four
and higher number of dimensions, with interesting mathematical and physical properties. The
best-known of these are pp-waves (see [3—6, 10—14] and references therein) which admit a
covariantly constant null vector field. There are also VSI and CSI spacetimes [5, 6, 11-16] for
which all polynomial scalar invariants constructed from the Riemann tensor and its derivatives
vanish and are constant, respectively. Moreover, all the relativistic gyratons known so far
[17-24], representing the fields of localized spinning sources that propagate with the speed
of light, are also specific members of the Kundt class. Vacuum and conformally flat pure
radiation Kundt spacetimes provide an exceptional case for the invariant classification of exact
solutions [25-31], and all type D pure radiation solutions are also known [32, 33]. All vacuum
Kundt solutions of type D were found and classified a long time ago [34] and generalized to
electrovacuum and any value of the cosmological constant [35, 36]. These contain a subfamily
of direct-product spacetimes, namely the Bertotti—-Robinson, (anti-)Nariai and Plebanski—
Hacyan spacetimes of type O and D (see chapter 7 of [4], [23] and [24] for higher-dimensional
generalizations) representing, for example, extreme limits and near-horizon geometries. With
Minkowski and (anti-)de Sitter spaces they form the natural backgrounds for non-expanding
gravitational waves of types N and II [37-44].

In our studies here we consider the fully general class of Kundt spacetimes of an arbitrary
dimension D > 4 (results for the standard general relativity are obtained by simply setting
D = 4). Taking the spacetime dimension as a free parameter D, we can investigate whether
the extension of the Kundt family to D > 4 exhibits some qualitatively different features and
unexpected properties. Our paper is thus also a contribution to the contemporary research
analyzing various aspects of Einstein’s gravity extended to higher dimensions. Explicit Kundt
solutions help us illustrate specific physical properties and general mathematical features of
such theories.

Specifically, we systematically investigate the complete D > 4 Kundt class of solutions
using geodesic deviation and discuss the corresponding effects on free test particles. In section 2
we summarize the equation of geodesic deviation, introduce invariant amplitudes of the
gravitational field, and we discuss them for the fully general Kundt family of geometries.
In section 3 we derive expressions for these amplitudes, and in section 4 we evaluate them
explicitly for all algebraically special Kundt spacetimes for which the optically privileged
congruence is generated by a multiple Weyl aligned null direction (WAND). The main results
are presented in section 5 where we discuss the specific structure of relative motion of
test particles for all possible algebraic types and subtypes of such Kundt geometries, see
subsections 5.1-5.12. In the final section 6 we present a particular example, namely an
interesting class of type II and N non-expanding gravitational waves on D and O backgrounds
of any dimension.
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2. Geodesic deviation in the fully general Kundt spacetime

Relative motion of nearby free test particles (without charge and spin) is described by the
equation of geodesic deviation [45, 46]. It has long been used as an important tool for studies
of four-dimensional general relativity, in particular to analyze fields representing gravitational
waves and black hole spacetimes (see [47-50] for more details and references). In our recent
work [50] generalizing [41] we demonstrated that the equation of geodesic deviation in any D-
dimensional spacetime can be expressed in the invariant form (using Einstein’s field equations
Rap — AR gap + A gap = 87 Tp)

7 _ 2A AR Wy AR L(‘I/ITI’ _ ‘~I’3Tj)Z(j)
(D-=2)(D-1) V2
8m : 2T
— T AN, RS (COR i == \z® 2
+D—2[ mmZ + Ty OO+t 57 ; 2)
so— 2 g0 WyranZY + L(lI/,T,» o VAR l(wof, + W) ZY
(D-=2)(D-1) V2 2
8m . 2T .
t5 5 |:T(i)(l)Z(1) + Ty ZY — (T(())(O) + m>z(l)], (3
i,j=2,...,D—1.Here ZM,z® .. . Z®P=D are spatial components Z® = e . Z of the

separation vector Z between the two test particles in a natural interpretation orthonormal
frame {e,}, e,-e, = nw, where eqy =u is the velocity vector of the fiducial test
particle, and Z",Z® ... Z®=D are the corresponding relative physical accelerations
70 = ¢® . (D2Z/d1?). The coefficients T, = T (e,, €,) denote frame components of the
energy—momentum tensor (7 is its trace), and the scalars

Woi = Cabed k“ mf) k¢ mi,
\Ilel = Cabcd k? lb k¢ mid, \plijk = Cahcd k¢ mlb mj mz,
Wys = Capea K 171K, Wi = Cypeq M} mI} ms mi,
Woris = Capea K ml 1°m, Wy = Capea k1" m§ m, 4)
\IJST' = Cabcd 1 kb ° m?, \IJ3ijk = Cabcd 1 mf’ mj mZ,
‘~I’4i/ = Cabed 14 mf’ I° m‘;,
with indices i, j, k,] =2, ..., D — 1, are components of the Weyl tensor with respect to the

null frame {k, I, m;} associated with {e,} via relations k = \%(u +emn), l= \/Lz(u —eqm),
m; = e, see figure 1.

The Weyl tensor components (4) are listed by their boost weight and directly generalize
the standard Newman—Penrose complex scalars W4 known from the D = 4 case [50, 51]. In
equations (2), (3), only the ‘electric part’ of the Weyl tensor with respect to u represented by
the scalars in the left column of (4) occurs. All these scalars exhibit the standard symmetries
of the Weyl tensor, for example

Wy =Wy, Wk =0, Wy = Wy, (5)
Moreover, there are relations between the left and right columns of (4), namely

Wi = Wiki,  Wap = Wy,

Wos = W,  Worm = 3Wys,  Wore) = 3 Wt (6)
Finally, let us remark that our notation which uses the symbols W,.. in any dimension is related

to the notations employed elsewhere, namely in [5, 12], [52, 53], and [6, 54]. Identifications
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¥(r) f 5(7)

T
m; = €(;) o

Figure 1. Evolution of the separation vector Z that connects particles moving along geodesics y (t),
y () is given by the equation of geodesic deviation (2) and (3). Its components are expressed in
the orthonormal frame {e,} with eg) = u. The associated null frame {k, I, m;} is also indicated.

Table 1. Different equivalent notations used in the literature for those Weyl scalars that occur in
the equation of geodesic deviation (2), (3).

"I’()i./ \I’1 T/ \IIZS \I’zri.f \113 T/ \1"4"1'

Coinj  —Cowoj —Coion —Goiij  Cioij  Ciirj Coley et al [5, 12]
- —q),'_]' \IJ_/' 2 q’j_/' Pravda et al [52, 53]

Qjj -v; - - \IJ_;. Ql’/ Durkee et al [6, 54]

Table 2. Other Weyl tensor components and their form in the GHP notation.

\ylijk \yzijkl \Ijzij lI‘IZTUjJ \Ijzr(ij) lL’:;ljk
Coir Ciju —Couij —Ciijr Coley etal [5,12]
Wy Dy 2 cDj.j. —d)l‘.‘j —CDI.SJ. —W/,  Durkee e al [6, 54]

for the components present in the invariant form of the equation of geodesic deviation are
summarized in table 1 (more details can be found in [50]). The remaining (independent)
components of the Weyl tensor are listed in table 2.

For the most general Kundt spacetime (1), the null interpretation frame adapted to
an arbitrary observer moving along the timelike geodesic y (t), whose velocity vector is
u =709, +ud, + x’0, (normalized as u - u = —1, so that u # 0), takes the form?

1
k =—2d,

V2i

1
I =<f2r'——.>a,+«/§uau+\/§xpa,,, (7)
ﬁ u

1
m; = — mf,(g[m u + gpqxq) 8r + mlp ap,

u
where m! satisfy g, m! mj’ =§;; to fulfil the normalization conditions m;-m; = §;;,
k -1 = —1. Notice that the vector k is oriented along the non-expanding, non-twisting and
shear-free null congruence k = 9, defining the Kundt family. Moreover, u = %(k +1) and

3 In this paper, i, j, k, [ are frame labels, whereas the indices p, ¢, m, n denote the spatial coordinate components.
For example, mf’ stands for the pth spatial coordinate component of the vector m;.
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eq) = Lz(k — 1) = 2k — u. The spatial vector e(1) is thus uniquely determined by the
optically privileged null congruence of the Kundt family and the observer’s velocity u. For
this reason we call such a special direction e(yy longitudinal, while we refer to the D — 2
directions e(; = m; are transverse.

To evaluate the scalars (4) we have to project coordinate components of the Weyl tensor
Coupca Of the generic Kundt spacetime, which can be found in appendix A of [9], onto the
interpretation frame (7). Since C,,,, = 0, we immediately obtain Wy; = 0, while the remaining
Weyl scalars are in general non-zero. The relative motion of free test particles in any D-
dimensional Kundt spacetime (1), determined by the equation of geodesic deviation (2), (3),
can thus be naturally decomposed into the following components.

e The presence of the cosmological constant A is encoded in the term

Z(l) 2A 1 0 YA
(Z“')) T D-1)({D-2) (0 &y) (Z‘”> ' ®)

It causes isotropic motion of test particles, which is typical for (maximally symmetric)
‘background’ spacetimes of constant curvature, namely Minkowski space, de Sitter space
and anti-de Sitter space.

e The terms Wy and W,z are responsible for Newtonian-like tidal deformations since the
motion of test particles is given by

(1) W 0 7
(o) = (% ) (o). ®

where W5 = Wy, These effects are typically present in type D spacetimes.

e The scalars W37, and W4, represent longitudinal components of the gravitational field
resulting in specific motion associated with the spatial direction e, and —e(j),
respectively. Such terms cause accelerations

Zm L (0 W) (zV
20) =" B\wy 0 J\z0) (10)

where W7, stand for either W37, or —W r; which are mutually equivalent under k <> [,
see (4). These scalars combine motion in the privileged longitudinal direction e, with
motion in the transverse spatial directions e(;. Such effects typically occur in spacetimes
of type III, in particular III;.

e The scalars Wy, characteristic for type N spacetimes, can be interpreted as amplitudes
of transverse gravitational waves propagating along the spatial direction +e;y. These
components of the field influence test particles as

ZM 10 0Y)/(z®
(ZU‘)) -2 (0 \p4,-,,-) (z(D) : (i

They obviously cause purely transverse effects because there is no acceleration in the
privileged longitudinal direction e(;). The scalars W4; form a symmetric traceless matrix
of dimension (D —2) x (D —2), see (5). This matrix describing the amplitudes of
gravitational waves has %D(D — 3) independent components corresponding to distinct
polarization modes.

More details about these general effects of any gravitational field on test particles can be
found in [50]. Their explicit discussion in the context of Kundt spacetimes will be presented
in subsequent sections of this contribution.

There are also specific direct effects of matter in the equation of geodesic deviation (2),
(3) which are determined by the frame components of the corresponding energy—momentum
tensor Ty;. As an explicit illustration, we present here two physically interesting examples:
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e For pure radiation (or ‘null dust’) aligned along the null direction k, the energy—momentum
tensor is T, = p k,k, where p represents radiation density. Its trace vanishes, 7 = 0, and
the only non-vanishing components of 7, in the equation of geodesic deviation (2), (3)

reduce to
ZM drp (0 0 (zD
(Z(i)> ~ D-2 (0 5i.f) (Z(j)) (12

There is no acceleration in the longitudinal spatial direction e(;) and the effect in the
transverse space is isotropic. Moreover, since p > 0, it causes a radial contraction which
may eventually lead to exact focusing.

e For an electromagnetic field aligned with the Kundt geometry (i.e., Fup kb = £k, where
k = 9,) the most general form of the Maxwell tensor is

F=EdrAndu+o,dunde’ + 1B, dx” A dx?. (13)

Evaluating the energy—momentum tensor T, = ﬁ (fac FpS — %gub Fed .7-'“‘1) in the
interpretation orthonormal frame, the corresponding effects on (uncharged) test particles,
as given by the equation of geodesic deviation, take the form

ZM T T\ (z©
(Z@) (T T)(Z(/‘)>’ (14)

where
T2 (E*+B%) + 4(52 - B?)
D-2 —1 ’
2
%= _ﬁmp[ (5 8pqg T qu) +u(EE, - qugmgqm)]’

2 D—4 .
Ti=55 [’"f i By — 8 (Bz + 5 € = B) + (% + B,
+20 3P (EE) — BpgEm 8™ + 1i° £p, gP'J)}, (15)
with convenient auxiliary variables defined as
5[7 = ggup — Op, B[Z)q = Bmeqn gmn’ Bz = %Bmeqn gpqgmn. (16)

The motion simplifies considerably if the magnetic field is absent (B, = 0):

2 2D-—
T =-—— g2,
D—-2 D-1
2
T = — 2 g ET - 0EE,), a7
2 D—4
T = —méu(D E + gpg XXIE? + 20 iPEE, +u25€gp’1>

in particular when D = 4 and o, = 0 (in which case £, = £g,,).

3. Explicit evaluation of the Weyl scalars W,..

The invariant amplitudes W4.. of various gravitational field components (9)—(11) combine the
local curvature of the Kundt spacetime with the kinematics of specific motion along an arbitrary
timelike geodesic y (7). These should be evaluated at any given event corresponding to the
actual position of the observer along y (t), with its actual velocity u = 79, + u 0, + X9, .

6
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The scalars Wy, Wyris, Wi7), Wari, Yui (and Wy = 0) which enter the geodesic deviation
equation (2), (3) can most conveniently be expressed explicitly if we employ the relation
between the interpretation null frame (7) (adapted to the chosen geodesic observer) and the
natural null frame for the Kundt geometry (1) which is

knal — ar’

lnat == %guu 8r + 8ua (18)

m?at = mf) (gup 0, + ap)
The transition between the null frames (18) and (7) is a Lorentz transformation associated
with the choice of different (timelike) observers, as explained in more detail in section 5 and
appendix C of our work [50]. Specifically, the general interpretation frame is obtained from the

natural one by combining a boost followed by a null rotation with fixed k™ (see equations (C3)
and (C1) of [50]),

k= Bknat’
[ =B '™+ V2L'm™ + |L|*BK™, (19)
m; =m™ + V2 L; Bk,
where |L|* = §L;,L; and
1
V2i'

Conversely, the natural frame (18) is obtained from the interpretation frame (7) as a particular
case when ~/2i =1, ¥’ = 0 (and thus V27 — 1 = %guu due to the assumed normalization
u-u=—1),ie,B =1, L; =0. This corresponds to special observers with no motion in the
transverse spatial directions (X’ = Qforallp=2,...,D — 1).

Under the Lorentz transformation (19), the Weyl scalars change as

‘I/()i/ = O ) ‘IIIT’ = B \I]??-t,, \plijk = B ‘l’?fﬁ,
Wog = W — 2/ 2 WM By
Woin = W — 232 B(Ly Wi, — Lo,
Wy = Wi 4 V2 W BLF — 22 WM B,
Wors = W V20 BLF — V2 wmBL
W = B~ 4 /2 (WL — WD, 4 2L Wi )
+ AW LoBL: — 2 (WL + WL — WL;) BL' + WISBILI,
Wi = BTN 4 2WNT — /2 (W LF 4wl )
+2 (2\Il{‘;t,L — WILY BL) — WS BIL)?,
Wy = B2 4 22 B (WB L, — Wi 1K)
WS L — 4wy L LY + 2w |L* — 258 L,L; — 4L, LF
—2V2BWISLL, L L + WIS LHLP? + Wi Ly LI — 22U L), (21)
see expressions (C5) and (C7) of [50] in the particular case when Wy, = 0. The scalars W}
represent the components (4) of the Weyl tensor in the natural null frame (18). Recall that the
coordinate components of C,;,.; were presented in appendix A of [9]. These scalars can also be
used purely locally. For some purposes, it is not necessary to evaluate all the functions along
y (1) and express them in terms of the proper time 7 of the geodesic observer. For example,
to determine the algebraic type of the spacetime at any given event, we only need to consider

the values of the constants W™ and their mutual relations. Moreover, they directly determine
the actual acceleration of test particles in various spatial directions.

B =

L = gpgm? 39 (20)
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4. Algebraically special Kundt spacetimes

In our recent work [9], we analyzed the geometric and algebraic properties of all Kundt
spacetimes for which the optically privileged (non-expanding, non-twisting, shear-free)
congruence is generated by the null vector field k = 9, that is a multiple WAND.

Specifically, \IJ(')‘,?}t = 0 immediately confirms the results of [6, 7, 55] that a generic Kundt
geometry represented by the metric (1) is (at least) of algebraic type I (subtype I(b), in fact) and
k = k™" is WAND. In [9] we also demonstrated that the general Kundt spacetime of algebraic
type Il with respect to the double WAND Kk in any dimension D can be written in the form (1)

with g,, = e, + f, r (at most) linear in r,
ds® = g,y dxPdx? +2 (e, + f, ) dudx? — 2dudr + gy (r, u, x) du?, (22)

where gp, (u, x), e,(u, x), fp(u,x), p=2,...,D — 1, are functions independent of r.

For such algebraically special Kundt geometries (22) with the multiple WAND k = k"
there is W}, = 0 = W]. Moreover, in [9] we explicitly evaluated all the remaining Weyl
scalars \IJX?F of the boost weights 0, —1, —2. After lengthy calculations, we obtained the

following surprisingly simple expressions, namely

g _ P 31 lf”f 4 1 SR . 23)
2S_D_l 2guu,rr 4 p D—2 D—3 )
= 1
Wi = Warun + 55— 8 Wi (24)
. mim’ 1 1 1
Wz = D— 12 |:(5qu T p_2 8rq SR) + E(D —-4) (qu ) 8pq f)i|v (25)
Wit = Wi — DD -2 (8ik 81 — 8it 86) Wi
2 . . e )

+D—— 4 (Sik\yg;}(jl) - 8il \Ijg;}(jk) — (Sjk\.IJZ;}(”) + 8]1 \y;;lﬁk)) y (26)
W3S, = mi mlmim Coupng, (27)
Wi = 2 Wiy = mimi Fyy, (28)

D—-3]1 1 1
\Ij;;t/ = _m? m |:§(rfp Guu,rr + uurp — fp,u) + ep(i Suu,rr — qufq>
L, L, 1 L, 1
+Zf equ—Equp—mXp—r Equp—{-mYp , (29)
~ 1
‘I’;‘}i = \1'2,"}} + D_3 (5ij ‘1’;;1 — Sik ‘1’2;[/) ; (30)
Bt Pt | (X0 — —2— g X +r (Yoo — 2 gy (31)
30k i My pmq T3 8plm Aq) pmg T T3 8pimLql ) |
1

Wi = mim] (qu 558 W), (32)
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in which g, m{ m% = §;;,
Xpmg = equmlip + Fgmep + Fpim €q1 + €pimfq) — Soim €q1 + &pim.uliq)s (33)
Yomg = figlmip + Fom fp + Fpim fq1, (34)

Woq = —5@uliplla + 38ucfplla) + 38uep o
- %guuqr(rf(pl\q) +epg) — %guu,rr(rzfpfq + 2rfpeq) + epeq)
+ 5o = Guurp) Ty + €0) + (Fpu = Burg) (rfp + €p)]
+ 128" FupFrg + 1(Fpatia) — 28" EmpFoyn + " Fuip eq) — €"Fuip )
+epullg) — %gpqquu + 8" EnpEng + " Enep eq) — €"Enp fy)

+ 1€ enfpfy + [ fmereq) — 5 emfipeq): (35)
and their contractions are
X, =8"Xpmg, Yo=8""Yomg, W =gl"W,. (36)

Note t.hz{t Wy = W‘{P’ while Xy = —X,gm and Y.,,mq = —Y,qm, so that X, and Y, are the only
non-trivial contractions of X,,,, and Y}, respectively.
In these expressions we have introduced convenient geometric quantities

17 =g"f, 37)
Tollg = Fpg = Upgm: (38)
fPip = 8" Foiias (39)
Tra = fopll + %fpfq’ (40)
f=8"fn =fp||p+ %fpfps 41)
Foq = fipllgt = fip.ars (42)
Jimignip = Jimagrp = UpmSingy — Ui fimns (43)
Soullg = Fpadiig = Fpug — Fau Ty (44)
Joula) = fop.pu = Fau g (45)
e = gMe,, (46)
€pllg = €p,g — leqem, 47)
€pq = €(pllg) — 3&pg.u (48)
Epg = eqpiiq) + 38pg.u (49)
emliglly = €imal.p — Upmeing — U pgeimn, (50)
epullg = (€pu)ilg = €pug — €nu g, (51)
€(pullg) = €pgyu — €na Ly (52)
&plmullq) = &plm.glu + %(Fzm 8nqu — ng gnm,u)s (53)
(8u)1pllg = 8uupg — Guun T pgs (54
Aguu = 8" (guu)1plig- (55)
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Table 3. The classification scheme of algebraically special Kundt geometries (22) in any dimension
D with k = k™" = 9, being a multiple WAND. For type D subclass, the vector " = %gw 9y + 0y
is a double WAND. If all conditions for type D are satisfied and conditions for the subtypes II(a),
1I(d), II(c), II(d) are also valid, we obtain the subtypes D(a), D(b), D(c), D(d), respectively. The
subtype D(abcd) is equivalent to type O. In the classic D = 4 case, conditions for II(b), II(c) and
III(b) are always satisfied.

Type  Necessary and sufficient conditions

II(a) &uw = a(u, x) r* + b(u, x) r + c(u, x) where a = if"fp - ﬁ(% + f)
Hb) Ry — 55 8 R = =20 =4)(fon = 555 800 /)
() Cppg =0
d) F,=0
Il Ii(abed)
M@ a,+fya=0whete a=1f7f, — 515 (5% + )
by = fou= 525 ep(% + f) — Y fte,fy 4 fUE, + 55 X,
M) Xy = 5 (g,,m X, — g X,,,)
N IMI(ab)
(0] N with W, = ﬁ 8pg W (special case O’ is W,, = 0)

D %(rfp Burr + Burp — f,) + ep(% Buwrr — iquq)
=r (%quqp + ﬁyp) - ifqequ + %quqp + ﬁxp
Xomg = ﬁ(gpm Xy — 8 X,,,) and Yy = ﬁ (gpm Y, — 8pq Ym)
Wy = 5 8y W

The symbol || indicates covariant derivative with respect to the spatial metric g,, in the
transverse (D — 2)-dimensional Riemannian space. The corresponding Riemann and Ricci
tensors are SR,,,,,,,,, and SR,,,,, the Ricci scalar is *R and the Weyl tensor reads SC,,,,,,,,,. All the
quantities (37)—(53) are independent of the coordinate r.

The explicit Weyl scalars (23)—(32) in the natural frame (18) enabled us in [9] to determine,
without assuming any field equations, the classification scheme of all algebraic types and
subtypes with respect to the multiple WAND k = 9,. A summary of such Kundt geometries
(22) in any dimension D is presented in table 3.

5. Geodesic deviation in Kundt spacetimes with a multiple WAND k

In the remaining parts of this paper we will discuss an important family of algebraically special
Kundt spacetimes (22). As described in the previous section, Weyl scalars of the two highest
boost weights vanish identically, \I/(I)“,lt =0, \Ili“;f =0= \Pi“}i From (21) we then immediately
obtain

\Ijoij = 0, lIJITI = O, \Ijlijk = O (56)

The geodesic deviation equations (2), (3) (omitting the frame components of 7, encoding the
direct influence of matter, for example (12) or (14)) for the case of the Kundt class of (vacuum)
spacetimes (22) thus reduce to

10
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. 2A 1 ;

A - 7D 4w,z N 'Z(j), 57
D-2D-1 + Yo Nk (57)

. 2A A . 1 1 ;

70 = CE S Z0 — Wyriy ZV — 7 Wy D — 5 Y zv. (58)

The corresponding Weyl scalars in the interpretation null frame are given by expressions (21)
with (20), which now simplify considerably due to (56):
Wos = W3, Wopy = W35,
W = V20 W V2 gy (W5 — W) m — Wit ),
Wy = 2P Wyt + 41037 gy (Wigm', — Wi, mY)

+2xPx4 ( 8pq \p;;l"t(if) — 8pm 8qn ‘1133“ m:nm;l + 8pm &qn \y;:it,l mmm!"

=2 8pm 8qn (‘Ij;f(t: + lIJ;;tk”) m?) mkm)’ (59
where m/? = §m iq and both the frame indices i, j, k, [ and the coordinate indices p, g, m, n
take the ranges 2,3, ..., D — 1. The coefficients W}* are explicitly given by expressions
(23)—(32). Notice that in (59), not only the ‘electric part’ but also the ‘magnetic part’ of
the Weyl tensor with respect to u™ occur due to the relative velocity x” between u and
e \/LE (K™ + ™). For completeness, the remaining ‘magnetic’ Weyl tensor components
in the interpretation frame that do not enter directly the equations of geodesic deviation (57),
(58) are

\l/2if = ‘L’;?t, \I’zijkl = ‘L’ggb,

Waik = V2 W 4 V237 g, (WIS m!? — WD 42 mAwIL). (60)

The specific relative motion of free test particles in any algebraically special Kundt
spacetime (22) with a multiple WAND k thus consists of isotropic influence of the cosmological
constant A, Newtonian-like tidal deformations represented by W,g, Wrran, longitudinal
accelerations associated with the direction +-e(;y given by W37,, and by transverse gravitational
waves propagating along ey encoded in the symmetric traceless matrix W,;. These
components were described separately in (8)—(11). The invariant amplitudes (59) combine
the curvature of the Kundt spacetime with the kinematics of the specific geodesic motion.
In contrast to longitudinal and transverse effects, the Newtonian-like deformations caused by
W, and W,7a) are independent of the observer’s velocity components x” and u.
We will now describe systematically the canonical structure of the relative motion of free

test particles in all possible algebraic types and subtypes of the Kundt family summarized in
table 3.

5.1. Type O Kundt spacetimes

For type O Kundt spacetimes, the Weyl tensor vanishes identically, so that all the Weyl scalars
\IJX_‘{‘ given by (23)—(32) are zero. In view of (59), the geodesic deviation equations (57), (58)
for the type O vacuum Kundt spacetimes reduce to

s o oo 2 e 61)
D-2)(D—-1) DO-=2)(D-1

There is thus no distinction between the (generically privileged) longitudinal spatial direction

e(1) and the transverse spatial directions e;), i = 2, ..., D — 1. The relative motion is isotropic

and fully determined by the cosmological constant A, see (8). This is in full agreement with

11
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the well-known fact [3, 4] that the only type O vacuum spaces are just Minkowski space, de
Sitter space or anti-de Sitter space.

For non-vacuum type O (conformally flat) Kundt spacetimes, it is necessary to add the
terms representing direct influence of matter. For example, in the case of pure radiation (‘null
dust’) aligned along k, the components (12) have to be superposed, and the equations of
geodesic deviation become
7 — 2A z0 70 = 2A 70 _ 4P

(D-2)(D-1) D-2)(D-1) D-2
Since p > 0, there is now an additional radial contraction in the transverse subspace.
For aligned electromagnetic field, the additional matter terms are given by (14).

A (62)

5.2. Type N Kundt spacetimes

As shown in [9], for type N Kundt spacetimes (22) (with quadruple WAND k = 9,) the only

non-trivial Weyl scalars are ‘I%’j‘-t. Considering (59), the geodesic deviation equations (57), (58)

for vacuum type N spacetimes thus take the form
-2 g0 (63)
D-2)D-1) ’
G- 2N g0 gm0 (64)
D —-2)(D-1) v

where, due to (32),
1
Wi = mim] (qu 558 W) (65)

is a symmetric and traceless matrix fully determined by W),,. The symmetric matrix W,
introduced in (35) simplifies, using all relevant conditions in table 3 (cf [9]), to

Wog = 1[5 a8pgu + Uiy + Ui S |
—sllcp—chgtCa—cfpupl = 3bep + (a— 11" fu)epeq + Zipg.  (66)

in which
U, = %fpu - %quq ep+ %fqequ - %qufH’ - ﬁ Xps (67)
Zpg = iemem Tofa+ epuilqg — %gpq,uu — " Enpfy + 8" EnpEng — % Xpeq, (68)

and its trace is W = g"W,,, . The matrix W} represents the amplitudes of Kundt gravitational

waves in any dimension D. In general, their effect is superposed on the isotropic influence of
the cosmological constant A, as given by (61). In the case D = 4 this has been analyzed and
described in our previous work [41].

Since the set of (D — 2) x (D — 2) scalars \I—Q‘ffj.t forms a symmetric and traceless matrix,
it has in general N = %D(D — 3) independent components corresponding to the polarization
modes of the gravitational wave. The remaining freedom in the choice of the transverse
vectors m; of the interpretation frame (7) is given by the spatial rotations m, = ®;/ m;, where
oREOI) jI = 8ix, which leave the null frame vectors k, I unchanged. These rotations belong
to the SO(D — 2) group with Ny, = %(D — 2)(D — 3) independent generators. Therefore, the
number of physical degrees of freedom is

N — N =D = 3. (69)

This is exactly the number of independent eigenvalues of the matrix \IJX,.‘}‘ which fully

characterize the geodesic deviation deformation of a set of test particles. The sum of all

12
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the eigenvalues must vanish (the traceless property), so that there is at least one positive and
one negative eigenvalue. The number of distinct options of dividing the remaining eigenvalues
into three groups with positive, null and negative signs is (D ;2) Concerning the signs of the
eigenvalues, we can thus distinguish %(D — 2)(D — 3) geometrically and physically distinct
cases.

Diagonalizing —W

nat

4 and denoting its eigenvalues as A, A3, ..., we obtain

D—1
— Wit = diag(Az, A3, ..., Ap_1) where Y A, =0. (70)

i=2
In view of (64), the relative motion of (initially static) test particles is such that they recede

in spatial directions with positive eigenvalues A; > 0 , while they converge with negative
eigenvalues A; < 0. In the directions where A; = 0 the particles stay fixed.

In the classic D = 4 case, there is just one possibility, namely A; = —A,, and the
diagonalized matrix of the gravitational wave amplitudes takes the form
A, 0
_hat _
W (0 —.A2>' (71)

In the transverse two-dimensional space perpendicular to the privileged propagation direction
e(1), we observe the standard gravitational wave effect, in which the set of test particles expands
in the direction e(>) when A; > 0 and simultaneously contracts by the same amount in the
perpendicular direction e 3, (or vice versa if A, < 0), unless one has the trivial case A, = 0.

In higher dimensions, many more possibilities and new observable effects arise. For
example, in the first non-trivial case D = 5, the corresponding transverse space spanned by
(e2), €(3), €(4)) is three-dimensional. Concerning the deformation of a three-dimensional test
sphere in this space, there are three physically distinct situations determined by A,, Az, Ay,
namely:

e two eigenvalues are positive and one is negative, see figure 2(a),
e one eigenvalue is positive and two are negative, see figure 3(a),
e one eigenvalue is positive, one is zero and one is negative, see figure 4(a).

From the point of view of a gravitational wave detector located in our (1+3)-dimensional
‘real” universe locally spanned by the vectors (u, e(1), e(2), €3)) wWhere ey is the propagation
direction, (e(y), e3)) defines the plane of the detector, while ew, is the extra (directly
unobservable) dimension, we would see the following ‘peculiar’ effects in which the usual
traceless property in (e(y), €(3)) is violated:

e both Ay, A; # 0 (either positive or negative), Ay = — (A, + A3z) due to (70):
A, 0 0
—Ut=10 A 0 . (72)
0 0| —(A+A)
In the directly observable first sector of dimension 2 x 2, the eigenvalues .4, and .43 can

have arbitrary values now. Thus, the ring of test particles in these two directions (a section
through the 3-sphere in the transverse space) may

e recede in both directions e(y), €(3) (A2, A3 > 0 = A4 < 0) as in figure 2(b),

e converge in both directions e(y), e(3) (A2, A3 < 0 = A4 > 0) as in figure 3(d),

e recede in one direction and converge in the other, but not by the same amount (A, A3
have opposite signs, |A;| # |A3] = A4 # 0) as in figures 2(c), (d) or figures 3(b), (¢),

13
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(@)

Figure 2. Deformation of a sphere of test particles in the case when two eigenvalues of —\IIZ‘,.‘}‘ are
positive and one is negative (D = 5, the wave propagates in the direction e j), and the transverse
3-space shown is spanned by e(y), €(3), e(4)). Plot (a) is a global view, (b), (¢), (d) are views from
the top, front, right, respectively.

Figure 3. Deformation of a sphere of test particles in the case when one eigenvalue of —\IIZ,?‘]-‘ is
positive and two are negative.

e behave as in the standard D = 4 general relativity (A; = —A; = A4 = 0) as in
figure 4(c), that is

A, 0 |0
—wm =10 —A|0]. (73)
0 0 |0
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(a)

Figure 4. Deformation of a sphere of test particles in the case when one eigenvalue of —\ll:f}‘ is
positive, one is zero and one is negative.

e A3 =0or A, =0, so that

4 o0l 0 0 0 0
=10 0] 0 | o —wm=|0 A| 0 |. 4
0 0] — A2 0 O —A3

We can distinguish two subcases of this anomalous behavior, namely

e A; > 0or Az > 0 as in figure 4(b),
e A; <0or A; < 0asin figure 4(d).

Finally, in principle, it may also happen that the higher-dimensional gravitational wave
would propagate in the extra spatial dimension e, say. Due to the formal swap ey < e,
this would imply A4 =0 and A; # 0. In our real (1+3)-dimensional universe we would
thus observe the complete three-dimensional transverse space with peculiar ‘longitudinal’
deformation of a sphere of test particles.

5.3. Type Il Kundt spacetimes

For type III Kundt spacetimes (22) (which have a triple WAND k = 9,), all the Weyl tensor
components of the boost weight 0 vanish, Wit = W), = Wi = WIE = 0. The equations of
geodesic deviation (57), (58) thus become

D-2)D-1)
Ry 2A . .
70 — 7O _ 4 \p;;tl AR ‘Ijzs-t 70)
D-2)(D-1)
—2uxP gpq(\II;;t(,-m‘;.) — \Ifg‘(‘?})kmk")Z(j ), (76)
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Using the conditions summarized in the first four rows of table 3, expressions (29)—(32) for

the non-trivial Weyl scalars W%, Wi%, Wi reduce to

\Ilnat _ D
ATi = —m] m (a,+ fra)r

2e,

1 R L, g 2
o \Pr I p5\p=a ) H el = e = N ) |

1
Wi = Ui+ D3 (8 Wi — 8 WiT).

3Tk 377
\Ilnat X 1 X
3ijk — m m’ mk pmq — D_3 (gpm — 8pq m)

1
Wit = mim (qu T p_o8m W)’ 7
where a = 4f fp l ( SR3 + f) g pmq ’ W= gpq qu and

Xpmg = €(qliml|lp T+ €pimSq) — fpim €q) + &pim.uliq>
Wy = =1 [3a101g + 530S llg) + 30, fo) + afypfy ]
— 1 [3bipllg + 3b.(p g + aepq + 2afpeq) + 2a. g — fiofpyu = fipulia)]
- %Cl\pllq + %Cf(p\lq) + %C,(ﬁfq) - %bepq — b peq) — aepey
+epfput epuig — %gpq,uu + & EmpEng + " Enp eq) — €"Enp fo)
+ 1 emfofy + [ fnepeq) — A fMemfipeq)- (78)

In addition to the isotropic influence of the cosmological constant A and the transverse effects
of gravitational waves described by lIijf}t (which are typical for type O and N spacetimes,
respectively), type III Kundt spacetimes feature a longitudinal effect proportional to the scalars
\11“;‘,, see (75). Moreover, from (76) we conclude that there is also an additional kinematic
effect for non-static observers — those with a non-vanishing velocity in the transverse space,
xP #£ 0. Measuring relative motions between geodesic observers with non-trivial spatial
velocities we can thus determine other components of the curvature tensor, namely the
symmetric part of W

If, and only if, \112,‘,“ = 0, the geometry is of algebraic type III; with respect to the triple
WAND k"™ and WAND ™.

5.4. Subtype 1ll(a)

For the subtype ITI(a) of Kundt spacetimes, there is W37, = 0, see table 3 and [9]. The equations
of geodesic deviation (75), (76) thus simplify to

) #Z(l)’ )
(D—-2)(D—1)

Z(i) — 2—A Z @) \I,nat Z(/) 2uxP \yn kq Z(j) 30
D-2)D-1) —u T+ 2Ux"8pg Wi . (80)

Apart from the cosmological background A-term, there are only transverse effects given by
the scalars W} and \Il“f,‘f,k The latter contribution is purely kinematical, i.e., it is absent for
x? = 0. For such static observers, the geodesic deviation is the same as for type N spacetimes,
cf (63), (64). The specific contributions of \Ifg‘f}})k can be identified by considering non-static

observers with mutual velocities x7 # 0.
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5.5. Subtype I1I(b)

For the subtype III(b) of Kundt spacetimes, there is \ilg“}z = 0, see table 3 and [9]. In such a
case, the equations (75), (76) become

s 2N u e z0) (81)
(D—-2)(D—1) s
. 2A A .
Z0 = D-20-D 70 — w70 — i Wiz
D-2 Sii .
-2 D3 uxpg,,q(w;;‘(,mj.) -5 _f 5 \y;’;‘kmkq>z<f>. (82)

The geodesic deviation is thus fully determined by the scalars A, W5 and W% via the

corresponding isotropic, transverse and longitudinal effects, respectively. For observers with

non-vanishing spatial velocities X # 0, transverse motion is modified by the presence of W35!,.
: it ; : ij\pynat .4 __ \pynat i

This additional effect is traceless since 5% \II3T(,mj) = Winm'.

5.6. Type D Kundt spacetimes

For type D Kundt spacetimes (22) with a double WAND k™' = k = 9, and a double WAND
mt = % &uu 0y + 0y, all the Weyl scalars \IJX?_‘ vanish, except for the boost weight 0. Therefore,

the equations of geodesic deviation are (57), (58) with
Vs = \I’%t, Wora) = \I/;;l}(ij)v
g = V2.8 g (W3 — WEL) ¥t — Wil

o D eq nat nat __m._ n nat _ km_ In
Wy = 2xPX (gpq "IIZT(:'D — &pm 8qn "Ilzs m;m; + 8pm &qn \pzikﬂm m

= 2 gy n (WA + W) "), (83)
where WJ3, W WIS, WO, are explicitly given by expressions (23)—(28).

For static observers that do not move in the transverse spatial directions (x” = 0), we have
W37 = 0 = Wy, so that the equations simplify considerably to

. 2A

AL . G R /U 84
O-20-1n> TV (&

(i 2A i na j

ZO = D-30-D Z0 —wi, ZD, (85)

We can now explicitly discuss specific particle motion in various algebraic subtypes of the
Kundt spacetimes of type D.

5.7. Subtype D(a)
The subtype D(a) is defined by the condition

yrat = 0. (86)
This is equivalent to g,, = ar* +br+ ¢ wherea = L f7f, — ﬁ(% + f), cf (23) and the

first row in table 3. The geodesic deviation equations (84), (85) reduce to
2A

gO = 7D 87
DO-2D-1)" 7

» 2A A |

A T ST (88)
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Figure 5. Deformation of a sphere of static test particles in the subtype D(b) when D =5 for the
cases (a) Wi < 0, (b) W53 > 0. Unlike in figures 2—4, here we show e(1), e(2), €(3), Where e(y) is
the longitudinal direction (oriented horizontally) while e(), e(3) (plotted perpendicularly) are two

directions of the transverse 3-space (the third equivalent transverse direction e 4y is suppressed).

where, in view of (24), (86), we have WJ¥, = \TJ;;EU) which is explicitly expressed by
(25). There is no longitudinal Newtonian motion, see (87), and the transverse Newtonian
deformations (88) are traceless since 8*/ lllg;‘(ij) = lllg;‘, = Wi =0, see (6). Interestingly, in

higher dimensions, the local behavior of test particles in subtype D(a) spacetimes, as given by
expressions (87), (88), is very similar to the effect caused by type N gravitational waves (63),
(64). Due to this close formal similarity, we can use figures 2—4 to illustrate particle motion in
the D = 5 case. Such a situation does not appear in the D = 4 case since W)5, = \ilg;‘(,.j) =0,
as we can see from (25).

For geodesics with spatial velocities x” # 0, there are additional terms W37:, Wy given

by (57), (58), (83). The scalars W}, W%, take the form (28) and (26), (27).

5.8. Subtype D(b)

The subtype D(b) occurs if, and only if, \flg?(,.j
1

Wit = 5 O Wi (89)

Due to (25), this is equivalent to Squ — ﬁ &pg R = —%(D —4) (qu — Iﬁ &pq f), see [9]
and the second row in table 3. For such Kundt geometries, the equations of geodesic deviation
(84), (85) take the form

, = 0. From (24) it thus follows that

. 2A

20 =———"— 70 4 ypz®, 90
(D-2)(D-1) + s ©0)

. 2A , 8ii .

Z0 = zZ0 — Lz, 91
(D—-2)(D—1) D-—2 % On

We can see that the Newtonian part of the gravitational field is now fully determined by
a single scalar W33 given by (23). Moreover, motion in the transverse spatial directions

i,j=2,...,D—1 1is isotropic (its sum is fully offset to zero by the longitudinal motion,
8t \Ilg;t(m = W), A sphere of test particles, initially at rest, is thus deformed into a rotational

ellipsoid with the axis e(j), see figure 5. Interestingly, this type of behavior enables us to
determine experimentally the dimension D of the spacetime. Subtracting the isotropic motion
given by A, it is possible to measure the relative acceleration in the longitudinal direction
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e(;) and compare it with the acceleration in any transverse direction ey, say, obtaining
(Z(l)/z(l))/(_ZQ)/Z(Z)) —D—2.

For geodesics with x” # 0, the additional terms W37 and Wy given by (57), (58), (83)
have to be included.

5.9. Subtype D(ab)

Any Kundt spacetime that is both of the algebraic subtype D(a) and subtype D(b) must
necessarily satisfy \lfggt =0= \Ifg;ﬂ[,), see (86) and (89). Equations of geodesic deviation (57),
(58) then reduce to

B} 2A 1 ,
70 — AL Wy Z(j), (92)
(D—-2)(D-1) V2
. 2A ‘ 1 1 .
70 = —— 70— Wy 7V — —wy, 7Y, (93)
(D—-2)(D-1) V2 2
where (83) becomes
Wapi = 38V2m! Fpg i, Wy = 2m"m" (Crupng — 3Fpm Guyg) 3749 (94)

Interestingly, for static observers (x? = 0), we have W53 = 0 = Wy; and the equations contain
only the cosmological constant A-term. The relative motion of such test particles is the same
as in the type O spacetimes (61)—it is fully isotropic as in the background Minkowski, de
Sitter or anti-de Sitter spaces.

Recall also that in the classic D = 4 case, the subtypes D(ab) and D(a) are identical
because the condition for the subtype D(b) is always satisfied [9].

5.10. Subtype D(c)
The algebraic subtype D(c) is defined by the condition Unat — O which, using (27), is

ikjl —
equivalent to G,y = 0, cf the third row in table 3. Since Z\I/;‘;‘ and W)Y, are generally
non-vanishing, this subtype of the Kundt geometries cannot be distinguished by measuring
the deviation (84), (85) of static geodesic observers. In principle, it can be detected in the
relative motion of non-static particles with x” 7 0 as the \i/;‘fk‘}, component in the amplitude
W,;; determined by (83) is absent.

Moreover, as discussed in [9], the condition for subtype D(c) is identically satisfied in the

casesD =4 and D = 5.

5.11. Subtype D(d)

The subtype D(d) occurs if, and only if, \IJ;i‘}t = 0. In view of (28), this is equivalent to F,; = 0
(see table 3). As in the subcase D(c), this is not directly observable in the geodesic deviation
(84), (85) of static observers, but it is implied by the absence of the W) component entering
the scalars W57, Wy via (83). Itis detectable by observers with x” # 0 for which the equations

of geodesic deviation take the form (57), (58).

5.12. Type Il Kundt spacetimes

The general form of the geodesic deviation equations for any Kundt spacetime (22) of algebraic
type II (or more special) with (at least) a double WAND k = k™ = 9, is



Class. Quantum Grav. 30 (2013) 205016 J Podolsky and R Svarc

7 2A AT \pndtZ(l)
D-2)(D-1)
nat p 3 nat, . iq nat iq D-1 nat, g )
M‘I’3T1 + X 8pq 2\1‘,2/’ "I] (u)m mlyZS mj A (95)
= (D 22)[(\0 D 2= <\y’ + 5 2‘ynm>zm aez
nat =D 3 nat, . jq nat Jq D-1 nat,,.4q @
u‘-IJ3T, + X"8pq 2‘IJ2‘, mi —y oM™ — mq’zs m; 4

nat 4

D —
—2uxl gy | ——=Viram’, — 1
D-3 » D 3 3T

s D —
—xX"x" [gmpg,,qm (\Il;if,m — 3Wiim? ) + )

nat
8mn \Ijou )

—4
+é;1p_g;Z m'? (28,0550, m' — (D — 2) (W55 m + W35 m))
D—-1 8ii .
_m\ynat<gmpgnqmﬁmtjz 5 _J 5 )i|z(])‘ (96)

The behavior of test particles in the subtypes Il(a), II(b), II(c) and II(d) is easily obtained by
setting W)¢' = 0, \Il;;‘(,j) =0, \Ilgfk‘j, = 0 and W' = 0, respectively.

When all these Weyl scalars of the boost weight 0 vanish, we obtain the type III Kundt
geometries with a triple WAND k and recover the results of sections 5.3-5.5. If, in addition,
\IIQ;‘, =0= \D;‘f}{, the spacetimes are of type N with a quadruple WAND k as discussed in 5.2,
and with Wit = 0 they become type O, see 5.1. Alternatively, if only W} = 0, given by (32),
(35), (36), the spacetime is of algebraic type II; with respect to a double WAND k"™ =9, and
WAND ™ = 2g,m dr + 9,. When only the scalars W35, \I';’E}} are non-trivial, the geometry is
of algebraic type III; with respect to a triple WAND k™ and WAND ™.

Type D Kundt geometries of section 5.6 arise by setting Wi, = 0 = \IJ;“}} and lIIZ‘j“ =0,
in which case the expressions (95), (96) correspond to (83). The subtypes D(a), D(b), D(c) and
D(d) are obtained when W35' = 0, \I!;;‘(,]) =0, \113,2}, = 0 and W} = 0, respectively, reducing
the results to those discussed in sections 5.7-5.11.

6. Example: type II and N gravitational waves on D and O backgrounds

As an interesting illustration, we can consider a line element of the form
ds® = gpqdxPdx? — 2dudr + (a P+ c) du?, 97

where g,, = gp4(x), a = const. and ¢ = c(u, x).
The possible algebraic structure of such Kundt geometries is summarized in table 4.
The relative motion of free test particles in these spacetimes is described by equations (57),
(58) where the scalars (59) take the form

w3 R
”_D—IQZ(D—mw—3)’

mim’ s D—3 SR
g ;
W, = i(sg _ _8m_ sp j ’
27 D—Z( m~p_2 )t 2pi\“To-ym—3
V2
Wy = — im?(Rog + (D = 3) agyy).

D-2
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Table 4. The structure of all Kundt geometries (97) with respect to a multiple WAND k™' = 9,
and (possibly double) WAND ™ = %(a 2 4 ¢)d, + dy.

Type Necessary and sufficient conditions

_ 1 N
II(a) a = G EO ) R

)
Ib) Ry =55 &R
II(C) Scmpnq = 0
II(d) Always

N II(abcd)
O NWlth CHPH‘{ = ﬁgl’q Ac
D Cllplls = B3 &pa OC

D(a) D with II(a)
D(b) D with II(b)
D(c) D withII(c)
D(d) D with II(d)

) 8pq
Wy = —i m(’m'ji(c”pq — 5o 2Ac>

2 P50 1S R 8pg 8mn
PR g 4 55y —3) )\ D2 SmSe

1 s 8mn g 2gmn S 8pq s
e R — R Ryy— ——="R
+D—4[g”q< T2 )T D2\ " D2

—&pm SRn_ gqn SR - n SRm_ gpm g . 98
8p ( q D—2 8q P D—2 (98)
Notice that for the subtype II(ab)=II(abd), this simplifies considerably to
7 — 2A 7
D-2)(D-1) ’
2A

.o . 1 g . .
@0 — O 1 252 P _ oM D _ Py ™" S (0)
= (D—2)(D—1)Z +2u mimj<c|p|q D_2A0>Z XXt mi' m'; “Coupng Z'7.

99)

When, in addition, SCmpm, = 0, this becomes type II(abcd)=N.

If, and only if, ¢) 4 = Iﬁ 8pq Ac, the spacetimes are of type D or type O. When ¢ = 0,
these belong to the important family of direct-product spacetimes, see section 11 of [9], for
which the first term of the metric (97) is a (D — 2)-dimensional Riemannian space with metric
8pq(x), while the second part is a two-dimensional Lorentzian spacetime of constant Gaussian
curvature a. In general, g,,(x) need not be of constant curvature, but for the subtype D(a),
a is uniquely related to the constant Ricci scalar “R of the transverse (D — 2)-dimensional
space. Such metrics represent natural higher-dimensional generalizations of the (anti-)Nariai,
Plebanski—Hacyan, Bertotti—Robinson and Minkowski spacetimes of types D or O, see [4].

For a non-trivial ¢, the spacetimes (97) are of type II or of type N. These can be naturally
interpreted as the class of exact Kundt gravitational waves with the profile c(u, x) propagating
in various direct-product background universes of algebraic types D or O mentioned above
(and listed in table 6 of [9]; see also [23, 24, 43]).

The class of metrics (97) clearly contains pp-waves (without gyratonic sources)
propagating in flat space when a = 0. These are of type N if, and only if, g,, = §,, (in
which case they belong to the class of VSI spacetimes, see [9]).
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Finally, let us observe that in the classic D = 4 case, the scalars (99) read

1/ 1y 1 1
Wy =3 a+§ R, ‘Pzr(fj>=g5ij<a+§R )

2.
Wsrs = = == Xm(Rpg + agpy),
. 1
Wy = — i mfm] <Cp|q - EgquC)
MY 2 m__n 1
+ P (a +3 SR) (8pg &mn — 28pmE&an)- (100)

The corresponding Kundt geometries (97) are thus generally of type II=II(bcd). They are
of type N=ll(abcd) if, and only if, a = —%SR with the only non-vanishing Weyl scalar

Wy = —i® m{'m (¢ pq — 38pgc). In fact, this is the subfamily & = B,6 =1,C =0 of
spacetimes discussed in [43] and in sections 18.6-18.7 of [4] (with the identification
a=8= %SR, D = a and H = —c) which was interpreted as exact Kundt gravitational waves

of type II propagating on type D backgrounds, and type N waves propagating on conformally
flat type O backgrounds, respectively. These background universes with the geometry of a
direct product of two constant curvature 2-spaces involve the standard Minkowski, Bertotti—
Robinson, (anti-)Nariai and Plebanski—-Hacyan spacetimes, cf [23, 56, 57].

7. Conclusions

We have systematically analyzed the general class of Kundt geometries in an arbitrary
dimension D > 4 using the geodesic deviation in Einstein’s theory. We have explicitly
determined the specific motion of free test particles for all possible algebraically special
spacetimes, including the corresponding subtypes, and demonstrated that the invariant
quantities determining these (sub)types are measurable by detectors via characteristic relative
accelerations. For example, the dimension of the spacetime can be measured directly by
Newtonian-type tidal deformations of the algebraic subtype D(b). The purely transverse type
N effects represent exact gravitational waves with D(D — 3)/2 polarizations, which exhibit
new and peculiar observable effects in higher dimensions D > 4. We have given an example
of such geometric and physical interpretation of the Kundt family by analyzing the class of
type N or II gravitational waves propagating on backgrounds of type O or D.
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