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Abstract In this paper we calculate the Bondi mass of asymptotically flat spacetimes
with interacting electromagnetic and scalar fields. The system of coupled Einstein—
Maxwell-Klein—Gordon equations is investigated and corresponding field equations
are written in the spinor form and in the Newman—Penrose formalism. Asymptotically
flat solution of the resulting system is found near null infinity. Finally we use the
asymptotic twistor equation to find the Bondi mass of the spacetime and derive the
Bondi mass-loss formula. We compare the results with our previous work (Bicak et al.
in Class Quantum Gravity 27(17):175011, 2010) and show that, unlike the conformal
scalar field, the (Maxwell-)Klein—Gordon field has negatively semi-definite mass-loss
formula.

Keywords Asymptotic flatness - Einstein—-Maxwell-Klein—Gordon equations -
Bondi mass

1 Introduction

It is a well known fact that the energy-momentum of gravitational field cannot be
introduced at the local level which is, after all, the consequence of the equivalence
principle. Since it is highly desirable to have a meaningful notion of the energy and
the momentum, many suggestions have been made in order to define the quasi-local
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energy-momentum which is associated with, e.g., a compact spacelike hypersurface
XY with boundary S, rather than with a spacetime point. The quasi-local quantities are
usually expressed as the surface integrals over the 2-surface S. The most influential
suggestions are, for example, those of Penrose [2], Hawking [3], Dougan and Mason
[4] and Brown and York [5]. For extensive reviews on the subject, see [6,7].

On the other hand, in the case of asymptotically flat spacetimes there is a well-
defined notion of global energy-momentum associated with the entire spacetime
(ADM mass [8] defined at spatial infinity) or energy-momentum associated with an
isolated gravitating source (Bondi mass [9] defined at null infinity). Hence, one of
the natural criteria of the plausibility of particular quasi-local energy-momentum is
whether it coincides with the ADM mass or the Bondi mass in the limit of the large
spheres near spatial or null infinity [6].

Standard expression for the Bondi energy-momentum of electro-vacuum space-
times in the Newman—Penrose formalism has the form

pAA _ _]{ (4,2<o> () g«n) wb wh ds,

N

where 1112(0) is the leading & (r’3) term in the asymptotic expansion of the ¥;-
component of the Weyl spinor, o(?) is the asymptotic shear of Newman and Penrose,
a)g and “)}4 are asymptotic spinors [6] and a)g = wﬁoA, where 04 is the element of
GHP spinor dyad [10]. The dot means the derivative with respect to (retarded) time
u. In [1] we have shown that this result remains true for the spacetimes with con-
formally invariant scalar field sources. In the presence of the massless Klein—Gordon
scalar field, however, the scalar field contributes to the Bondi energy and the correct
expression for the Bondi mass (energy) is (in the conventions used in this paper)

. 1 —
Mg = (%“” +0 050 + 20,6 ¢<°>>) ds. (1

1
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N

where ¢© is now the leading & (r~') term in the asymptotic expansion of the scalar
field.

A crucial property of the Bondi energy is that it should decrease whenever the
system emits gravitational (or another) radiation. As we have shown in [1], in the case
of massless Klein—Gordon field the mass-loss formula acquires the form

1
Nz

so that the Bondi mass is a non-increasing function of time u. For the conformally
invariant scalar field, resulting “mass-loss” formula is indefinite and reads

Mp = (d<o> 5O 4 4O g<0>) ds. )

1
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Hence, in this case the Bondi mass is not a monotonic function of time, which can be
traced back to the fact that the energy-momentum tensor for the conformally invariant
scalar field does not obey the energy condition 7,,,/n? > 0 for any future null vectors
[* and n“.

In this paper we investigate the natural generalization of these calculations and
we calculate the Bondi mass of the spacetimes with interacting electromagnetic and
scalar fields. The purpose is twofold. It seems that the analysis of the Bondi mass
of Maxwell-Klein—Gordon spacetimes in the Newman—Penrose formalism is miss-
ing (see, however, [11,12] for some results on the scalar field in the Hamiltonian
formalism). Hence, our first goal is to fill this gap.

The Penrose mass has been calculated for a wide class of spacetimes in [13—15], but
the spacetimes with scalar field sources are not included. In fact, only a very few exact
solutions of coupled Einstein-Maxwell-Klein—-Gordon equations are known, e.g. [16].
On the other hand, there is a chance that at least some properties of the Penrose mass
can be understood without having an exact solution. The idea is to apply standard
3+1 decomposition of the spacetime with electromagnetic and scalar field sources and
analyse the constraints which must be satisfied on the initial Cauchy hypersurface.
The 2-surface S can be chosen to lie in this initial hypersurface and one can hope that
the constraints will be easier to solve than the full set of equations. In this context,
the present paper is a preliminary work: the Penrose mass calculated by the analysis
sketched in this paragraph can be examined to have the correct large sphere limit.

The paper is organized as follows. In the Sect. 2 we introduce standard equations
governing the system of coupled gravitational, electromagnetic and scalar fields and
translate them into the spinor formalism. In the Appendix 7 we present the Newman—
Penrose projections of these equations. Next we consider an asymptotically flat space-
time with the electromagnetic and scalar field sources which is analytic at the future null
infinity .# . The asymptotic behaviour of the Newman—Penrose quantities describing
the gravitational, scalar and electromagnetic fields is investigated in the Sect. 3. In the
next Sect. 4 we present the asymptotic solution of Einstein—-Maxwell-Klein—Gordon
equations and finally in the Sect. 5 we calculate the Bondi mass of the spacetime
and find corresponding mass-loss formula which is presented both in terms of the
four-potential and in the gauge invariant form.

2 Field equations

In this section we introduce field equations of interacting electromagnetic, scalar and
gravitational fields in the spinor form. Resulting system of equations will be referred
to as the Einstein—-Maxwell-Klein—Gordon equations and corresponding spacetime
will be called electro-scalar spacetime for the sake of brevity.

The gauge invariant Lagrangian of the coupled scalar and electromagnetic fields
can be written in the form [17]

_ — 1
L = (Dud)(P°D) —m* P b — 1 F Fyp, “)
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where ¢ is a scalar field with charge e, ¢ its complex conjugate with charge —e, m is
the mass of the scalar field and F,, is standard Faraday 2-form. When acting on the
uncharged fields, the gauge covariant derivative &, coincides with the usual covariant
derivative V,, otherwise its action on an arbitrary tensor field Tc“':['ib with the charge e
is defined by [18]

DT = VTl +ie A TE7, )

with A, being the four-potential. The Lagrangian (4) yields, through the standard
Euler-Lagrange equations, familiar field equations

(2.7 +m*) 6=0. (29" +m*)§ =0,  V“Fu=ie (@ - 9%9).
(6)

Next we wish to rewrite these equations as a system of first-order spinorial equa-
tions. Electromagnetic spinor ¢4 p is related to the potential A, by

$ap = VxaAj). ()

We reduce the gauge freedom imposing standard Lorenz condition V, A = 0, so that
the Eq. (7) simplifies to

VQ/ABA’ = —¢asB. (®)

Because we prefer our equations to be of the first order, we retain both ¢ 4 p and A 4 4/ in
future formulae and Eq. (8) will be regarded as a dynamical equation for the potential
A,. Spinor form of (6) then implies the equation for ¢4p:

Vigap = % (@Zsd — 6 D) = % (Boo—0y) —$d Ay )

In order to derive first-order equations for the scalar field, we introduce notation

(cf. [1])
0o = Va9 and @paa = Vpx ¢ (10)

which eliminates formally the second derivatives of the scalar field ¢ that are present
in the Eq. (6). These equations are equivalent to the wave equation

Op = —2ie A%, + (2 4% A4, —m*) (11

and its complex conjugate. At this point we could employ the Newman—Penrose for-
malism and express (¢ with the help of only the first derivatives of ¢, and the spin
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coefficients. However, it is more convenient to decompose spinor Vf,go Ap’ Into its
symmetric and antisymmetric parts,

A _uA 1 A X _ !
Va#ap =Viuppia+ 5 eap Vy ¥y = —Uapd - S e U,

and use [y pr¢p = 0. (Commutator Lgp = Vyr(a Vg)/ annihilates scalar quantities.)
Now the scalar Eq. (11) is equivalent to the spinor equation

1
Viean = ieAGeenn + 5 (m2 e ACAC) beap. (12)

If, on the other hand, we apply the procedure of spinor decomposition to covariant
derivatives 9, = 244 in the Klein—-Gordon Eq. (6), we arrive at somewhat more
elegant formula

! l
DX Doy = §m2¢m —iedpap. (13)

Here, the Lorenz condition has not been imposed and Eq. (13) is manifestly gauge-
invariant.

Now we turn our attention to equations of gravitational field which is described
by the Newman—Penrose spin coefficients, the Weyl spinor ¥4 pcp, the Ricci spinor
@ 4 p 4 pr and the scalar curvature A = R/24. Equations for the spin coefficients follow
from the spinorial form of the Ricci identities [19]

Ocpéa = Yapcp €8 —2Aeacép), DOcopéa= Papep E8,  (14)

where &4 is chosen to be one of the basis spinors 04 and t4. The Weyl spinor and the
Ricci spinor satisfy the Bianchi identities

VaWasep = Vi@pows. VPP ®apap =—-3VanA. (15)

Moreover, the Ricci spinor and the scalar curvature are related to the energy-
momentum tensor by the Einstein equations [20]

Dapap =47 Tapgyapy, 3A=mTxy V. (16)

In order to obtain the energy-momentum tensor 7, we vary the action of the electro-
scalar field with the Lagrangian (4) with respect to the metric g¢°. This yields (cf.
(171

1 1
Tap = E [(@(ad’) (gb)j Fbc - 5 8ab f]
1 _ —_ 1 1 _
=1 [(@(dﬁ) (Dby@) + PaB barp — 5 8ab (Z:9) (7°9) + 3 m* gap ¢>¢] .

7)
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where the factor (477)~! has been included for convenience. Using the Einstein equa-
tions (16) we find that the Ricci spinor and the scalar curvature are given by relations

Pagan = (Zad) (Z8)5)®) + da darp,
1 _
A= [— (Zut) (7°9) +2m2¢¢] . (18)

To summarize, the unknown variables representing the matter fields are the potential
A, governed by Eq. (8), the electromagnetic spinor ¢4 p governed by (9) and the scalar
field satistying (13). Corresponding Newman—Penrose projections are summarized in
the Appendix 7, Egs. (73), (76) and (78). The components of the Ricci spinor and
the scalar curvature are given by (18) and their are listed explicitly in the Newman—
Penrose form in the Appendix 7, Egs. (79) and (80). The Weyl spinor and the Ricci
spinor satisfy the Bianchi identities (15). Corresponding Newman—Penrose equations
[18,19] are listed in the appendix for the reference purposes.

3 Asymptotic behaviour of the fields

We are interested in a weakly asymptotically simple solution of the Einstein-Maxwell—
Klein—Gordon equations which is analytic! in the neighbourhood of the future null
infinity .# . We employ the notation (]f/f , 8ap) for the unphysical spacetime and
(M, gap) for the physical one, where, by assumption of weak asymptotic simplicity,
the two metrics are related by conformal rescaling

gab = -ngab~ (19)

To proceed further we need to establish a coordinate system and the Newman—
Penrose null tetrad in a neighbourhood of .# . In accordance with [19] we introduce
coordinates x* = (u,r, x2, x3), where x!, I = 2, 3, are arbitrary coordinates on
the 2-sphere, u is an affine parameter along null generators of .# ™ and r is an affine
parameter along null hypersurfaces intersecting .# T in cuts u = constant. Vector [ is
chosen to be tangent to these null hypersurfaces and orthogonal to the cuts of constant
(both) u and r. Null vectors m® and m* are chosen so as to span the tangent space of
these cuts. Resulting null tetrad has the following properties.

— [* and n“ are real and null vectors normalized by /“n, = 1. Vector m¢ and its com-
plex conjugate m“ are null and complex, satisfying the condition m®m, = —1.
Remaining scalar products between these four vectors are all zero. Their compo-
nents with respect to the basis induced by the coordinates (i, r, x%, x>) read

" =(0,1,0,0), n*=(,H,C?C3,

oy (20)
mh = (0,0, P2, P3), " = (0,0, P, P).

! In order to calculate the Bondi mass, the analyticity is not necessary and weaker assumptions on the
differentiability of the solution could be imposed. In what follows we use the analyticity to argue that the
mass of the Klein—-Gordon field must be zero.
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— There exists a spin basis (0*, 1Y) such that
— / - ! - / I — !’
1 = 0404, n® =A™, m® =0, mt=.49". 21)

— Functions H, C! and P! are subject to the frame equations:

DH=-y -7, (22a)

pc! = 2z p! +27P’, (22b)

DP! = pP! + 6P, (22¢)

AP' —s5C! = (y —y — P! — 7P, (22d)
SH = —7, (22¢)

SPI 5P =@ -B)P +(B-0)P, (22f)

where we have used the standard Newman—Penrose notation
19V, =D, n'V,=A, m°V,=8, m'V,=3. (23)
— Some of the spin coefficients get simplified:
e=0, k=0, u=um, p=p, T=1=0a+p. 24
— In accordance with (19) we choose a spin basis in the unphysical spacetime
M =07 1oA, A=A, Ga=o04, Ta=S14. (25)
Associated unphysical null tetrad then reads
" =Q72% a%=n% w"= "'m. (26)
We assume that unphysical spinors 0% and 7 are regular on .# which implies
that physical spinor 04 = £20% vanishes on .#* while the spinor (4 remains
non-vanishing there.
— In the neighbourhood of .#* we can use the conformal factor £2 as a coordinate

instead of r by setting d§2/dr = —£22. The Newman—Penrose operators (acting
on scalars) then read

D=-0%o, A=0,—R*Hio+Clo;, §=Po. (27)
In particular, we have

DR =-02% AQ=-07H, §2=35R2=0. (28)
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In addition, by (25) we have
cl=0@), Pl=0(®). (29)
Next we establish the asymptotic behaviour of the spin coefficients under the

assumption that unphysical spin coefficients are regular on .# ¥, i.e. they are of order
0 (1). Under the conformal rescaling, the spin coefficients transform as

Kk=02°%, T=027T4382, o =225, 0 =22p+2 DS,
e = 2°F, y=7+R7'A2, B=0B, a=Q0+382,
T=R7-0R2, v=8017, u=n-2'AQ2, r=nx. (30)

These relations have been derived using the definitions of spin coefficients, the rule
for the transformation of the covariant derivative [19,21] and the behaviour of the spin
basis (25). Derivatives with the hats are operators associated with the unphysical spin
basis 0 and 7%. We assume the order ¢ (1) for all unphysical quantities.

In the tetrad introduced above, coefficients ¢ and « vanish and thus, by (30), their
unphysical counterparts € and ¥ vanish as well. Moreover, by (28) we have
T=QT=0(2), 1=27=0(), a=Ra=0(2), B=2B=0(2).
For the coefficients y, i and A we find

y=7-QH=00), p=0+RH=0Q0), r=r=00). (@31

The coefficient v is apparently divergent on .% ~,

V= ' 9=0 (9—1) , (32)

because of (25), but we will show that in fact v = ¢ (£22). The coefficient o is of the
order

o:.szf:ﬁ(.Qz). (33)
Finally, for the coefficient p we have (see [19])
p=227—Q =—9+6°(93).

Let us now turn to the asymptotic behaviour of the matter fields. Appropriate con-
formal transformation of the four-potential A, is A, = Ag, so that the unphysical
electromagnetic spinor ¢4 p is

bap = @/(A/?fé) = 2 Pas.
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Assuming that the unphysical quantities are of the order & (1) near .# T, for the
Newman—Penrose components of the potential we obtain

Ag=A " =0 (2%), A=Am®=0(Q), A;=Am" =0 (),
0 a ( ) 1 all (£2) 1 aml (£2) (34)
Ay = A =0().

Similarly, for the electromagnetic spinor we find standard asymptotic behaviour in the
form

do=gapo’of =0 (2°). p1=gapo"P=0(2%). pr=gap’f =0 (@).
(35)

The spinor form of the Klein—-Gordon Eq. (12) is genuinely not conformally-
invariant and so we have to prescribe the conformal behaviour of the scalar field on
the physical grounds. Natural requirement [1] is that the physical scalar field vanishes
at infinity, so we postulate

p=0¢=0(2), (36)

assuming that ais regular on .# T, Components of the gradient ¢, = V,¢ then behave
according to the formulae [recall (27) and (29)]

¢0=ﬁ(92), <p1=ﬁ([22), %=ﬁ(92), 0m=0(2), (7

where the Newman—Penrose components of the field ¢, are defined by (75).
The Weyl spinor is conformally invariant with zero weight?:

Yapcp = YaBcp.

Under certain weak assumptions it is possible to show [19] that IIA/A pcp vanishes on
# % so that smoothness shows it is of order ¢ (£2). Hence, for the Weyl tensor we
obtain usual asymptotic behaviour

qfozﬁ(sf), wlzﬁ(sz“), %:ﬁ(ff), %:ﬁ(ﬂz), W, = 0(2).
(38)

2 This depends on the conventions used. What is convention-independent is the behaviour of the Weyl tensor
Cabed = YABCDE A g'éc’ pr- In the non-abstract index formalism, components of tensors are related to

. . ’
components of spinors via van der Waerden symbols (r;‘A

they affect the conformal weight of ¥4 pcp, as in, e.g. [22].

which can have a conformal weight and thus
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Asymptotic behaviour of the components of the Ricci spinor can be found from Ein-
stein’s equations (79):

A (94) , o (94) , B =0 (92) ,

Doy = O (94) , O =0 (9*) , Gy = O (:22) .
Behaviour of the scalar curvature A is found from (18) to be
A=0 (92) . (39)

This completes the discussion of the conformal behaviour of physical and geometrical
quantities used in the calculation.

4 Asymptotic solution

In this section we present the asymptotic solution of Einstein-Maxwell-Klein—-Gordon
equations introduced in the Sect. 2. Let X be any Newman—Penrose scalar quantity
which is of the order &' (£2"). Then, assuming analyticity of the solution, we expand
this quantity into the series in coordinate £2 in the neighbourhood of .#:

o
X = Z x® ontk, (40)
k=0

Expanding all Newman—Penrose quantities® in this way and using the field equations
we find the coefficients X©@, X .. in the leading terms of expansions (40).

At the first stage we employ the Ricci identities (81a), (81b), (81c¢), (81d) and (81r)
and the frame Eq. (22f) which yield the following expansions of the spin coefficients
p,o,aand B:

0 2_9_(0<0>E<0>+¢(0>$<0>> 03 _ (¢<0> o0 + ¢<1>5(0)) ‘v o (95) ’
(41a)

c=004 (0(0)25(0) = % 9O 4o @ p© 5“”) @'+ o(2), @

a=af2+ (55(0) + aE(O)) 2>+ 0 (93) , (41c)

ﬂ:—a.Q—aa(O).Qz—i-ﬁ(.QS), (41d)

3 By the Newman—Penrose quantities we mean five components ¥, m = 0, ... 4, six independent com-
ponents @y, m, n = 0, 1, 2, twelve spin coefficients, three electromagnetic components ¢, m = 0, 1, 2,
four components of the potential A;;, m = 0, 1, 1, 2, and the scalar field ¢.
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r=T= @M+ 0 (93) , (41e)

where o (?) is the asymptotic shear of Newman and Penrose [23,24] and

cotf

2/2°

Operators  and O are defined by relations [19]
on=0on+2wan, On=0dn—2wan, (42)

when acting on the scalar n of the spin weight w.
Now, the & (£22) terms in the Ricci identity (81g) give

m? ¢(0) 5(0) =0,

where m is the mass of the scalar field. The coefficient ¢(? is the leading term in the
asymptotic expansion of the scalar field and in fact represents the radiative component
of the field. If we do not want to exclude the presence of the scalar radiation which is
expected to contribute to the Bondi mass-loss formula, we are forced to setm = 0. This
is in agreement with the fact that massive fields do not extend to .# T, see [1,25,26].
Hence, in what follows we will consider only the massless scalar field.

Assuming now m = 0 and ¢© £ 0and using all Ricci identities (81a)—(81r) and
the frame equations (22a)—(22f) we find the asymptotic expansion of remaining spin
coefficients:

r= 02+ (%E(O) - 555(0)) 2’40 (93) , (43a)
p=—z2- (525“» +0050 $yl® 4 %au(qs“”a“”)) 2+ o (2%,
(43b)
y = (a6a<°> —ado® — %%(0) + éau (¢<°>$°)) 2’40 (93) , (43c)
V=0 (92) . (43d)

Components of the metric tensor with respect to the coordinates (u, r, 6, ¢) are
given in terms of the metric functions H, C! and P! satisfying the frame Eq. (22).
Their asymptotic expansions read

1 /1 _ 1 1
__ L (Y L oz0,_ L,0 _ 150 s
H = 2+(38u(¢ 60— 2W2)9+ﬁ(9), (442)
1 _
2 _ —(0) 0) 2 3
c? = —ﬁ(aa + 30 ).Q +ﬁ(9), (44b)
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3= ﬁi'n@ (53“’) —5(7(0)) 2240 (93) . (44¢)
1

Similar expansions can be obtained for the components of the Ricci tensor and the
Ricci scalar,

Do =00 24 12 (6050 + 605" 23+ 0 (2°), (452)
Do) = —16(¢<°> §Met+ o (2°), (45b)
B = ( 0 A0 4 @39 +ieap©@) (@5 — ieA§°)$(°>)) ‘40 (95) :
(450)
e Za (6°9°) 27 + o (2%). (45d)

1= . 1. — ) _
@y = ( P A0 4 5600 + ieAVp©) 4 EUANCIR zeA(lo)qS(O)))

B+ 0 (94) , (45¢)
By = (A‘O) AY 1O 5«”) 2210 (93) , (45f)
A_—8 (¢¢)Q3+ﬁ(94), (45g)

and for the components of the Weyl spinor,

=" 2 +y @b+ o(27), (462)
v =u” 2+ eV 2%+ 0 (29, (46b)
v =v 0 (94) , (46¢)
v =u @2+ 0 (2%, (46d)
v=vPo+uV 2’10 (93) , (46¢)
where
v = 5@, @ = —&—'0, vV = 55" (47a)
(1/1(0) 20608690 42460570 + 3+ a)(qb(o) o), (47b)

v =340 5y — 605(® 5O) 1 - (¢<0>5¢(1) 5«»5(]5(1))
4+ 0<0>5(¢<0> 30y — (¢(1> 96 © 4 M 5¢(0))
2

+ ¢(0) 3© (3 o A(()O) Aio) . 50(0))
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3. I _
+lie [A(()O) $© (5¢(0) _ ¢<1)) — AP GO (5¢<0) _ ¢<1>)] , (47¢)
. 2 = 1 /= ey —
G0 = s 05O 1 pO GO | 5y _ c (¢<0> © 4 GO ¢<0)) +o© g
+ 2 (AD2 O 5O L e 4, (¢(0) 30 _ 40O 5«))) . (47d)

For the components of electromagnetic spinor we find the following expansions:

do =9 2+’ 2+ 0 (29, (48a)
=022+ 23+ 0 (94) , (48b)
pr=90" 2+ 2%+ 0(27), (48¢)
where
o = 0@ AY —5AD, (492)
o = —3A©, (49b)
oV = 6A§°> - A(TO). (49c¢)

5 Bondi mass

In this section we finally construct the expression for the Bondi mass. We adopt the
approach based on the asymptotic twistor equation as described in [19,27]. The twistor
equation reads

Vi ho® =0. (50)

A

Spinor w” can be written as a linear combination of the basis spinors,

wA—a)OoA+w LA

In the following we assume that the components

a)oz—LAa)A and a)lzoAa)A

are regular on .# . Null vector m® has the spin weight 1 which, assuming €45 has
the spin weight zero, implies that the spin weights of 04 and (4 are 1/2 and —1/2,
respectively. Consequently, the components »” and w! have spin weights —1/2 and
1/2.

Twistor equation is conformally invariant if the spinor w” has conformal weight
Z€ro, i.€.
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In order to obtain explicit form of the twistor Eq. (50), we project it onto the spin basis
and arrive at

Do' = /ca)0+ea)l, AwO:—ywO—vwl, (51a)
Swoz—aa)o—kwl, Sw' = aa)0+,3a)1, (51b)

Do’ —Sw' =—(8+,0)a)0—((x + n)wl, Aw' =80 = (,B+r)cuo+(y + M)wl.
(51c)

In general spacetimes, these equations do not possess a non-trivial solution. Thus,
since we are interested in the Bondi mass which is defined at null infinity, we restrict
the twistor equation to .# in what follows.

Quantities »” and ' are regular by assumption and hence can be expanded in the
neighbourhood of .# into the series of the form

a)O:a)8+a)(l).Q+ﬁ(.Qz), a)]zw(l)—i—w}(z—i—ﬁ(ﬂz). (52)

Using expansions of the spin coefficients and the Newman—Penrose operators, we find
that leading terms a)g and a)(l) satisfy relations

dwy =0, Jw)=-w), a)=0, ol =0, (53)

where the dot denotes differentiation with respect to the variable u.
Next we define the symmetric spinor [28,29]

UAB = (w(AVg)EC’ — EC/V(CAQ)B)) , (54)

1
2
and the associated two form

ﬂub=uA38A/B/ +Upp EAB.- (55)

Now, following [19], we choose a null hypersurface ¥ which extends to .+ and
define S(£2) to be the two surface 2 = constant in X'. Hence, the hypersurface ¥
intersects # T at the two sphere S(0). In addition, we define

1(2) = f Fap 100 dS
S(£2)

and

lo=lim 1(2) (56)

if the limit exists. The Bondi four-momentum P¢ is then defined by the equation
Iy = P%,,

Al
where k% = wi@? .
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The induced volume form on the two surface S(£2) is

@y =n1eqped = i (ec'proctp — ecpocip) = O (9_2) -

Thus, in order to show that the limit /y exists we have to show that the integrand
behaves as

Fapln® = 6 (92) .
Direct calculation shows
Fapl®n® = p @ + po'd' + % (71 '@ +@' 8’ — Eoga)l) .

Using expansions (41) and (52) we find

Fapl®n® = 2% [_wg—g - %w(l) @) + Byl — agﬁwé} +o (92) .57
By (53) we have
—@) dwh = w) @y
and so
Fapl®n® = 2% [—% wh @y + 55(%8} +0 (92) : (58)

Using the commutator
=01 L
[6, 6](,00 = —Z Wy
2
and asymptotic twistor equation (53) we find
0 = 1 a1, Lo

which implies

Fapl®n® = 0 (92)
and hence the limit I in (56) exists.
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Expanding the quantity .%,,[n? further we arrive at

Fapl'n® = 22 % [ 200 @) — o @) + 1! wh @y + (07 0) w) @) + 70 @) v

—0 D%} 0w) + @t 3w + @} 30 — @ Bw) — 58&0%] +0 (82

—
w
N—

Imposing (53) this simplifies to
Fapl®n® 92%[ o) @) + ! ol @ + @) ) B (0)5(1)50)8—}—6(1)50)?]

to (93) . (60)
Next we have

[ ~of @ +@poef | =9 |@uh)d) +whoe!]
= 9t | wjomy + @yoef | =9 [o(iap |
which vanishes on integration,
]{ d(V@y) dS =0,
because quantity w?a(l) has the spin weight —1. Thus,
Ip = 7{ 0wl of@y - 0O @ydel + wjeior® | dS. 61)
Let us use Eq. (53) again to rearrange the third term of the integrand (61),
]{ R f 9 (wh 7 0}) S + ]{ 5 0} (93)) dS.

where the first integral on the right hand side vanishes because of the spin weight of

the argument of the 0 operator. Next we expand quantity a)(l) of the spin weight 1/2
into the series in spin-weighted spherical harmonics,

00 l
=2 2 am Vi ey
=0 m=—I]—

where the coefficients a;,,are time-independent by (53). Since the operator 0 () acts
as the spin raising (lowering) operator, we can write

aYYZm = Cslm s+1Ylma 8sYlm = dslm S—lYIWLa
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where particular form of coefficients ¢y, and dgj,, is not important. Applying 0 on
a)(l) and imposing (53) yields

00 l
ZZ Z almCIImQ l+2 m+2 =0.

=0 m=—I-1

Functions 3 Y Im vanish by definition while the orthogonality of spin-weighted spher-
ical harmonics implies

ap, =0 for [ > 0.
The quantity w(l) then acquires the form

a)(l)zalYl 1+bi1Y1 1. (62)
2272 2 2

Application of 97 to this expansion immediately yields
_3Y1 1 =0. (63)
Hence,
7{ w} @) 85 dS = 0.
Finally, the last vanishing term in (61) is
7{6(0) 6(1) 5w8d§= —7{0(0) 5(1) 52w6d§= 0

by (53) and (63).
Thus, we have found that the integral I exists and reduces to

Ip =N 7{ n' o) w)ds, (64)
where le is 0 (522) term in (43b) so that the integral reads
Io = 7{ (wo +0OFO0 + (¢>° ¢°)) w} @y dS, (65)

where we have used

j{62§d§ =0.
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Now, (62) implies that the spin weight zero quantity a)(l)a(l) can be expanded as

1
w(l)a(l):aYOO"‘ZﬁmYlm (66)

m=1

for some coefficients « and $,,. Since the Bondi mass is a zeroth component of the four-
momentum, we set 8,, = 0 and @ = 1 which corresponds to the timelike direction.
With this choice, we arrive at the expression for the Bondi mass of electro-scalar
spacetimes in the form

1 ) 19 o) ~
Mp = —— WO 4+ o OF0 4 = — (4949 ) ds. 67
B Zﬁf(zﬂf o +68u(¢¢) S (67)

Corresponding mass-loss formula is found by taking the derivative of (67) with respect
to variable u and using Eqgs. (47d) and (47a):

. 1 . — A - . —

_ S(0) =(0) | 4070 , 3050 4 ;40 (4,050 _ 070
My = P [60F0 + 8B+ 475 +iead (9°4° - 95

+e? A9 A9 0 50] ds. (68)

Clearly, the first three terms represent the mass-loss by gravitational, electromagnetic
and scalar radiation, while remaining terms represent the mass-loss by interactions
between electromagnetic and scalar fields.

The Bondi mass-loss formula can be brought into simpler form when we define

2,00 = 3,00 +ieA)?. 2,60 =8, —ieA)P©,

so that &, is the projection of the gauge covariant derivative n® 7, restricted to .#. In
terms of the operator Z,, the Bondi mass-loss formula reads

1
N

This expression is manifestly gauge invariant and negative semi-definite. Hence, unlike
the conformal scalar field with indefinite “mass-loss” formula (3), in the case of
interacting electromagnetic and massless Klein—Gordon fields, the Bondi mass is either
constant or decreasing function of time. Alternatively, expression (69) can be rewritten
in terms of the four-potential A, using the relation (49c):

Mp = [(-,m) 7O 1 939+ (%¢(0>) (%5@))] ds. (69)

1
N

In the absence of electromagnetic field, formulae (67) and (69) reduce to expressions
(1) and (2) found in [1] for the massless Klein—Gordon field.

My = (6050 1+ AY A 1 4050 a8, (70)
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6 Conclusion

In this paper we have derived the spinor equations for the system of coupled gravi-
tational, electromagnetic and scalar fields and found the asymptotic solution of this
system in the neighbourhood of the future null infinity. The asymptotic solution reduces
to the well-known expansions for electrovacuum spacetimes [21,24] and our previ-
ous results on spacetimes with the scalar field sources [1]. Using this solution and
the solution of asymptotic twistor equation, we have arrived at the expression for the
Bondi mass of resulting electro-scalar spacetime, Eq. (67). This expression coincides
with (1).

The Bondi mass-loss formula has been derived and expressed in terms of the four-
potential (70) and in the gauge invariant form (69) which is manifestly negative semi-
definite. This last result shows that in the case of electro-scalar spacetimes, the Bondi
mass is a non-increasing function of time.
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7 Appendix 1: Field equations in the Newman—Penrose formalism

Four-potential A, = A 44/ is areal vector field and its components with respect to the
spin basis will be denoted by

XGX' XX’ (71a)

4

Ay = Axx KoY, Ay = Axx KT (71b)

Ay = Axx0°0 Al = Axxo

Similarly we introduce the Newman—Penrose components of electromagnetic spinor
$ap by

¢o=gapot o’ ¢ =gapo’ B, dr=gap il (72)
Potential A, is governed by Eq. (8),
V:\VABA’ = —daB.
Projections of this equation onto the spin basis are

DAy —8Ag= (T — @ — B)Ao + (¢ —E + p)A1 + 0 A7 — kA2 + ¢o, (73a)
DAy — A7 = —pAg+ A + (T —a+ B)AT+ (P —e —E)Ar +¢1,  (73b)
AAp—8A1 =(y +7 —MAo+ (B—a—T)A| — 1A+ pAr— 1. (730)
AAT —8Ay =vAg — AL+ (¥ —y — AT+ (@ + B —T) A2 — ¢o. (73d)
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The Lorenz condition V¢A, = 0 in the Newman—Penrose formalism acquires the
form

DAy — AA)—8AT—8A1=(y +7 —u— Ao+ (T —a + B —T)A|

+@—-a+B—-—1)A7+(p+p—e—-8A =0.
(74)

Projections of the gradient ¢4 4/ = V4 4/¢ will be denoted by

Y0 = D¢9 Q2 = A¢7 Y1 = 8¢’ o1 = (157

A A G (75)
(/)O:D(P’ (/)2=A¢9 (/)128(1), ¢T=8¢

Now we can complete equations for electromagnetic field. Equation (9),

VAdap = % @ op— @) — 2 Ap,

is the spinor version of Maxwell’s equations with four-current j on the right hand
side. Projections of this equation onto the spin basis follow:

D1 — 8o = (T — 2a)po + 2p1 — k2 + % (6Bo — dpo) + *ppAo,  (76a)

Dy — 51 = —Ado + 2761 + (p — 26)ps + % (677 — o) + 2dpA7, (76b)

ie

Ago =861 = 2y — wdo =211 + 02 + 5 (Po1 — ¢9)) — PppA1,  (76¢)
Ay — 8¢p = vpo — 2u1 + (28 — T)¢2 + % (bp2 — 67,) — PppAr.  (76d)

Dynamical equation for the gradient ¢4 4/ is provided by Eq. (12)

1
Vieaw = ie AGeeny + 3 (m? = AA) peaw. (77)

Projected on the spin basis, this equation is equivalent to any of the following four
scalar equations:

Dop — 3¢90 = (1 —a — B)po + 091 + (0 + & — &)y — K2, (78a)
D@y —8p1 = —igo + (1 —a + B)o1 + To; + (p — & —E)pa — pm?/2

+e?¢ (AoAr — A1AT) +ie (A1pr + ATe1 — Aowz — Adgo)
(78b)

Apy =807 = (v +7 — W0 — To1 + (B — T — Dy + o2 — pm’/2
+ ¢ (AoAz — A1 A7) +ie (Argr + Aror — Aoga — Aago) , (78¢)
Ap =8¢ =Vgo + (y =V — W1 — kep + @+ B — Do, (78d)

@ Springer



On the Bondi mass of Maxwell-Klein—Gordon spacetimes Page 21 of 23 1665

The Ricci spinor is related to the electro-scalar fields by Einstein’s equations (16)
and is given by formula (18). The Newman—Penrose components of the Ricci spinor
read:

Do = B0 by + (Z09) (Zod) = podo + vo@o + € Ajpd + ie Ao (6To — Po) .

(79a)
D01 = ¢ ¢1 + (Z09) (21)9) = dod1 + ¢o@1) + CPPAoA;
+iepAppy) —iepAppr), (79b)
_ 1 _
o1 = 4181+ 5 [ (209) (229) + (Zu8) (719) | (79)
_ 1
= 9181+ 5 |90 + 0P +ied (AaFy + Aawy))
—ieg (A0wn + Aagy) ) + €66 (4042 — ArA7)] (79d)
P = dods + (219) (219) = dodr + 0181 + EPAT +ie (pAI1G) — pA191) ,
(79e)
D12 = ¢16s + (200) (22)9) = d1¢2 + 01 92) + CpPAIAr
+ie(pAnpr — dAQeY). (79f)
D2 = 2y + (220) (228) = $2d + 02 By + PPA3 + ieAr ($9 — P92) -
(79g)

6A = 9 @7, — 902y +icd (A(owz) - A(l‘ﬁ)) +ied (A(@T) - A(O@))
+ 20p (ATAL — AoAz) + mPdd. (80)

The Ricci identities in the tetrad introduced in Sect. 3 simplify to the following set
of equations.

Dp = p> + 07 + Py, (81a)
Do =2po + W, (81b)
Da=pa+po+pm+ P, (81c)
DB =(a+m)o+pB+Y, (81d)
Dy =2ma+2nf+am+¥ — A+ Pqy, (81e)
DA —08w =ph+ud +2am + Py, (81f)
Du—dm=pu+or+2n+v¥h+2A, 81g)
Dv—Anr =2 pu+4+27A+ (y —y)7r + W3 + Doy, (81h)
Dt =2wp+2m0 + ¥ + Do, (811)
Ap—8t=@Qp+y—wp—ocr—2a1 -9 —2A, (81j)
Ao =81 =—(u—3y+7V)o—Ap—2B8T— D, (81k)
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A=8v=—Qu+3y—Pr—QCa+p)v, (81D
Aa =8y =pv—(B+Dr+F -—wa+B-Ty—¥, (81m)
AB =8y =—pt+ov+(y -7V —wp—ai—2p, (81n)
Ap—8v=—(U+Y+V)U—AA+VT +2BV— D, (810)
Sa—8B=pup—ro+aa+pp—2aB—¥+ A+ d, 81p)
Sh—Spu=mp+ @—3B)r— W3+ Dy, (81q)
Sp =380 =@+pB)p—Ba—p)o— ¥+ Py (81r)
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