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Separability of test fields equations on the C-metric background
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In the Kerr-Newman spacetime the Teukolsky master equation, governing the fundamental test fields, is
of great importance. We derive an analogous master equation for the nonrotating C-metric which
encompasses a massless Klein-Gordon field, neutrino field, Maxwell field, Rarita-Schwinger field and
gravitational perturbations. This equation is shown to be separable in terms of “accelerated spin-weighted
spherical harmonics.” It is shown that, contrary to ordinary spin-weighted spherical harmonics, the
“accelerated” ones are different for different spins. In some cases, the equations for eigenfunctions and

eigenvalues are explicitly solved.
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I. INTRODUCTION

Boost-rotation-symmetric spacetimes are a special class
of solutions of the vacuum FEinstein’s field equations with
two symmetries which can represent moving objects and
contain radiation. Some exact explicit solutions belonging
to this class are e.g. the C-metric [1] and the solutions found
by Bonnor and Swaminarayan [2]. In general these space-
times are algebraically general, radiative as shown in
Ref. [3] and possess a plausible Newtonian limit [4].

Among these solutions the C-metric is a special case. It is
of Petrov type D—and thus a generalization [5] admitting
charge and rotation could have been found, involving
“uniformly accelerated black holes.”

The method of decoupling and separating variables of the
equations governing fundamental fields is, of course, of great
importance but it has not been applied to the C-metric so far.

In general relativity, the decoupling and separation of
variables is often done by employing the Newman-Penrose
(NP) formalism. If the NP formalism is applied to the type
D spacetimes, the equations for radiative (ingoing and
outgoing radiation) components of a (a) massless Klein-
Gordon field (s = 0), (b) neutrino field (s = 12), (c) test
Maxwell field (s = 1), (d) Rarita-Schwinger field (s = 3/2)
and (e) linear gravitational perturbations (s = 2) can be
decoupled [6,7], and in the case of the Kerr-Newman metric
they can also be separated. We rewrite these equations in
the Geroch-Held-Penrose (GHP) formalism [8] in Sec. IV.
In Sec. 11, we review some elementary concepts of the Ernst
projection formalism which we later connect to the NP
formalism.

The background metric—the C-metric—is presented in
Sec. III. For more details see Refs. [9—11] which encom-
pass a comprehensive historical introduction. The equation
analogous to the Teukolsky master equation is obtained in
Sec. IV for the charged C-metric. We show that the solution
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of this equation can be found using separation of variables
in the canonical coordinates [10]. The angular part of the
solution leads to generalized ‘““accelerated spin-weighted
spherical harmonics.”' These are in general Heun [12]
functions, but for the extremal case the solutions reduce to
rational functions. We find the eigenfunctions and eigen-
values for axially symmetric fields (m = 0) in Sec. V and
show why for m different from zero this is difficult, solving
the same problem for the cosmic string spacetime (the
C-metric inherently contains a deficit angle) in Sec. X.

The electromagnetic field which was the primary moti-
vation is then analyzed in a more detailed way in Sec. VIII.

Contrary to ordinary spin-weighted spherical harmonics
the accelerated ones form a more complicated structure as
they are split into different families according to the spin S
of the field; this issue is discussed in Sec. IX.

II. ERNST PROJECTION FORMALISM

A well-known fact is that in vacuum spacetimes every
Killing vector can serve as a 4-potential of a test electro-
magnetic field. The straightforward generalization to space-
times with matter can be done with the help of the Ernst
projection formalism.

In the presence of the Killing vector field €, the Ernst
projection formalism [13,14] can be used to solve the full
Einstein-Maxwell equations. But the Ernst equations can be
used for solving Maxwell equations for a test electromag-
netic field (which respects the symmetry induced by the
aforementioned Killing vector field, i.e. LZgF =0)on a
given background.

Let F be an electromagnetic field for which LF = 0;
then the potential U with respect to the Killing vector & can
be introduced”

"This terminology can be disputed since these solutions are
not in general eigenfunctions of Laplace’s operator. 4
The complex self-dual 2-form is defined as F* = F +5*F.

© 2015 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.92.124064
http://dx.doi.org/10.1103/PhysRevD.92.124064
http://dx.doi.org/10.1103/PhysRevD.92.124064
http://dx.doi.org/10.1103/PhysRevD.92.124064

DAVID KOFRON

K a [ a xab

SEF, =Ty V=0 Fy =0, (1)
and, conversely,

K
5 Fry = 2F71 (&, )" (2)

The inverse of the norm of the Killing vector (KV) in this
equation is the reason that only very special solutions with
respect to a general linear combination of timelike and
spacelike KVs are, though mathematically possible, physi-
cally relevant. The covariant divergence of Eq. (2) gives the

equation for ¥
v\ e v
(L) ()0

which is a linear partial differential equation where

F = gaéa’ o = gadeé:bgc;d- (4)

The equation (3) is a mid-step in the derivation of the
Ernst equations (for details presented in a modern fashion
see Ref. [8]) where the norm F of the KV € is identified
with —F =1(£+ &)+ &P, where & is the so-called
gravitational Ernst potential whereas & is the electromag-
netic Ernst potential

FOE = (V,€ + 28V,8)VeE, (5)
FOP = (V€ + 23V, )V, (6)

For a given spacetime the Ernst potentials can be calcu-
lated. And these two potentials are solutions of the
Maxwell equations for a test field (3) with U =& or
U =_¢.

III. NONROTATING C-METRIC

The nonrotating C-metric, a spacetime representing two
in general charged uniformly accelerated black holes
[9,11], is given in a modern form [10] with the factorized
structure function G(&) by

3

1

ds? = —
P T Ay

[K%G(y)d‘r2 - @dy2

+ dx? + KgG(x)dqﬂ] . (7)

1
G(x)

The structure function G(¢) is given by the fourth-order
polynomial

JAfter the analytic continuation across the acceleration
horizon.
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in which the structure of roots is defined by
—oo < —1/Ar,, < —=1/Ar, < —1. The parameter A defines
the acceleration of the black hole and the parameters r,, r,,
can be related to the mass parameter M and charge4

parameter g by
rp:MJr\/Mz—qz, P =M —\/M? = ¢°. (9)

The metric (7) covers several regions of the spacetime
but we are interested in the asymptotically flat region
outside the black hole which is covered by the coordinate
ranges 7 € R, y € (=1/Ar,, 1) (with y = —1/Ar, being
the black hole horizon and y = —1 being the acceleration
horizon), x € (1, —1) (with the axis given by x = +1) and
x —y < 0 (the asymptotic infinity is located at x —y = 0)
and, finally, ¢ € (0,2x). The strength of the conical
singularity which is inevitably present in the C-metric is
governed by the parameter K, The constant K, can, of
course, be absorbed in the definition of 7 but we leave it
explicitly present.

The null tetrad adapted to the principal null directions’

reads
T A

V2 y)K, 0t 0y
Gy 1 o o
"___2<G(y)l<fa_5)’ o
_ L AE—Y (g0 0
"= e (g

oo LAy o O i 0
"= e s ) )

and the corresponding nonzero NP coefficients are

7r:—2A G(x), (14)
1 G(y)
- (13
1
T = —7§A G(.X), (16)

“For the sake of completeness, let us mention that the
4-potential of the electromagnetic field is given by A = K, gydz.

It is chosen such that in the limit r, = r,, = 0, i.e. in the flat
spacetime where G(£) = 1 — &2, and after a standard coordinate
transformation x = cos @ the vector m becomes dg + ;.5 9,
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e:—éA%x—y), (17)
p=-LAx-p(VE@)..  (9)
AV2 [1/G(x)
- Lo )
Finally, the only nonzero Weyl NP scalar is
v = 2= 3P (B A4 1

Let us assume that we have a potential ¥(9)(y, x, ¢) of
Eq. (3) with respect to the boost Killing vector &
[respectively W(#)(z,y,x) with respect to the axial
Killing vector &,)]. The equation (3) for the Ernst
electromagnetic potential on the C-metric background is
separable in both cases, i.e. let us assume that ¥(?) =
Y(y)X(x)P(¢p) and W) = T(z)¥(y)X(x). Then the sepa-
rated equations read

G(y)¥,, +A¥ =0, (22)

mr .
G+ N =g E=0. @
P,,+m*P =0, (24)

and

T .+ 0T =0, (25)
GO, + {A + K;g(y)] ¥=o0 (26)
G(x)X , + AX = 0. (27)

From the Ernst potential U() we can construct the
electromagnetic field tensor FF by Eq. (2) and calculate
the NP scalars of the electromagnetic field corresponding to

the potential ¥(#) (respectively W(?)). They are given by

W —iV2A3(x—y)} (K,G(y)WY —w'?))

) , 28
’ KK, G(y)v/G(x) 28)
i/2A2(x — 2\1,(;0)
ol _ V2 <’;( WO (29)
@
ol — VAL =) (KGOIWY + W)
? K K. G(x) ’
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and

o _ —V2A(x —y) (K, G PY) — W) (1)

0 K K, ONC O
YA2(x — 2\1,(111)

gl = V2 =y 32)

K(IJ

- ® L, @

@(2’) _ ivV2A(x — ) (K,G(x)V, +i¥,, ) (33)

K{/}KT G (X)

We observe that there exists a class of solutions for
which L F = Lg F =0 at the same time and thus we
can find both potentials for this field. This gives us a
relation between solutions of Eqs. (24) and (27). If V is the
solution of (GV )+ AV =0 then U = GV is the sol-
ution of the equation GU _, + AU = 0. And, conversely, let
U be the solution of GU ,, + AU = 0 then V = U _ is the
solution of (GV ) . +4V = 0.

More generally, the Ernst potential can be found for a
general linear combination of &) and ¢, if the Lie
derivative of the electromagnetic field along this vector
field vanishes, but then the separation of variables leads to
static and axially symmetric solutions only.

IV. MASTER EQUATION

Teukolsky [6] provided decoupled equations for NP
components of the gravitational perturbation W, and ¥y, of
the test electromagnetic field ®; and ¢, and of the neutrino
field y, and y; in a general type D spacetime and performed
a detailed analysis of these equations on the Kerr-Newman
background. The C-metric is also a type D solution and
therefore we can perform a similar analysis. The equations®
for gravitational perturbations read

[(D—-3e+e—40—-0)(A—4y+p) (34)
—(6+m—a—-3B-47)(0+ 7 —4da) = 3y,]¥, =0,

[(A+3y =7 +4u+p)(D+4e—-0) (35)
— (6 =7+ +3a+4n)(6—1+4p) — 3y, |V, = 0;

the equations for the Rarita-Schwinger equation read [7]

[(D—-2e+&-3¢—-0)(A=3r+n) (36)
—(6+rm—a—-2-37)(0+r—3a) —y,|Z, =0,
[(A+2y—7+3u+p)(D+3e-¢) (37)

—6-7+pB+2a+37)(6—7+3p) —ys|Z5 =0;

6 . .
'We consider vacuum solutions only.
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the equations for the test electromagnetic field read

(D-e+&—-20-0)(A~2y+u)
—+r—a—-p-20)(0+r-2a)]P =0, (38)

[(A+y=7+2u+p)(D+2e-0)
—(6-T+p+a+2n)(A-—1+28)]P, =0; (39)

and the equations for the neutrino field read
(D+E-¢—-0)(A—y+u)
—+ra—a-1)6+a—a)yy=0, (40)
[(A=7+u+p)(D+e=-e)
— =T+ +m)S =P =0. (41
Equations (34), (36), (38) and (40) for NP scalars can be

rewritten using the GHP formalism in a more compact
form:

[(b—2—40)(b"+4) (42)
—(0+7—47)(0 + ) — 3y, ]Uy =0 fors =2,

[(b—2-3e)(b'+4) (43)
—(0+7-37)(0 +7) —yr]Zy =0 for s =735,

[(b—0—20)(p' +p)
—@+7-20) +1)Py =0 fors=1, (44)

e=0o)(b' +4)
O+7—7)(0 +7)yo=0 fors="Y2, (45)

[(b

from which we infer, for ® € (U, Xy, P, xo) and general
s>0

[(b—0—2s0)(b' +n) = (0+ 7 —257) (&' + 7)
— 2s—1)(s = Dya]® =0, (46)
and the same analysis of Egs. (35), (37), (39) and (41)

results in an equation for ® € (¥, X5, @,, y,) for general
s <0
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(V' + 7= 250)(b - @) — (0 ~ 7= 25m)(0 — )
—(2s+1)(s+ Dy,]® =0, (47)

which leads to the massless Klein-Gordon (s = 0) equation
in the GHP formalism

[(P=0)(b' +u)—(@+7)(0 +7) -y, =0, (48)
or, in the NP formalism

(D+e+e-a)(A+p)
—(@+a-a+p)6+a)—yyJ0=0, (49)
which is an assertion we have to prove.
The d’Alembert operator acting on scalar is simply
given by
0=V, = (=n,D — A + in,5 + m,0)
x(—=nD — I°A + m*s + m“5).  (50)

The d’Alembert operator then can be expressed (cf.
Ref. [15]) as

1 _
—ED:DA—55+uD+(€+é—@)A
— @5+ (a—p -0, (51)

but expanding [(p —¢)(p’ + ) — (0 + 7)(&' + x)] [acting
on the field of GHP weight (0, 0)] and using the Ricci
identity for Dy — ¢, or expanding [(p' + f)(b— o) —
(' —7)(0 —7)] and using the Ricci identity for Ag — 67
results in

[(b—2)(b' +n) = (0+7)(0 +7)]
="+ -e) - (0'-7)(0-7)]

1 4
=-3 D—21//2—§R—20'/1~|—21/K . (52)

Thus Eq. (48) is indeed the massless Klein-Gordon
equation (for Ricci flat type D spacetimes).

Regarding the NP spin coefficients given in Eq. (20), the
equations listed above can be represented as a master

equation for @(r,y,x, @) which is a function listed in
Table 1

TABLE 1. Separable ansatz, spin and GHP weight of field components.

<i) Q—l \114 Q—l ng Q—l (DIZEM o~ Q—l (DKG ()—2)(0 Q—3 (D(}%M Q_4E(]}S Q—S \I/O
s -2 —3/2 —1 %3 0 %3 1 3/ 2
GHP weight (-4,0) (-3.0) (2.0 (-1.0) 0,0) (1,0) (2,0) (3,0) (4,0)

124064-4



SEPARABILITY OF TEST FIELDS EQUATIONS ON THE ...

1 [d, sG(»),®. (s+1)(2s5+1) .
|2 St GG b -
2 1
N += N
+KK@¢AJ+S32G@)”®:Q

This equation, which is a generalization of the Teukolsky
master equation for the C-metric (yet, contrary to the
Teukolsky equation itself, only for the nonrotating case),
can be separated by the following ansatz:

A

d = e—ia)teim(/)y(y)‘)c'(x), (54)

which leads to the equation for the angular part (56) in the
next section and the equation for the radial part (71) in
Sec. VIL

Only massless Klein-Gordon equation is separable on
the C-metric background and so is the Dirac equation—
which in the massless limit is the Weyl neutrino equation
and thus is already included above.

We have also discussed only NP scalars of maximal spin
weight because only for these the equations are decoupled
in type D spacetimes. Of course, to solve completely, for
example, the electromagnetic field, we would have to also
analyze ;.

V. ACCELERATED SPIN-WEIGHTED
SPHERICAL HARMONICS

According to Ref. [16] the spin-weighted spheroidal
harmonics are regular solutions to the equation

[(1- xZ)SEfr)n)!x]‘x + {(cx —5)2—s(s—1)
S()m) =0. (55)

The constant ¢ arises in the equation during the separation
of variables of various fields on the Kerr-Newman back-
ground only if aw # 0. In the limit ¢ = 0O the separation

constant is AE‘;)n) =1(l+1)—s(s+ 1) and then the stan-
dard spin-weighted spherical harmonics are obtained.

The separation of variables of the master equation for the
C-metric (53) leads to the equation

for the angular part which, according to Sturm-Liouville
theory, possesses an infinite number of regular orthogonal

[G(y) ']

PHYSICAL REVIEW D 92, 124064 (2015)

v, 1 ‘i{w_isG(x).x&)’,ﬂ_szG(x),zx(ﬁ

4

G>y)* G(x) | K2 K

4

(53)

solutions. These solutions form a base for L? functions on
the interval x € (—1, 1). This equation is a generalization of
Eq. (55) with ¢ = 0 (we are investigating the nonrotating
case, i.e. a = 0) for accelerated sources.’

If the function G(&) is even [G(&) = G(=¢)] and if

X E;r)n) (x) is a solution of Eq. (56) then the solution for —s is

given by Xgl_r:lg (x) = XE‘;r)n)(—x).

With the help of computer algebra systems we are able to
find a solution of Eq. (56) for arbitrary s, m, A and the general
structure function G(€) = (1-&%)(1+Ar,&)(1+Ar,£) in
terms of a general Heun function. For some special cases we
can find the solution explicitly, even in terms of rational
functions, and not only formally as a Heun general function.

A. Extremal case

For the extremal case r, = r,, the solution of Eq. (56)
that is regular in the entire interval x € (—1, 1) withm =0
for general half-integer s has been found in terms of rational
functions (in this case, the hypergeometric function reduces
to a polynomial)

o (=2
(10) (1 _|_Arpx>1+s

< .F s—l,s+l+1.1—|—Arp 1 +x
> I+s 2 14Arx)

(57)

with the eigenvalues
s 1
M&:@-M&ﬂm+n+§u—ﬂ} (58)

Solutions of Eq. (56) with r,, = r,, and m # 0 are given
in terms of a Heun confluent function with unknown
eigenvalues. But in the Minkowski limit r, - 0 and
K, = 1, these solutions go over to (valid for m > 0)

(s) _ 1 —x)/2 _ 42\m/2
S(lm) - <1 +x> (1 X )

-1 .1 11
><2Fl< +ml+m+1 1

"Notice that this is a general-relativistic effect; in the limit
rp=ry =0 and K, = 1 the standard spin-weighted spherical
harmonics are recovered.
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where [, s, m are from either N, or Ny + Y2 Up to
normalization, these solutions are standard spin-weighted
spherical harmonics, which are given in terms of the
Wigner d-functions (see Refs. [17,18])

s 204+1 .
YO (rp) = \| e (x).  (60)
(lm) Ax s

where

min(l+s,l—s)

dy(x) = Y

k=max (0,s—m)

VAT =)+ m) (= m)!
K(l+s—k)!(l—k—m)!(k—s+m)!

X ( m)”_w (ﬁ)”“”’", (61)

(_ 1 )k—s+m

2 2

in which we trivially replaced cos§ = ,/14* and sin =

1—5’“. This gives us a relation (up to the normalization) of

the Wigner d-function and hypergeometric function (59).

B. General case

For a general case (r, # r,,) the solutions of Eq. (56)
(only for m = 0) are found in terms of the Heun functions
Hf[:

1

) 1 1 —x2 28
X = 62
1)1 + Ar,,x <(1 +Ar,x)(1+Ar,x) (62)

1+Ar, 14x
2 1+Ar,x

fo,(a,q;l,l—s,l—s,l—i—s;

where
1(1=Ar,)(1 4+ Ar,,
g LIZAr) A+ Ar) (63)
2 A(ry, —1y)
13A0) = (s+ D)(2s + 1)(1 = A%r,r,,)
q_g A(rp—rm)
1
1 (64)

with the eigenvalues given by

Ay = e+ Lo -] i-an o e,

(65)

PHYSICAL REVIEW D 92, 124064 (2015)

VI. SCALAR HARMONICS
ON THE “SPHERE” (x,p)

The conformally rescaled 2-metric of constant z and y is

dx?
2 _
ds(ZD) =G o

+ K2G(x)dg?. (66)

The Laplace operator on this “sphere” reads

1 @
Ao ®@(x,9) = [G(x)® ] + — =22, 67
Bl g) =GR+t (67
so the eigenvalue problem A(p)® = —A(,)® can be

separated using the ansatz ® = ¢ X, where

2

%} Xy = 0. (68)

[G(X) X (1) ] + [A(lm -
Together with the appropriate boundary conditions this is
again the formulation of a Sturm-Liouville problem for te
eigenfunctions X (m) and eigenvalues A,

This equation [which arises from the separation of
variables for the electromagnetic Ernst potential (3)] is
clearly different from Eq. (56) [which arises during the
separation of variables for the master equation (53)]
because the latter contains a term proportional to G(x) .
for any s. Thus, Eq. (68) does not fit in the scheme
immediately. Yet, it shows how to construct a basis of
spin-1 weighted accelerated spherical harmonics from
a scalar basis on this ‘“‘sphere” f/(,m) = 5((1m>eim‘”; the
solutions of Eq. (56) are given by

yeU &Y (1m) _ =K G)Y (tm)x = Y (imy.
(Im) A(x — y) K{p G()C) )
= d i 0
fd=—(2_ 1L 2)), 69
(C (ae sinGd(p)) (69)
y Yy —KyGO)Y (m)x + ¥ (1.
(Im) A(x — y) K¢ /G(x)

(cf.a = (a% + ﬁ%)) (70)

which resembles the standard procedure of generating spin-
weighted spherical harmonics.

VII. RADIAL FUNCTION

The separation of the master equation (53), furthermore,

leads to the equation for the radial function ygj)n)

124064-6
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(EORENHN [ 1
G(y)
NEEV(ER)

(71)

Naturally there is a “symmetry” between solutions with =s.
Let yEll;L)) be the solution of Eq. (71) with spin |s|. Then the
function

(15D _ (sl s)
Vo) =GOV (72)

is the solution of Eq. (71) with spin —|s| and frequency —.

The structure of regular singular points of the ordinary
differential equation (71) is the same as the structure of
roots of G(¢) and the infinity:

! , —L, -1,1, o0. (73)
Ar,, Ar),

The explicit solutions of Eq. (72) are probably impos-
sible to find but let us analyze the behavior of the solutions
at the outer black hole horizon y = —1/Ar,, and the
acceleration horizon y = —1 for the static case w = 0.
Then y = —1/Ar,, y = —1 are regular singular points of
the equation (72) all of them with characteristic exponents
(0, —s) regardless of the AE;’L) for the nondegenerated case
r, # ry. In the extremal case® the characteristic exponents
of the singular point y = —1/Ar, are (I —s,—[—s—1).In
the C-metric the infinity which is interesting is ST which is
not easy to describe in these coordinates and thus the
asymptotic behaviour of fields at S will be discussed
elsewhere.

The theory of ordinary differential equations can provide
us with the behavior of two linearly independent solutions
in the vicinity of regular singular points. Sort the exponents
at the singularity and thus define R; = max{0, —s} and
R, = min{0,—s} so that Ry >R,. Let o;,=1+
doap(y— y,)%; the first solution around a singular
point y, is then

s)A
yglr)n) = (y - ys)ngl’ (74)
and the second one is for Ry — R, e Ny + %2

ygjr)rg = (y _ys)RZGZ’ (75)

or, for s € N,

¥And thus only for axially symmetric configurations.

PHYSICAL REVIEW D 92, 124064 (2015)

yEiﬁ,ﬁ =(-y)®e+cln(y— ys)yéf,if;, (76)

where the constant ¢ can be zero.

In the static (w = 0), axisymmetric (m = 0) [i.e. for
static (moving along &€,) axisymmetric sources of the test
field] and extremal (r,, = r,) case the two linearly inde-
pendent solutions can be found explicitly in terms of
hypergeometric functions, for s > 0

y(s)r _ (1 -+ y)l—s
(10) (1 +Arpy)l+s+1

=l,s—1 2 14+Ar
X, F, ’ ; - . (77)
~2 T+Ar, l+y

(s)s (1 +Arpy)[_x
(10) — (1_|_y)l+s+l
<. F I+1,1+s+1 2
I 21+

L+Ar,y (78)
1+Ar, 1+y )’

The solution yE;&; is a rational function that is divergent at
the black hole horizon (i.e. it is the physical outer solution)
and the solution y%; is divergent at the acceleration

horizon (i.e. it is a physical inner solution; the divergence
at the acceleration horizon means that no static sources can
exist above the acceleration horizon, which is a desirable
property of the solution).

VIII. ELECTROMAGNETIC FIELD:
A DEEPER ANALYSIS

First of all let us recall that there is an almost forgotten
reference in Bi¢dk [19] that for the D type spacetimes
Fackerell and Ipser [20] gave a decoupled equation even for
the electromagnetic scalar ®;

(D+e+E—0—0)(A+2pu)
—(+ma—a+p—1)(6+27)]P =0. (79)

This equation is separable, using the ansatz
) = A2(x = y)e ey (y) X)) (x).  (80)

and the separation leads to the equations

0 (0) _ m 0
(lm),x)yx + {A(,m) KiG(x)} Xim =0 (81)

2
0 0 @
GO, + [AE,,L) ¥ —y] YO 0, (®)

with eigenvalues
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AD =10+ Dy 1A 1A (8)

In the equation (81) we can plainly recognize the
equation (68) for eigenfunctions of the Laplace operator
on the “sphere” (x, @).

The self-conjugated form of the electromagnetic field
tensor F* can be reconstructed from the complex NP
scalars in the case of the nonrotating C-metric in the
tetrad (13).

Let us take a closer look at the static electromagnetic
field (w = 0). The static observer, comoving with the black
hole, has 4-velocity

u_A('x_y) 0 (84)

~ /=G{y)or’

This observer measures an electric field E and magnetic
field B

M=E+iB=u-F" (85)

which we project onto the orthonormal basis (é,.é,,é€,)

My =M &, =0, (86)

n P, 2(y _ 2@

i, =M o, = LG+ AT X =)0y o)
2 A(x-y)\/-G(y)

. ' By — A% (x — y)2P

MwEMé(p:iG(y) 0 ()C y) 2 (88)
2 Alx-y)/-G(y)

The scalar ®; describes the purely radial behavior of the
field and so it is not important for the discussion of
the regularity conditions of the field in the vicinity of
the axis.

Summing up all the known information, i.e. the ansatz
from Table I and the “symmetry” in the radial solutions
(72), we get

1 1 1
o = aglljl)A3 (x — Wyﬁzn)z)?(&) ) (89)
-1 —1) (=1
D3 = ajy, A=)V X ) (90)
-1 1 -1
= al,A(x = Y)G)V X (91)

and thus, for the orthonormal tetrad components of the
electromagnetic field as measured by astatic observer
we get

-1
Mx = _Az(x - y)2 _G(y)ygll,)M

(1) (1) (=1) (=) im
x(a(lm)X(lm)—i-a(lm)X( ))e ?, (92)

Im
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-1
M¢:7A2(x_y>2 (1)
X (@)X iy = @) X €™ (93)
for which the standard discussion (i.e. as done for a
Reissner-Nordstrom black hole) of the regularity of the
vector fields can be done.

In Sec. I we showed how to find two solutions of the test
Maxwell equations using the Ernst formalism and provided
some symmetries between the equations for m = 0. Let us
use these results in the extreme and static cases (so explicit
solutions of the radial and angular parts exist).

We can calculate the Ernst potentials ®(*) and £ for the
nonrotating C-metric. They are

o) =y, (94)

£ — (XG_(yy))z ) (95)

The appropriate NP scalars are given by Egs. (31)-(33).

These solutions are static and axially symmetric and
therefore they can be expanded in terms of the basis given
by the solution of Egs. (81) and (82) with @ = m = 0. They
can be solved by looking for a solution of GU - + AU as
discussed in Sec. II.

Let us investigate the extreme case ¢ = r,, = r),. Then
we can find the solutions of Egs. (81) and (82) in terms of
hypergeometric functions

r ,d 1+ Arp&\ !
XE%) :y§?3> T [(1 —§)<71 +5p >

L1—1 2 1+Aré
F ' ; 220, (96
2 1< 21 T+Ar, 1+¢ ﬂ (%)

which is a regular solution in the interval £ € (—1, 1) for
[ > 1 (for I =0 the solution is constant) and reduces to
rational functions whereas

. d 14 Ar, &\ 1+
y%:d(s{(l_é)( 1+§p>

2+0L1+1 2 1+Ar¢
F ’ : 2= (97
2 1( 2420 T+Ar, 1+¢ >] ©7)
is singular9 at £ = —1 and, due to the contiguous relations

among hypergeometric functions (see Sec. 15.5(ii)) of
Ref. [21]), can be expressed in terms of ,F 1(151 ;) which
equals —z~'In (1 — z) (a few formulas can be found in the
Appendix).

%Singular solutions for the angular part are irrelevant.
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The trivial solution of Maxwell’s equation, the
“Coulomb potential,” given by the Ernst potential ¥(%) =
®(® =y leads to NP coefficients &, =0, &, =
—~A%(x —y)?>v/2/K, and ®, =0 which compared with
Eq. (80) trivially yield the expansion as ®; ~ X0 Vo' .

The other solution of the test Maxwell equations
which is given by W) = £ represents, in the
Minkowski limit, a uniform electric field aligned paral-
lel to the symmetry axis. From Eqs. (32) and (80) it
follows that

: d| G
\I/,(y):_ (y)z_r%yz
dy [(x =)

First, we notice, that even the “Coulomb part” is present
in the expansion. Second, although it looks nontrivial,
it can be explicitly checked that the integral

= [5_%;2 - r%yz]XE%)rdx (including logarithmic terms)

is proportional to 3)2%)&

N0
= qupX

1=0

)7r~,(0)s
Y. (98)

after using the contiguous

relations for the hypergeometric function.

For this test field the NP scalars diverge at y = —1
because the “sources” are located at infinity. Yet, it is
merely an artifact of the choice of tetrad; the invariant
®yP, — 2 does not have any singularities at the accel-
eration horizon.

Clearly, the integral [!, ®,/(x — y)*dx can be performed
only for y < —1 because the range of the coordinates is
given by the condition x —y < 0 and thus the “sphere”
y = const exists only for y < —1.

The series is infinite even in the Minkowski limit which
only seemingly contradicts the known result that the
homogeneous field is just an [ = 1 mode. The reason lies
in the fact that this system is uniformly accelerated and
therefore also even ®; and ®, are nonzero.

The detail analysis of the electromagnetic field will be
given in a forthcoming paper.

IX. SPIN WEIGHT RAISING
AND LOWERING OPERATORS

From what we have seen so far it is necessary, contrary
to the standard spin-weighted harmonics, to distinguish
between fields of different spin. For every spin S,
there is a sequence10 of spin-weighted accelerated

spherical harmonics YE;;E)) =X Ef’;f))eim‘/’ with spin weight

€ (-=S,-S+1,...,5). This sequence can be generated

""Therefore it would be more appropriate to denote these spin-

weighted spherical harmonics with Y [m>), or the x component

with X E;m) we have not used this notation in the previous text.

There it would be just a complication; we omitted the spin S.

PHYSICAL REVIEW D 92, 124064 (2015)

using the universal spin weight raising operator acting on
the spin weight component s

(s+1.5) (s.5)
virtS = oyl (99)

K G(x) 94—
= (G@)): (%()) (Y (G(x)H),

and spin weight lowering operator

K,G(x)Z+iZ .
— (G (%U) (Y59 (GM.

The complete scheme can be found in Table II, where the
arrows mean lowering and raising the spin weight and the
fields are labeled by their spin and spin weight (for example
the gravitational perturbation ¥, — U(-22 or %, —
2(="7) and so on). In the limit r, = 0and K, — 1, the
eigenfunctions of operators no longer depend on the spin of
the field S but only on the spin weight s of the particular
component (as schematically depicted in the last two lines
of Table II).

Thus, more properly, the equation (56) for accelerated
spin-weighted spherical harmonics should be written as

S2+l
[G(X)ngj;f)i)],ﬁ"[ 2G(x) +Ais)s
(S 2
_(n-5G(),) S8 _0,  m=—";  (101)
G(x) (m) = K,

it holds only for the maximal spin weight s = +S.
Although the equations for nonextreme components
(|s| # S) are not known for S > 1, the following statement
can be proved. Let Y( ) be a solution of Eq. (101) for
arbitrary S. Then by applymg (28 —1) times & and thus
obtaining YE;:)’S> we get a solution of the eigenvalue

problem (101) with s = =S if

dﬂ
d 5]1

G(&) =0 forn>5, (102)

which holds even for the charged and rotating C-metric.

X. COSMIC STRING SPACETIME

As soon as the spherical symmetry is abandoned every-
thing becomes more complicated. The cosmic string
spacetime can serve as one of the simplest examples.
The metric can be obtained as a zero-mass and zero-charge
limit of the C-metric; written in quasispherical coordinates
it reads

124064-9
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TABLE II. Accelerated spin-weighted spherical harmonics schema.
_ p(-22) «—> p(-12) — P(0.2) «—> pl.2) «— p22)
1 S(=%) — 3 (=¥272) — > (2.%) — 3 (2%2)
MS P11 — P0.1) — P11
= )((—‘/2,‘/1) «—> )((‘/2,'/1)
T (I)(O’O)
'\Q..
H(-2) — P10 — P0) — e — el
> (=) — > (=) — > (%) — > (%)
ds?> = —d? +dr? + r*(d6* + K2sin’0dg?),  (103) (s) w14 x\2&s)
S = (1—=x)k
(Im) 1—x
and represents flat spacetime with a cosmic string aligned ) m
along the z axis. x JacobiP| [ — m,— + S,K— —85,X (108)
To analyze fields on this spacetime it evidently makes no ¢ ¢
sense to use spherical harmonics. o with eigenvalues
The relevant (angular) part of the metric is
1-K 1-K
A = (pm—=2) [+ 14+ m—=2
ds* = d6” + K;sin*6dg? (m) N K, e K,
dx? 1
=+ (1=2)Kdy?. (104) +3(1=s). (109)

The separation of variables for the equation AP (x,¢) =
—A®(x,¢) leads to the ansatz ®(x,¢) = YE‘er)n)(x,ga) =

Sg;r)n) (x)e'™? where

which can be considered as a limit case of Eq. (56) (with
r, =1y, =0, s =0) and therefore we will solve the more
general case with an arbitrary half-integer s:

(106)

The general regular solution reads

(s) __ l+m1;’;w 14+ x %(ﬁm—s)
Simy = (1 =) <1_x

1-K,
—l4+m—-l-s—-—m—= 1
X2F1< K, - +x

Iz —s T ol-x

) (107)

or, equivalently,

The solutions are bounded if s, [, m and K, fulfill the

following conditions: AEZ)n) -2 —1s>0and || > s

’

and in other cases SE‘;r)n) =0.

In the limit K, — 1 the standard spin-weighted spherical
harmonics'' are recovered.

We can see that m enters the eigenvalues (109) even in
this trivial case, and therefore we have to expect that they
enter eigenvalues of the accelerated spherical harmonics in
a more complicated way.

XI. CONCLUSIONS

We have derived an analogy of the Teukolsky master
equation for the nonrotating C-metric and provided the
notion of accelerated spin-weighted spherical harmonics,
some of which we have found explicitly. We paid special
attention to the electromagnetic field which we solved
completely. We showed that for nonaxisymmetric configu-
rations m # O the complete basis is difficult to find.
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APPENDIX: THE GAUSS
CONTIGUOUS RELATIONS

The Gauss contiguous relations [21] allow us to reduce
some of the hypergeometric functions to elementary
functions using the fact that

1,1 In(1-7z)
LEZFl( 2 ;Z) :—i.

For a general hypergeometric function W, F| (“éb ;Z) we can
define the operators A™, Bt and C™ which raise the
parameters a, b and ¢ by

(A1)

1.b dw
F T ) = arw) = 2w
C

a dz (A2)

PHYSICAL REVIEW D 92, 124064 (2015)

(M0 o =S W o
oF <Ca4,—b1 §Z) = C+(W)
(l—z)cd—W cla+b-c)W
c—a)(c—5) (A4)

Using these operators the hypergeometric function for a, b,
¢ € Nand ¢ > 2 can be expressed in terms of logarithms by

JF) (a;b;z) = (AT)1(BH)P 1 (CH)2L. (AS)

[1]1 H. Weyl, Ann. Phys. (N.Y.) 359, 117 (1917).

[2] W. Bonnor and N. Swaminarayan, Z. Phys. A 177, 240
(1964).

[3] J. Bicak, Proc. R. Soc. A 302, 201 (1968).

[4] J. Bi¢dk and D. Kofron, Gen. Relativ. Gravit. 41, 153
(2009).

[5] J. F. Plebanski and M. Demianski, Ann. Phys. (N.Y.) 98, 98
(1976).

[6] S. A. Teukolsky, Astrophys. J. 185, 635 (1973).

[71 G.E. T. del Castillo, J. Math. Phys. (N.Y.) 30, 446 (1989).

[8] H. Stephani, D. Kramer, M. MacCallum, C. Hoensealers,
and E. Herlt, Exact Solutions of Einstein’s Field Equations,
2nd ed. (Cambridge University Press, Cambridge, England,
2003).

[9] W. Kinnersley and M. Walker, Phys. Rev. D 2, 1359
(1970).

[10] K. Hong and E. Teo, Classical Quantum Gravity 20, 3269

(2003).

[11] J.B. Griffiths, P. Krtous, and J. Podolsky, Classical
Quantum Gravity 23, 6745 (2006).

[12] R. S. Maier, Math. Comput. 76, 811 (2007).

[13] F.J. Ernst, Phys. Rev. 167, 1175 (1968).

[14] F.J. Ernst, Phys. Rev. 168, 1415 (1968).

[15] J. Bicak, M. Scholtz, and P. Tod, Classical Quantum Gravity
27, 175011 (2010).

[16] E. Berti, V. Cardoso, and M. Casals, Phys. Rev. D 73,
024013 (20006).

[17] F. Beyer, B. Daszuta, and J. Frauendiener, Classical
Quantum Gravity 32, 175013 (2015).

[18] E. Celeghini, M.A. del Olmo, and M.A. Velasco,
arXiv:1402.5217.

[19] J. Bi¢dk and L. Dvordk, Czech. J. Phys. 27, 127 (1977).

[20] E. D. Fackerell and J. R. Ipser, Phys. Rev. D 5, 2455 (1972).

[21] NIST Handbook of Mathematical Functions, 1st ed., edited
by E. W. Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark
(Cambridge University Press, Cambridge, England, 2010).

124064-11


http://dx.doi.org/10.1002/andp.19173591804
http://dx.doi.org/10.1007/BF01375497
http://dx.doi.org/10.1007/BF01375497
http://dx.doi.org/10.1098/rspa.1968.0004
http://dx.doi.org/10.1007/s10714-008-0662-0
http://dx.doi.org/10.1007/s10714-008-0662-0
http://dx.doi.org/10.1016/0003-4916(76)90240-2
http://dx.doi.org/10.1016/0003-4916(76)90240-2
http://dx.doi.org/10.1086/152444
http://dx.doi.org/10.1063/1.528409
http://dx.doi.org/10.1103/PhysRevD.2.1359
http://dx.doi.org/10.1103/PhysRevD.2.1359
http://dx.doi.org/10.1088/0264-9381/20/14/321
http://dx.doi.org/10.1088/0264-9381/20/14/321
http://dx.doi.org/10.1088/0264-9381/23/23/008
http://dx.doi.org/10.1088/0264-9381/23/23/008
http://dx.doi.org/10.1090/S0025-5718-06-01939-9
http://dx.doi.org/10.1103/PhysRev.167.1175
http://dx.doi.org/10.1103/PhysRev.168.1415
http://dx.doi.org/10.1088/0264-9381/27/17/175011
http://dx.doi.org/10.1088/0264-9381/27/17/175011
http://dx.doi.org/10.1103/PhysRevD.73.024013
http://dx.doi.org/10.1103/PhysRevD.73.024013
http://dx.doi.org/10.1088/0264-9381/32/17/175013
http://dx.doi.org/10.1088/0264-9381/32/17/175013
http://arXiv.org/abs/1402.5217
http://dx.doi.org/10.1007/BF01587004
http://dx.doi.org/10.1103/PhysRevD.5.2455

