PHYSICAL REVIEW D 92, 064032 (2015)
Spinning particles in vacuum spacetimes of different curvature types
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We consider the motion of spinning test particles with nonzero rest mass in the “pole-dipole”
approximation, as described by the Mathisson-Papapetrou-Dixon (MPD) equations, and examine its
properties in dependence on the spin supplementary condition added to close the system. In order to better
understand the spin-curvature interaction, the MPD equation of motion is decomposed in the orthonormal
tetrad whose time vector is given by the four-velocity V¥ chosen to fix the spin condition (the “reference
observer”) and the first spatial vector by the corresponding spin s*; such projections do not contain the
Weyl scalars ¥, and W, obtained in the associated Newman-Penrose (NP) null tetrad. One natural option of
how to choose the remaining two spatial basis vectors is shown to follow “intrinsically” whenever V* has
been chosen; it is realizable if the particle’s four-velocity and four-momentum are not parallel. In order to
see how the problem depends on the algebraic type of curvature, one first identifies the first vector of the NP
tetrad k# with the highest-multiplicity principal null direction of the Weyl tensor, and then sets V# so that k*
belong to the spin-bivector eigenplane. In spacetimes of any algebraic type but IIl, it is known to be
possible to rotate the tetrads so as to become “transverse,” namely so that ¥, and W5 vanish. If the spin-
bivector eigenplane could be made to coincide with the real-vector plane of any of such transverse frames,
the spinning particle motion would consequently be fully determined by ¥, and the cosmological constant;
however, this can be managed in exceptional cases only. Besides focusing on specific Petrov types, we
derive several sets of useful relations that are valid generally and check whether/how the exercise simplifies
for some specific types of motion. The particular option of having four-velocity parallel to four-momentum
is advocated, and a natural resolution of nonuniqueness of the corresponding reference observer V* is

suggested.
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I. INTRODUCTION

Curvature of physical spacetime is the major prediction
of general relativity, so it is of special interest to study
processes in which curvature (nonhomogeneity of the
gravitational field) plays a direct role. Being described
by the Riemann tensor, the participation of curvature
usually makes the problem difficult, at least in comparison
with those involving just metric and/or affine connection.
One such problem is the motion of extended bodies (e.g.
Ref. [1]). Even if the body is treated as nonradiating, test,
and small (with all the lengths connected with its multi-
poles much shorter than the spacetime curvature radius),
the corresponding equations of motion even contain the
Riemann tensor together with its derivatives. More explicit
studies thus mostly restrict to the “spinning particle” limit
(the “pole-dipole” approximation) when just monopole
(mass) and dipole (rotational angular momentum, spin)
are taken into account and the motion is described by the
Mathisson-Papapetrou-Dixon (MPD) equations, supple-
mented by some “spin condition.” The approximation is
problematic in highly nonhomogeneous fields, mainly due
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to the disregard for the quadrupole effect, but we adhere to
it here. Of important recent references in the field, let us
recommend Refs. [2-6].

The curvature properties are often best revealed in a
suitable orthonormal tetrad, namely as represented in terms
of the “Weyl scalars”—independent projections of the
Weyl tensor in the attached Newman-Penrose (NP) null
tetrad, which can be given a physical interpretation. One
can then understand the geometrical/physical effect of the
individual curvature terms in dependence on the scalars,
and especially discuss the situations when some of the
scalars vanish—the algebraically special cases. Such
studies actually began before the birth of the NP formalism
(e.g. Refs. [7,8]) and since then have notably been devoted
to geodesic deviation as a universal probe of gravitational
field properties [9,10] or to the interpretation of spacetime
perturbations [11]." Surprisingly, for the spinning particle
problem, a similar discussion has been published in the
massless case only [16]. (The gravito-electromagnetic
parallel has been applied to it by Ref. [17].)

' Another major curvature interpretation direction stems from
the celebrated analogy between curvature tensors and the
electromagnetic field tensor or electromagnetic tidal tensor—
see Refs. [12—-15], for example.
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In the present paper, we will consider particles with
nonzero mass. We keep the cosmological constant, but
restrict to vacuum spacetimes (with zero energy-
momentum tensors), since otherwise we would also have
to incorporate interaction of the particle with matter and/or
other physical fields, generally including torques exerted
on its spin. This would certainly obscure the effects coming
from curvature and its particular algebraic type. In the
following Sec. II, we first recall the spinning particle
problem, consider its basic properties, including the neces-
sity to add a certain “spin supplementary condition,” and
write the equations down in terms of the spin vector and
Riemann tensor dual. In Sec. III, the equation of motion is
expressed in a suitable orthonormal as well as complex null
(NP) frame, representing the Weyl-tensor dual in terms of
its complex projections W,—W, (details are shifted to the
Appendix). We show that the problem itself provides a
tetrad which can be used rather generally (specifically, if
the particle’s four-velocity and four-momentum are not
parallel) and which gives very simple results, mainly in
connection with Tulczyjew’s supplementary condition.

In order to discuss the equation of motion in dependence
on the spacetime Petrov type, the interpretation frame is then
attached to the Weyl-tensor principal directions in Sec. I'V.
As an alternative to the above “intrinsic” tetrad (and the
related null one), there arises a generic possibility (only not
applicable in algebraic type III) to use “transverse frames” in
which pure-gauge longitudinal wave effects vanish, but their
special turn can be aligned with the spin structure only in
exceptional cases. The effect of particular spin conditions is
checked in Sec. V, and several special types of motion are
discussed in Sec. VI. Concluding remarks close the paper by
relating the topic to a wider context and providing some tips
for improvement or an alternative view.

Conventions: We use the metric signature (— + ++-) and
geometrized units in which ¢ =1, G = 1. Greek indices
run 0-3, and summation convention is followed. The dot
denotes the absolute derivative with respect to the particle’s
proper time 7z, and the overbar indicates complex con-
jugation. The Riemann tensor is defined according to

Viwi = Ve = R4V, and the Levi-Civita tensor as
g = v/ lpol, 97 =~ fupol, (1)
Vant’)

where ¢ is the covariant-metric determinant and [uvpo] is
the permutation symbol fixed by [0123] := 1.

II. MATHISSON-PAPAPETROU-DIXON
(MPD) EQUATIONS

In their seminal papers [18-21], Mathisson, Papapetrou,
Tulczyjew, and Dixon provided—following somewhat
different approaches—a full multipole expansion for the
extended-body evolution in general relativity. In greater
detail, this problem has as yet been studied in the
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“pole-dipole” approximation, including the computation
of generic trajectories in some basic spacetimes [22-25]
(and of their dynamics over a corresponding phase space
[26-33]), while a similar study at the quadrupole level has
only commenced quite recently [34-38]. If there is no
torque exerted on the particle, the pole-dipole Mathisson-
Papapetrou-Dixon (MPD) system reads

1
pﬂ = _ERﬂwduVSldv (2)

S = pouf — uoph, (3)

where u#* is a tangent to the worldline which represents the
particle’s history (it is assumed to be timelike and normal-
ized by u,u® = —1), S* is the particle-spin bivector, p*
denotes the total momentum (assumed to be timelike), and
m:=—u,p°(>0) is the particle’s mass in the frame
attached to the representative worldline. Let us also
introduce the particle’s mass in the frame given by its
momentum, M :=./—p,p°, and an associated four-
velocity, U* := pH/ M.

The second MPD equation demonstrates that the tensor
S% is simple and timelike, with its blade spanned by p* and
u’®. It also implies that the spin-bivector dual

1
) S/w = E €uvap Sa/}

evolves according to

. 1 .
S = Eeﬂ”aﬂsaﬁ = ﬂvaﬁpa“ﬁ’ (4)
since €,,,3 =0, and dualization thus commutes with
covariant differentiation. (Hence, *S 4w 18 simple and space-
like, having p* and u* as eigendirections corresponding to
zero eigenvalues.) This in turn yields

... 1. .
ES“ﬂSa/;Z—E*S””*SWZMZ—mZSO, (5)

§S, = 0. (6)

Several useful relations can be obtained directly by
projections of the second MPD equation (3): multiplication
by ug, pg, g, and py yields, respectively,

pY = mu® — S"“ﬁuﬁ, (7)
MPu® = mp® + 5% p,, (8)
mu® = Sy, (9)
MMu® = §p,, (10)
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where in the third case the basic property ug p? =0 of the
first MPD equation (2) has been used (“four-force acts
perpendicular to four-velocity”). The first two of these
equations indicate a momentum-velocity relation (i can be
supplied from the normalization u,u® = —1), while the last
two lead to mass-evolution formulas:

= = 0,259~ i, (11

. cap . PR o
MszauﬂSﬁ=pa;ﬂS”=—pap (12)

(the last expressions follow from the very definitions of m
and M), but in both cases they provide only a partial
answer since they contain the derivative of S%. It was
shown by Ref. [39] that the MPD equations can also be
inverted to

2saﬂR lﬁlSKﬂ.
Mu* = p* fe , 13
! m(” +4M2+Rﬂ,,y58"”875> (13)
where?
1D
P = p* + ——(S%p,), 14
P = p (5% py) (14)

with 7 standing for proper time and m again fixed by
u,u® = —1. This formula still contains p# and $**, and thus
naturally depends on the solution of the MPD system
(which in general cannot be given without adding a “spin
supplementary condition”—see the following subsection),
so it is also not an explicit momentum-velocity relation,
similarly to equations (7) and (8). However, it at least shows
clearly that such a closed relation does follow when
Sab pp = 0 (Tulczyjew’s condition, see Sec. VA).

A. Spin supplementary condition

The effective nonzero size of the “particle,” required by
its nonzero multipole moments, implies freedom of its
internal motion. On the pole-dipole level, this freedom has
three degrees and corresponds to a possibility of selecting
the representative worldline. A usual choice is to identify
the latter with the particle’s center of mass defined with
respect to some physical observer. If such an observer is
represented by a future-pointing timelike field V*#, defined
“within the body” (all along its history) and normalized
without loss of generality as V,V° = —1, this means
prescribing that the corresponding relative mass dipole is
zero, $*°V, = 0, along that worldline (which is yet to be
found, however). These three conditions close the MPD

*Mind the opposite metric signature used in Ref. [39], resulting
in the opposite sign of S% pj.
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system, the freedom thus being translated into the choice of
the reference observer V*.

Several specific choices of V# are natural and have
proven advantageous, namely V¥ = u* (Mathisson-Pirani
spin condition), V¥ =U* (Tulczyjew’s spin condition),
V# = (V',0,0,0) in a coordinate system adapted to given
spacetime symmetries (Corinaldesi-Papapetrou spin con-
dition), V¥ = U* 4+ N*, where N* is a normalized timelike
direction used for 3 + 1 splitting (Newton-Wigner spin
condition, being employed in the Hamiltonian treatment
[40,41]), and V¥ given by any parallel vector function along
ut (which implies u#|| p# and thus m = M; see Ref. [24]).
Different spin conditions have slightly different character
and (naturally) lead to different representative worldlines,
which has been stimulating discussions on how uniquely
they determine the evolution and whether they actually
describe “the same body”’; see Ref. [6] for a recent thorough
treatise on the nature and implications of the different
choices.

B. Spin bivector and spin vector

If it satisfies $*°V,, = O (its “electric part” vanishes), the
spin bivector must be of rank 2 (must be simple), having
just three independent components. With the reference
observer V# selected, it is thus possible to introduce a spin
vector (“magnetic part” of the bivector) by

1
S i= =SV, S, = =TSV, (15)

& S = eaﬂyﬁV}’s‘s, S = gtVY — VisY. (16)
The vector s# is orthogonal to V¥ as well as to S* by
definition, from where also

“SHS,5 = 0. (17)

In other words, the spin bivector $* has two different
(orthogonal) eigenvectors V# and s* tied to zero eigenval-
ues; these vectors span the blade of the dual bivector *S#.
Since V* is timelike by assumption, this dual blade is
timelike (so *S* is timelike); hence the blade of $#*, being
orthogonal to the dual one, is spacelike.

It is useful to also calculate

Saﬂsﬂﬁ = 52(5% + V”Va - s_zsﬂsa)’ (18)
S S = (=VAV, 4 572ss,). (19)

Therefore, —*S,,5* S/ represents the s*-multiple of the dual-
blade metric, while S,;5* represents the s*-multiple of the
metric of the blade (i.e. that of the surface orthogonal to
both V# and s*).

The dual blade (the eigenplane of $#*) can alternatively
be spanned, instead of V¥ and s*, by null vectors
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. (Vﬂ+sﬂ> P <w Sﬂ)
V2 s )’ V2 s )’

where

1 1
§2i= g sH = —S(,ﬁS"ﬁ = ——*SM*S”

) 2 (>0)

stands for the spin magnitude squared. Clearly the vectors
are normalized to k”l” — —1. In terms of the null vectors,
the bivectors can be expressed as

Sop = —5 eaﬂyngI‘s, S o= s(k'lY — I'kY).  (20)
This implies $#k, =0 and S*[, =0, while *S$*k, =
—sk* and *S"I[, = sl*, so k' and [V are eigenvectors of
*$* as well (with eigenvalues Fs).

The four-momentum p* was previously extracted from
(3) by multiplication by ug or ps, but it can now also be
expressed in a different way if multiplying the equation
by V/}Z

yp* = pu® + SPV, (1)
where

ui==vV,p° (>0), yi==-V,u® (>0) (22)
are, respectively, the particle mass measured with respect to
V# and the relative Lorentz factor between u* and V¥. By
multiplying this formula once more by u, or p,, one
obtains relations between masses m, M, and u (and
corresponding projections of $%); multiplication by V,
gives just identity, while multiplication by s, Va, and s,

respectively, yields the important equalities

YD S = HUS,, (23)
ypa"/a - /'”’ta“/av (24)
YD S = PuS,. (25)

The last one actually follows due to the first two, because
thanks to them the s,-product of the last term of (21) gives
zero, too:

jaS“ﬂVﬂ = —saS"ﬁVﬂ = sq(up’f — p"’uﬂ)Vﬂ =0.

The above relations tell us that the vector (uu* — yp*) is
orthogonal to s¥, V", and s# (and to V¥ as well). Due to
them, it is even possible to find a quadruple of mutually
orthogonal vectors, (e.g.)

VH, sH, uut — ypt, (s> — S”Su)Vyv (26)
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which can thus be used as a basis (we will indeed use it in
Sec. III D). Another simple spacetime basis—*‘built on” u/
instead of V#—will be added in Sec. II D. Several simple
orthogonal triples can also be found and are useful, like

(Ve VE i —ypry, {ut i =y st + stu, VA

Note that the last of these vectors is orthogonal to p#
besides, so it is orthogonal to both u# and p*, which means

that it is an eigenvector of $** (with zero eigenvalue).
Equations (23)—(25) further imply

¥, =0 & u%s, =0,
pPV,=0 & u'V, =0,
pPis, =0 & u*s, =0,

independently of the spin condition. Whenever s* is
orthogonal to u* and p*, it means that

§¥5, = =S5, =0,

so s then belongs to the eigenplane of S**—it is a
combination of V¥ and s*. Conversely, s# belongs then
to the eigenplane of S, the other independent eigendir-
ection of the latter being given by e***su,p,. Similarly,
when V* is orthogonal to u* and p*, it means that
s Vﬂ =0, so V* is the eigenvector of S"‘”, the other
one being e#** V, u,p;. And, finally, when s* is orthogonal
to u* and p*, it means that 4 §p =0, so s is the
eigenvector of $*, the other one being e“**s,u,p;.

The above reasoning is clearly pointless if u* is parallel
to p*; this circumstance will be discussed more in Sec. V C.

1. Hidden momentum

Inspired by the concept of “hidden momentum” used in
electromagnetism, Ref. [42] introduced its “gravitational”
counterpart analogously as the component of p# orthogonal
to u*. Since we assume the particle is torque free, it is solely
given by the chosen spin supplementary condition in our
case (it is purely kinematical; see Ref. [6] for details),

Phidden = (0a + w'uy) p* = pt' — mu = (27)
N 1 .
=Sy, = ; (S + u”ua)S"/’V,,. (28)

We will refer to this term in Sec. V C, where the option of
making ph. .., = 0 will be discussed.
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C. MPD equations in terms of spin vector
Writing out the left-hand side of (3) in terms of s#,

Saﬂ = «e,),ﬁ],(;f/}'s‘S + €45V S, (29)
and then multiplying the equation by ¢**V,, one has

(88 4+ VAV, )8 = eV, u,py, (30)
and hence

§H = VIV, s¥ + PV iy pp. (31)

Therefore, the change of spin along u* is parallel to V¥ in
two obvious cases: (i) whenever u* is parallel to p# (which
implies S'(,/} =0 and M = m); and (ii) if V¥ lies in the
plane spanned by u* and U* (i.e. if one applies some
combination of the Mathisson-Pirani and Tulczyjew con-
ditions). The spin magnitude evolves according to

ds 1ds> 1 _,.
=5 — ——— = _SWS  — g 32
S=5 G T a2 S =5 paty (32)
= 5,8 = €Mvaﬁsﬂvyuapﬂ, (33)

which in the above two cases yields conservation. Note in
passing that s, (ss* — ss*) = 0, so regarding (23) and (25),
the vectors

sH, st — ssH, uut —ypH

are orthogonal to each other.
Similarly, by multiplying the relation (29) by e***s, and
using (33), one arrives at

(28 — s'5,)V" = (& + VAV, )e"Psu,ps. (34)

and hence

D
ST (sVH) = —=s#$, V¥ + e"“Ps,u,pp. (35)
T

Introducing (29) and then (31) into the mass-
evolution formulas (11) and (12), we obtain, after some
rearrangement,

i = €05,V pu, it (8 + V'V,), (36)
PPMM = 75,V yu, p, (8, + V'V,).  (37)
In particular, the V# = u* choice leads to m = 0, while the

VH = U#* choice leads to M = 0. On the other hand, the
evolution of y = —V,_p° can be expressed, using (24), as
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i = —yV,pt —yVipt = —pu V< —yV,ph (38)

Naturally, this reduces to the above limits too.
Now to the main point at last: written in terms of the spin
vector, the first MPD equation appears as

. 1 1
pﬂ = _ERMDK/IMDSK}L = _Egpr/)yKﬂeKAaﬁuUVaS[)’
= =R}, U VO =R sV, (39)

where R}, ; and "R, are the Riemann-tensor right and
left duals; in the last equality, we have used the fact that
they are equal in the vacuum case (even with a nonzero
cosmological constant).

D. Eigenvectors of S¥, *S®, S*, *S"

Already in several places we have mentioned eigenvec-
tors of the spin bivector and of its derivative and/or dual. All
the bivectors indeed have the whole 2D eigenplanes
(corresponding to zero eigenvalues) which can be spanned
in a number of ways, so let us just summarize one simple
possibility for each:

(1) Sup = €qpuV¥s¥, s0 it is clear that V7 and s are its
“default” eigenvectors—they are simple and
orthogonal to each other.

(1) *S* = s#V¥ — V¥s¥. Thanks to the property (17),
the eigenvectors of *S* can be found simply by any
nontrivial projections of S, 5. One suitable vector for

such a projection is V7:
_Svﬂvﬁ = S’/ﬂvﬂ = (plzuﬂ - uvPﬁ)‘/ﬂ = pUu, —=Ypy.

We would like the second eigenvector to be orthogo-
nal to the one just found, which is, for example, true
for the vector (34). The latter is in fact orthogonal to
all the vectors V¥, s#, p*, and u”, so it clearly has
both the desired properties. Note that actually all the
eigenvectors suggested in (i) and (ii) are mutually
orthogonal: sure, they just form the basis we already
know from (26).
(i) *S,, = €uap p®uP, so the “default” eigenvectors
seem to be pY and u”. These two are, however,
never orthogonal, yet it is easy to fix this by taking

w and (6% + utu,)p® = p¥ —mu*(= —S”ﬁuﬁ).

The last vector is exactly the “hidden momentum,”
which turned out to be useful in the understanding of
the pole-dipole description [6].

(iv) $% = pouP — uopf. One finds shortly that one
eigenvector, moreover orthogonal to both ## and
p’ (hence also to p? — muP), is (ysz + s,u* V). The
second one, orthogonal to the latter as well as to u?
and p# — mu’, reads
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eﬂ”dutpk(ysﬁ + Suuyvﬁ)
= 75§V 4 y(s28) — sPs,) V¥
+ U5y (8 + VPV, (40)

Clearly the eigenvector choices suggested for the (ii)—
(iv) bivectors are only realizable in the generic case; in
particular, they are not valid if p* = mu* when most of
them become trivial. This special “gauge” will be discussed
below, along with the other two major ones (Sec. V).

III. VACUUM MPD EQUATIONS
IN A SUITABLE TETRAD

In a vacuum region, yet possibly involving a nonzero
cosmological constant A, the usual decomposition of the
Riemann tensor reduces to

A
Rm//d = C/uzk/l —+ g (g/ucgwl - gﬂlgyk)’ (41)

where C,,,, denotes the Weyl tensor. In some orthonormal
tetrad {¢}} (a numbers the vectors), gﬂ,,egelg = N]yp> the

decomposition reads

(Mg — Naslpy ) (42)

where 7,4 is the Minkowski tensor. The dual tensor thus
decomposes as

A
*R”baﬁ = *Cﬂuaﬁ + geﬂbaﬁ' (43)

A. Orthonormal tetrad

When considering the choice of a suitable tetrad, one has
three logical options—u*, U*, and V¥—for the timelike
vector eg. The choice eg = V¥ and ¢ = s"/s5 seems the

most advantageous and ‘“universal,” because
(1) The spin s*, fixed by V# and introduced as orthogo-
nal to the latter in every case, represents the most
important spacelike direction of the problem, so it is
natural to discuss the curvature effects with respect
to it.

(i) The reference observer V* is actually the only vector
that one chooses freely, the other ones depending on
it: V* fixes the meaning of p# and $** as moments of
the energy-momentum tensor by specifying the
hypersurface over which they are calculated,” as

*However, it is worth noting that in the pole-dipole order and
with just gravitational effects included, the p* is in fact same for
any spin condition.
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well as that of u* identified as the tangent to the
worldline along which $#°V, = 0 holds.

(iii) The freedom in V# makes it easily adaptable to
particular spacetimes and situations, specifically to
the particular Petrov types.

(iv) Special pictures arising for particular spin supple-
mentary conditions follow simply by selecting V*
accordingly, e.g. as u¥, U*, or as some vector parallel
along u*.

Let us note that it might seem preferable to choose u# as the
timelike direction, for it is (its finding is) certainly central to
the problem, and because u, p* = 0, which makes the time
component of the problem settled immediately. However,
such a choice does not allow one to select the spin s* as one
of the basis directions, because s* is orthogonal to V# rather
than to u* (the latter would require u,s* = u,V,"S* =0,
which is not the case in general). And, obviously, #* cannot
be chosen; it is given by the MPD equations and a chosen
spin condition.

Having opted for eg = VH, e’i‘ = s#/s, we have from (39)

and (43)

PF= "R gyt sTVP = s R gl

;A 5
=5 Cr U —l—gse”f,i@u}’. (44)

U

The projections of equation (44) on V# and e read,

respectively,
—V”[?” :ﬂ+pMV” :ﬂ+p,;Vk =35 *Ciémui, (45)
eiﬁ” =S *Ciﬁ@u?, (46)

where the notation u:= -V p° has been recalled. The
cosmological term has no effect in this plane. The remain-
ing two spatial directions ef and ¢, perpendicular to both
V¥ and s, are left unspecified for the moment; the
respective projections of (44) are written

e%p”:s*CQ?i()u?——sf, (47)

su’. (48)

Hence, the time component —V, p* is determined purely
by the magnetic part of the Weyl tensor, B,ju':=
*Ci()i()ui (see Sec. 1 of the Appendix), while the remain-
ing components are influenced by both magnetic terms

(those containing ul =

(containing u').

—V,u®=y) and electric terms
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B. Newman-Penrose null tetrad

Let us proceed now to the standard Newman-Penrose
tetrad made of two real and two complex null vectors
(k*, 1", m*, m*) introduced by

1 1
Hi= — (VF 4 &), = —(VF—¢ 49
ﬁ( 1) ﬁ( 1) (49)
1 . _
mt = 7 (e +ief), mt = 7 (5 —i€}), (50
satisfying the normalizations
k" = —1, m,m* =1,

k,m' = k,m" =1,m" =1,m" =0
and giving rise to the metric decomposition
G = kb, = k1, + m,m, +m,m,. (51)

The ten independent components of the Weyl tensor
are represented by five independent complex projections:

Wy = Cppaktm*k“m?, (52)

U, i= Cp kM IVkEm?, (53)

U, i= C,pktm? i< (54)
1 vk JA VK p A

= 3 Cons (W IRT = K mii?), (55)

\I/3 = Cﬂwdlﬂkleﬁ’li, (56)

\1/4 = CﬂyKll”ﬁ’lDlKﬁ’li. (57)

We need to find how the above scalars relate to their
counterparts given by the dual Weyl tensor now. It is
clear from the latter’s definition that the dualization can
be shifted to the respective couple of tetrad vectors in
the projections, so it is sufficient to find how the
bivectors made of the tetrad elements behave under
dualization; actually, due to the symmetries of the (dual)
Weyl tensor, it is sufficient to know this for k#m" and
Fm¥. Tt is easy to check that the null tetrad is
“positively” oriented:

e(lﬂyékal/jmyﬁ’lé = 1[0]23] =1,

and that the Hodge star simply brings the imaginary
unit,
(KEAmY)=i(k* Am¥), *(I"Am*)=i(l Am¥), (58)

which implies “anti-self-duality” of the scalars:
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Wy =k mikEm? = i, (59)
W =k KMt = i (60)
Wy = CkmV i I = i, (61)
Wy = g PR I = 10, (62)
Wy = Cp P it = 10, (63)

Writing, conversely,

1 1
V= — (k" + ¥ e =— (k-1 64
ﬁ( ) : \@( ). (64)
=), = — ), (65)
2 \/E 3 2i
and using the Appendix, we thus obtain
=V, p'=-2s Im\Ilzu
- S(Im\I/:; - Im\III)ui
— s(ReW; + ReW, )u?, (66)
e,ilﬁ” = -2s Im\Ilzu()

— s(Im¥5 + Im¥, )u?
— s(ReW; — Rel, )u3, (67)

R A\ -
€Zp” = +s (2Re\I]2 - g) I/t3
— s(ImW5 — ImW, )y
+ s(ImWs + Im¥ )u! (68)

Mp” = -5 <2Re\I’2 — —) 2

— s(ReWy + ReW, )ud
+ s(Re¥; — Re\III)u . (69)

The main feature of these equations is that they do not
at all contain ¥, and ¥,. And note again that the
cosmological constant only influences motion in the
spatial directions perpendicular to spin.

It may seem possible to express the above equations in
terms of only two components of four-velocity, because u®
are constrained by the relation

0 =u,p' = uV,p"+ 5;u'e) p*

and by normalization
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-1 = —(MO)Z + 5,Juiuj

But u,p" =0 is satisfied automatically; it brings no
information (it can actually be used as a correctness check).

C. Simple implications from tetrad components of the
MPD equation of motion

It should first be stressed that u,p* = 0, so the overall
effect is always perpendicular to the representative world-
line, irrespective of any interpretation superstructure. In the
above projections, the simplest terms are the “cosmologi-
cal” ones: they act within the (¢}, ¢5) plane and always

perpendicular to the projection of the trajectory onto this
plane. The “Newton-Coulomb” tidal field, generated by
mass and given by ReW,, acts in the same manner within
the same plane, its effect having the opposite/same ori-
entation for positive/negative A. The “magnetic-type” tidal
field, generated by angular momentum and given by ImW,,
acts in exactly the same way, but within the orthogonal
(ej. €4) plane. The remaining force is tied to longitudinal
wave effects in the k# and /# directions, represented by ¥,
and W5 (cf. Sec. IV C). The last scalars ¥, and W, are not at
all present, which in standard understanding (cf. Ref. [43])
means that if the NP tetrad is chosen as we did, there are no
transverse wave effects, neither in the k* nor in the [#
direction.

D. “Intrinsic” choice of tetrad

It was notably Ernst Mach who emphasized that the
system should itself provide terms in which it will be
interpreted. Unfortunately, our system needs the “reference
observer” V* in order to be unique and to make sense.
However, we know from (26) that with this chosen, the
spinning particle does provide a unique orthogonal (thus
also orthonormal) basis which can be used in generic
situations (namely, when the vectors p# and u* are
independent): besides V¥ and s* from which we have
started, it is given by (uu* —yp*) and by the “vector
product” of these three,

€”IKAV1SK(/4MA —ypy) = S’M(HW —-7P2)
= —§HS,, VY = (528, — sts,)VY;
(70)
note again that we already mentioned this basis in (26).

Hence, besides the —V,u* =y = u’ and s,u" = su' four-
velocity components, we have

(pu, —yp,)u' =ym—p, (71)
Cua V'  (uut — y phYut = —yequt V's*pt
= ¥s5. (72)
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The second and the third components of p* follow from

(g = 7P P" = =ypup” = YMM,  (73)
€mk/1vls’<(ﬂu/1 - 7p/1>l.7ﬂ = _pﬂS/MSMVy

= (szg/w - sﬂsl/)pﬂ"/y' (74)

Before usage of the above tetrad, one should learn the norm
of the two newly specified vectors,

(uu, —yp,)(u* —yp*) = 2yum — p? — y* M?, (75)

Cpapy VS (uu? — y p? )" *V s, (uuy —yp,)
= 5*(2yum — p* = P M?). (76)

Note that the expression crucial in both these relations
becomes

2pum — i = PP M = m? = M? - (20)
for the Mathisson-Pirani as well as the Tulczyjew
condition.

Just to summarize, in an orthonormal tetrad involving
the above vectors, one has

= dut = rm _2” . (77)
V2yum — @* - PP M
ué = eéu" = r (78)
H 2 2A42°
V2pum — 12 — y* M
5 . y/\/lM
eﬁp/‘ - 2 2A42° (79)
V2rum —i? = M
R s2g, —s,5,)prVY
e — (8°G = Sus) P (80)

s\/2pum — p? — P M?

Let us stress that the above tetrad is quite generic (it only
cannot be used with the spin condition u#||p#, which
implies uu* —yp* = 0); in particular, it is independent
of the spacetime curvature structure.

IV. EQUATION OF MOTION IN SPACETIMES OF
DIFFERENT ALGEBRAIC TYPES

Let us look at whether the above projections of the
MPD equation of motion can be somehow linked to the
algebraic type of curvature. This mainly means to turn
the interpretation tetrad so as to reflect both the spin and the
curvature features. First, we leave the supplementary spin
condition generic, and then we will consider the mostly
used special choices.
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A. Interpretation in a tetrad tied to curvature structure

One of the aims of this paper is to check whether in some
cases the above structure tied to the particle spin can “fit in”
spacetime curvature in such a manner that the MPD
equations assume an especially simple and easily inter-
pretable form. It is known that every spacetime hosts four
null eigendirections of the Weyl tensor, called its principal
null directions (PNDs); their multiplicities indicate the
Petrov type of spacetime. Let us denote by k* the PND
of the highest multiplicity. Let us also define another
independent real null vector [ and normalize it by
k,I* = —1; it can in general be chosen arbitrarily (it even
has to be if the curvature is of type N and k* is a four-fold
PND), though it would be especially beneficial to take as [/
some of the other PNDs. However, such a choice is
typically not feasible, if one needs to also simultaneously
fix the tetrad to the spin structure.

The only way to ‘“adapt” the spin structure to some
spacetime features is to choose the reference observer V*
accordingly and thus adjust the spin eigenspace in some
preferred direction. Consider what can be achieved in this
respect at some point of the particle worldline. Let us have
some spacetime and use its highest-multiplicity PND &* as
the first vector of the NP tetrad. Now, imagine first that one
knows the particle’s spin vector s#. Then it is natural to
define the second null vector of the NP tetrad by

§2kH sH

[

2(s,k)? sk

It is easy to check that such [/ is really null and that
k,l* = —1. Clearly the definition is not possible if 5,k' = 0.
Supposing that this is not the case and regarding that a null
vector can be normalized arbitrarily, let us choose the
normalization of k* so that s,k' = \/% Then we can specify

the definition of /# as
oM
M=k =2, (81)
s

which inverts to s* :%(k" — I"). Subsequently, we

choose the reference observer by
VH = L(kﬂ + [ﬂ)
V2

and introduce the spin bivector by
Sa/,v = €aﬂy5VyS5 = =S €a,[7'y5krl§'

As the second situation, imagine—as is the case when
starting from the original MPD equations—that one knows
the particle’s spin bivector S# (rather than the vector s*).
Then it is natural to define the second null vector /# of the
NP tetrad as some null eigenvector of $*, i.e. as a vector
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satisfying S,/ = 0, and normalize it by k,/* = —1. (If I*
happened to be proportional to k#, one would have to take
the other independent null eigenvector of $#*.) Having both
k* and [#, one chooses

1 s
VH = — (kF + M), GH— = (JH — 1
ﬂ( ) \/i( )

as the reference observer and the corresponding spin vector.
Since §,, V¥ = 0 according to the required spin condition,
the eigenplane of S* is thus turned so as to also contain k*,
with s# lying in it automatically.

Finally, the plane orthogonal to both k* and /* can be
spanned by the remaining two complex null vectors m* and
m# arbitrarily (turning these suitably may slightly reduce the
Weyl-tensor components; see Sec. 2 of the Appendix); the
corresponding orthonormal vectors are obtained by (65).

To summarize the above in an effective way, by a suitable
choice of V¥, it is possible to rotate the eigenplane of $** so
as to contain the given null vector k* (the highest-
multiplicity PND in our case). The spin structure of our
problem has thus been connected with the curvature
structure, which is desirable if one wishes to discuss the
spinning particle motion in dependence on the Petrov
type of the background. Namely, the interpretation ortho-
normal tetrad has thus been chosen in the way described in
Sec. III A, while the first vector k# of the associated NP
tetrad has been identified with the highest-multiplicity PND,
which leads to the respective simplification (vanishing) of
some of the Weyl-tensor projections. Were it possible to also
identify the second NP-tetrad vector /¥ with some of the
other PNDs, some further Weyl scalars could be made to
vanish (in particular, in type D it is very advantageous to
align /# with the second existing double-degenerate PND),
but this is typically not the case, because the (k*, [#) plane
has no reason to coincide with the eigenplane of S*.
Practically, by a suitable choice of V¥, one can make the
eigenplane of S* intersect the (k*, I#) plane right along k¥,
but the other generator s* is thus fixed and cannot in general
be rotated to fall in the (k*, I#) plane too.

Now it is clear how the equations (66)—(69) simplify in
specific algebraic types. If all the Weyl-tensor PNDs are
distinct, the spacetime is of Petrov type L. If the null tetrad is
chosen so that one of these directions coincides with k#, the
corresponding scalar W, vanishes (if the PND were aligned
with [#, the last scalar ¥, would vanish instead). This,
however, does not affect equations (66)—(69), since they
lack ¥, and U, a priori. In algebraically special cases, the
PND k* is degenerate and further Weyl scalars vanish
besides ¥: in type II, k# is double and ¥, = ¥; = 0, and
in type IIL, it is triple and ¥, = ¥ = ¥, = 0, with obvious
effect on equations (66)—(69). We see, however, that even in
a type-lll background, where only W5 survives in the
equations, all the force components are still nonzero in
general; just one of the components of W5 can be
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transformed out in addition by a suitable rotation of m* and
m* vectors (see Sec. 2 of the Appendix).

B. Type-N and type-D fields

The remaining Petrov types N and D are usually
discussed separately, since they are algebraically the
most special and cover many of the important exact
spacetimes known. In type N, corresponding to purely
transverse plane waves, there is just 1 four-times repeated
PND. Using it as k* and erecting the orthonormal tetrad as
described in Sec. IVA, one obtains equations with
(Ug =)¥, = ¥, = U3 =0, hence only keeping the cos-
mological terms,

~V,p* =0, elpt =0, (82)
. A s R A A
espt = —§SM3, ept = gsuz. (83)

Recalling that u,p* =0, we see that three (generically
independent) projections of p* vanish, so apparently it is
possible to rotate eg and eg in order to annul one of the
respective projections additionally. In the “intrinsic” tetrad
suggested in Sec. IIID, the third of these equations is
written

MM = —%ssy (84)

and the last one, thanks to the second (s, p* = 0), is written

Vo = (rm =) (55)

Finally, in spacetimes of Petrov type D, there are two
independent double PNDs. Identifying one of them again
with the NP-tetrad vector k#, one arrives at the same result
as for type I, namely (¥, =)¥; = 0. A further simplifi-
cation, ¥; = W, = 0, only occurs if the second NP-tetrad
vector /# can be aligned with the second double PND (this
choice is known as the Kinnersley tetrad); all the tidal field
is represented then by W,, so the equations reduce to

~V,pt = =25 ImWu', (86)
elpt = =25 ImW,u, (87)
5 AN 5
€Mp BN ZRC\Pz—g u, (88)
3 AN 5
ept =—s 2Re\112—§ u-. (89)

In our “intrinsic” tetrad the third of these equations is
written
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MM = <2Re‘112 - %) 5§ (90)

As pointed out already, the Kinnersley-like choice is,
however, not feasible in general, if we need to reconcile
the tetrad with the spin structure at the same time.

C. Ideally rotated NP tetrads: Transverse frames

It is known [44,45] that instead of canceling out the
scalars W, and Wy, it is quite generally possible to do the
same with the couple W, and W;. This is in fact a preferable
alternative, as it means elimination of the ‘“pure-gauge”
longitudinal wave effects. Notably, Ref. [46] presented a
covariant procedure, applicable to any type-I spacetime and
any initially chosen NP tetrad, to find a new tetrad (the
transverse frame) in which ¥, = 0 and W3 = 0, together
with prescriptions for the new values of ¥, U,, and W,.
Such an option seems ideal for our projections (66)—(69) of
the MPD equations, since they do not contain ¥, and W,
from the beginning, so their values are irrelevant. Hence, if
we use in our picture as k* and /¥ the vectors reached in
Corollary 2 of Ref. [46] (and derive V¥, e’; from them
accordingly), the MPD equation projections (66)—(69)
would reduce to the type-D form (86)—(89) in any field.
The only exception is type III, where the “transverse” frame
cannot be found; the existence and (non)uniqueness of such
a tetrad were summarized in Ref. [44]. Note also that in
type N our MPD equation projections are even simpler to
write (see previous subsection), so there is no need to use
the transverse frame. To sum up, the transverse tetrad could
simplify our equations in type-I and type-II spacetimes,
effectively turning them into the type-D form.

There is a problem, however: as found in Ref. [46], there
generally exist three distinct “principal” transverse frames
(k#, 1", m*,m"), plus a continuous set of their derivatives
obtained by renormalization e?k*, e~#[¥ in the real timelike
plane and rotation e~ m#, ¢m# in the complex spacelike
plane. Hence, for any of these alternatives, the (k#, I#) plane
is fixed, so—like with the Kinnersley tetrad choice in the
type-D case—it is not in general possible to fix it to the spin
direction concurrently.

In type-D spacetimes, Re¥, and ImW, represent, respec-
tively, components of the gravitoelectric and gravitomag-
netic tidal fields (see Sec. 1 of the Appendix); ReW, stands
for expansion and ImW, stands for the vorticity/twist of the
PNDs. Clearly ReWU, is connected with the “scalar,”
centrally acting field component, while Im¥, is connected
with magnetic-type effects due to mass currents (typically
due to rotation). Equations (86)—(89) reveal that in case one
could make the interpretation tetrad transverse (thus def-
initely not in spacetimes of type III), the electric part of the
curvature would drive the spinning particle within the plane
orthogonal to (V#, s#) (i.e. within the blade of S#), while
the magnetic part of the curvature would drive it within the
(VH, s#) plane (i.e. within the blade of *S*).
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In type-III spacetimes where the NP tetrad cannot be
rotated so as to become transverse (not even at one point),
the equations of motion (66)—(69) read

=V,.p' =—s Im\II3u§ - sRe\I/3u§, (91)
e;ill)ﬂ = —sIm¥yu? — sReW 5, (92)
5 Ay i 0

eﬂp = —gsu* —+ sIm\I/3(u —Uu )a (93)
5y A 5 i 0

ehp :+§su +SRC\IJ3(M —u ) (94)

The first two projections have the same right-hand side, and
the last two would be just Im and Re parts of the same
expression if A were zero.

Note, finally, that the transverse tetrad is (or would be) an
alternative to the “intrinsic” tetrad suggested in Sec. III D:
when using the intrinsic orthonormal tetrad, given by the
pole-dipole description itself (provided that the reference
observer V# has been fixed), it is generally not possible to
make it transverse with respect to the curvature at the
same time.

V. SPECIFIC SPIN CONDITIONS

Let us check now whether some of the usually posed spin
supplementary conditions bring some advantages when
employed in particular Petrov types. It must be stressed,
however, that choosing a certain particular V* irrespec-
tively of the curvature type (typically as fixed to some
important direction given by the particle motion) means
that this zeroth tetrad vector cannot in general be at the
same time aligned with the PNDs in the desirable way, so in
special Petrov types the MPD equation only gets further
simplified if the highest-multiplicity PND k* incidentally
belongs to the (now a priori selected) spin plane (V#, s#).

A. Mathisson-Pirani spin condition, V¥ = u*
With the condition $*°u, =0, the first MPD equa-
tion (39) becomes

P ="RH,pu”s"uP = Bls®, (95)

where B, is the gravitomagnetic tidal field (see Sec. 1 of
the Appendix). The right-hand side thus differs from that of
the geodesic deviation equation only in sign and in the
Hodge dualization of Riemann. The tangent-vector tetrad
components degenerate to

uOEyE—u(,u =1, u' =0,

which simplifies the (66)—(69) projections to
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elpt = =25 ImW,, (96)
e pt = —s(ImWs — Im¥, ), (97)
e,%p" = —s(ReWl; + ReV)) (98)

(the time component is trivial, since u,p* = 0). Here the
cosmological constant drops out completely, while all three
Weyl scalars remain present; W, is only represented by its
imaginary part and determines the force which acts on the
particle in the direction of its spin.

For V# = u#, one has y =1 and y = m, equation (36)
implies m = —u,p* =0, equation (31) reduces to
s* = utu, s, equation (33) gives s = 0, and equations (23)
and (25) imply

st =0 = s,p" =0(=)s,p" = ms,i", (99)

which allows us to rewrite the first of the above equations
(for the spin-direction projection of p#) directly in terms of
four-acceleration u*:

ms, i (= —mu,s*) = =25 Im¥,. (100)
A propos, in the case of the Mathisson-Pirani condition,

the four-acceleration can be isolated from the MPD
system [24],

1 /1
W =— <—]§’s,s" - pKS’“‘>, (101)
s? \m

as also follows by equation (35).

As noted above, after choosing V# = u/, the tetrad
zeroth and first vectors are fixed, so even if the spacetime
was algebraically special, they cannot be rotated to make
Kt = Lz (V¥ + s#/s) coincide with the desired PND. Only

in the special case when the particle is moving so that k* =

% (u + s#/s) points just in that principal direction does

the W, scalar vanish and the above equations simplify
accordingly. If the principal direction were even triple
degenerate (type-III field), in that case, ¥, would vanish
too, implying no force (and no acceleration) in the direction
of the spin vector. Finally, for a particle moving in the
direction given by PND of the type-N spacetime, one has
eipt =0, so p* =0 (no force).

B. Tulczyjew spin condition, V¥ = p*/ M
With V¥ = p#*/M, one has y=m/M and u= M,
equation (37) implies MM = — pur" = 0, equation (31)
reduces to M?s# = p#p,s* and equation (33) to s = 0, and
equations (23) and (25) imply, analogously as above,
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$u0" =0 = s =0 (=) 5,1 = %sﬂpﬂ. (102)

However, the main advantage of this condition is that an
explicit relation exists giving #* in terms of p* and S* [47]:

m 25" Ry 'S
w=——=|p'+ 103
M2 (p AN F Ry, pSP ST (103)
(plus u,u* = —1 fixes m, which is not constant along u*

here). Likewise, it is also possible to find p* in terms of u*
and $*. Actually, relation (23) implies u*s, = 0, so p* and
ut are both orthogonal to p* as well as to s#. Hence, it is
natural to decompose p* into mu* and a term orthogonal to
u* (namely, proportional to €*°u,p,s,). Multiplying this

decomposition by €,,4,u®p’s?, using the relation

uapy

(528, — st's,) p* = Me"Ps,u,ps (104)
following from (34)), substituting the definition relation
MSHe = e#®Ppys,,  and  finally  demanding  that
pup" = —M?, one derives

(105)

1 .
pll = mut — Me/wpuu”ppsm

where m* = M? + 8% p,us, and p, is to be substituted
from the first MPD equation (2). Note that a counterpart of
(104) can be found as well for the decomposition of s* into
components parallel to p# and orthogonal to it (and thus
proportional to €7°p,u,p,,).

With Tulczyjew’s condition, the first MPD equation (39)
reads

Mpt =*RH g’ s®pP, (106)

and its “temporal” (V) projection vanishes again due to

Pu pr= ~MM =0. The tetrad components of four-
velocity include

M()E}/E—pgu :ﬂ,
M M
+ o ssu’ msgp°
so the (66)—(69) system reduces to
0=~V p' = +s(Im¥; — Im¥3)u’

— s(Re®, + ReW;)u’, (107)
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z . . 2ms
el =elpt = - "ImVU

el =e m
m up M 2

u

- s(Im\II3 4 Im\Ill)uﬁ

—s(ReW; — Re‘lfl)”§7 (108)
%W—HGM%—gf
—%(Im\% —Im%,), (109)
eipu =—5 <2Re\112 - %) >
~ "% (ReW; + Rell)). (110)

M

The first of these equations together with the normalization

m2

—1=—(u0)? + ) (u)? = et (?)? + (u’)?

gives u? and u® in terms of the Weyl scalars,

ReW¥, + ReV;
M

u? =

8 m2 _ M2
(ReV; + ReVs3)? + (Im¥; — Im¥3)?

_ j:Re‘l’l + Re_\I’3 \/m’

(111)
M|¥| + U5

o m? — M?
(RC\III 4 RC\IJ?,)Z 4 (Im\Ill - Im\I/3)2

_ I Inds i

= (112)

M|T; + U
which can then be used in the remaining equations to
express e}l p* in terms of W,; for instance,

N 2ms 2sIm¥ ImW¥
elpt = T mU,F 1 3 2 A2 (113
up M 2F M|\I/1 +\I/3| ( )

Again, if p* incidentally points in such a direction that
the plane (p#,s*) contains some of the PNDs of an
algebraically special spacetime, then ¥; = 0 and

i 2ms

eﬂp" = —WIm\Iiz, (114)
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5 . s 2Re\I/2—%
e p” :—MIm\I/3(mi|\II3| mz—M2>,
(115)
2Re¥, — 4
ept =——ReUs(m+t—-"2 £ 3V/m? - M?).
! M REY
(116)

(One of the last two projections can furthermore be trans-
formed out by a suitable rotation of m* and m* vectors.)
A similar situation in the type-III case would mean no force
in the spin-vector direction (plus one more transformable
out), and if it were type N, the force would vanish
completely again.

A short remark on equation (104): It says that the
projection of p* onto a hypersurface orthogonal to
s#(=sef) equals Me“Psuqpy, which means that the

ez p* and e,% p* components can also be obtained directly
from that expression [rather than from (106), which is more
complicated)]:

5y 5,5 _ aq2iap
seppt = Te’”"/ epsitapy = Me* uzpy

= M(ugps — uspy) = MPuw’ —mp?,

seyph = Te”’“ﬂeis,u(,pﬂ = M€31“ﬂu&p/;

= M(uzypy — ugps) = mp? — M2u2,
However, this is nothing new; it only reproduces what we
knew from the beginning, namely relation (8). Actually,
with the Tulczyjew condition, the latter reads

M2ua _ mpa — _Socﬁp'/j
— —E(Iﬁy(SV/;Syp.g — se()iaépé’

which exactly yields the above projections.

1. Using the “‘intrinsic” tetrad with
Tulczyjew’s condition

The Tulczyjew condition very well fits together with
decomposing the MPD equation in the “intrinsic” tetrad
suggested in Sec. III D. Actually, substituting V# = p# /M,
y=m/M,u= M, and s =0 into (77)—(80), and assum-
ing m # M (otherwise the tetrad is not defined), we obtain
for u* and p* the components

X 2 A2
W = mMM , (117)
bﬁ:M = — 0 (118)
m f—
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dp— MM, (119)
m2 _ ./\/12
3. —P”S ls‘hpb M
eph=—FH 2 T _\/m? - M?, 120
i Vi VA 120
which reduces the (107)—(110) system to
0 = s(Im¥; — ImP3), (121)
1. 2ms 3
eﬂp” = —Wlmlllz — S(Imqjl + Im\IJ3)M s (122)
0 = s(Im¥; — ImP3), (123)
A 2(ReV, 4+ ReW¥
M= 2 (A oRew, ) S ReW HReWs)
3 m2 _MZ

The first and the third equation are equal and imply
ImU¥; = ImWV;; the last equation represents a constraint
between several parameters of the exercise; evolution has
only remained in the s,p* component.

If the (p*, s*) plane contained some of the PNDs of an
algebraically special field, one would have ¥, = 0; hence
also ImW; =0, and the evolution equation would
shorten to

2
. . 2
<M7 et :> eypr = —%Im\yz.

In type III where U, = 0 as well, this right-hand side would
vanish, and the constraint would reduce to

ms? ReV,
M2 — Mz'

S2—

A
2 _ =
M*3

We have not mentioned types D and N, because in these
cases the “intrinsic” tetrad is not available. To prove this, let
us evaluate the term which “deviates” u* from p* according
to the relation (103): by substituting consecutively

Sld _ lcxl avﬁ pl = MV
9
v __ vpo
SH = et? Vps(,,
* — * Ann — ¥ PPN
Risis = Riio = Cypio (vacuum),

decomposing the result in the generic (k*, I#, m*, m*)-tied
orthonormal tetrad, and using the Appendix, one finds
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SﬂDthK/IpISM = _ZSﬂDRzmﬁplsaVﬂ
= =2MsS"*R 515 = —2Ms*e"V1*C 514

_ 205 P koM
= 2Ms*( CSOIOeQ C201oe§)

= —2MS2KR6\I/1 + Re\If3)eg
+ (Im\III — Im\IJ3)eg]

Hence, in type-D and type-N spacetimes where
W, = 0 = Wy, this term vanishes and u# is parallel with
p*, which is exactly the situation when the “intrinsic” tetrad
does not exist.

2. Note on the momentum-velocity relation

As seen from (14), for the momentum-velocity relation
(13) to “close,” a condition weaker than Tulczyjew’s is in
fact sufficient; namely, 2 (S% p;) has to be expressible in
terms of S% and p® only (for example, it must be
proportional to S% p s or to p®). Concerning the importance
of the momentum-velocity relation, it might be interesting
to examine the range of this option, but we will not go in
this direction here.

C. V¥ parallel along v

We suggested in Ref. [24] to take V* given by some
vector parallel along u¥, i.e. satisfying V¥ = 0. Relation
(21) then implies u*||p* (such an option was already
recommended by Ref. [48]); therefore m = M, u=ym
and S =0, *.S"aﬁ =0, s =0. The mass m = M is con-
stant along p* = mu*, and the MPD equation’s left-hand
side can thus be written as p* = Mu#; its “time” compo-
nent, in particular, also reads —V,p* =y = ym. From
ut|| p* and V¥ =0 it also follows that §# = 0. Most of
the equations in Sec. II become trivial.

Not so the first MPD equation (39). Actually, in spite of
these significant simplifications, the scheme (66)—(69) does
not reduce in general. In particular, note that although the
present spin condition leaves the reference vector V¥ more
free, namely only restricted by V# =0, one still cannot
count on correlating it with the main PND k* besides: in
such a case V# and the corresponding s# would have to be
related to k* by V* = +/2k* —s*/s, so the requirement
V# = 0 would only be fulfilled if & = 0 (because §* = 0),
i.e. only if k* were itself parallel along the particle’s
worldline. Of course, it is not in general. On the other
hand, if restricting to purely local analysis, “at any single
point” of the trajectory, then it is always possible to select
V# in the desirable way, namely to take advantage of its
freedom and choose it there in the same way as described in
Sec. IV A. Therefore, at any given point, we can keep the
recipe from that section and simplify equations in some of
the algebraically special situations accordingly.
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1. More on the u* || p* option

The main benefit of choosing such a V* whose V¥ = 0 is
that u* and p* are parallel then, p# = mut;i.e. the “hidden”
component of momentum (28) vanishes. Besides obvious
simplification, this circumstance also remedies one of the
inherent inconveniences of the extended-body problem.
Namely, even though p* should be timelike in reality (i.e.
one supposes M? > 0), the MPD equations do not in
general guarantee that u# is timelike as well (the selected
representative worldline may be winding through the
body’s convex-hull world tube in an awkward way); in
particular, #* has been observed to easily become spacelike
in highly nonhomogeneous fields where the pole-dipole
approximation is most problematic. The u* || p* option thus
eliminates the need to control the spacetime character of u*,
this being fixed by the character of p”. Moreover, since
ut || p* implies M = 1 = 0, the normalization of pt =
mu” is conserved. The same, of course, applies to the
reference vector function V¥, since it is parallel transported
along u”.

A further advantage of having p* = mu/ is that it can
keep the problem linear in spin. Actually, the MPD
equations (2) and (3) themselves are linear in S$*, but
the spin supplementary condition—which anyway has to
be added—brings the nonlinearity in general. The non-
linearity can be seen as entering through the momentum-
velocity relation which has to be used on the left-hand side
of (2) in order to write the latter down as an equation for u*;
the momentum-velocity relation (103) arising for the
Tulczyjew spin condition is a clear example. With the
option p* = mu* (and m constant along u*), equations (2)
and (39) simply become

1
mit = —ER”MW’S’”1 = *RHpu’s*VP. (125)

Therefore, the problem remains linear in spin (if V# is not
spin dependent, of course).

Let us realize now that u* || p* can, however, be ensured
by a weaker condition than VH =0, namely, it is sufficient
to take V¥ proportional to s*. Actually, we know that
w'|| p* implies S =0, *S% =0, and § = 0, irrespec-
tively of the spin supplementary condition. But since some
spin condition (V,$* = 0) has ultimately to be employed,
it is reasonable to rewrite the S = 0 option as Vﬂ S =0,
as also given by (21). Well, we have in fact only restored
the statement that the hidden momentum (28) should be
zero. Or, in still other words, u* || p* < V* belongs to the
eigenplane of $**. The latter is spanned by V¥ and s*, of
which V* is nevertheless perpendicular to V¥, so V* has to
be proportional to s#. Multiplying this proportionality by
Sy, One finds
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. 1
VH = 2 Vs, st

(126)
This result is nothing new; we knew it from equation (34))
already. Similarly, the spin-vector evolution (31) for u#|| p#
reduces to

§H = Vs, VE. (127)

The reference vector function V* is clearly not fixed
uniquely. Specifically, it is constrained by V,V# = —1 and
(126)), of which the latter represents just two independent
conditions, because its projections onto V# and s* are
satisfied automatically. The remaining indeterminacy of V*
can be interpreted as a freedom to choose the magnitude of
VE.If V¥ is multiplied by some scalar, s, has to be
multiplied by the same one, otherwise 2 (V*s,) (and ergo
also V*s, itself) would not stay zero.

Consider now how to exploit the above freedom in order
to choose V¥ in a “natural” way. One possibility is to
require % (u*s,) = 0 which, according to relation (23) (but
here even more so due to u#||p*) is equivalent to

D . .
a(p”sﬂ) = pts, + p"s, = 0.

Taking now §,(= V*s,V,) = M“j} V,, with a some dimen-

sionless scalar and y = -V, p°, M? = —p,p° (= m> when
ut|| p*), we find

2 m2
a = S—zpﬂsﬂ = ?*Rﬂmﬁs“u”saVﬂ (128)
= mz*Riﬁ()u?, (129)

which can in general (general vacuum) be decomposed by
equation (67)." Therefore, if p's, = mut's, = 0 at some
(initial) point and a is chosen as above, then u''s, = 0 (s is
“purely spatial”’) along the whole representative worldline.

Finally, a natural option for how to set u*s, =0 is to
simply select V¥ = u# (= p#/m) initially. With a chosen
by the above prescription, and with V# and s* evolving
according to

2
e A i 1) (130)
um um

the four-momentum p* will then remain tangent and the
spin s# orthogonal to the representative worldline u*.

*Specifically in type-N spacetimes, a = 0.
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VI. SPECIAL TYPES OF MOTION

It is useful to once more realize what can actually be
chosen freely in the spinning particle exercise. Tackling it
as a 3+ 1 problem (e.g. when integrating the MPD
equations on computer), one typically first selects V¥
and the three-vectors of initial relative velocity and initial
spin with respect to some observer (which may be different
from V*); these determine the initial four-velocity #* and
four-spin s#; then the initial bivector S5 = €,5,5V7s° is
calculated. The remaining point is to obtain the initial four-
momentum p*; this is practically done in dependence on
the chosen spin supplementary condition, but in principle
p* follows by integrating the energy-momentum tensor
over a hypersurface fixed by V*. Hence, apart from initial
conditions, V# is the only freely selectable quantity.

It is thus natural that we have first considered the choice
of V¥, because this may be done without loss of generality.
In this section, secondarily, let us check whether some
“clean” cases do not follow for special types of motion, i.e.
for special u* or/and p* (whether with a special choice of
V# or not). Note that some of these have already been
mentioned within the previous section on specific spin
conditions.

It should be emphasized that one must distinguish
between a special setting holding at one point and the
much stronger (and by default considered) circumstance of
such a setting remaining valid along the whole represen-
tative worldline.

A. Special u*

The MPD components (66)—(69) simplify when some of
the four-velocity components u® vanish.

1. u* lying in the Weyl-tensor eigenplane
If u* lies in the plane spanned by k* and [/, it is

orthogonal to m* and /m*, hence u> = 0 and u® = 0, with
obvious effect on the above equations. However, the plane
of k* and [# is the plane of V# and s#—namely, it is the
eigenplane of S*”—hence necessarily S#°u, = 0. If the
above holds along the trajectory (not just at one point), one
is thus back at the Mathisson-Pirani condition in Sec. VA.

2. u* (and thus p*) orthogonal to s*

If u* is perpendicular to s* or, in other words, u/ is
tangent to a timelike hypersurface spanned by V#, m*, and

m#, then u' =0 disappears from the equations. If the
transverse NP frame could be used, thus having equations
in the (86)—(89) form, the time component would vanish in
that case, =V, p* = 0.

Let us check for further consequences, mainly for how
the choice of V* is restricted by the requirement s%u, = 0.
Firstly, relation (23) says that s*p, = 0 then, too. We know
that such a situation can be accomplished by selecting
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VE=u" or V¥ = pt/M, ie. by Mathisson-Pirani or
Tulczyjew choice of the spin supplementary condition
(Secs. VA and VB above), and that the simultaneous
orthogonality of s# to both #* and p* may also happen
when these two vectors are parallel (Sec. V C). However,
here we want to check whether there are some other
alternatives, so we assume that the three time-direction
vectors V¥, u#, and p# are independent.

Now, since s* is orthogonal to all of them, it can be
written

st = f_e””"lV,quﬂ, (131)
s
where (33) has been used for ‘“normalization.”
Consequently, equation (31) assumes the form
§H = VHV s + 25 (132)
s

Does anything follow for the evolution of V#? Projecting
the equation (35) on u* and p*, one finds, respectively,

D .
ey (sVF) = u,(sV¥ +sVH) =0, (133)
T

D .
p”d_ (sVF) = p,(sV¥ +5VH) =0, (134)
T

which means orthogonality to both u* and p*, because the
vector (sV# + §V#) cannot be trivial. Hence, this vector has
to be an eigenvector of $** (with zero eigenvalue again). It
is also simple to check, e.g. by multiplying relation (132))
by Vﬂ, that

S, (sVF 4 5VH) = 0. (135)
Since the vectors u, p#, and s# have to be independent,5

this means that % (sV*) is orthogonal to all u#, p*, and s*,
s0 it can also be represented as

SVF 4 §VH = et §u . p, = —="S"s, (136)
§ §

>Otherwise (132)) would be a combination of u* and p*, i.e.
VAV s + (§/s)s* = Au* + Bp*.

Multiplying this by s,, we find s§ =0, which however also
equals e g Vg pp according to (33). Now, u¥, p¥, and V* are
assumed to be independent in this part, so s# would have to be
dependent, which is in contradiction with its being orthogonal to
all the three.
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[cf. its generic decomposition (35)]. Besides %(SV”), the

other eigenvector of $" is of course s¥, its derivative s
belonging to the eigenplane of S* conversely.6

Before continuing, two points should be stressed:

(1) Tt might seem that V¥ is aligned with s# (which
would ensure u*||p*), because both these vectors
are orthogonal to the triple V¥, (uu* —yp*), and
(ss# — §s#) (for s# it is always so, while V* is only
orthogonal to the first two in general); note that the
second vector of the triple is orthogonal to both the
remaining two. But the suspicion is not the case,
because exactly in the case when s* is orthogonal to
w” and p*, the vector (ss# — ss*) is proportional to
V# [it is clear from equation (132))], so the triple is
not independent.

(2) Mind that orthogonality to both u* and p* does not
mean lying in the plane spanned by V# and s#: as V¥,
p*, and u# are all timelike, they are never orthogonal
to each other, so the planes (V#, s#) and (u*, p*) are
never orthogonal, in spite of s# being orthogonal to
both ## and p* (in this subsection).

Let us assume that the orthogonalities s%u, =0 and

s°p, =0 remain valid all along the representative
D

worldline, i.e. that 2 (s%,) =0, 2(s*p,) =0 as well.

Combining these with the relation (25), i.e. with
yp%s, = uu®s,, we also see that
YPSq = pil®s g, (137)

which can further be extended on account of relation (31):

yﬁas(l = /’tdas{l = yﬂvas(l

= —ypSe = —pu’S, = —yuV°s,. (138)
The above means that we already know of several
vectors orthogonal to s#: V¥, pt. uw”, and (yp* — uut),
of which the last two are also orthogonal to each
other. Hence, (yp* — put*) must be some combination of
VK, pt, and ut, because these three are independent by
assumption.

3. u* = 0: Geodesic motion
It is known that in special situations the spin-curvature
interaction may have no effect on the particle’s four-
velocity, thus leaving the motion free. Vanishing of accel-
eration #* implies, irrespectively of spin condition,

= —ii,p* =0, (139)

pr = —8ru,. (140)

%The second eigenvector of S* orthogonal to s* is € s,u, Pp-
The vector (sV* + sV#) was already decomposed into this basis
in equation (35).
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Note that S% 12,; =0 holds due to Liﬁ =0 here, so one
cannot argue that #* is another eigenvector of S%_ the latter
thus being trivial, etc.

When u# = 0, the Mathisson-Pirani condition V¥ = u#
clearly coincides with the V# =0 condition. This is an
advantageous option, since the latter yields p# = mu* and
p* = mi* (= 0), so there is no force, and the MPD exercise
reduces to the constraint

“R: i’ s“uP = Blys® = 0, (141)

or, if written out in terms of its projections (96)—(98),

Im\112 = 0,
ReW, + ReWs = 0.

Im\lf] - Im‘lf3 = 0,
(142)

Hence, the B, field has to be zero in the rest frame of the
particle, or, if this is not the case, the particle’s spin has to
be its eigenvector (with zero eigenvalue).

On the other hand, the Tulczyjew condition S% psp=0
yields different results—in particular, it allows for nonzero
force p* even when u* = 0. Regarding (102), we however
see that s,p* = 0, which in turn reduces the expression
(104) to

s2pt = Me" P s,u,pp. (143)

Also, using V, = p,/M and p,s* =0 in (31), we have

st =0 (= s=0). (144)
Finally, since e; p* = 0, the Tulczyjew-condition form of
the MPD decomposition, (107)—(110), reduces to the last
two projections, plus the condition that the expression
(113) has to yield zero. The latter says that the masses m
and M are necessarily related through the scalars ¥, W3,
and ImU,. Equivalently (and more simply), one can
calculate ez p* and e; p* from (143). As the latter is clearly
spacelike and orthogonal to s, it is moreover possible to

rotate the e, e vectors so that it has just a single

2 73
component.

4. Stationary situation

Consider now a situation in which relevant scalars do not
change along »*. It is in fact sufficient to demand

M =0= Saﬂp/} = 0, papa = 07
which means that py is an eigenvector of S Since Pp
(supposed to be nonzero) is independent of the generic

eigenvectors of s given in Sec. II D, the bivector S has
to be zero rank (antisymmetry only allows for even rank, so

it cannot be 1); namely, it is trivial. Hence, *S* is also zero,
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and p* and uw* are parallel, p* = mu#, which implies
(cf. Sec. V C, but mind that we do not assume V¥ = 0 now)

m= M,

§H = VHV ¥,

u=rym, s =0,

SPVH = —shs, VP,
In a stationary situation, one can also assume

d d
G2 (Pu) = m () =0

= (145)

in fact, products between any dot-derivatives of p* (thus
ut) and s* should be constant as well, which brings the
chain of relations

pﬂsﬂ = _pysﬂ’
pysﬂ = _pysﬂ = pﬂsﬂv
pust = —pust = p,s = —p,st, etc....

Let us stress, on the other hand, that we do not a priori
demand anything of scalars involving V¥, because this
vector is auxiliary and need not respect the symmetry of the
physical problem necessarily. However, in Sec. VC I, we
saw that the u”||p* case offers one natural possibility: to
prescribe V¥#(z) so that s# is—and remains—orthogonal
to pH.

B. Other

Other special properties are of course possible, though
some of them are either contained in what has already been
discussed, or they do not seem to lead to a particular
simplification of the exercise.

For example, if u,,V" =0, then according to (24)
paV“ = 0 as well, hence SaﬁV/} = 0; since V” is in general
independent of the eigenplane of S‘aﬁ (Sec. II D), S‘aﬁ has to
be trivial, and we are back in the situation mentioned in the
previous subsection. Similarly, u,s* = 0 implies p,s* =0
by (25), from which also Saﬂs'ﬁ =0 and again S'aﬂ =0
generically.

An interesting case follows if saV“ = —s5,V* = 0. Then
all the vectors V#, s#, V”, uu* — ypt are orthogonal to each
other, so they form an orthogonal basis in spacetime; this
basis is actually the one we introduced in Sec. III A, just

with the vectors eg and €4 specially given by VH

3
and pu" — yp*.

VII. CONCLUDING REMARKS

The spinning particle problem is known to be inherently
problematic, at least in the pole-dipole approximation, but
it has a considerable history and brings a nice geometry.
And it is not only of theoretical interest, as seen in growing
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interaction with the wide effort to understand and predict
the generation of gravitational waves by collisions of
compact objects, either by approximations or by purely
numerical approaches. In particular, an inspiral of a binary
of compact bodies has become a key process in that field,
and the role of spin in its outcome is a very lively topic—
see e.g. Refs. [49,50] or, especially for the question of the
spin supplementary condition, Ref. [51]. The effects of spin
can mainly be expected to be important in the final stages of
a black hole merger, because close to the horizon they are in
fact stronger than radial attraction due to mass (in case of a
single black hole, this is a defining property of the static
limit, thus of the ergosphere), though with distance they fall
much faster than the “Newtonian” component. One par-
ticular situation where spin has been found to play a crucial
role is with the “gravitational kicks” which the outcomes of
binary black hole mergers can get as a result of anisotropic
emission of gravitational waves—see e.g. Ref. [52] or,
specifically for the role of the “hidden momentum” in this
effect, Ref. [53].

Let us mention, in particular, the extreme-mass-ratio
limit of the binary inspiral, because it has been given
special attention recently, and because the spinning
particle problem represents its limit neglecting the radi-
ation and approximating the small body by a test pole-
dipole top [35]. See, for example, Ref. [54] for a review
of this field, also including a discussion of different spin
supplementary conditions. The extreme-mass-ratio in-
stance of gravitational recoils has been studied e.g.
by Ref. [55].

A decent history must, of course, be also attributed to the
area of the algebraic structure of curvature (Petrov types).
Although in the neighborhood of compact-body astrophys-
ics it looks more academic, it is not fully so. Actually, the
Kerr solution of Einstein’s equations, celebrated by S.
Chandrasekhar mainly as an astrophysical discovery, and
indeed by default considered by astrophysicists when
speaking of galactic nuclei or some binary x-ray sources,
is algebraically special (type D). If the field in the core of
these systems (of galactic nuclei in particular) is really
close to the Kerr one, its special structure should reveal, for
example, in the inspiral of some much lower-mass compact
body (mentioned above) and, consequently, also in the
generated waves. In the monopole—test-particle limit,
the “Kerr-like” algebraic type is actually necessary for
the geodesic equation (and also several other important
problems) to be completely integrable [56], hence not
allowing for chaotic behavior. However, even in type-D
spacetimes the motion is in general chaotic if the particle is
endowed with spin (Ref. [32] and references therein) or
higher multipoles. The issues of spin, curvature structure,
and orbital dynamics are thus naturally bound together
within one of today’s major application directions of
general relativity. We have not considered any gravitational
waves emitted by the orbiting particle in this paper, but the
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background spacetime certainly can contain waves. In this
respect, the often treated Petrov type N is of physical
relevance as a possible approximation of the far-zone
radiation fields of bounded sources (see e.g. Ref. [57]
and references therein).

To summarize the present paper, we have first reviewed
the Mathisson-Papapetrou-Dixon (MPD) formulation and
derived (or quoted) some useful relations of generic
validity, while mainly focusing on the role of the spin
supplementary condition. In the second part we projected
the MPD equation of motion onto a suitable tetrad and
expressed the spin-curvature term on its right-hand side in
terms of the Weyl scalars W(,_, obtained in the complex null
(Newman-Penrose) tetrad related to the orthonormal one.
Specifically, we have chosen the orthonormal tetrad tied to
the “reference” observer V¥, fixing the spin condition,
taking the corresponding spin vector s# (or rather its unit
form) as one of the spatial legs. In such a tetrad, the MPD
equation appears as (66)—(69), which does not at all contain
the null-tetrad scalars ¥, and ¥,. The remaining two
spatial vectors can be chosen in various ways, of which the
preferable are those fixing them “intrinsically,” along
some directions provided by the geometry of the problem
itself. We described one such possibility, applicable when
w}p* and given by (uu* — yp*) and the “vector product”
of the former three, which can be expressed
as (26 — sts,) V.

Having expressed the MPD equation in terms of the
Weyl scalars, it is natural to ask whether it assumes any
special, simple form in spacetimes of particular Petrov
types. For such a purpose, it is advantageous to choose V¥
so that the highest-multiplicity principal null direction of
the Weyl tensor falls within the eigenplane of the spin
bivector, and to make it the first vector of the associated
null tetrad. Even more favorable would be to make the null
tetrad “transverse” in the sense that the corresponding W,
and ;3 projections vanish; the spinning particle motion
would then be fully determined by W, and by the
cosmological constant. Unfortunately, such a turn can only
be reconciled with the spin structure in exceptional cases;
namely, when it is possible—by a suitable choice of V¥—to
identify the spin eigenplane with the real-vector plane of
some of the transverse tetrads.

In the last part, we first treated where the exercise leads
for the main spin conditions considered in the literature,
and then revisited in particular the condition VF =0
(ensuring the very advantageous arrangement u*|| p#) and
generalized it, suggesting also a natural resolution of
nonuniqueness of the corresponding reference observer
V#. Then we checked how the equations are compatible
with several particular types of motion.

Our next plan is to compare the analysis with that made
in a different interpretation tetrad, namely the one tied to
the wordline tangent #*, and also to consider the case of
massless particles.
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APPENDIX: ORTHONORMAL-TETRAD
AND NULL-TETRAD COMPONENTS
OF THE WEYL TENSOR

Here we list the Weyl-tensor components in some
orthonormal tetrad (V#, ¢f') and in the related Newman-
Penrose null tetrad (k*, I, m*, m*). Note that we actually
need the Weyl-tensor dual in the Mathisson-Papapetrou-
Dixon equations, but the null-tetrad scalars Wy, ..., U, only
change by an imaginary unit when dualizing C,z,s, S0 it
does not matter if we write the relations for Cyg,s itself or
for its dual. Note also that “Cys,5 = C,4,; has the same

symmetries as (and hence ten
components).

Besides the “automatic” properties following from the
Riemann-tensor—type symmetries, the additional vanishing
of the Weyl-tensor nontrivial trace, g* C,p,s = 0, implies
another set of useful relations (when projected onto various

null dyads):

Copys independent

Cimtin = Cimim = Cokmt = Cintamt = 0, (Al)
Crommm = \Ill, Climmm = ‘i’3’ (A2)
Cakt = Conimin = Vo + U3 = 2Re s, (A3)
Crmin = =V + U, = 2iIm¥,, (A4)

where obvious notation has been used. Direct substitution
then yields the orthonormal components
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Coioi = Crum = 2ReV,,

1
Cys05 = ReCrpiim + ERe(Ckmkm + Cliim)

1
= —ReV, + 5 (ReWy + Rely),
Cos03 = —Coioi — Cor0s

1
= —Re\Dz - E (RC\IJO + RC\IJ4),

Ciz1s = —Co303

Cisi3 = =Co305

Cs353 = =Coioi

Cyio5 = C3135 = ReCppmi + ReCripy
= ReW; —ReV,

Co103 = G133 = —ImCyyy, + ImC
= —Im¥; — Im¥;,

1
COQO@ = Ciﬁié = Elm(ckmkm + Clmlm)

1
= E (Im\IJO - Im\I/4),

Coisi = —Cy333 = ReCrypm + ReCrypy

= ReW, + ReVs,
Coisi = —Coz3s = ImCyyy, + ImCyypyg
= Im\IJl - Im\Ij3,
1
Cosis = —Cosis = ERC<Ckmkm — Clmim)
= —= (RC\I/() - RC\I/4),
COT§§ - 1Cklmm - 2II1’1\I/2,

1
C()Qi§ = IIanmlm + Elm(ckmkm - Clmlm)

1
= -ImV¥, + 2 (Im¥y + Im¥y),

1

(Not all these are independent, needless to say. Others can
be obtained just using the Cj,,); antisymmetries and the

Clu)of symmetry.) The respective components of the
dual Weyl tensor are obtained according to

U - *U =i¥: Re(*¥) = —ImV, Im(*W¥) = ReW.
1. Electric and magnetic curvature

Let us look into which Weyl scalars enter the Weyl-
tensor electric and magnetic parts. These are introduced, in
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analogy with electric and magnetic parts of the Faraday
tensor, as projections of the Weyl tensor on some timelike
vector field (in our case represented by V#),’

Egp = Coup V'V* = Cogpi- (AS)

Bp i="Copup, VIVY = "C .- (A6)
Orthonormal components of these (symmetric) gravito-
electric and gravitomagnetic tidal fields can be seen
above—namely, E;; are given by real parts of ¥,, except
for Ej4 and Ej 4, which are given by imaginary parts of ¥,

and VU3, or of W, and W, respectively; in Bj;, the
appearance of real and imaginary parts is reversed.
In the so-called transverse orthonormal frames

(Sec. IV C), the first MPD equation can in favorable cases
be expressed in terms of just W,, which underlines the
importance of type-D curvature, where the latter is the only
relevant Weyl scalar. If we keep only ¥,, we see that the
above tidal fields have only diagonal components:

E“ = —ZEQQ = —2E§§ = ZRC\IIQ,
B —ZBQQ = —2B§§ = —ZIm\Ilz.

i

—

’Alternatively, one could introduce these tensors by projec-
tions onto u*u” or p*p*/M?, so “as measured by the particle”;
cf. Ref. [17], where the u*u” projection is employed. In our case,
it is more natural to use V#V*, since we are using V* as the time
vector of the interpretation basis.

PHYSICAL REVIEW D 92, 064032 (2015)

2. Rotations within the (m* m*) plane

Of the well-known four basic types of the NP-frame
transformations, namely null rotations preserving k* or [¥,
boosts in the (k#,/*) plane and spatial rotations in the
(m*, m*) plane, the last ones are mainly of interest for us,
because in our problem m* and /m* can be rotated arbitrarily
within the plane orthogonal to V# and s*. Parametrizing such
a rotation as

m'* = exp(ia)m*,

m'* = exp(—ia)m*, (A7)

the Weyl scalars transform according to ¥, = W,, and

Ui, = exp(2ia) ¥y, V), = exp(—2ia)Vy, (A8)

U, =exp(ia)¥;, U, =exp(—ia)¥; (A9)

(hence, those which were zero remain so). In particular, ¥,
and U5 obey

ReV| = +ReV¥, cosa — Im¥; sina, (A10)
ImV¥| = +ReV¥, sina + Im¥, cos a, (A11)
ReV} = +ReW¥; cosa + Im¥; sina, (A12)
ImV; = —ReV; sina + Im¥; cos a. (A13)

By such a rotation, it is generally possible to get rid
of one component of one of these two scalars, but not
more.

[1] W. G. Dixon, The new mechanics of Myron Mathisson and
its subsequent development, in Equations of Motion in
Relativistic Gravity, edited by D. Puetzfeld, C. Lammerzahl,
and B. Schutz, Fundamental Theories of Physics Vol. 179
(Springer, Cham, 2015), pp. 1-66.

[2] J. Steinhoff and D. Puetzfeld, Multipolar equations of
motion for extended test bodies in general relativity, Phys.
Rev. D 81, 044019 (2010).

[3] E. Hackmann, C. Ladmmerzahl, Y.N. Obukhov, D.
Puetzfeld, and I. Schaffer, Motion of spinning test bodies
in Kerr spacetime, Phys. Rev. D 90, 064035 (2014).

[4] M. Mohseni, The Raychaudhuri equation for spinning test
particles, Gen. Relativ. Gravit. 47, 24 (2015).

[5] G. d’Ambrosi, S. Satish Kumar, and J. W. van Holten,
Covariant Hamiltonian spin dynamics in curved space-time,
Phys. Lett. B 743, 478 (2015).

[6] L.F.O. Costa and J. Natdrio, Center of mass, spin
supplementary conditions, and the momentum of spinning
particles, in Equations of Motion in Relativistic Gravity,

edited by D. Puetzfeld, C. Lammerzahl, and B. Schutz,
Fundamental Theories of Physics Vol. 179 (Springer, Cham,
2015), pp. 215-258.

[7] F. A. E. Pirani, On the physical significance of the Riemann
tensor, Acta Phys. Pol. 15, 389 (1956).

[8] F. A.E. Pirani, Invariant formulation of gravitational
radiation theory, Phys. Rev. 105, 1089 (1957).

[9] P. Szekeres, The gravitational compass, J. Math. Phys.
(N.Y.) 6, 1387 (1965).

[10] J. Podolsky and R. Svarc, Interpreting spacetimes of any
dimension using geodesic deviation, Phys. Rev. D 85,
044057 (2012).

[11] B.C. Nolan, Physical interpretation of gauge invariant
perturbations of spherically symmetric space-times, Phys.
Rev. D 70, 044004 (2004).

[12] W.B. Bonnor, The electric and magnetic Weyl tensors,
Classical Quantum Gravity 12, 499 (1995).

[13] R. Maartens and B. A. Bassett, Gravito-electromagnetism,
Classical Quantum Gravity 15, 705 (1998).

064032-20


http://dx.doi.org/10.1103/PhysRevD.81.044019
http://dx.doi.org/10.1103/PhysRevD.81.044019
http://dx.doi.org/10.1103/PhysRevD.90.064035
http://dx.doi.org/10.1007/s10714-015-1868-6
http://dx.doi.org/10.1016/j.physletb.2015.03.007
http://dx.doi.org/10.1103/PhysRev.105.1089
http://dx.doi.org/10.1063/1.1704788
http://dx.doi.org/10.1063/1.1704788
http://dx.doi.org/10.1103/PhysRevD.85.044057
http://dx.doi.org/10.1103/PhysRevD.85.044057
http://dx.doi.org/10.1103/PhysRevD.70.044004
http://dx.doi.org/10.1103/PhysRevD.70.044004
http://dx.doi.org/10.1088/0264-9381/12/2/018
http://dx.doi.org/10.1088/0264-9381/15/3/018

SPINNING PARTICLES IN VACUUM SPACETIMES OF ...

[14] L.FE. O. Costa and C. A.R. Herdeiro, Gravitoelectromag-
netic analogy based on tidal tensors, Phys. Rev. D 78,
024021 (2008).

[15] L.F.O. Costa and J. Natdrio, Gravito-electromagnetic
analogies, Gen. Relativ. Gravit. 46, 1792 (2014).

[16] D. Bini, C. Cherubini, A. Geralico, and R.T. Jantzen,
Massless spinning test particles in algebraically special
vacuum space-times, Int. J. Mod. Phys. D 15, 737
(2006).

[17] L. E O. Costa, J. Natdrio, and M. Zilhdo, Spacetime dynam-
ics of spinning particles: Exact gravito-electromagnetic
analogies, arXiv:1207.0470.

[18] M. Mathisson, Neue Mechanik materieller Systeme, Acta
Phys. Pol. 6, 163 (1937).

[19] A.Papapetrou, Spinning test-particles in general relativity, I,
Proc. R. Soc. A 209, 248 (1951).

[20] W. Tulczyjew, Motion of multipole particles in general
relativity theory, Acta Phys. Pol. 18, 393 (1959).

[21] W. G. Dixon, Extended bodies in general relativity: Their
description and motion, in Isolated Gravitating Systems in
General Relativity, Proceedings of the International School
of Physics “E. Fermi,” edited by J. Ehlers, Course 67
(North Holland, Amsterdam, 1979), pp. 156-219.

[22] T. A. Apostolatos, A spinning test body in the strong field of
a Schwarzschild black hole, Classical Quantum Gravity 13,
799 (1996).

[23] O. Semerdk, Spinning test particles in a Kerr field, I, Mon.
Not. R. Astron. Soc. 308, 863 (1999).

[24] K. Kyrian and O. Semerdk, Spinning test particles in a Kerr
field, II, Mon. Not. R. Astron. Soc. 382, 1922 (2007).

[25] G. Lukes-Gerakopoulos, J. Seyrich, and D. Kunst, Inves-
tigating spinning test particles: Spin supplementary con-
ditions and the Hamiltonian formalism, Phys. Rev. D 90,
104019 (2014).

[26] S. Suzuki and K. Maeda, Signature of chaos in gravitational
waves from a spinning particle, Phys. Rev. D 61, 024005
(1999).

[27] M. D. Hartl, Dynamics of spinning test particles in Kerr
spacetime, Phys. Rev. D 67, 024005 (2003).

[28] M. D. Hartl, Survey of spinning test particle orbits in Kerr
spacetime, Phys. Rev. D 67, 104023 (2003).

[29] J.-K. Kao and H. T. Cho, The onset of chaotic motion of a
spinning particle around the Schwarzschild black hole,
Phys. Lett. A 336, 159 (2005).

[30] D. Singh, Dynamics of a classical spinning particle in
Vaidya space-time, Phys. Rev. D 72, 084033 (2005).

[31] H. Koyama, K. Kiuchi, and T. Konishi, 1/f fluctuations in
spinning-particle motions around a Schwarzschild black
hole, Phys. Rev. D 76, 064031 (2007).

[32] W. Han, Chaos and dynamics of spinning particles in Kerr
spacetime, Gen. Relativ. Gravit. 40, 1831 (2008).

[33] C. Verhaaren and E.W. Hirschmann, Chaotic orbits for
spinning particles in Schwarzschild spacetime, Phys. Rev. D
81, 124034 (2010).

[34] D. Bini, P. Fortini, A. Geralico, and A. Ortolan, Quadrupole
effects on the motion of extended bodies in Kerr spacetime,
Classical Quantum Gravity 25, 125007 (2008).

[35] J. Steinhoff and D. Puetzfeld, Influence of internal structure
on the motion of test bodies in extreme mass ratio situations,
Phys. Rev. D 86, 044033 (2012).

PHYSICAL REVIEW D 92, 064032 (2015)

[36] D. Bini and A. Geralico, Dynamics of quadrupolar bodies in
a Schwarzschild spacetime, Phys. Rev. D 87, 024028
(2013).

[37] D. Bini and A. Geralico, Deviation of quadrupolar bodies
from geodesic motion in a Kerr spacetime, Phys. Rev. D 89,
044013 (2014).

[38] D. Bini and A. Geralico, Extended bodies in a Kerr
spacetime: Exploring the role of a general quadrupole
tensor, Classical Quantum Gravity 31, 075024 (2014).

[39] Y. N. Obukhov and D. Puetzfeld, Dynamics of test bodies
with spin in de Sitter spacetime, Phys. Rev. D 83, 044024
(2011).

[40] E. Barausse, E. Racine, and A. Buonanno, Hamiltonian of a
spinning test particle in curved spacetime, Phys. Rev. D 80,
104025 (2009).

[41] D. Kunst, T. Ledvinka, G. Lukes-Gerakopoulos, and J.
Seyrich, Comparing Hamiltonians of a spinning test particle
for different tetrad fields, arXiv:1506.01473.

[42] S.E. Gralla, A. 1. Harte, and R. M. Wald, Bobbing and kicks
in electromagnetism and gravity, Phys. Rev. D 81, 104012
(2010).

[43] S. Hofmann, F. Niedermann, and R. Schneider, Inter-
pretation of the Weyl tensor, Phys. Rev. D 88, 064047
(2013).

[44] C. Beetle and L. M. Burko, A Radiation Scalar for Numeri-
cal Relativity, Phys. Rev. Lett. 89, 271101 (2002).

[45] V. Re, M. Bruni, D. R. Matravers, and F. T. White, Trans-
verse frames for Petrov type I spacetimes: A general
algebraic procedure, Gen. Relativ. Gravit. 35, 1351 (2003).

[46] J.J. Ferrando and J. A. Séez, On the Weyl transverse
frames in type I spacetimes, Gen. Relativ. Gravit. 37,
1015 (2005).

[47] H.P. Kiinzle, Canonical dynamics of spinning particles in
gravitational and electromagnetic fields, J. Math. Phys.
(N.Y.) 13, 739 (1972).

[48] A. Ohashi, Multipole particle in relativity, Phys. Rev. D 68,
044009 (2003).

[49] P. Ajith, Addressing the spin question in gravitational-wave
searches: Waveform templates for inspiraling compact
binaries with nonprecessing spins, Phys. Rev. D 84,
084037 (2011).

[50] A.Buonanno, G. Faye, and T. Hinderer, Spin effects on gravi-
tational waves from inspiraling compact binaries at second
post-Newtonian order, Phys. Rev. D 87, 044009 (2013).

[51] R. A. Porto and I. Z. Rothstein, Spin(1)spin(2) effects in the
motion of inspiraling compact binaries at third order in the
post-Newtonian expansion, Phys. Rev. D 78, 044012
(2008); 81, 029904(E) (2010).

[52] J. Healy, C.O. Lousto, and Y. Zlochower, Remnant mass,
spin, and recoil from spin aligned black-hole binaries, Phys.
Rev. D 90, 104004 (2014).

[53] S.E. Gralla and F. Hermann, Hidden momentum and black
hole kicks, Classical Quantum Gravity 30, 205009 (2013).

[54] S. Babak, J.R. Gair, and R. H. Cole, Extreme mass ratio
inspirals: Perspectives of their detection, in Equations of
Motion in Relativistic Gravity, edited by D. Puetzfeld, C.
Lammerzahl, and B. Schutz, Fund. Theories of Physics
Vol. 179 (Springer, Cham, 2015), pp. 783-812.

[55] A. Nagar, E. Harms, S. Bernuzzi, and A. Zenginoglu, The
antikick strikes back: Recoil velocities for nearly extremal

064032-21


http://dx.doi.org/10.1103/PhysRevD.78.024021
http://dx.doi.org/10.1103/PhysRevD.78.024021
http://dx.doi.org/10.1007/s10714-014-1792-1
http://dx.doi.org/10.1142/S0218271806008498
http://dx.doi.org/10.1142/S0218271806008498
http://arXiv.org/abs/1207.0470
http://dx.doi.org/10.1098/rspa.1951.0200
http://dx.doi.org/10.1088/0264-9381/13/5/005
http://dx.doi.org/10.1088/0264-9381/13/5/005
http://dx.doi.org/10.1046/j.1365-8711.1999.02754.x
http://dx.doi.org/10.1046/j.1365-8711.1999.02754.x
http://dx.doi.org/10.1111/j.1365-2966.2007.12502.x
http://dx.doi.org/10.1103/PhysRevD.90.104019
http://dx.doi.org/10.1103/PhysRevD.90.104019
http://dx.doi.org/10.1103/PhysRevD.61.024005
http://dx.doi.org/10.1103/PhysRevD.61.024005
http://dx.doi.org/10.1103/PhysRevD.67.024005
http://dx.doi.org/10.1103/PhysRevD.67.104023
http://dx.doi.org/10.1016/j.physleta.2005.01.020
http://dx.doi.org/10.1103/PhysRevD.72.084033
http://dx.doi.org/10.1103/PhysRevD.76.064031
http://dx.doi.org/10.1007/s10714-007-0598-9
http://dx.doi.org/10.1103/PhysRevD.81.124034
http://dx.doi.org/10.1103/PhysRevD.81.124034
http://dx.doi.org/10.1088/0264-9381/25/12/125007
http://dx.doi.org/10.1103/PhysRevD.86.044033
http://dx.doi.org/10.1103/PhysRevD.87.024028
http://dx.doi.org/10.1103/PhysRevD.87.024028
http://dx.doi.org/10.1103/PhysRevD.89.044013
http://dx.doi.org/10.1103/PhysRevD.89.044013
http://dx.doi.org/10.1088/0264-9381/31/7/075024
http://dx.doi.org/10.1103/PhysRevD.83.044024
http://dx.doi.org/10.1103/PhysRevD.83.044024
http://dx.doi.org/10.1103/PhysRevD.80.104025
http://dx.doi.org/10.1103/PhysRevD.80.104025
http://arXiv.org/abs/1506.01473
http://dx.doi.org/10.1103/PhysRevD.81.104012
http://dx.doi.org/10.1103/PhysRevD.81.104012
http://dx.doi.org/10.1103/PhysRevD.88.064047
http://dx.doi.org/10.1103/PhysRevD.88.064047
http://dx.doi.org/10.1103/PhysRevLett.89.271101
http://dx.doi.org/10.1023/A:1024574316278
http://dx.doi.org/10.1007/s10714-005-0087-y
http://dx.doi.org/10.1007/s10714-005-0087-y
http://dx.doi.org/10.1063/1.1666045
http://dx.doi.org/10.1063/1.1666045
http://dx.doi.org/10.1103/PhysRevD.68.044009
http://dx.doi.org/10.1103/PhysRevD.68.044009
http://dx.doi.org/10.1103/PhysRevD.84.084037
http://dx.doi.org/10.1103/PhysRevD.84.084037
http://dx.doi.org/10.1103/PhysRevD.87.044009
http://dx.doi.org/10.1103/PhysRevD.78.044012
http://dx.doi.org/10.1103/PhysRevD.78.044012
http://dx.doi.org/10.1103/PhysRevD.81.029904
http://dx.doi.org/10.1103/PhysRevD.90.104004
http://dx.doi.org/10.1103/PhysRevD.90.104004
http://dx.doi.org/10.1088/0264-9381/30/20/205009

0. SEMERAK AND M. SRAMEK PHYSICAL REVIEW D 92, 064032 (2015)

binary black hole mergers in the test-mass limit, Phys. Rev. Physics, edited by P. Exner (World Scientific, Singapore,
D 90, 124086 (2014). 2010), pp. 580-587.

[56] D. Kubiziak, Black hole spacetimes with Killing-Yano [57] J. Bicak, Exact radiative spacetimes: Some recent develop-
symmetries, in XVith International Congress on Mathematical ments, Ann. Phys. (Berlin) 9, 207 (2000).

064032-22


http://dx.doi.org/10.1103/PhysRevD.90.124086
http://dx.doi.org/10.1103/PhysRevD.90.124086
http://dx.doi.org/10.1002/(SICI)1521-3889(200005)9:3/5%3C207::AID-ANDP207%3E3.0.CO;2-L

