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Abstract. The Gauss—Bonnet gravity is a special case of so-called Quadratic
Gravity, which is an extension of Einstein’s theory with additional terms in action
that are quadratic combinations of the Riemann tensor and its contractions. These
corrections are needed, for example, in perturbative quantum gravity. We consider
the family of Kundt spacetimes, which is defined in a purely geometrical way
by admitting a shear-free, twist-free and expansion-free null geodesic congruence.
In particular, we focus on the Kundt solutions without gyratonic terms, and we
investigate the constraints imposed by the Einstein—Gauss—Bonnet field equations.
The conditions for the metrics to be of various algebraic types are also studied.

Introduction

In Quadratic Gravity, the action contains additional terms to the Einstein—Hilbert action that are
quadratic in curvature. The action has the form (see for example [Deser and Tekin, 2005 or [Mdlek and
Pravda, 2011])

S = [dPx/=g (L(R—-2A)+aR*+ BR2, +~(R2%,., —4R%, + R?)), (1)

where D is the dimension of the spacetime. The Gauss—Bonnet gravity, see [Lovelock, 1971], [Zwiebach,
1985] is obtained by setting o = 0 = 8 in which case the field equations are of the second order. Indeed,
variation of the action with respect to the metric yields the vacuum field equations

% (Rab - %Rgab + Agab) (2)
2y (R Rab — 2Raped R+ Rucde R — 2R Ry — Lgap(R2,, ; — 4R%, + R?)) —o.

For v = 0, Einstein’s equations are recovered. It can also be shown that in four dimensions (D = 4), the
additional Gauss—Bonnet term does not contribute to the field equations.

e The Kundt geometry is defined by the property that it admits a non-expanding, non-twisting and shear-
free null geodesic congruence. General Kundt metric in an arbitrary dimension (that is not restricted by
field equations) is

ds® = g;j(u, v) dz'da? + 2g,i(r,u, z) dudz’ — 2dudr + gy (r, u, ) du?, (3)
where 7 is the affine parameter along the optically privileged vector field k = 0, that is everywhere
tangent to the null surfaces u = const.. The remaining coordinates x = (2,z3,...,2P~1) cover the

transverse Riemannian space. The Riemann tensor, Ricci tensor and Ricci scalar for this transverse
space with the metric g;; are labeled as R;jx;, Ri; and R, respectively. It was shown in [Podolsky and
Svare, 2015], that for algebraically special Kundt spacetimes (for which k is at least double degenerate
Weyl-aligned null direction (WAND)), the metric component g,; has the form g,; = e;(u,x) + f;(u, x)r.
In this contribution, we restrict our attention on the simpler case

Explicit components of the Riemann and Ricci tensors Rapeqa and Ry, for (3) have already been calculated
in [Podolsky and Svarc, 2015] and [Podolsky and Svarc, 2016], and we will employ them here.
o The Einstein space is defined by the property that the the Ricci tensor is proportional to the metric:

Ray = 5 R g (5)
One of the special cases that we will examine is the case with a transverse Einstein space, in which case

Rab - ﬁRgab' (6)
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on the special case of transverse space with constant spatial curvature, the Ricci scalar R does not
depend on the spatial coordinates x’, so it can only depend on u. The Riemann tensor, Ricci tensor and
their squares are then

R R 2R? R?
Rijki = tp=3)(p=3) (9ikgjt — girgir)»  Rij = p39ij» Riju = D=3)(D=3) R} = b (7)
The spatial metric can be written in the canonical form

g” = P725ij, Where P =1 + W (($2)2 + -+ ($D71)2) . (8)

The field equations

Now, we substitute the Kundt metric (3) with (4) into the vacuum field equations (2). We will
explicitly evaluate and investigate each component, and derive the restrictions put on the Kundt metric.
Firstly, we will examine the general case where we do not make any assumptions about the Riemann or
Ricci tensors. Then we will focus on a special case of Finstein space with a specific Ricci scalar. Thirdly,
we will focus on the case with constant spatial curvature.

Both the rr and ri field components are trivial. The first non-trivial component is thus the ru-component:
General case

ru-component: The ru-component of the Gauss—Bonnet vacuum field equations is
3R — A+ 26y (7R, — RY + 1R?) = 0. 9)

It puts no restriction on g,,, but gives us constraint on Rfjkl, Rzzj and R? of the transverse space.
ij-component: Calculating the ij-component of the field equations and using (9), we obtain

Sij Guu,rr + Rij + 2Ky (R 'Rij — QRikjl RF + Rikim Rjklm — 2Rk Rjk) =0, (10)
where
Sij = —39ij + 267 (Rij — 3R 9i5). (11)

In this section, we will assume S;; # 0. The case when it is zero is a special case of Einstein space that
will be discussed in the next section. We can take a trace of (10) and calculate gy, that can be written
using (9) as

Juu = b7”2 +C7"+d, Where b: [)_2_,’_42/;%, (12)
SO gy 1S at most quadratic in 7. We see that the case v = 0 is equivalent to the case D = 4, because the
Gauss—Bonnet term does not contribute to the field equations in four dimensions, so in this case gy, is

Juu = 4S:§T2 + C(uv 17)7’ + d(uv x)a (13)

which agrees with previous results in Einstein’s theory [Krtous, Podolsky, Zelinkov and Kadlecovd, 2012).
If we substitute for gy, of (12) back into (10), we obtain an equation for the spatial metric g;;

(D —244ky(D —4)(1+KkYR) R+ 16H’YA) Rij + (1 +2:7yR)(R — 4A)gi; (14)
+267(D = 2+ 26y(D — H)R) ( = 2Rikjt R™ + Ripim ;™™ — 2R3 R,;*) = 0.
ui-component: The ui-component of the Gauss-Bonnet field equations has the form
5% (guu,rj - 2glmgl[j,u||m]) + 2’{7( - 2ginkl + Rikjl)gk[j,qu] =0, (15)

where “||” denotes spatial covariant derivative, for example gy jij = Guu,ij — Ffj Guu,k- The non-transverse
components of the metric behave like scalars under this derivative. We substitute from (12) to get the
equation

S9(2rb; +cj — 20" gigjulim) + 267 (— 297 RF + R¥) gyt wiiy = 0. (16)
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Equation in the first power of r gives us

Siih; =0, (17)
which means, thanks to (12),
D—248ryA(D—4) ijp . _
Dstom (RS R =0. (18)

We assume that the denominator is not zero here (it is zero in the special case mentioned in the next
section). This means that either

8hyA =—8=2" or SYR; =0, (19)

where the first option means b = const. from (12) and it does not depend on R. The simplest solution
for the second option would be R ; = 0, but that is not the most general solution.
Equation in the zeroth power of r in (16) gives us the constraint

St (cj — 29" gupju)im)) + 267 ( — 2RF g + R*IV) g iy = 0. (20)

uu-component: Finally, we will calculate the uu-component of the field equations and substitute
for the ru-equation, which yields

Sij (guqu] + Gijuu — %guu,rgij,u - %gklgki,uglj,u)
267 97 Gt ) 9omlj i) (979" — 29" g™") = 0. (21)
We will now use (12) to write
S [ byjij + r(e)jis — b giga) + djjij = 5¢Giju + Gijuu — 59" Gkizugijul
+2r7 97 (69" — 26 9™") Gufi,ul i) 9ml,ul ) = O- (22)
Equation in the second power of r is
S by = 0. (23)
If we make a covariant derivative of (17) and substitute for (23), we obtain
(97 R —2RY,) b =0, (24)
where we can substitute for b from (12), and, provided that b is not a constant, we obtain
gIRi R =2RY R ;. (25)
Equation in the first power of r in (22) is
SY (eyjij = bgiju) = 0. (26)

Again, the simplest, but not the most general solution, is ¢|j;; = b gij u-
Finally, the equation in the zeroth power of r in (22) is

S (d)jij + Giguu = 3¢ Gigou — 39" Griugij) + 26797 (69" = 268 ™) gl Gmlguln) = 0. (27)
Special Einstein space (5;; = 0)

We will now consider the special case of Einstein space, where S;; = 0, of (11). This means that

— 1 _ _1 _ D—2 2 _ R?
Rij = —ayp=n 95 = D=3 R %ij» R=—s5m-n Rij=p=3 (28)
Let us note that this is not the general case of an FEinstein space, but it is interesting due to the fact
that neither of the field equations will give us a restriction on the g,, component of the metric, as we
will see below.
ru-component: We can substitute for R;; and R from (28) into (9) and we will get a constraint

2
R = (%) + g (29)
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ij-component: If we substitute (28) into (10), we will receive an equation
Rikim RM™ = metm—ay2 Yid- (30)
Now, we can make a trace of this equation and substitute for (29) to obtain
8ryA = —B=2. (31)

This equation links together the constants of the teory and the dimension. Since the Gauss—Bonnet
gravity is relevant only for D > 4, we see that A has the opposite sign as k. Notice that equation (31)
coincides with the first option in equation (19).

ui-component: Again, the term S;; in (15) is zero and we have the equation for the spatial metric

(Wé%)g“g” + R““jl) Ikljully) = O- (32)

It can be seen that the term in the brackets cannot be zero, because a contraction of that term would
give us R,;; inconsistent with (28).
uu-component: For §;; = 0 the uu-equation reduces to

g7 ("™ g'™ = 29 g™ grpi wlinImij,ulin) = O (33)
so we have a specific condition for the spatial metric. We again see that in the case of Einstein space,
neither of the field equations gives us a restriction on gy,.

Constant spatial curvature

In this case we focus on the special case when the spatial metric has constant curvature, see (7).
While this is a special case of a general Einstein space, it is not a subcase of the Finstein space that we
investigated in the previous section because, as we will see below, the Ricci tensor will be different from
(28).

ru-component: In the case when the spatial metric g;; has a constant curvature, we can substitute
for Rijri, Rij and R from (7) into (9) and we get the equation

m% R2+ R —2A =0, (34)

which is a quadratic equation for R. Since the coefficients are constant, R must also be a constant,
therefore independent of u, and both solutions are different from (28). This also means that the metric
components g;; are also constants, see (8).

ij-component: Since R in (34) is different from R in (28), the term .S;; in (10) will remain non-zero
and the metric component g,, has the same form as (12) with the exception that b is now constant,
because R is constant.

uwi-component: Since the metric component g;; does not depend on u, the equation (20) reduces to

Ci= 0, (35)

so ¢ can at most depend on w.
uu-component: Because g;;,, = 0 in this special case, the uu-component (21) greatly simplifies and
if we substitute from the previous equations, we get an equation

9"dy;; = Ad = 0. (36)

Since d can be any function of w, this may represent a profile of a gravitational wave. While the field
equations determine b and give restriction on the spatial dependence of ¢ and d, the dependence of these
functions on v remains arbitrary, so that any profile of the wave can be prescribed.

Determining algebraical types

We can now insert our results into the equations that determine the conditions for respective alge-
braical types of the Weyl tensor derived in [Podolsky and Svarc, 2015]. We will discuss all the three cases
together, because as we will see, the general case and the case S;; = 0 will lead to similar equations.
For the constant spatial curvature space, if the condition on type II(a) is fulfilled, then the remaining
conditions are automatically fulfilled from the field equations.
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Type II(a). The condition for the algebraical subtype II(a) is
Guu,rr = 7W2(D_3) R. (37)
o For the general case S;; # 0, we can substitute for gy, from (12) and we receive an equation
26y(D — 4)R? — (D —2)(D —4) R+ (D — 2)(D — 3)4A = 0, (38)

which is a quadratic equation for R, which is constant.
o For the case S;; = 0, we can substitute for R from (28) and we get a condition for the metric component
guw (that is not limited by the field equations), namely

Guu =br? +¢ér+d, where b= (39)

T ey eyl
where the functions b, &, d are different from the case (12).

Thus we see that in the algebraical subtype II(a), the metric is at most quadratic in r in both cases, but
with different coefficients and different scalar curvature. Hence, we can discuss the cases S;; = 0 and
Si; # 0 together, without substituting for R and b, c, d.

e For the case of a constant spatial curvature, the quadratic equation (34) has different coefficients than
(38), so comparing these two equations gives us a constraint for the constants x, v, A and dimension D
(we assume D # 4):

(D—2)%(D?*—7D+14)\ _
Ky A (SH’VA + (Df(B)(D%)g ) =0, (40)
so either
WA =0, or SsyA = —(CTHETTEEN, (41)

Type II(b). The algebraical subtype II(b) is equivalent to the condition
Rij = 3 R gijs (42)

i. e., the spatial part of the metric is the Einstein space, where R is given either by (28), or (38), since
(42) gives no restriction on R.
Type II(c). The algebraical type II(c) gives us the condition

Cijit =0, (43)

where C;;,; the Weyl tensor of the spatial metric g;;.

Type II(d). Since g,; is zero, the metric is always of subtype II(d), because the corresponding
condition of [Podolsky and Svarc, 2015] is automatically fulfilled.

Type III(a). The algebraical type III is equivalent to II(abed). In order to get the subtype III(a),
we must have

¢i = 559" Grfiu- (44)
Type III(b). The algebraical subtype III(b) is equivalent to the condition
Gitkulli]) — 05 (iR 9" ™ Gimul 1] — 9559 Gifmu)k)) = O- (45)

Type N. In order to get the algebraical type N, all previous conditions II(abcd) and III(ab) must
be fulfilled.
Type O. Finally, the condition for the conformally flat type O is

(r2byi5 + rci; — bGija) + djjij + Gijouu — 3¢ Gijou — 39" Griudij,u) (46)
— 55955 9" (1% by + 7(Cqrt = b ki) + djjrt + Grtun — $€Gklu — 59" Gmk,udniu) = 0.

Because b; = 0, also bjj;; = 0 so the equation in the second order of r is automatically fulfilled.
Equation in the first order of r is

llij = b9iju = 559i9" (¢)jk1 — b Griu)- (47)

We can substitute for b and ¢ and get a constraint for the spatial metric.
Equation in the zeroth order of r is

deJ + Yijuu — %Cgij,u - %gklgki,ugljﬁu = ﬁgijgkl (del + Gkluu — %cgkl,u - %gmngmk‘,ugnlu> (48)
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Summary

We have calculated explicitly the field equations (2) for three cases: the general case S;; # 0 (see
(11)), the case S;; = 0, and the case of a constant spatial curvature (7), (8). The results are summarized
in table 1.

Table 1. References to the results of respective components of
the field equations for the three cases: S;; # 0, S;; = 0, and con-
stant spatial curvature. The abbreviation “CC” stands for “con-
stant spatial curvature” transverse space.

Case U 1] ut UL

Si; #0 [ (9) (312), (14) (19), (20) | (25), (26) (27)
S, =01 (29) | (30), (31) (52) (33)

CC (34) | (12) with b = const. | (35) (36)

We have also evaluated conditions for these three cases to be of various algebraic types. References
to the conditions are given in table 2.

Table 2. References to the conditions for the three cases: S;; # 0, S;; = 0, and constant
spatial curvature to be of various algebraical types.

Case [ T0(a) [ TI(b) [ TI(Q) [ 1) | TI(a) [ TT(B) [ N 0
?jig 833 (42) | (43) | always | (44) | (45) | II(a) and III(b) | (47) and (48)
CC (41)

Conclusion

We investigated the Kundt spacetimes without gyratons (which admit expansion-free, shear-free and
twist-free null geodesic congruence) in the Gauss—Bonnet gravity. We calculated all components of the
field equations and wrote the equations that give restrictions on the algebraically special Kundt metric.
We studied the general case, where the field equations dictate that the metric is at most quadratic in the
affine coordinate r. Then we investigated the special case of Einstein spaces with Ricci scalar given by
(28), where the field equations give no restriction on the metric component g, and we also investigated
the special case with constant spatial curvature, where the field equations are considerably simplified:
we received wave equation for the part of g,, that does not depend on r. Such exact solutions represent
gravitational waves. We also investigated the conditions for the metric for specific algebraical types, that
are based on key Weyl scalars. Namely, we found out that if the constant curvature transverse space is
of type II(a), it is automatically conformally flat.
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