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The question of the uniqueness of energy-momentum tensors in the linearized general relativity and in
the linear massive gravity is analyzed without using variational techniques. We start from a natural ansatz
for the form of the tensor (for example, that it is a linear combination of the terms quadratic in the first
derivatives), and require it to be conserved as a consequence of field equations. In the case of the linear
gravity in a general gauge we find a four-parametric system of conserved second-rank tensors which
contains a unique symmetric tensor. This turns out to be the linearized Landau-Lifshitz pseudotensor
employed often in full general relativity. We elucidate the relation of the four-parametric system to the
expression proposed recently by Butcher et al. “on physical grounds” in harmonic gauge, and we show that
the results coincide in the case of high-frequency waves in vacuum after a suitable averaging. In the massive
gravity we show how one can arrive at the expression which coincides with the “generalized linear
symmetric Landau-Lifshitz” tensor. However, there exists another uniquely given simpler symmetric tensor
which can be obtained by adding the divergence of a suitable superpotential to the canonical energy-
momentum tensor following from the Fierz-Pauli action. In contrast to the symmetric tensor derived by the
Belinfante procedure which involves the second derivatives of the field variables, this expression contains
only the field and its first derivatives. It is simpler than the generalized Landau-Lifshitz tensor but both
yield the same total quantities since they differ by the divergence of a superpotential. We also discuss the
role of the gauge conditions in the proofs of the uniqueness. In the Appendix, the symbolic tensor
manipulation software CADABRA 1is briefly described. It is very effective in obtaining various results which

would otherwise require lengthy calculations.
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I. INTRODUCTION

In relativistic field theories the most frequently used
method of constructing conserved quantities is based on
Noether’s theorems. If one starts from the Lorentz invariant
Lagrangian, one can employ its symmetries and form (in
general asymmetric) a canonical energy-momentum tensor
which can be symmetrized by adding the divergence
of a superpotential. Alternatively, one may rewrite the
Lagrangian in a manifestly covariant manner and obtain, by
inducing the variation of the metric by infinitesimal
coordinate transformations, the symmetric tensor directly.

Although the quantities so derived are well established
and physically sound, there may exist other second-rank
tensors which may be useful just because they are con-
served as a consequence of the field equations. For
example, they may turn out to control the time evolution
of the Cauchy data more efficiently than “conventional”
expressions (e.g. the fourth-rank Bel-Robinson tensor is
used in the proofs of the global nonlinear stability of
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Minkowski space). In addition, physical theories exist, for
which the field equations are not derivable from a varia-
tional principle; this is the case with, for example, the
“already unified theory” of gravity and electromagnetism
by Rainich [1].

In the following, we consider, within linearized
Einstein’s theory and massive gravity, various second-rank
tensors involving fields and their first derivatives conserved
as the consequence of the field equations involving their
second derivatives. Although we fully acknowledge the
significance of the expressions derived from the variational
principle as mentioned above, we take the liberty to call
sometimes such conserved second-rank tensors “energy-
momentum tensors” or ‘“‘complexes” being influenced,
among others, by language used frequently in general
relativity.

The technique we use to construct expressions conserved
modulo field equations goes back to the work of Fock. At
the 1962 Warsaw conference on general relativity [2] and in
the second (revised) edition of his influential monograph,
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Fock [3] summarized his work on the uniqueness of the
energy-momentum tensors of the electromagnetic field, of
incoherent matter, and of a perfect fluid in which a
Lagrangian formalism is not used. The uniqueness was
proven assuming the energy-momentum tensor is a
symmetric tensor of the second order, formed with the
field variables, and conserved as a consequence of field
equations.

Inspired by Fock’s work, one of us generalized this
method to the wave fields described by the equations of the
second order—neutral scalar meson field, vector (Proca)
field, linearized gravitational field, and the gravitational
field in full nonlinear Einstein’s theory [4,5]. As one
proceeds to more complicated theories, some simplifying
assumptions about the structure of the expressions for the
energy-momentum are made. In the case of linearized
Einstein’s equations when the metric tensor, in a suitable
coordinate system, can be written in the form g; =
Nix + i, |hix] < 1, the basic assumption is that the
energy-momentum tensor 7', depends on 20 independent
quantities quadratic in A ;; however, the symmetry of T’
was not assumed. Also, no specific gauge was chosen. It
turned out that the resulting expression conserved modulo
linearized Einstein’s equations forms a four-parameter
system. Among these, there is the linearized FEinstein’s
complex; it is nonsymmetric and can be derived from a
Lagrangian. However, there exists also a unique symmetric
tensor which does not follow from a variational principle.
We show that it is the linearized Landau-Lifshitz pseudo-
tensor frequently used in full general relativity and in
approximation methods going beyond the linear theory
(cf. e.g. [6-8]).

Recently, Butcher et al. [9-11] from the Cambridge
Kavli Institute for Cosmology published a series of papers
on “localized energetics of linear gravity.” By examining
the transfer of energy and momentum between local matter
and the gravitational field within the linearized theory, they
constructed a symmetric energy-momentum tensor of
linearized gravity which exhibits plausible physical
properties and is quadratic in the first derivatives /. ;
however, the whole framework leads to the use of the
harmonic gauge [9]. Later the same authors extended their
work to the study of the localized angular momentum of
linearized gravity [10]. They also constructed a Fierz-Pauli
Lagrangian for a massless spin-2 field and made it
covariant by introducing the nonholonomic basis (tetrad)
and connection which in general led to nonflat backgrounds
with torsion, corresponding to the Einstein-Cartan-Kibble-
Sciama theory treating the translational and rotational
symmetries separately. By varying with respect to the
tetrads and connections they obtained the expressions
[11] which in the harmonic gauge reduce to the results
found in [9,10]. In this sense the expressions follow as
Noether currents associated with the symmetries under
translations and rotations.
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The main motivations for the present paper have been to
find (i) relations between our past work [4,5] to the Landau-
Lifshitz complex employed with an increasing frequency in
the literature (cf. e.g. the recent monograph [8]), (ii) to give
relations to new developments due to the Cambridge group
[9,11], and (iii) to generalize our method of studying the
uniqueness of energy-momentum tensors to the case of
massive gravity. The massive gravity has been studied with
an “oscillatory interest” for the past 70 years. It became
popular again recently when it was proven that the non-
linear theory of massive gravity is ghost free [12,13]; see
also the reviews [14,15]. Here, we shall consider just the
case of the linear Fierz-Pauli theory; it represents the weak
field limit of generic theories. As far as we are aware, no
study of the uniqueness of the energy-momentum tensor in
massive gravity was done so far. Last but not least, we wish
to demonstrate how long and tedious calculations which
were necessary to get results in [4,5], and, also, how other
procedures like finding appropriate superpotentials can, at
present, be performed very effectively by the usage of
symbolic tensor manipulation software CADABRA.

The article is organized as follows. In the following
Sec. IT we describe a general procedure of finding energy-
momentum tensors conserved as a consequence of a system
of equations of motion given by a system of partial
differential equations containing linearly second derivatives
of the second-rank tensor /.

The important step in simplifying computations is to
consider, in Sec. III, Lorentz covariant expressions; this
does not mean any loss of generality. We construct a
general second-rank tensor quadratic in A;; ;; it involves 20
free constant parameters. We discuss the conservation of
the tensor as a consequence of the field equations of various
types. It is here where the use of the CADABRA software is
indicated. More details are relegated to the Appendix.

In Sec. IV, the method is generalized to the equations of
motion containing nonderivative terms /;; which is the case
of the Fierz-Pauli theory of massive gravity.

It is well known that there may exist parts of energy-
momentum tensors which do not contribute to the total
quantities for insular systems with fields decaying suffi-
ciently rapidly at infinity. These “generalized” divergences
called superpotentials can be investigated again by the
modification of the method presented in the previous
sections. In Sec. V a general expression with 13 arbitrary
parameters is constructed and the form of the master
equation for the superpotential is given. It combines the
condition that the divergence of the superpotential must
yield the energy-momentum tensor as a consequence of the
field equations.

Sections VI and VII contain the results. Conserved
quantities in linearized gravity are discussed in Sec. VI.
First, a unique albeit nonsymmetric expression (and cor-
responding superpotential) without using equations of
motion is presented in Sec. VI A. It appears in a number
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of subsequent expressions. Next, the linearized vacuum
Einstein’s equations are employed in Sec. VI B to obtain a
four-parametric family of energy-momentum tensors quad-
ratic in h;; ;. The condition of symmetry leads to the unique
(up to a multiplicative constant) result which is just the
linearized Landau-Lifshitz pseudotensor. We give also “the
metric energy-momentum tensor” (so automatically sym-
metric) which follows from the variational principle and is
covariantly conserved at any background. However, it
contains the second derivatives h;; ,. In this first part of
Sec. VI we proceed and find quantities conserved in a
completely general gauge.

Within the linearized gravity we also investigate the role
of the harmonic gauge condition and generalized gauge
condition since we wish to analyze the uniqueness of the
energy-momentum tensor presented in [9]. Taking into
account the harmonic gauge condition ab initio, our
procedure gives the five-parameter family of, generally
nonsymmetric, conserved quantities. The condition of
symmetry leaves us with a three-parameter expression
which contains the resulting tensor given in [9] as a special
case. However, starting from the unique symmetric energy-
momentum tensor obtained without any gauge condition
and applying then the harmonic gauge condition a poste-
riori, we do not arrive at the result in [9]. In the most recent
work [11], the authors rederive their symmetric tensor from
a variational principle without a using special gauge
condition—they apply the harmonic gauge condition a pos-
teriori. The “initial” tensor obtained in [11] is nonsym-
metric; it follows as a special case from our four-parameter
family of energy-momentum tensors.

In [9] the authors start with a generalized gauge con-
dition, %, = yh ,, where h = n'*h; = h;', and the har-
monic gauge condition is found to be a consequence of
their physical arguments leading to y = % Using our
procedure we also construct conserved expressions for
arbitrary values of y. The case y = 1 leads to the four-
parameter family and y # 1 produces the five-parameter
family. The requirement that the resulting energy-
momentum tensor is conserved independently of y leads
to a unique nonsymmetric expression.

Energy-momentum tensors for massive gravity stem-
ming from the equations following from the Fierz-Pauli
action are constructed in Sec. VII. Starting first with the
Klein-Gordon equation of the form [y — m?hy; = 0 in
Sec. VIL A, we obtain a five-parameter family of conserved
expressions. If we add additional equations of the Fierz-
Pauli gravity, A, b =0, h=0, the system of conserved
energy-momentum tensors reduces to the three-parameter
family, and the condition of symmetry yields a two-
parameter family. However, we can arrive at a unique
expression in the following way. Rather than from the
Klein-Gordon equation for massive field 4;;,, we start from
the field equation as it follows directly from the Fierz-Pauli
action. The resulting tensors are nonsymmetric and form a
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two-parameter system. Nevertheless, after inserting con-
ditions h,,"* = 0, h = 0, and imposing the symmetry of the
energy-momentum tensor we arrive at the unique expres-
sion. It is different from the generalization of the linearized
Landau-Lifshitz tensor to the case of massive gravity but it
yields the same total quantities since both expressions differ
by the divergence of a superpotential. It also differs by the
divergence of a superpotential from the canonical energy-
momentum tensor derived from the variational principle
based on the Fierz-Pauli action.

II. THE METHOD OF FINDING A GENERAL
CONSERVED ENERGY-MOMENTUM COMPLEX

We wish to construct a conserved energy-momentum
complex' T for the linearized gravity which depends
quadratically on the first derivatives of the metric. So we
assume its form to be

TV = tijabcr”hab,chrs,t’ (1)

with £/4b¢7s! being constant coefficients symmetric in (a, b)
and (r, s) and invariant with respect to the interchange of
the triples (a, b, ¢) and (r, s, t). In vacuum it has to satisfy
the conservation law

T =0 (2)
as a consequence of the equations of motion assumed, just
here, to be in the form

PA = Ay = ©
A is an arbitrary multi-index; p’s are constant coefficients.

Using Lagrange multipliers 4 these requirements can be
written as the following master equation

ﬂ:@ﬁ (4)

which is assumed to be satisfied for arbitrary independent
field variables; hence the divergence of the energy-
momentum tensor is formed from a linear combination
of the field equations. Lagrange multipliers 4, (x) are in
general functions of spacetime coordinates. Slnce TJ
21’1‘”"”%“;”}1,Y 1j» the Lagrange multipliers in this case
need to have the form

1114 = L%bchah,c’ (5)

'In full general relativity one cannot form a true energy-
momentum tenso i
called “complexes” or “pseudotensors” [6,7]. In their linearized
versions, however, they transform as tensors under Lorentz
transformations though they are not invariant under the gauge
transformation x' — x” = x' 4 &,
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where L’s are constant coefficients. Writing master
equation (4) in terms of coefficients ¢ and L  we have

(2tipabcmno _ L,l;luhcpAmnop)hub,chmn,()p =0. (6)

The last equation has to be satisfied for all &,;, and their
derivatives. Taking into account the obvious symmetries we
arrive at the condition

tip(ab)c(mn)o 4 tio(ab)c(mn)p _ L/’;‘(‘lwcpA(mn)(op) =0. (7)

Here () denotes symmetrization, [] used below—
antisymmetrization, both with % included. The final step
in this general method consists of eliminating Lagrange
multipliers L#¢ employing known coefficients p*""°? and
so find the constants /@berst,

III. LORENTZ COVARIANT THEORIES

Assuming that field equations and the corresponding
energy-momentum tensor are Lorentz covariant the pro-
cedure described above considerably simplifies. Raising
and lowering indices will be performed by the Minkowski
metric 7,,. Now we just need to find all different con-
tractions of the term A, A, to produce a tensor of rank
two. The most general form of a Lorentz covariant energy-
momentum tensor quadratic in the first derivatives of the
metric then turns out to contain 20 parameters a, ..., dy. It
reads as follows:

T = arhy.oh® p+ashi i +ashic iy + aghig phi™”
+ashiqp "+ aghi h® p+azhia i
+aghio kh +aghy, ;W +aohis“h g +ay hy,“h
+anhiqph® - ay3hiaph® i+ aygh ih g+ ayshap, ;b
+argich yh" o+ avnichay “h* o+ aygnih b
+ arofichap " A axotichap (8)

In order to simplify the notation of some expressions in
the following we shall denote a term appearing at a
particular coefficient a, by A, (a=1,...,20). The
energy-momentum tensor and its divergence can thus be
written as

20 20
— E k E k
Tik - aaAaikv Tik, - aaAaik . (9)
a=1 a=1

Let us now consider various types of equations of
motion, in a “tensorial form,” depending on the number
of their free indices, P,;, = 0 (e.g., the case of the linearized
Einstein equations), P, = 0 (e.g., the equations character-
izing gauge conditions or field equations in the case of
massive gravity), and P = 0 (the case of massive gravity).
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In the first case we assume that P, = P,, contain
linearly h,,,, Regarding our ansatz for energy-
momentum tensor (8) the right-hand side of the master
equation (4) acquires the form ﬂfsqabhrs_anb. After taking
into account the Lorentz covariance and considering all
relevant symmetries we find, explicitly, the resulting
contribution to the master equation:

6
Zﬂﬁﬁ/}l = llhﬂPia + A'Zhah,bPia + ﬂghib*hPZ
p=1

+ A4h (PG + Ashi*PP oy + Agh®? iPgy;  (10)
here 14 are scalar Lagrange multipliers and £,; denote
corresponding terms.

Analogously, we proceed in the case of the field equation
with the vectorial form P, = 0. For our purposes we
consider the field equations linear in A, .. Therefore,
in the master equation there will appear the term

?”"P“h,nmpPa with the explicit form

6
Zﬂﬂuﬁi = pih " Pi + pohay Py + pshic P Py
=T

+ pahiap” P+ psh PPy, + pehyy PP, (11)
where p1; are scalar Lagrange multipliers and the individual
terms are labeled as U ;.

Finally, consider the equation P = 0. Our linearity
condition and the general form of the energy-momentum
tensor restrict the possible choice just to P = h,*,P".
Nevertheless, in the master equation there will arise the
term «{" h,, ,P leading to two covariant terms called /Cy;,
with Lagrange multipliers «,:

2
Z KpKopi = K1hig* P + kyh i P.
5=

(12)

Summarizing the previous considerations, we find the
master equation in the following general form

20 6 6 2
Z aaAa,-k’k = Zﬂﬂﬁﬁi + Zﬂﬂu/},’ + Z K/;]Cﬂi. (13)
a=1 p=1 p=1 p=1

As a result we obtain equations for unknowns a,, 4z, ug,
and xz which have to hold for arbitrary field variables ;;.
We rewrite them in the form of general equation (6), though
Lorentz covariance substantially reduces the number of
terms. As a consequence of the linear independence of the
terms Ay My op, WE can extract linear equations for
variables a,, A, ji3, and k. This extraction can be assisted
by the use of the CADABRA software. We illustrate its use in
our context in the Appendix.
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IV. THE CASE OF MASSIVE GRAVITY

Above, we considered the equations of motion contain-
ing linearly h,, . or h,,,,, We now generalize the
procedure to allow field &, itself to be present linearly
in equations of motion as, for example, in the Klein-
Gordon-type equation A, ¢ — m?hy, =0, or in the
Fierz-Pauli  equation  hy, © — hye € — hpe S+ —
m?(hy;, — naph) = 0 which we shall consider in detail in
Sec. VIL

In this more general case we assume the energy-
momentum tensor to contain not only quadratic terms in
the first derivatives of the metric but also the terms of the
form h,,h., appropriately contracted to give a tensor of
rank two.” There are just four terms of this type

4
Z Cﬂcﬁik = Clhikh + CZhiahZ + C37]ik]’l2
p=1

+ C4’7ikhabhabv (14)

where Cy;. denote terms explicitly seen on the right-hand
side.” Therefore, the general form of the energy-momentum
tensor we consider, in the case of massive gravity, for
example, will read as follows:

20 4
Ty = Z Ao Agik + Z csCpix- (15)
s 5=

Considering next the equation of motion we have
now to modify relation (3) into P, = pup™" P hyy opt+
Gup"™" hypn = 0. The character of equations of motion
assumed and our ansatz for the energy-momentum tensor
imply that the Lagrange multipliers are linear in the first
derivatives of hgy, A\, = A5 h, ;.

In the case of the vector-type field equations, P, = 0, we
now get an additional contribution to the master equation,
vi"h,,,P,, which leads to two covariant terms labeled by
V,, with Lagrange multipliers v,:

2
> upVs = vih, P+ 10 P, (16)
p=1

For the scalar-type field equation, P = 0, a new term
P = h% can arise. It will appear in Sec. VII A.

*Notice that the terms of the form k.., will not yield a
tensor of rank two.

*We did not consider these Cp terms in the previous section
since they would vanish anyway, because the equations of motion
involve only the second derivatives and whatever choice of
multipliers A" will not produce the terms h,,h.,, occurring in
T,
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V. SUPERPOTENTIALS

It is of interest to know whether some part of an energy-
momentum tensor can be derived from a so-called super-
potential. Under suitable boundary conditions this part does
not contribute to total quantities. We now describe the
general method of constructing superpotentials, later we
use it in specific cases. The energy-momentum tensor 7' is
generated by the superpotential Uj; = Uy if the follow-
ing master equation holds

U! = Tix + A Pas (17)

i.e. the divergence of a superpotential gives the given
energy-momentum tensor and a linear combination of field
equations P, = 0 with multipliers 1;,*. The antisymmetry
in indices (k,/) then implies the conservation law
Ty = U™ = 0. The terms h,h 4 present in the case
of massive gravity cannot be produced by a divergence;
hence we will restrict our attention to tensors 7';; quadratic
in the first derivatives of the metric, i, .14, /—these can
be produced by the divergence of terms of the form
habhche-

The requirement of the Lorentz covariance, the anti-
symmetry, and the structure of superpotential Uj;
hapheq. lead to a general expression with 13 parameters
as follows:

13
Uin = Z Uiy = urhighye® + ushych

a=1

+ushigh® iy + ughaphp® + ush®; why,

+ ughah® ;i + ushhip ) + u8’7i[khl]ahab.b

+ uohichna ' + wignihhy,® + winih®hy,

+ upanihh ) + ”13habhab,[k771]i- (18)
Considering the equations of motion with two indices, P,
which contain linearly the second derivatives of field
variables h,;,, the Lagrange multipliers A;,%* will be
proportional to 4. The resulting Lorentz covariant expres-
sion for AP, is

AikPap = MhigP 4 Aahig P + A3hy Py

+ A4hPi + AsnichP . (19)

In practice we are solving just the equations involving
the second derivatives f, .4, i.e.

A _ . ab
(Uikl )2ndderivatives - ,1”{” Pab- (20)
This restricts the coefficients u, in the general expression
(18). The resulting superpotential-generated tensors 7';; are
then easily computed as T;;, = Uyl
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VI. CONSERVED QUANTITIES IN THE
LINEARIZED GRAVITY

In the first part of this section we find the second-rank
tensors constructed from the quadratic expressions in /;;
and conserved as a consequence of the linearized Einstein
equations without choosing any particular gauge. In the
second part (Secs. VIB3, VIB4) we first impose the
harmonic and generalized harmonic gauges and look for
the expressions conserved under these conditions. In this
way we find, among others, under which conditions we
arrive at the results obtained by Butcher ef al. [9,11].

It is well known that, in contrast to the linearized
curvature tensor, quantities involving the first derivatives
hi, are gauge dependent. At the end of Sec. VI we note
that in the high-frequency case, after suitable averaging
introduced by Isaacson [16,17], the expressions become
gauge invariant and can be calculated for all choices
of gauge.

A. Strongly conserved quantity

Let us first consider a possibility whether there exists a
combination of parameters a; for which the tensor (8) is
conserved identically, i.e., without using field equations. It
turns out that, indeed, such a tensor exists for the choice of
constants @; vanishing except for a; =—a;3=—2a;7=2a,.
Denoting this one free parameter by a(=a; = ...), the
resulting strongly conserved quantity is uniquely given by

|

1
Ty = (hik,ah’a — higgh® 4 hig i — 2hy ph ;4 gy i h 4 — E’?ikh,bh’b -

PHYSICAL REVIEW D 93, 024009 (2016)

1
Ty = a<hka.ihab,b — Mg ph?® i — E’hkhab’“hbc.c

1 ron
=+ Eﬂikhab.chbc’a> = O‘Tz('lscm g)’ (21)

where, for future reference, we denoted the expression in
st
brackets as TSZ rong

This conserved tensor is generated by the superpotential

Uitt = a(haeh®y: + nigchnah®  — nighhye,). (22)

B. Linearized vacuum Einstein’s equations

We now allow the divergence of the energy-momentum
tensor to be a general linear combination of the linearized
Einstein’s field equations: T = 2"R,,, where R, is the
linearized Ricci tensor. The resulting tensor depends on
four free parameters which we denote a;, a,, as, @;. The
relation between the constant parameters @; from (8) and

parameters @; is @) = dqg = a5 = —2d,9, Ay = a7 = —2a,7,
Q3 =—ay =djy=4aie A=0ad;=—d3=0a4=0dj0=—d]2,
a5 = dg = 0, o) — a3 = —dg, 2(11 + Oy = —aj3 = 2a20,
%al + a3 = —ayg, ) + a3 —ay = a,. The final form of

a general tensor conserved as a consequence of vacuum
equations of linear gravity thus looks as follows:

1

3 Nighap " + ﬂikhab,chbc'a>

+ T8 4 o (hg 9 — By b = hig Sy + B h g nich b2 o — i i)

+ ag(hig ah® b — hig o™ = hig My +hig phi ™ + hig“h g — hig yh? 3).

It involves a four-parameter freedom; one of the param-
eters can be fixed by the choice of units. A natural question
arises whether among these expressions there exist quan-
tities which are symmetric, T, = T};; this condition
imposes some restrictions on coefficients ;. We obtain
a unique (up to a multiplicative constant ) symmetric
tensor writing a; =a, a, =0, a3 =—2a, a4 =2a.
Putting «;’s into (23) we arrive at the final expression in
the form

TP =a (2hik,ah“",b = 3R = 2R gy + 2h 1
-+ 2ha(i’k)h'a +4hq<ihk)a’a — 4hab7(ihk)a‘b — 2h,ih,k

3
+ hap i = 2n3h ,h"€ +§'7ikh,bh'b

1
—Eﬂikhab,chab'c +’7ikhab,chbc’a)- (24)

(23)

[

The four-parameter family of conserved quantities in the
linearized theory was in fact obtained in [4] already without
using CADABRA; however individual terms given there
contain a number of misprints.4

Notice that we could also start out from the “complete”
linearized Einstein’s equations G,; = 0, where G,, is the
Einstein tensor, and consider the master equation
T’ = A" G,,. The result, as expected, will not change; it
only leads to regular linear transformations of Lagrange
multipliers because of the following identity

‘ _ _ ‘ 1
AlrsG” — lwdRcda /'Ulcd — Jirs (5;5(\1 _Enmrlcd> . (25)

4Denoting the parameters a used in [4] by pB; we obtain the
relationships between the parametrization used above and in [4]:
oy =25, ay = —2p4, az = f;, ay = —f,. The condition of
symmetry yields #, =28, p, =28, f3 = — 3, ps = 0.
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If we look for superpotentials generating parts of the
conserved energy-momentum tensor in the linearized
gravity, we find that expressions multiplied by a,, a3,
and a4 can be expressed as a divergence of the following
expression:

Uit = @ (hah®y i + nigchnah® = nich® hya )
+ 2a3(hhij. + nighhya® —nighh )
+ 204 (R — high gy + high ). (26)

Therefore, the general energy-momentum tensor (23) can
be written in the form

Ty =a (hik,ah’a — i b + hyg i — 2hy g ,h
ab 1 b 1 ab,c
+ hgp i — Eﬂikh,bh’ - Erlikhab,ch ’

+ ﬂikhab,chbc‘a> + U (27)

where U, is given by (26), whereas the symmetric tensor
(24) can be written as

ngym) - [hik’”h'a = hig k™ + g i — 2hka,bh“b,i

1 1
+ hap ih® § — Eﬂikh,bh’b - E’?ikhab,chab’c

+ Nihap, AP+ 4(Rh gy + nighhye® — nighhy

— higchpa® + higch g — high )" | (28)

in which the terms in the round brackets form a
superpotential.

1. Energy-momentum tensor obtained
by variational principle
It is worth to mention the result indicated in the text of a
lecture in [5]. We start from the covariant Lagrangian
density for the tensor field &, representing linear pertur-
bations of the vacuum background spacetime metric g,;,. It
has the form

1 1
(_g)—%L — Ehab;chab;c _ Eh;ah;a + h;ahab;b
- hab;chbc;av (29)
where covariant derivatives are done with respect to the

background metric g,,. The metric energy-momentum
tensor following from the variational principle reads
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2 6L 1 o1 ) .
=gegt ik <§ Rap:ch®™" — 5 lah = Rt h"
- h;abhab> — Rapih® g + hihy — 2hihya

+ 4 iy P = 2hi0p 1P — 2R i P

+ 2hipah g + higea B+ 2hegihy — A,

+ 2Rigaph® + hich.g". (30)
The resulting energy-momentum tensor contains the sec-
ond derivatives of field h,;, and, even with flat background,
cannot thus be obtained by our procedure. However, it is

worthwhile to notice that it is covariantly conserved in a
general background spacetime.

2. Linearized Landau-Lifshitz pseudotensor

Consider the Landau-Lifshitz energy-momentum pseu-
dotensor in the full general relativity (see e.g. [6-8])

ol A o n 1 o
167(—g)t*" = g .9 4 — 5° 0" 4 + 5 9" 9eaT 177 .

2
- gcd‘ace’f(gafgbd,e + gbf.aad,e)
e g ] )
+ 9eag 5 9 s + 5 299" = 99 )
: (zgefgmn - gfmgen).aen,cg/‘m,d’ (31)

where g, is a spacetime metric and §** denotes /—gg**;
g = det(g,p). If we now use the linearization ansatz g,, =
Nap + hab7 gab — ’,Iab _ hab’ where hab — "Iac’?bdhcm we
find that 9. =1nh,—h .+ O(h*). Writing out
the terms up to the second order in Landau-Lifshitz
pseudotensor (31), which is tedious but straightforward,
we get the symmetric energy-momentum tensor (24).

3. Harmonic gauge condition

We now wish to analyze the uniqueness of the energy-
momentum tensor suggested recently in [9]. Since there the
assumption of the linearized harmonic gauge condition

1
hy = he (32)

plays a fundamental role, we have to generalize the
previous procedure to include this possibility. A similar
condition will become the field equation in the case of
massive gravity considered in Sec. VIIL

We could just add the gauge condition and its derivatives
multiplied by another set of Lagrange multipliers.
However, with this simple gauge condition our procedure
is equivalent to the following. First, regarding the gauge
condition (32), we replace all terms A4’ appearing in
general expression (8) by %h*”. Then, we observe that
some terms in (8) will become equal: 2A4;, = A,,
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AA; =241 =241 = Ay, 24s= A, 24;= A,

2A,6 =4A,7 = Ajg. As a consequence of these relations
some terms in (8) become redundant which we take into
account by putting a; =az =ag=a7=aj;g=a;; =
a;e = a;7 = 0. Analogously, we have to consider the
derivatives of the gauge condition (32) and thus replace
the terms of type A, by 1h .

Employing the linearized harmonic gauge in the field
equations implies a Ricci tensor equal to R, = —%hab,cc,
Ricci scalar R = —%h,cc, and Einstein tensor 2G,, =
—hap.e€ +30aph S Using CADABRA and some simple

rearrangements we arrive at a five-parameter tensor with

coefficients given by o =a, o =ay=—ap,
1 _ _ _ _

a3 =dg = —50a13 = dy, Oy =dy, Oas5=d;5=—2djy,

ag = —a; — 1, ajg = — 1 (a; + a3 + 2a,). Explicitly,

1
Ty =a (hik,ah'“ = hjg " — 477ikh,bh’b>

1
+ o (hia.bhka’b — higph®®  — Ehia,kh’a>

+ a3 (hga b = 2y ph™ ; + Nighap 2

1 1
- Z’?ikh.bh’h) +ay <h.ih,k - zﬂikh,bh’b>

1
+ as (hab,ihab,k - Eﬂikhab,chab'c) . (33)

Therefore, the energy-momentum tensors for the linear-
ized gravity with the harmonic gauge condition chosen
ab initio form a five-parameter system— hence, with one
additional free parameter as compared with the case not
involving any gauge condition. The above expression is in
general nonsymmetric. By putting —%az —a; = a3,
—a, = —2a3, we arrive at the symmetric expressions which
form a three-parameter system. Introducing new constant
parameters by a =ja; = —3a = —a3, f=ay, ¥ = as,
we get the symmetric tensor in the form

1
Ty = a<2hik,ah‘a - hia,kh’a - hka,ih’“ - Z’?ikh,bh‘b
— 2R 1y + 2R ph 4 2Ry ph

. 1
- ’Iikhab.chh"”> +p (h,ih,k - 2’7ikh,hh'b>

1
+v <hab.ihab,k - Eﬂikhab,chab'c> . (34)

The tensor suggested in [9] follows after choosing a = 0,
B =—1+ v =1 Hence, our procedure based just on the
linear gravity and harmonic gauge shows how the energy-
momentum tensor introduced by Butcher e al. [9,11] is
contained in a larger (three-parameter) family of conserved
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symmetric tensors. Accepting the physical arguments
presented in [9,11], we arrive at the unique expression.

However, our procedure shows that the energy-momen-
tum tensor introduced in [9] based just on the linearized
gravity and harmonic gauge is not unique.

It is worth to emphasize that starting from the unique
symmetric energy-momentum tensor (24) derived without
any gauge condition we do not arrive at the tensor proposed
in [9] if we apply the harmonic gauge condition in the
expression (24) a posteriori. In their most recent work,
Butcher et al. [8] rederive their symmetric expression

1
8Ty = —h;hy +2hg, h®  + Eﬂikh,bh’b
- ’7l'khab,c]/lab'C (35)

found in the harmonic gauge from a variational formulation
not involving a special gauge condition. They arrive at the
result [see (13a) in [11]]

4Ty = — 2R i h® 4 hig i + by — hih g
+ hap i = nich ph" o+ Nighay "

1 1
+ Eﬂikh,bh’b — Eﬂikhab,ch“b‘c7 (36)

which under the harmonic gauge condition turns into their
original result (35). Notice that (36) is not symmetric. It is
contained in our general form (23): we obtain (36) by
putting —2a; = ay = 2a3 = —% and a4 = 0 in (23).

A general superpotential for linearized gravity in the
harmonic gauge reads as follows:

1
Ui = <ha[kh“z],i + Eni[khl]ah’a - ni[khahhl]a,b>

1
+ 2, (hhi[k,l] - z'h[khh,z]>

1
+ 203 <—2 hi[kh.l] + hiaha[k.l]) . (37)

Hence, it can be obtained directly from (26) by imposing
the harmonic gauge condition.

4. Generalized gauge condition

The authors of [9] consider also the generalized gauge
condition of the form hf‘bb = yh*“, where y is a constant
parameter, which may be called a generalized (or para-
metrized) harmonic condition. We wish to apply our
method also in this more general case. The resulting
Ricci and Einstein tensors now read 2R,.=(2y—1)0,.h—
auahbc and 2Gbc = (2)(_ 1)ahch_aaahbc _ﬂhc()(_ 1)
0,%h. We follow the same procedure as in Sec. VIB 3.
Recalling the consequences of the gauge condition
applied analogously as before, we find that a, as, a¢, a7,
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ajg, Ay, di6, and ay; vanish. Next, we multiply the field
equations by Lagrange multipliers, write down the master
equation, and employ CADABRA. Observing the results we
can easily eliminate anumber of Lagrange multipliers except
for A4 [cf. (10)]. Also, we find very simple relations for the
following constants: as =0, ay = —ap,, a;z = —2a,
a;s = —2a;qe. The remaining parameters entering the prob-
lem have to satisfy four linear equations:

0 = xas +){Cl9 + ag + 26118 + 08(2)( — 1)7
O0=ar,+ag+apy—1),
0=ay+ (r—1)[—ag + 244 + 2a19 — yap),

0 = ag — 2yax — 2a19(2x — 1). (38)
Considering first y =1, the solution is simple:
ag =2(ayg +ay), a,=-—ag, ay=0, ag=—2as;.

Introducing now four parameters «; and using the system
(3?), we find aq 26181:—612, Oy =0ap=—0y, O3 = d19g =
—Eals, ay = dyyg = —56113, dg = —2318 = 2(13 + 2(14. The
conserved energy-momentum tensor acquires the following
form

T =i (—hi ot + hig k) + @ (—hig i +hig 7 1)
+ 3 (2R i = 2Ry i h° g —nich y P +nighgy )

+ g (b i =2y, h i = niich P A iy ).

(39)

The requirement of symmetry leads to the conditions a; =
2a;3 + 204 and a, = —2ay; i.e. it leaves us with a two-
parameter system.

For y # 1, the system of equations (38) has the following
solution

ag =2(2y — 1)ayg + 2yaz, (40)
a, =—ag + (1 —y)ay,, (41)

ay =(1—y)ag +x(x — 1)a, —2ag
- 2)((2)( - 1)019 - 2)(2a20- (42)

Notice that the third equation in the system (38) can just be
used to express the multiplier 1, and does not restrict the
form of the energy-momentum tensor. Let us now introduce
five parameters as follows: o) = ag, oy = aj, = —ay,
a3 =ag, a4:a19:—%a15, a5 = dyy = —%am. Collecting
all the previous results for the coefficients a; [regarding
also Egs. (40)—(42)] we find the following expression for
the energy-momentum tensor when a generalized harmonic

gauge condition is used:
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Tie = a1 (=higat® + higgh® + (1 = x)h ih )
+ (1 =) higal® = higphi®” + hig yh
+x( = Dhihyg) + az(=2h ik + nich y 1)
+ay (22 — Dhgaih® + 2 (1 = 2x)h ih g
= 2hap ih i+ Nighap D) + a5 (2 hyq b
— 2haph i+ Nihap.hP“ =207 h ik ). (43)

The requirement of symmetry yields conditions a; =
2(2y — 1)ay + 2yas and @, = —2as, so (43) becomes a
three-parameter system.

The resulting expression (43) is meaningful also for
x — 1; however, we obtain the solution (39) for y = 1 after
choosing @, = —2a3. The three-parameter system of sym-
metric tensors for y # 1 then goes over to the two-
parameter system.

Imagine we demand the independence of the result (43)
on the parameter y; i.e., we require the same conserved
tensor for any y. There are three terms that are y dependent:
hihg, hy v, and hy, ;¢ Writing out explicitly the
corresponding part of the energy-momentum tensor we find

Ty = [(a1 = 203) + x(—a; —ay + 2a4)
+ 1% (@ — 4ay — 2as)]h iy
+ [(ar — 1) + x (=) | hig o1
+ [(—2a4) + x(day + 205) g i + ... (44)

Therefore, the resulting energy-momentum tensor will
be independent of y if the coefficients satisfy a, =0,
a; = 2ay, as = —2ay, forming thus a two-parameter sys-
tem. This tensor cannot be made symmetric. Finally, adding
the condition that the y-independent tensor is conserved
also for y =1, i.e. a4 = —2a3, we obtain a unique non-
symmetric energy-momentum tensor in linearized gravity
with parametrized gauge condition hf’bb = yh* which is
conserved for arbitrary y. It reads

Tik = (X<-2hik’ah'a + 2hia.kh’a — thaﬁih’a
1
+3h;h; — E"Iikh.bh’b = 2hup i h® § + Nighgp €

+ dhy, ph® ; — zﬂikhab.chbc’“> . (45)

5. High-frequency waves

In the physically most important case of high-frequency
waves propagating in vacuum, the quantities quadratic in
h;, ; become gauge invariant after being averaged suitably.
This result goes back to the seminal work by Isaacson
[16,17] which entered also classical textbooks; see [6,7],
for example. In general, the condition requires the
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characteristic wavelength to be short compared to the
background curvature of spacetime. This is easily satisfied
in the linear theory when the background is flat. The “Brill-
Hartle averaging” is the appropriate technique of construct-
ing the average of an oscillating tensor field in a general
background. (In flat backgrounds, one can just average over
one period of oscillation in time and one wavelength of
distance in spatial directions; see [18], p. 254.) Under
the change of gauge, x — x’ = x + £, the perturbation
h—h =h+ 0& so

(OR')(Oh') — (0h)(0h) + (0h)(0%¢) + (0°€)(9%¢).  (46)

but the last two terms are negligible after averaging.
Moreover, since the averaging makes divergences small,
we may convert various products of (0h)(0h) into other
terms. For example,

hka’bhbi,a = —hka’bahbi + (hka’bhbi),a’ (47)

so after averaging and choosing the gauge with 1%, = 0
(see below) this term drops out. In addition, in the curved
backgrounds in the high-frequency approximation the
covariant derivatives commute (see [17], Sec. IV and the
Appendix there for the details).

Regarding these results, it is clear that after averaging,
we may omit the divergence of the superpotential in our
general energy-momentum tensor (27) in the linear gravity.
In addition, since the averaging makes the resulting
expressions gauge invariant we may choose a simple gauge.
Assuming that we are in a vacuum region we may choose
the Lorenz gauge in which 4%’ , = 0 and h“, = 0 so that
the harmonic gauge condition (32) is automatically sat-
isfied. Then the terms involving 4 in (27) drop out, and
rewriting the fourth and last two terms in (27) in the way
indicated above and using the Lorenz gauge, we arrive at
the following simple expression:

(Ty) = const - (hyp h 1), (48)

where the brackets () denote the averaging; the same
expression follows from the symmetric tensor (28). And it
is easy to see that the averaged energy-momentum tensor
introduced by Butcher et al. [9,11] leads to exactly the
same result. In fact, even in the case of a curved vacuum
spacetime the averaging of the “metric energy-momentum
tensor” (30) in the generalized Lorenz gauge h®., =0,
h*, = 0 implies (48) with partial derivatives replaced by
covariant ones.

VII. MASSIVE GRAVITY

Finally, we turn to the case of the massive gravity in a
vacuum. We start from the Fierz-Pauli action for the
massive gravity (a massive spin-2 particle—see, for exam-
ple, [14]) described by symmetric tensor 4,,:

PHYSICAL REVIEW D 93, 024009 (2016)
1
St = [ = han 4 g =

1 1
5 hah =S (hh? — 12| dx. (49)

The equations of motion following from this action have
the form

oS

6hah = - hacwbc - hbc,ac + nabhcd'Cd + h,ab

hab,c

- nabh.cc - mz(hab - nabh) =0. (50)

The divergence of the last equation with respect to a free
index implies, for m #0, h,,” —h, = 0. Substituting
back into (50) and making contraction in free indices we
find that the trace & has to vanish, 7 = 0. Equations (50) are
thus equivalent to the following set of equations:

Rap, —m*ha, =0, h=0. (51)

A. Klein-Gordon equation

Starting first just with the Klein-Gordon equation,
hab.cc - mzhab =0, (52)

we obtain the following five-parameter result for conserved

tensors: a; = a3 = d5 = dg = dj] = A1 = O, ) = a7 =
_ _ S U _
—ai3 = —2a1; =2ay, ay = 2 €1 = ay = —dag = —djp,
1 _ S USRS DU
a3 =70y = d4g = —Aeg = —dj, A= 703=—5d14=dg,
as = ¢y = —ja;s = ayy, where the meaning of the

constants c¢; is explained in (14) and (15). The explicit
expression for the energy-momentum tensor looks as

follows (with Tff:rong) given by (21)):

Ti=a Tglsc[mn@ +ay(m*hish+ hyg o — hig o — by h )
+ a3 (M highi® + hig p i — Rig h™ ), — hig yh )
+ay(m*nich® =2k ih g +nich yh?) + as(m*nich g, h*
—2hgp i h® j 4 Nixhap ). (53)

The five-parameter system (53) reduces just to a two-
parametric one with @; = a, = a3 = 0 if we require the
energy-momentum tensor to be symmetric.

Applying the additional conditions # = 0 and h,,* =0
on the resulting expression (53) we arrive at
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1
Ty = <_hka,bhab,i + Enikhab.chbcﬂ>

+ a3 (M highe + hig phi ™" — hig s h i)
+ as(m*nichaph® = 2hap ;B g + Highap ).
(54)

The requirement of symmetry implies a3 = a;, which leads
to the following expression

Ty = ay(m*highi® + i pyhi ™ — hig ph® j — by ph ;

1
+ Eﬂikhab,chbc'a) + as(mzﬂikhabhab - 2hab,ihab,k

+ Nixhap 1. (55)

By choosinga; =1, a5 = — %, we obtain the “generalized”
linearized Landau-Lifshitz pseudotensor:

1 1 1
LL a ao,c c,a
Tgk )= Ehab,ih b= Z”ikhab,ch be 4 Ei/likhab,chb '

+ Mgy — Rig ph®? = hyg ph ;

1
- Zrlikhabhab) . (56)

+ m2 <h ia h ktl
Putting m =0 we recover the symmetric energy-
momentum tensor of the Einstein linearized theory (24)
after we substitute therein the second and the third con-
dition in Eq. (51); i.e. we obtain the standard Landau-
Lifshitz pseudotensor (31) linearized and with these two
conditions taken into account.

If we use the same procedure asin Secs. VIB 3and VI B 4,
ie., we first apply the equations 7%, =0 and
h =0 in the general form of energy-momentum tensor
(14) and (15), only nonvanishing terms are then A,, As,
A, Apzy Ays, Ajo, Aso, C, and Cy.° The resulting three-
parameter energy-momentum tensor is again (54).

B. A unique symmetric energy-momentum tensor
from the Fierz-Pauli equation

Finally, starting from the field equation (50) and general
form of energy-momentum tensor (14) and (15), we find
that the tensor is conserved modulo the Fierz-Pauli equa-
tion (50) provided that the following relations between the
corresponding nonvanishing coefficients are satisfied:
ay =a; =—2ay7, W@=ag=a; =—dyy=d5=—0d1g=
2a;3=—2ayg :m%c3 = —%04, ap =—a; —2ay, axy =
%al + a,. These relations lead to the following explicit
form of the energy-momentum tensor:

>The terms vanishing due to the equations h , = h =0 can
be added with any coefficient to the resulting tensor, but if the
above field equations are satisfied the energy-momentum tensor
does not, of course, change.
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Ty =o TEZHOHQ +m <hka,ih’a + i h i — 2k ph??

1
— hih g+ hap h® ) —nich yh" .+ Eﬂikh.bh’b

1 , X 1
- E’?ikhab,ch“b'c + Nixhap P + 3 m?nh?

1
) mzﬂikhabhab> . (57)

Notice that this result, after putting m = 0, coincides with
the part of the energy-momentum tensor for the linearized
gravity (23). However, to see it, we must, because of a
different parametrization, make the change a; — a»,
ay = ay, a3 > —a,, and ay — 01in (23); then (57) follows.
It is noteworthy to observe that the inclusion of massive
terms reduces the nonuniqueness of resulting conserved
tensors.

Curiously enough, the energy-momentum tensor con-
served as a consequence of the Fierz-Pauli equation in its
original form (50) cannot be made symmetric for any
choice of parameters a,, a,. However, applying differential
operations on the original Fierz-Pauli equation (which give
rise to the appearance of the third derivatives) we know that
Egs. (51) are implied. Using the second and the third
equation of (51) the tensor (57) then turns into the
following expression

- 1
Ty =a (—hka,bhab,i + Eﬂikhab,chbc'a>
b b 1 be
+ao | —2hy ph™ i + hapih® j — Enikhab,cha h

. 1
+ Nixhap P4 — 2 mzﬂikhabhab) . (58)

This tensor can be made symmetric by the choice a =
oy = —%a, obtaining thus a unique symmetric tensor for
linear massive gravity in the form

1 1
Ty=a <hah.ihab,k - Eﬂikhab,chab’c 5 mzﬂikhabhab> :

(59)

Observe that the resulting unique symmetric tensor does
not coincide with the linearized Landau-Lifshitz pseudo-
tensor generalized to massive gravity. It is simpler.

It is interesting to compare the expressions (57)—(59)
with the standard results following from the variational
principle and Noether’s theorem. With the Lagrangian
density L determined by the Fierz-Pauli action (49)
(with a multiplicative constant omitted), the canonical
energy-momentum tensor
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oL

T.k(czm) _ Lak =
' 8hab,k

1

huh,i (60)

turns out to be exactly the expression multiplied by «, in
(57). Substituting then from the second and the third
equation of (51) as before, we get

Tz(‘/fan) = hp h® = 2hgp it

1 1
+ Mik (_ A" hab,chabyc + hab.chbc.a - E mzhabhab> .

2
(61)
Therefore, Eq. (58) can be written in the form
T = aTE™" 4 o™, (62)
Putting then a, = —%al we arrive at (59). Since the first,

strongly conserved part can be derived from the super-
potential (22), the total quantities can be evaluated by using
just Tl(.,ian). The same total quantities will, of course, result
also from the uniquely given symmetric tensor (59). The
“metric energy-momentum tensor” following from the
variational principle by the same procedure as the expres-
sion (30) was obtained, contains the second derivatives
0%h. The Belinfante procedure of the symmetrization (i.e.
the metric energy-momentum tensor) in the case of higher
spin fields gives rise to new types of contributions to
energy-momentum tensors, in our case « h0?h, absent in
the lower spins. Our method of a systematic construction of
superpotentials enabled us to find such an expression which
makes the canonical tensor symmetric and the tensor
involves fields and their first derivatives only. The unique
expression (59) following from the Fierz-Pauli equation
(action) is thus to be preferred. Putting m = 0 and a = % in
(59), we arrive at the tensor (35) advocated in [9],
with & = 0.

Finally, let us note that our simple symmetric tensor (59)
differs from the Landau-Lifshitz tensor (56) by the diver-
gence of a superpotential; hence, both expressions lead to
the same total (integrated) quantities provided that the field
falls off appropriately at infinity. Regarding the super-
potential (22)—which leads to the strongly conserved
tensor—and puting ©%” , = 0 and a = —1, it reads

Ui = ’Ii[kh“bhl]a,b - ha[khal].i- (63)
Introduce then another superpotential
Uiy = 2h;gh® . (64)

and use the first two field equations in (51) when evaluating
its divergence. As a result we find that

PHYSICAL REVIEW D 93, 024009 (2016)

Tglf” =Tu+ U +Ui") (65)
where 7" is given by (56) and T;; by (59) with @ =1
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APPENDIX: CADABRA

CADABRA is a computer algebra system designed for
solving the problems in field theory (see [19,20]). Here we
used its effectiveness in manipulating complicated tensor
expressions. In particular with CADABRA software it is easy
to obtain equations for multiplicative coefficients a; (and
¢, 4, -..) at specific covariant terms. In our case this would
be a very tedious task because of the overwhelming number
of terms. In CADABRA each term has to be converted into its
“canonical” form.° Grouping the terms and collecting their
coefficients generates a set of linear equations as coef-
ficients at each term have to vanish in order to satisfy the
master equation (13).

To illustrate our use of CADABRA we shall briefly
describe the code which leads to the resulting energy-
momentum tensor (23) of the linearized gravity. We first
define tensor indices, metric tensor g,;, = ., field vari-
ables h,,, and its dependence on the partial derivative:

{a,b,c,d,e, £, 1,k, 1#}::Indices.
{a,b,c,d,e, £,1,k,1}::Integer(1..N).

g-{ab}::Metric. g’{a b}::InverseMetric.
g{a}-{b}::KroneckerDelta.
g-{a}{b}::KroneckerDelta.

h_{a b}::Symmetric.
\partial {}::PartialDerivative.
h_{a b}::Depends(\partial).
The next step is to insert the equation of motion R;,. = 0

and corresponding Lagrange multipliers forming the right-
hand side of the master equation (13):

SThe concrete appearance of every term depends on internal
working of CADABRA algorithms and the way of storing tensorial
structures.
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EQM := \partial {ba}{h{a}_{c}}
+\partial {ca}{n{a} {b}}
—\partial {bc}{h {a}{a}}
—g{ad}\partial {ad}{h {bc}};

L:= (\lambda_lg-{i}{b}
\partial{cHh {a}{a}} + -+
\lambda 6\partial {i}{h{bc}})@(EQM);

The following set of CADABRA commands converts all
terms into the canonical form:

@distribute!(%): @eliminate metric!(%):
@eliminate kr!(%): @prodsort!(%):

@canonicalise!(%): @rename dummies!(%);

The last input is the general form of the energy-
momentum tensor:

EMT := A {1}\partial {a}{h_{ik}}
\partial {b}{h{ab}}+ -+
+a{20}g {ik}\partial {c}{h {ab}}
\partial{a}{h{bc}};

PHYSICAL REVIEW D 93, 024009 (2016)

Now we need to calculate its divergence and convert it to
its canonical form to obtain the left-hand side of the master
equation:

divEMT = \partial{k}{@(EMT)}:

@distribute!l(%): @prodrule!(%):
@unwrap!(%): @sumflatten!(%):
@eliminatemetric!(%): @eliminate kr!(%):
@prodsort!(%): @canoncalise!(%):
@rename_dummies!(%);

Subtracting the computed terms and collecting the
coefficients in front of canonicalized terms leads to the

desired linear equations determining the coefficients and
thus the conserved tensor:

@(divEMT) — @(L):

@distribute!(%):
@factor_in!(%){a_{1},...2.{20},
\lambda-1,..., \lambda_6};

Finally, the CADABRA output looks explicitly as follows:

L= (A + A3 — )0, 0, e + -+

+ (Ays 4 26)0;h“ O chyp; (A1)
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