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The near horizon geometry of general black holes in equilibrium can be conveniently characterized in the
formalism of weakly isolated horizons in the form of the Bondi-like expansions (Krishnan B, Classical
Quantum Gravity 29, 205006, 2012). While the intrinsic geometry of the Kerr-Newman black hole has
been extensively investigated in the weakly isolated horizon framework, the off-horizon description in the
Bondi-like system employed by Krishnan has not been studied. We extend Krishnan’s work by explicit,
nonperturbative construction of the Bondi-like tetrad in the full Kerr-Newman spacetime. Namely, we
construct the Bondi-like tetrad which is parallelly propagated along a nontwisting null geodesic congruence
transversal to the horizon and provide all Newman-Penrose scalars associated with this tetrad. This work
completes the description of the Kerr-Newman spacetime in the formalism of weakly isolated horizons and
is a starting point for the investigation of deformed black holes.
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I. INTRODUCTION

The formalism of weakly isolated horizons (WIHs)
provides a powerful framework for the analysis of black
holes in equilibrium which are a final state of gravitational
collapse [1-4]. One of the earliest applications of the new
formalism was the calculation of statistical mechanical
entropy of a black hole in the framework of loop quantum
gravity [5]. But WIHs have a plethora of applications also
in classical general relativity (see [6] for a review) and they
exhibit a number of properties which make them more
realistic in astrophysical settings as compared to standard
stationary axisymmetric black holes. For example, WIHs
can be embedded in otherwise dynamical spacetimes, they
admit the presence of radiation or matter in the neighbor-
hood of the black hole, and they do not require asymptotic
flatness. Despite this more general context, WIHs satisfy
the usual laws of thermodynamics [7]. Moreover, there is a
well defined notion of multipole moments for axially
symmetric WIHs [8]. These moments are intrinsic to the
horizon and therefore allow to define the mass or angular
momentum of a black hole quasilocally without the
reference to spatial infinity, which is necessary for the
definition of Geroch-Hansen multipole moments [9,10].
However, for the higher moments both definitions do not
agree in general [11,12] and not even in the case of a Kerr
black hole [8].
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WIHs represent a class of black holes much wider than
the standard Kerr-Newman family of solutions [13]
describing isolated axially symmetric and stationary
charged black holes. Nonetheless, the Kerr-Newman metric
is the prototypical example of a WIH with well-understood
geometry and physical interpretation. One also expects that
the geometry of isolated black holes distorted by, e.g.,
accreting matter or electromagnetic fields outside the black
hole, will deviate only slightly from the Kerr solution; even
such small deviations might be measurable in the future
experiments [14,15]. From the mathematical point of view,
one can generate a large class of solutions representing
black holes whose intrinsic geometry coincides with the
geometry of Kerr-Newman black holes but is (even
strongly) distorted in a neighborhood of the horizon by
the appropriate choice of the initial data [16].

The near horizon geometry of a general WIH has been
investigated in [17] in the Newman-Penrose formalism. In
the neighborhood of the horizon it is possible to introduce
coordinates similar to those used by Bondi [18] in the
neighborhood of null infinity and to find a solution of the
field equations near the horizon in a form resembling
asymptotic expansions of Newman-Penrose and Newman-
Unti near null infinity [19,20]. An important feature of the
Newman-Penrose formalism is that the field equations
naturally split into constraint and evolution equations.
Thanks to the properties of WIHs, all constraints can be
solved explicitly. Using the evolution part of the equations
one can construct an expansion of the solution near the
horizon to arbitrary order. However, in this approach, it is
not evident how to choose the initial data in order to
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reproduce the standard Kerr-Newman solution, nor what
the explicit form of the Bondi-like tetrad used in [17] is and
what the corresponding Newman-Penrose scalars are.

The formalism of [17] has been recently employed in
[21] where we discussed the Meissner effect, i.e., the
expulsion of electromagnetic fields from extremal horizons,
in the language of WIHs. We have shown that the Meissner
effect is an inherent property of extremal, stationary and
axisymmetric horizon and takes place also in the strong
field regime and independently of the deformations of the
black hole. In order to judge, if specific instances of the
deformations are physically viable, a description of the full
Kerr-Newman spacetime in the formalism of WIHs explicit
expressions for Newman-Penrose quantities in the Bondi-
like tetrad is essential.

Whether a given WIH coincides with the horizon of the
Kerr metric can be decided using the conditions found in
[22]. This result however includes only the intrinsic
geometry of the horizon or the near horizon geometry
up to the first order. Bondi-like coordinates in the Kerr
spacetime adapted to the null infinity have been introduced
in [23], but the corresponding tetrad has not been discussed.
In [21] we considered near horizon geometry of the Kerr
spacetime up to the first order in Bondi-like coordinates
and the Bondi-like tetrad of [17].

In this paper we complete the description of the
Kerr-Newman black hole in the formalism of WIHs. We
perform the construction of [17] explicitly for the Kerr-
Newman spacetime. In particular, we construct a null
tetrad adapted to the horizon which is covariantly constant
along the nontwisting null congruence transversal to the
horizon. We compute all Newman-Penrose scalars with
respect to this tetrad and infer the initial data which has to
be given on the horizon and on the transversal null
hypersurface in order to reproduce the Kerr-Newman
spacetime. As explained above, this is a starting point
for the analysis of physically reasonable deformations of
the Kerr black hole.

In Sec. II, we summarize the description of the
Kerr-Newman spacetime in standard horizon-penetrating
coordinates and Kinnersley null tetrad. The definition of a
|
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WIH and the basic properties of the Bondi-like tetrad
employed in [17] are reviewed in Sec. III. The explicit
construction is carried out in Sec. IV. First, we find the
parametrization of nontwisting null geodesic congruences
transversal to the horizon. Then, we find the desired tetrad
by a sequence of Lorentz transformations of the Kinnersley
one. In order to obtain an explicit solution up to integration,
we employ the coordinate transformation of [23] but
adapted to the horizon rather than to null infinity. In
Sec. V, we summarize the results and extract the initial
data reproducing the Kerr-Newman spacetime. Definitions
of the Newman-Penrose formalism and, in particular, the
transformation properties of the Newman-Penrose scalars
are summarized in Appendix A. Finally, we visualize and
compare the geodesic congruences induced by the
Kinnersley tetrad and by the Bondi-like tetrad in
Appendix B.

II. KERR-NEWMAN METRIC

The main purpose of this section is to set up the
notation and conventions used in this paper and to
provide equations for later references. Typically, we
employ the abstract index notation [24] and denote the
abstract indices by Latin letters from the beginning of
the alphabet, a,b,.... Greek indices will take values
from O to 3 and they will denote components of a tensor
with respect to particular coordinates. Indices 1,J, ...

will take values 2,3. We use the signature (+ — ——) so
that the Newman-Penrose (NP) null tetrad [19,25] is
normalized by the conditions #“n, = 1, m*m, = —1. For

a review of the relevant definitions and relations of the
NP formalism, see Appendix A. The Riemann tensor is
defined by 2V |V, X* = —R¢,,X", where square brack-
ets denote the total antisymmetrization. In the NP
formalism, Einstein’s equations for electro-vacuum read
D, = ¢m¢n’ A=0.

We start with the Kerr-Newman metric describing a
black hole of mass M, spin a, and charge Q in the ingoing
null coordinates x* = (v, r, @, ¢), in which the line element
takes the form [13,26]

2Mr — Q? 2
ds? = (1 — r7Q> dv? —2dvdr + il (2Mr — Q?)sin?0dv dg

pl?

+ 2asin?6dr dg — |p|>d6* +

where the functions p and A are given by relations
p =r+iacosé, A=a+r-2Mr+ Q% (2)
The outer and inner horizons are located at

ro =M=+ VM?*—a? - Q? (3)

sinZ@

lp|?

WE (Ad?sin?0 — (a* + r*)?)d¢?, (1)

|
respectively. We will write X=Y when the two quantities

are equal on the outer horizon r, for example, A =0.
In order to analyze the Kerr-Newman metric in the NP

formalism, we first introduce the standard Kinnersley null
tetrad [26,27] adapted to the principal null directions of the
Kerr-Newman metric,
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A a
fK:a”+2(a2+r2)ar+a2+r28¢’
a + r?
I’lK:—War,
00, + 0 a, |, 4
mg = \/_,0 (msm 1)+ (-)+ 9 (/)) ( )

where the fourth vector of the tetrad /m% is the complex
conjugate of m¢. Notice also that the triad (£%, m%, m%) is
tangent to the horizon. The spin coefficients associated with
the tetrad (4) are

a(a +ircos0)
Kx = 0ox =vg = Ag =0, Yk =~ =
pp
A iasin6
= —— 5, T e
ex 2p(a* + 1?) K
Ma*> +rQ> — Mr? a’+r?
Ex = ) = - ’
K 2 + P2 Hk 07
ia sin @ ia — rcos@ (5)
T :—7 a :7’
K /2p? K V252 sin6g

where we have denoted agx = ax — fgx; in addition,
mx = ag + P. These relations can be geometrically inter-
preted as follows, cf. Appendixes A and B. The vector £ is
tangent to a congruence of null curves, which are geodesics
(kx = 0) and shear-free (6 = 0). The expansion and twist
of 7% vanish on the horizon (¢x=0). Similarly, n% is
tangent to null geodesics (vg = 0), which are shear-free
(Axk = 0), but have nonvanishing expansion (Reug) and
twist (Imy ). Thus, the vector field n% is not hypersurface
orthogonal. In fact, vectors £% and n§ are, at each point, the
principal null directions of the Weyl tensor, so that the only
nonvanishing Weyl scalar is
2
W= o (©
PP
In the presence of charge, the nonvanishing component of
the trace-free part of the Ricci tensor is
Q2

O =57 (7)

while the scalar curvature A vanishes. Comparing the NP

form of Einstein’s equation ®X = |¢X|? and (7), and using
the Maxwell equations, we find
0

K _ 8

¢l \/zpz ’ ( )

while @& and ¢X vanish. Hence, the principal null
directions of F,;, are aligned with % and nf%. The four-
potential of the electromagnetic field turns out to be
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V20r

A dxt =
. P

(dv — asin®0de). (9)

Finally, the Kerr-Newman metric admits a Killing-Yano
form [28,29] which, in the Kinnersley tetrad (4), reads

Yo = —2acos 0£¢nt) + 2irm¢m?), (10)
or, in coordinates,

Y = do A [a® cos 0sin?0dr — r(a* + r?) sin 6d6)
+dv A [—acosOdr + arsin 0d0)]. (11)

For any geodesic vector X¢, the one-form k, = Y, X" is
covariantly constant along X*.

III. WEAKLY ISOLATED HORIZONS

A spacetime M is said to admit a nonexpanding horizon
[4], if it contains a null hypersurface H C M with the
topology R x &2 on which Einstein’s equations hold and
the energy-momentum tensor 7', satisfies the energy
condition that T,,#” is causal (i.e., timelike or null) and
future pointing for any future null vector £, normal to H.
Moreover, any such normal is nonexpanding. It turns out
that the spacetime connection V, induces a preferred
connection D, on ‘H and gives rise to a rotational 1-form
w, defined by

D, = w, 0. (12)

Since the choice of the null normal ¢ is not unique, it is
natural to fix it by the requirement [3]

[£.DJ¢" =0 (13)

which is equivalent to £,@,=0; here £, is the Lie derivative
along #“. This leads to a definition of a weakly isolated
horizon (WIH) as a nonexpanding horizon H equipped
with an equivalence class of null normals [£“], where
elements of [£“] differ just by constant rescaling, satisfying
the condition (13). This condition guarantees that the zeroth
law of black hole thermodynamics is satisfied on H and
that the pull-back of #* is a Killing vector of the induced
degenerate metric on H.

Using the geometrical properties of the WIHs it is
possible to construct Bondi-like coordinates and a null,
Bondi-like, tetrad adapted to these coordinates. Details of
this construction and perturbative solutions of the Einstein-
Maxwell equations near a WIH were given in [17]. Here,
we briefly review the main steps of the construction.

By definition, a given WIH (7, [¢“]) has a preferred
foliation by topological spheres. A coordinate v on H is
defined by the requirement that it is constant on each
sphere S, of the foliation and, in addition, Dv=1, where
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D = ¢“V,. Next, arbitrary coordinates x/, I =2, 3, are
introduced on the sphere S, along with two arbitrary
complex null vectors m® and m? tangent to Sy. To get a
basis of the space tangent to H, the vector m? is propagated
along 7“ by the condition [30]

£,m® =0, (14)

Similarly, coordinates X! are propagated off the sphere S
along 7 by the condition Dx/=0 so that we have a
coordinate system (V, X2,X3) for the entire horizon H.
The triad (¢, m*, m“®) can now be completed to a full NP
tetrad (¢4, n%, m“, m*) on the horizon. In order to obtain
the tetrad in the neighborhood of the horizon, the vector
field n“ on 'H is extended geodesically off the horizon and
the remaining vectors are parallely transported along
the resulting geodesic congruence, i.e., all vectors are
propagated off the horizon by the conditions

An® = Af = Am® =0, (15)

where A = n?V,,. The coordinate r is defined as an affine
parameter along the geodesics n¢ and the coordinates v and
x! are extended off the horizon by the conditions
Av = Ax! = 0. In this way, the NP tetrad and the coor-
dinates X* = (v, r,x?,x?) are introduced on the horizon and
in its neighborhood. In these coordinates, the vectors of the
null tetrad read

¢ =0,+Ud +X'0,n=-0,,
m = Q0, + £0,. (16)

By construction, the following functions vanish on H:
U=X'=Q=0. (17)

Throughout the paper, we reserve the symbol x* for the
coordinates introduced in this section. Adopting the termi-
nology of [23], we will refer to the coordinates X* and the
tetrad (16) as the “Bondi-like coordinates™ and the “Bondi-
like tetrad,” respectively.

By construction of the tetrad,

T=a+p, (18)

u=p (19)

which means that n“ is twist-free and, hence, orthogonal to
hypersurfaces A, of constant v, which are transversal to
the horizon and intersect it in the spherical cuts S,. Since
the normal to the horizon £ is by assumption nonexpand-
ing and orthogonal to H, we have
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0=0, (20)

which, together with the energy condition imposed on the
energy-momentum tensor and the Ricci identities in the NP
formalism, implies
c=0, Yo=¥,=0, ¢o =0, (21)

i.e., the horizon is also shear-free and there is no gravita-
tional or electromagnetic radiation crossing the horizon.

Having established the null tetrad and the coordinate
system, it is possible to solve the Einstein equations
perturbatively in the neighborhood of H. More precisely,
we regard the spacetime as a solution to a characteristic
initial value problem with the initial data given on the
horizon H and any null hypersurface, say N\, intersecting
the horizon (see [31,32] for the precise formulation and
existence results).

Adopting the notation of [4,17], the initial data on S,
consists of the following NP scalars:

So: 70, fl|50, Koy, (22)
where the &’| s are the components of m* on the sphere S,
which, in turn, define the two-dimensional metric on S,.

By the properties of WIHs, the surface gravity of the
normal 74,

K() = ¢0) 4 80), (23)

is constant over the horizon—the zeroth law of thermo-

dynamics. The quantity qb(lo) is the NP component of the
electromagnetic field and its real and imaginary parts
describe the electric as well as magnetic flux density
through S, respectively. From the Ricci identities in the
NP formalism one can then calculate the quantities

a0 = g0 — pO) ngo) and ‘I’;O) (24)

on Sy. In the case of axisymmetric, stationary WIHs, the

(0)

Weyl scalar ¥, encodes the horizon multipole moments

[8]. The quantity a(®) defines the connection on S;. In
addition, the Ricci identities determine the evolution of all
these quantities along the horizon and, as it turns out, only
the spin coefficients x and 1 and the Weyl scalar W5 depend
on the coordinate v on H.

The two remaining NP quantities, the Weyl scalar ¥, and
the component of the electromagnetic field ¢, can be
specified freely on the transversal null hypersurface N .
The Ricci and Bianchi identities as well as the Maxwell
equations in the NP formalism then determine the solution
of the full Einstein-Maxwell equations in the neighborhood
of H. The geometrical setup is schematically sketched
in Fig. 1.
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Sl) : (1(())7 7T<[)): N(O)a )‘((Da d)gU)

FIG. 1. Characteristic initial value problem for WIH.

With this formulation of the initial value problem, one
can expand all geometrical quantities into a series in the
coordinate r and find a perturbative solution of the Einstein-
Maxwell equations in a neighborhood of H. This was done
in [17]. The question now arises, how to choose the initial
data on H and N in order to reproduce any particular
spacetime. For a Schwarzschild spacetime, this is a trivial
task because the principal null directions of the Weyl tensor
are already nontwisting and, therefore, the Kinnersley
tetrad reduces to the desired Bondi-like one for a = 0.
We will show that the physically more interesting solution,
the Kerr-Newman spacetime, also allows the analytic
construction of the Bondi-like tetrad.

IV. BONDI-LIKE TETRAD FOR
KERR-NEWMAN SPACETIME

A. Nontwisting null geodesics

Let (v, r,0, @) be the standard ingoing null coordinates
introduced in Sec. II. In order to construct a null tetrad
which meets the criteria imposed in [17] for the Kerr-
Newman spacetime, we first construct a nontwisting null
geodesic congruence with the tangent vector n§ which will
later be identified with the vector of the Bondi-like null
tetrad. Using the well-known separability of the geodesic
equation on the Kerr-Newman background [33], a generic
null geodesic can be characterized by three constants E, L,
and K, in terms of which the components of n§ read

1 2 2
ny = “E <a2Esin29+aL +4 o (\/RT—P)>,
p

| A
1
ng = —2\/1_?,
lp|
1
nfy =——=\0,
PP
1
p

where functions ©, P, and R are defined by
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0 =K — (L + aE)? + (a*E* — L?sin~20)cos0,
P=aL +E(a*+r?), R=P*—KA. (26)

The constants of motion E and L represent the energy and
the angular momentum of the geodesic and X is the Carter
constant which arises from the separation of the Hamilton-
Jacobi equation or from the projection of the Killing tensor
of the Kerr-Newman spacetime [34].

In the next step, we promote (25) to a geodesic
congruence, where each geodesic of the congruence is
parametrized by possibly different values of E, L, and . In
this way, these parameters become functions of the posi-
tion, assigning the corresponding values to a geodesic
passing through a given point. We wish to choose the
functions E, L, and K in such a way that the resulting
congruence is nontwisting. In order to accomplish that, we
require that the covariant vector (ng), be a gradient, i.e.,

2
(1), dx* = Edv — ﬁﬁdr +/0do + Ldp = dv
(27)

for some function v. Since 9, and 0, are the Killing vectors
of the Kerr-Newman metric, we assume E = E(r, ) and
similarly for L and K. An inspection of the integrability
condition for the existence of a function Vv in Eq. (27)

(dng), A dx* =0, (28)

then shows that £ and L must be constant everywhere,
while K must satisfy the condition

] oK =—-VR 8—IC (29)
00 or

which is equivalent to n}V K = 0 and does not impose a
new condition, since /C is the constant of motion.

Because L must be a constant, the components of the
geodesic (25) become singular on the axis € = 0. In fact,
this is a singularity of a congruence rather than coordinate
singularity, since, for example, the expansion V,n%
diverges there. In order to avoid the singular behavior,
we set L = 0. Notice that although it is natural to expect
that nontwisting congruence has zero angular momentum,
vanishing of the twist alone is compatible with any value
of L.

Then, imposing that the congruence be symmetric under
reflection across the equatorial plane [35], we have to
choose K = a?E?. Finally, similarly to [23], we also choose
E =1 for convenience. Hence, we set

K = a?, (30)

so that the congruence (25) simplifies to
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ny = —% (sinzﬁ— » —|—P\/I_?>’ (31a)
ny = —#\/E, (31b)
n = _a|cp—0|§9’ (31c)

where functions P and R now read

P=a>+r* R=r*+a’r’+2a*Mr — a*>Q>. (32)

B. Lorentz transformations

Having found an appropriate null congruence (31), we
wish to complete n§ to a Bondi-like null tetrad, i.e. find
vectors ¢ and m¢ which are covariantly constant along n¢,.
The standard technique to parallely propagate a frame
along null geodesics using the Killing-Yano form (11)
was developed in [36] and recently generalized to
n-dimensional spacetimes admitting a conformal Killing-
Yano form in [37]. The vector k, = Y,,nb, where nf is
given by (31) is parallelly propagated along n§ and it is
spacelike rather than null. Still, one can find another
parallelly propagated spacelike vector k" and take the

complex linear combination of k¢ and k in order to form
the null vector m§ which is covariantly constant along n§,
and finally complete the tetrad with vector %, which is
then automatically covariantly constant too. Unfortunately,
the frame obtained in this way does not satisfy the
conditions imposed on the Bondi-like tetrad, i.e. the vector
my is not tangent to the horizon and #% is not a normal to
the horizon. Thus, one has to rotate the frame on the
horizon to a desired Bondi-like tetrad with an appropriate
matrix R and then require the matrix to be constant along
n%. However, the outlined procedure requires explicit
solution of the geodesic equation at two stages: finding

vector k% and propagating the matrix R off the horizon.
Such explicit solution can be found in terms of the elliptic
integrals of the first kind but one has to solve the
polynomial equation of the fourth order.

Because of these complications with the standard meth-
ods, we adopt a different approach in which we do not need
the Killing-Yano form at all. In our approach we also get
integrals which either cannot be calculated explicitly or the
resulting formulas are too complex to be included in the
paper. However, we present the tetrad in the form suitable
both for symbolic manipulations and numerical calcula-
tions. We perform a sequence of Lorentz transformations
which rotate the initial Kinnersley tetrad (4) to a Bondi-like

PHYSICAL REVIEW D 96, 064024 (2017)

tetrad. Using the boost and null rotation about ¢, we rotate
the vector n% to the direction (31), then by a spin and null
rotation about n§ we eliminate the spin coefficients y and z,
which yields the triad (£, mp, img) tangent to the horizon
and parallelly propagated along n%. By this method we get
not only the tetrad, but also the spin coefficients and the
Weyl and Maxwell scalars, because it is easy to transform
the spin coefficients step by step but very difficult to
calculate them directly from the resulting tetrad, even with
the help of computer algebra systems.

1. Boost

In the first step, we perform a boost (A8) in the plane
spanned by £% and n% of the Kinnersley tetrad (4) with the
parameter

2P

:P+\/l_€’

obtaining a new tetrad (£, n;, my,m;) and corresponding
spin coefficients.

A2

(33)

2. Null rotation about ¢*

Next, we rotate the tetrad about Z{ to a new tetrad
(¢4, ny, my, my) such that the vector field n§ coincides with
the nontwisting vector field (31). We choose the parameter
¢ of the null rotation (A16) to be

ae—lé‘

V%

(34)

CcC =

Then, n, is given by (31).

3. Spin

At this stage, the vector n§ is tangent to the desired
nontwisting, affinely parametrized congruence of geode-
sics, i.e. Ayn§ =0 with the respective radial derivative
A, = n§V,. Moreover, the triad (¢4, m§, m5) is tangent to
the horizon, where 74 is a generator of the horizon
satisfying (13). However, this triad is not covariantly
constant along nf, since we have [cf. the transport
equations (A4c)]

Azf‘zl = —%211’15 - Tzﬁlg, (353)

Aym§ = =151 + (y2 — 72)ms. (35Db)
The coefficient y, which is now purely imaginary (n§ is
affinely parametrized) can be eliminated completely
by the spin (All) with the parameter y = —6/2, i.e.,

m§ = e“m§. The nonvanishing spin coefficients now are

ie™sin 9) , (36a)

a ( A
T3 = —
V2|p> \P+ VR
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A
03:—m,
83:a—r2 2\}(2'” +M+r>
P-VR \/_a<
N R

<21a —pcosf
2v/2p? sin @

(36b)

(36¢)

M+ r—|—2r3/az)
Ty = - =

2VR
N cot9> o
e ’
2V2p

a (r M+ r+2r/a? P—\/ﬁ)
V2p \a* 2vR a’p

N el <2ia—pcos9 >
d —i).
2V2p psin@

1
2v2p

’
—2al = =

1
H3 =
2VR|p|?
R cos26csch),

(36d)

o3 = —

(36¢)

b3 =

[e‘ig (cot® —1)

M—l—r+2r3/a2>]’ (366)

2VR

(=2r3 —a*(M +r)

a
2VRp?
+i(2r3 +a*(M +r)) cos @

+ VR(rcos 20 — ia cos ) csc6).

Ay = (=2aQ? + ar(3M + )

(36h)

By now, the only freedom in the choice of the tetrad is the
null rotation about n“. In order to preserve the property
that the triad (¢4, m§, m§) be tangent to the horizon, the
parameter d of null rotation (A19) must vanish on the
horizon. The spin coefficient 7 transforms, according to
(A20), by 74 = 73 — A3d, where Ay = n$V,. Thus, in order
to eliminate 73 we have to solve the equation

A3d = 73, d:.() (37)
It is exactly the initial condition d=0 which makes the
problem difficult, otherwise the equation could be easily
solved with the ansatz d = f(r) + g(0). In order to imple-
ment the initial condition, we have to employ a coordinate
|
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transformation which will eliminate the nonradial compo-
nents of n§.

4. Bondi-like coordinates

Having satisfied the integrability conditions (28) for
Eq. (27), we can employ V as a new coordinate, eliminating
the v-component of n§. The angular coordinates which are
constant along n§ can be conveniently introduced following
the procedure of [23]. Hence, we define the new coor-

dinates v, 9, and g;ﬁ by

V—v—/rjpii\/ﬁ—l—asine, (38a)
sin@ = tanh X, (38b)
$=p+J(r), (38¢)
where

X = a(r) + arthsin ¥, (39a)
“n = roVut + au? —cll—d;azMu —d2Q* (39)
J(r) = —/r ¢ (1 e )du. (39¢)

P+ VR@ R

With these choices of a and J, coordinates (9, qu)) coincide
with the coordinates (6, @) on the horizon (in [23] they
coincide at infinity), and equatorial plane is given every-
where by 6 = 9 = z/2. Moreover, § and ¢ are constant
along n§. Using the relations

1 1
dv =dv + - adr
<P + VR \/I_?cosh2X)
add
S 40
cosh?X cos 9 (402)
1 adr dd
_ b (adr, 49\ 40b
cosh X <\/1_€ T o8 19) (406)
dp = 2 <1 @ >d +dé (40¢)
= — e r s
P=VR\ TP VR

one can deduce the form of the metric tensor in these
coordinates:

Q> —2Mr 2a |p\2 2a
ds?= (1 dv————— 49 )dv — =X dvdr — = (Q? — 2Mr)tanh*Xdvd
g ( TR lp|? cosh?X cos 9 p |2(Q r)tan ¢
2a%(Q* = 2Mr)tanh?X |~ r* 4 a*(2Mr + r* — Q%)cosh™2X tanh®?X -~ -
dad de? — 2Asech?X + R)d¢?. (41
i |p|>cosh?>X cos 9 9= |p|?>cosh?Xcos?d lp[? (a®Asech’X + R)dg™.  (41)
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This is the metric given in [23], except for that we used the horizon-penetrating Kerr coordinates instead of Boyer-
Lindquist coordinates. The vector field n§ given by (31) has, in these coordinates, the simple form

ny =

where p is now

p = r +iasechX.

The remaining tetrad vectors read in these coordinates

al cos 8

f—o+—2 o
VT PHVRT O VR(PHVR

ms

_L{_ al
_\/5,0 P++R

The spin coefficient 73 has now the form

a < I ) (45)
T3 = - P— .
V2P \P+ VR 1 + isinh X

5. Null rotation about n®

Now we can integrate Eq. (37) to get

L [hwdR
d(r, 9) = / i S 9)du,  (46)

where 73 is given by (45), and perform null rotation
about n§, Eq. (A19), with the parameter d. This yields
the desired Bondi-like tetrad (£, ng, mg,mp). By con-
struction d vanishes on the horizon and hence the triad
(¢p,mp,img) is tangent to the horizon and parallelly
propagated along nj = nf.

Since d cannot be evaluated explicitly, we cannot give
more explicit expressions for the spin coefficients than (36).
In terms of those, the spin coefficients for the rotated tetrad
are given by, cf. (A20),

kg = d(2e5 + 03) + d*(m3 + 2a3) + d°Js
+ (13 + 2p3)|d|* + psd?d — |d|*Asd

— Dsd — ddyd — dosd, (47a)
o = d(t3 + 23) + psd® — dAyd — 6+d, (47b)
0p = 03 + 2das + dry + d*)3 — dAsd — 64d, (47¢)
ep = &3+ d(ay + 13) + f3d + J3d* + p3d|%, (47d)
Pp = P3 + dus, (47e)

N/

VR

pl?

Or, (42)

(43)
)83 +a (1 —ﬁ)a& (443)
———0, +cosd i—'s'nhX Oy + r—2+; 0; (44b)
! R o ? VR sinhX) ?|
[
ap = a3 + dl3, (47f)
np = 1y + dis + dus, (47g)
Hp = U3, (47h)
Ap = 43, (471)
tp=yp=vp =0, (47j)

where the spin coefficients with subscript 3 are given by
(36), the operators D3 =I5V, A3 =n{V,, and §; = m$V,
are given by (42) and (44), and the derivatives of d are

ad _|pI’

E = ﬁ’l}, (47k)
od r a icosh X(u,9)

R du. 471
09 [+ ,/ZR(M) cos&(l —l—isinhX(u,&))z " ( )

In the last step we perform two remaining coordinate
transformations. First we define a new radial coordinate by
rescaling r,

r 9 2
r— / Mdu, (48)
ry \/R(I/t)
so that r is an affine parameter along n¢
ng = —8r, (49)

and vanishes on the horizon. In the rest of the paper, the
variable r = r(r) will always be understood as the function
of this new coordinate r. Next, in order to eliminate the ¢-
component of 7¢ on the horizon, we perform the last
coordinate transformation
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¢¢V

a*+r (50)

which brings the tetrad into the form (16).

V. RESULTS
A. NP-quantities

Now we can summarize the obtained results. We have
found the Bondi-like coordinates X* = (v, 1,9, ¢) in which,
|
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following the notation of [17], the Bondi-like null tetrad is
of the form

fB = 8\, + U@r +X161,
np = —5},

my = QO, + 9, (51)

where / = 2, 3 and the components of the tetrad read

_ ff(éur \F) (\/_|p| —alpd +p &)(1 “;)'2’9%> - ﬁ%acos&) — |dP
+ xf (1 +isinh X), (52a)
X2 = \/E\jzé(;oig\/z’e) (—f2+a7fi+%l> + C:’Eg <;l(1 —isinhX) + Z( —|—1sth)> (52b)
A o)
&= C\;fj ( g isinh x) (52¢)

and where X is given by (39a). Coordinates Vv, r, 9, and ¢
are related to the standard ingoing null coordinates v, r, 6,
and ¢ by (38a), (48), (38b), (38c), and (50), respectively;
the functions a and d are given by (39b) and (46),
respectively. Functions p, A, P, and R are given by Egs. (2)
and (32), and the variable r is related to the coordinate r by
(48). Finally,

sinh X(u, 9)

/ /R(u) cosh*X(u, 9) cos 9

du.

(53)

In the tetrad (51),
vanish:

the following spin coefficients

rp=vp=1=0; (54)
these equalities imply that n§ is an affinely parametrized
geodesic, and both 7§ and m$ are covariantly constant
along n%. The remaining spin coefficients are given by (47).

[

In particular, the spin coefficient yp is real which means
that the congruence n¢ is nontwisting. The spin coefficients
op and Ap which describe the shear of #% and nf,
respectively, do not vanish; another difference from the
Kinnersley tetrad.

In type D spacetimes and in the tetrad adapted to the
principal null directions, the sole nonvanishing Weyl scalar
is ¥,. The Bondi-like tetrad is not adapted to these null
directions anymore so that the full set of Weyl scalars is
given by

d
7 - 6d2<1 —a—> pK (55a)
0 \/_P 2
2 2

—3d( d 3Ld_+1)‘1‘§, (55b)

P» o V2p

3d>  3v2ad

¥y = <—“_2 _ 32 +1>‘P§, (55¢)

p p
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3a fad 1
lPB _ (_-)TK, 55d
3 ) p \/5 2 ( )
3 2
WE — 27 Pk (55¢)

where WX is given by (6). Similarly, for the components of
the electromagnetic field we have

%=d@—f?§f7 (562)
%=@—“?ﬁ 3 (56b)
ph =~ Y2 (56¢)

where ¢X is given by (8).

In nonrotating limit, a = 0, the tetrad (51) reduces to the
corresponding Kinnersley tetrad, since in this case all
Lorentz transformations we applied are identities (except
for the spin, whose purpose was to eliminate the coefficient
v, which vanishes for a = 0 and, hence, it is not necessary
to perform the spin). In other words, for the Reissner-
Nordstrom spacetime, the Kinnersley tetrad is already
Bondi-like and W2, W% @B, and ¢% vanish.

B. Initial data

Although the tetrad and the corresponding spin coef-
ficients we found are quite lengthy and containing the
function d which cannot be integrated explicitly, we have
provided all relations which are necessary to perform
calculations in this tetrad. They can be done, for example,
symbolically in Mathematica or similar software. The
formulas are also suitable for numerical calculations, since
the calculation of the tetrad components and the spin
coefficients involves only numerical integration. In this
section we use the Bondi-like tetrad to extract appropriate
initial data given on the horizon and transversal null
hypersurface which reproduce the Kerr-Newman solution,
see Sec. 1L

In order to formulate the initial value problem whose
solution is the full Kerr-Newman spacetime, we start with
the initial data on the initial sphere Sy. The only nontrivial
components of the Bondi-like tetrad on the horizon are

gz (57a)
= — N a.
V2pl%
= L (e (57b)
¢ V2,0 \ po) T )

PHYSICAL REVIEW D 96, 064024 (2017)

which determine the metric on S,

4ei2 2
s oy, @ sin“dcos™d )
ds |50——<|,0()’ +W dd

2a>(PY))? - (PO)2%sin?9

_4|p(0)|2 cos 9sin“dddd¢ _4|p(0)|2 de¢?,

(58)
where the superscript (0) denotes the value of correspond-
ing quantity on S°. The area element acquires the standard
form

dS = (2 + a?)sin8d9 A dp. (59)

For the spin coefficients we have

o _'+—M
8( ) — 2P(0> s <60a)
) = o0 _ 30 — __T+c0sI—ia S0
a0 = ¢ _ ’
/ V2(p)?sin 9 (60b)
1
<0> _ (- 3 _ 2
: 2p(0>|p<o>|z( 2ry —a*(M +ry)
— aP© cos29 csc 9), (60c)
O__ 4
A= Sp oy (7240 +ars (M 1)
+ PO (r, cos29 —iacos9)cscd
+i(2r3 + a*(M + ry))cos 9). (60d)

The surface gravity of the horizon is K(f):'2€(0>. To
complete the formulation of the initial value problem,
one has to specify the values of W, and ¢, on the null
hypersurface Ny which intersects the horizon at the initial
sphere Sy:

3a® 0? aQ
‘{’4:_—5(—M+—>7 b =——
p p

For a general WIH, one has to provide also the values of

on Ny. (61)

7 and ¢§0> on S, which in our case are

M—r . i
O —_ ¢ (B2 ey g
n \/if)(O)( S0 +ﬁ(0) sm&), (62a)
9 = ¢ (62b)

V20

However, for a stationary, axially symmetric horizon, these
quantities are solutions to the constraints (cf. [38])
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30 + (29)? = k() A0, (63a)

5(0)45(10) + 2ﬂ(0>¢§0) — K(f)qsgo), (63]:))

where 80 = £/9,, the operator d is defined by (A15) and
¢§0) is the value of ¢, at Sy. These constraints were the
main ingredients for the proof of the Meissner effect for
WIHs in [21]. The Egs. (60) determine ‘Pgo) and q,go) via the
Ricci identities (see also [17])

1 -
ReP) — [aO) — 5 (604 + 50z0)) + |p\V12,  (64a)
Imlllg0> = —Imdz(©), (64b)
‘I‘g)) = (04 79)20 = (§ + 7)), O, (64c)

The evolution of the components of the tetrad (51) is given
by the NP commutators, the evolution of the spin coef-
ficients is governed by the Ricci identities, the evolution of
the Weyl scalars is determined by the Bianchi identities and
the evolution of NP components of electromagnetic field is
given by the NP form of Maxwell’s equations. We do not
list these equations here (see, e.g. [25]), because we know
already that the solution is the Kerr-Newman spacetime in
Bondi-like coordinates equipped with the Bondi-like null
tetrad constructed in this paper.

It is worth noting that for a general WIH, ¥, and ¢, are
functions given on N, and they are independent from the
data given on S. This is not the case for the Kerr-Newman

spacetime, since these quantities are directly given by ‘PgO)

and ¢§0) and their transformation properties under the
Lorentz transformations. However, as pointed out already
in [16], one can vary the data on N while keeping the
initial data on S, to produce a wide class of Kerr-like
solutions in which the intrinsic geometries of the horizon
coincide with the geometry of Kerr but differ off the
horizon.

VI. CONCLUSIONS

The intrinsic properties of the Kerr-Newman black hole
are well understood and have been exhaustively investi-
gated in the formalism of (weakly) isolated horizons.
Despite the relatively high degree of symmetry, the
Kerr-Newman solution adequately describes isolated black
holes in equilibrium in the absence of matter outside the
black hole thanks to its uniqueness properties. As we
explained in the introduction, the formalism of WIHs
allows one to generate a large class of solutions represent-
ing black holes deformed by external matter or fields which
can be prescribed in an arbitrary way; in particular, the
external fields are not restricted to be weak. In order to
accomplish this program and analyze properties of

PHYSICAL REVIEW D 96, 064024 (2017)

deformed black holes analytically, one first needs the
description of the full Kerr-Newman metric not only the
part intrinsic to the horizon in the WIH formalism.

In this paper, we explicitly constructed a Bondi-like
tetrad for the Kerr-Newman black hole satisfying the
properties imposed in [17] for a general WIH. In this
tetrad, we were able to find the initial data given on the
horizon and, more importantly, on the transversal null
hypersurface N. In this sense we completed the descrip-
tion of Kerr-Newman solution in the framework of WIHs.
Having the standard example of a WIH at hand, the next
step is to consider variations of the initial data and under-
stand their physical implications. This work is in progress.
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APPENDIX A: NEWMAN-PENROSE
FORMALISM

For the sake of completeness, in this section we list all
relevant definitions and relations of the Newman—Penrose
(NP) formalism. In this paper, we follow the conventions of
[19,24,25] adapted to the metric signature (+ — ——), while
also other conventions are common [39,40]. In particular,
our conventions differ from [17].

The “NP tetrad” is a four-tuple of null vectors
(£, n, m*, m") normalized by relations

“n, = -mm, =1, (A1)

where all other possible contractions vanish. Covariant
derivatives in the directions of vectors forming the null
tetrad are denoted by

D=¢'V, A=n'V,, §=mV,

where bar denotes the complex conjugate. In the NP
formalism, the connection is encoded in twelve complex
spin coefficients defined by
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1
k=m*Dt,, ©=m'Al,, &= 2 [n“D¢, — m“Dm,],

- 1
c=mt,, o=m'6, Pp= 3 [n96¢, — m“ém,],

1
r=nDm,, v=n"Am, y= 3 [nAE, — m*Am,],

_ 1 _ _
A=n%m,, u=n%m, o= > [n96¢, — mém,).

(A3)

Some of the spin coefficients have direct geometrical
meaning [17]. Namely, real and imaginary parts of ¢
determine the expansion and twist [41] of the congruence
¢“, respectively; similarly, real and imaginary parts of u
describe the expansion and twist of n? [26]; coefficients ¢
and A describe the shear of 7¢ and n®. Definitions (A3)
imply “transport equations”

D¢* = (e + &) — km® — km“, (Ada)
An® = —(y + 7)n* + vm® + om*, (A4b)
ALY = (y +7)0% —Tm® — min®, (Adc)

which show that x and v describe the deviation of #¢ and n¢
from being geodesics, while € + & and y + 7 measure the
failure of 7 and n“ being affinely parametrized. Covariant
derivative of m“ along n¢ is given by the transport equation

Am® =0 —n“ + (y —y)m°. (A5)

Components of the Weyl tensor with respect to the null
tetrad are provided by the Weyl scalars

\PO == Cabcdf“mbfcmd,

\Pz == Cabcdf“mbmcnd,

lPl == Cabcdf“nbfcmd,
W3 = Cupeal“n’m‘n?,

lP4 == Cabcdﬁ’la}’lbﬁ’lcnd.

(A6)
In electrovacuum spacetimes, the components of the trace-
free part of the Ricci tensor are given by ®,,, = ¢,.¢,,
where

$o = Fuptm®, ¢y = Fypim®n’,

1
¢1 = —Fub[f“nb - maﬁib].

; (A7)

are the components of the electromagnetic tensor F';,. The
scalar curvature is A = 0.

The actual field equations are provided by the set of
Ricci identities, Bianchi identities and commutation rela-
tions. The full list of these equations as well as the Maxwell
equations in the NP formalism can be found, e.g., in
[24,25]. In the present paper, we need only few of those
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equations and, hence, we show them in the appropriate
context only.

On the other hand, we employ all freedom available in
the choice of the tetrad and for that we need the complete
set of transformation equations for the NP quantities. A
“boost” in the plane spanned by #¢ and n* with real
parameter A is defined as the transformation

7% A%re, n +— A~2ne, mé > mi.  (AS8)
Under boost, the spin coefficients (A3) transform according
to the formulas

K — Ak, T 1, 6 A%c, o A,

T 7, v ATy, U A2, A= A2,
e+ A’ + ADA, y > A2y + ATAA,
pr>p+ATISA, ar a+ A7I6A, (A9)

while the Weyl scalars (A6) and electromagnetic scalars
(A7) transform as

¥, > A2y m=0,1,2,3,4, (A10a)

¢m = Az(l_m)¢n19 m=0,1,2. (Al()b)
Any quantity  which transforms as n — A?5 is said to
have a “boost weight” w.

The next transformation is the spin in the spacelike plane

spanned by m“ and m“ with a real parameter y defined by

A

£ £, A — ne, me = eMma.  (Al1)

Under spin, the spin coefficients (A3) transform as

K = Xk, T g, o e, 0o 0,

7 e W, v ey, U, A e g,
e e+1Dy, y >y +iAy,

B> e (B +idy), ar> e (a+idy). (A12)

The Weyl scalars (A6) as well as the electromagnetic
scalars (A7) are then given by
¥, > e2Cming,

m=0,1,234,  (Al3)

> g m=0,1,2. (A14)
Again, a quantity 7 is said to have a “spin weight” s if it
transforms like 7 > %% under the spin. The associated
spin raising/lowering operators & and & are defined by

[25,42]
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m=on+s@-pn,  m=édn—s(a—pin.  (Al5)

Another kind of transformation of the null tetrad is a
“null rotation” about £ with complex parameter c:

% £,

n > n + cm® + em + |c|* ¢4,

m — m + ¢ct?,

(A16)

under which the spin coefficients (A3) transform as

follows:

K K,

T T+ co+ ¢o+ k),

o +— o+ KcC,

o o+kc,

e €+ ck,

Yy +c(f+71)+ac +oc® + (e +0)|c* + ke,

B> B+ co+et+klc|,

ar> a+ c(e+ )+ Kc?,

7+ 7+ 2ce + ¢tk + Dc,

v v+ ey +u)+ed+ct2B+1) + o

+ |c]*(x + 2a) + c?¢(2e + @) + ek
+|c|*Dc + Ac + cdec +Edec,

> p+2cp+crn+ cto + 2|cl*e + c*cx + eDc + bc,

A A+ c(m+2a) + (o + 2¢) + ke + c¢Dc + bec.
(A17)

The transformation rules for the Weyl and electromagnetic

scalars (A6) and (A7) read

Yy = Y,

Y =¥ + ¥,

¥, > ¥, + 2c¥; + ¥,

Yy > W5 + 3c¥, + 3c2Y, + Y,

Y, > W, + 4y + 6¢7Y, + 4¢3 + MY,

$o = o,

$1 > 1 + coo,

by = by + 2chy + . (A18)

Finally, a “null rotation” about n* with complex param-
eter d is defined by the relations

n% +— n4, m — m* + dn?,

%> 9+ dm® + dm® + |d|*n. (A19)
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The spin coefficients (A3) now transform as

k> k +d(2e + @) + do + d*(x + 2a) + d*)
+|d*(z +2B) + d*d(2y + p) + dPdv
— |d|*Ad — Dd — dbd — déd,
T 7+ 2dy + d*v — Ad,
o> o+dt+2p)+d*(u+2y) +dv—dAd - éd,
0+ 0+ 2da+dr + d?2+2|d|*y + d*dv — dAd - dd,
er>e+dla+n)+ pd+ Ad> + (u+y)|d]* + vd?d,
y—vr+dy,
B> p+dy+u) +dv,
ars a+dl+dy + |d*v,
x> +dA+du + |d)P,
Vv,
Y= p+dv,

A A+ud. (A20)

For the Weyl scalars (A6) and the electromagnetic scalars
(A7) we now have

Yy > ¥ +4d¥, + 6d4°Y, + 4d3Y5 + d*¥,,
P, > ¥, + 3dY, + 3dPY; + Y,

¥, > W, + 2d¥5 + d* ¥,

¥, > W, + dV,,

Y, —» Y,,

bo > o +2dpy + d* s,

1 > ¢y +dy,

= . (A21)

APPENDIX B: VISUALIZATION

In this section, we briefly present the visualization of the
differences between the standard twisting Kinnersley tetrad
and the nontwisting tetrad constructed in this paper.
Standard treatment of optical scalars for null geodesics
in the NP formalism can be found, e.g., in [25]. Here we
need to consider slightly more general case.

Consider a general NP tetrad ¢, n“, and m“, for which
£“ is not necessarily a geodesic (which is the case of £
given by V) and m* is not necessarily parallelly propagated
along either #“ or n“ [which is the case for the Kinnersley
tetrad (4)]. We can always introduce complex null vectors
&% and & for which D&Y = 0 and A&j) = 0, respectively.
Let z¢ and z;; be deviation vectors orthogonal to £¢ and n¢,
respectively, which are propagated by equations
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Dz% = bV, ¢9, Az¢ = 7V, ne. (B1)
We expand both connecting vectors as
24 = ot = 2pE% — 20EL,
Z;ll = Cnna - ang - Znéfzv (BZ)

and interpret the component z, = x, + iy, (z, = x,, +1y,)
as complex coordinate of the projection of z¢ (zj;) onto the
spacelike plane orthogonal to ¢ (n“). Corresponding
evolution equations read

Dz, = —0z, — 6Z, + KCp,
Az, = puz, + A2, —vey, (B3)
and
Dc,=(r—a—-p)z+ (7—a-p)z,
Acy, = (a+f-1)z+ (a-f-7)2 (B4)

In what follows we consider vectors £% and n% of the
Kinnersley tetrad and £ and n§ of the Bondi-like tetrad. In
each case we choose the initial spacetime point with
coordinates (ry,dy) and a sequence {zy, = e>"/N}V
of initial coordinates of the deviation vector. For each z,
we solve the deviation equations (B3) along the null
geodesic and plot points z, for given values of the
parameter along the geodesic, which we interpret as the

Yo

e TT oy
Ty * Y

FIG. 2. Nontwisting, nonexpanding and shear-free congruence
¢4 with the initial position ry = 0, 8y = z/4.
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cross-sections of the family of nearby geodesics with
initially circular cross-section.

We choose the parameters of the Kerr-Newman space-
time M =12,a=1.1,0 =0.2. In Fig. 2 we plot the
congruence ¢%=¢"% on the horizon. By the properties of a
WIH, this congruence is nontwisting, nonexpanding and
shear-free. Congruence % off the horizon, see Fig. 3, is
expanding, twisting and shear-free, i.e. the cross-sections
remain circular. On the other hand, congruence n§%, being
transversal to the horizon and future pointing, is converging
and twisting, see Fig. 4. Congruence n§ of the Bondi-like
tetrad is also converging but has zero twist and non-
vanishing shear, as Fig. 5 demonstrates. Finally, optical
scalars of the congruence % vanish on the horizon, Fig. 2,
but off the horizon all optical scalars are nonvanishing,
see Fig. 6.

N

FIG. 4. Twisting, converging and shear-free congruence n§% for
the initial position ry = 3, 9y = n/4.

e T Y

FIG. 5. Nontwisting, converging and shearing congruence n$
for the initial position ry =5, 99 = z/4.

FIG. 3.

Twisting, expanding and shear-free congruence ¢ with
the initial position ry = 0.5, 9y = n/4.

FIG. 6. Twisting, expanding and shearing congruence ¢4 for
the initial position ry = 2, 9y = n/4.
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