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In this article we present converged datasets containing scattering data for collisions of electrons on the
atomic hydrogen for total energies below the n = 4 excitation threshold. The data have been obtained
from an ab initio solution of the two-electron Schrödinger equation in the B-spline basis with the exterior
complex scaling boundary condition and are well converged both radially and in terms of partial waves,
often to a greater accuracy than currently available data. The data consist of partial T -matrices and can
be combined to various secondary quantities, most notably the differential and integral cross sections.
We compare the cross sections with previously published theoretical and experimental results and with
available data from on-line databases. It is demonstrated that the new data are superior to the generally
available results. The consistency of the cross section datasets is checked using the theorem of detailed
balance. The energy sampling is fine enough to contain all major resonances in the considered energy
range.
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1. Introduction

The electron–hydrogen collision data are frequently used in
astrophysics, particularly in the stellar physics for calculation of
spectral line profiles in various dynamical and thermal condi-
tions [1–4], and in the physics of the interstellar gas [5] as one of the
coolingmechanisms of thematerial, or in estimation of the particle
energy deposition in the universe [6]. Apart from the astrophysics,
electron–hydrogen scattering is also a vital ingredient for the sim-
ulation of processes in the industrial plasmas in thermonuclear
reactors [7,8]. Most applications use the temperature-averaged
cross sections – collision rates –which are calculated from the com-
plete energetical dependence of the cross sections, typically with
Maxwellian weighting. Due to the rapid decay of the Maxwellian
distribution, for low temperatures (e.g. in cool stellar gas) the low-
energypart of the cross-sectiondatasets just above the threshold of
the transition is very important and needs to be resolved down to
all major resonances. In typical neutral plasmas, both in stars and
in tokamaks, the collisions of atoms with electrons happen much
more frequently than collisions with positive ions, because at the
same thermal energy the electrons have greater velocity.

There are several possible outcomes from a collision of an
electron and a neutral hydrogen atom:

e−
+ H(n, l,m) → e−

+ H(n′, l′,m′) ,
e−

+ H(n, l,m) → e−
+ e−

+ p+ ,

e−
+ H(n, l,m) → H−

+ γ ,

which are the elastic scattering, excitation and de-excitation (in-
cluding spin-flip), ionization, and radiative electron capture, re-
spectively. These processes have been thoroughly studied in the
past with various theoretical approaches and large amount of data
is already available, possibly with the exception of the radiative
capture, which requires the calculations to include the coupling
to the electro-magnetic field. For the same reason radiation is also
disregarded in the other two processes.

Some collections of electron–hydrogen scattering data were
published in the past and we have included most of them in the

graphs at the end of the article. Before the voluminous experi-
mental and theoretical review by Bederson and Kieffer [9] only
rudimentary data had been calculated, often using a hand-crafted
close-coupling expansion and rarely converged to better accuracy
then a few tens per cent.

The first noteworthy collection of accurate elastic and non-
elastic data is due to Callaway [10], who used the straight-forward
close-coupling calculation with a handful of states to calculate the
cross sections for the transitions 1s–1s, 1s–2s and 1s–2p. Only total
angular momenta L ≤ 3 were included in the calculation.

The collision strengths to 2s and 2p states between the n′
=

2 threshold and the ionization threshold were recomputed by
Scholtz et al. [11]. They used the intermediate-energy R-matrix
(IERM)method for low partial waves to account for the continuum
coupling, the standard R-matrix for intermediate partial waves,
and the second-order plane wave Born approximation for higher
partial waves. The data curves are very smooth, as they lack most
resonances. The data compare well with [10].

The extensive calculation of Callaway [12] has a similar scope
as the present article and for the first time presented the cross
sections for scattering on excited states.

Aggarwal et al. [13] published collision strength datasets for all
transitions n → n′, where n ≤ n′, n = 1, 2, 3, 4, at energies from
the transition threshold to a few eV above the ionization threshold.
Their data are very finely sampled and contain a large amount
of physical resonances, which have correct positions. However, as
demonstrated in the graphs below, the absolute values of the cross
sections are offset by an unexplained shift from the correct values.

The review by Callaway [14] summarizes results obtained up
to 1994. Among others it points out some inaccuracies in [13]
stemming from the omission of the continuum channels from the
R-matrix basis.

Another recalculation of the three lowest transitions 1s–1s,
1s–2s and 1s–2p between the n = 2 and n = 3 thresholds has
been done by Bartschat [15] using the R-matrixwith pseudo-states
(RMPS) method. These data were compared to the results of the
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converged close coupling method (CCC, [16]) and belong currently
among the reference data for electron–hydrogen scattering.

Anderson et al. [17] used the RMPS method to calculate the
cross sections for transitions n, l → n′, l′, where n < n′, with the
aim to produce relevant data for fusion plasma simulations. They
used 15 physical states, 24 pseudo-states and RA = 140 a0 as the
radius of the inner region. However, this radius is not appropriate
for transitions between excited states.

Bartlett [18] calculated the cross sections for transitions from
the ground state to n = 3 states at a small range of energies to
demonstrate the accuracy of the exterior complex scaling (ECS)
method.

To sum up, some of the existing publications focus on providing
rich variety of datasets, some focus on accuracy of the results for
a few particular transitions, some illustrate an efficient solution
method, but none of themdoes really combine all these viewpoints
together, with explicit consideration of consistency of the datasets
and their good convergence.

There are also a few on-line databases that contain the scatter-
ing data of interest. The most comprehensive is the dataset in the
Aladdin database [19] calculated by Bray and Stelbovics [20] using
the CCC method. Their data for elastic transitions are in perfect
agreement with [15], but the same calculation setup has been used
for higher transitions (up to n = 4), which raises doubts, whether
they are sufficiently converged with respect to the basis size.
Analogical CCC data are contained in LXcat database [21]. Another
database is that of NIST [22], which contains only optically allowed
transitions from the ground state (up to n = 10), produced by
BE-scaling of the plane wave Born approximation results [23,24].
These data are not meant for the low-energy usage and there are
very few points below the ionization threshold, if any. There is also
another database by NIST [25] containing ground state elastic data
produced by Salvat et al. [26], based on the Dirac equation with a
model potential.

The scattering of electrons on hydrogen atoms, though well
understood, still has a few pitfalls. The low-energy scattering on
atomic hydrogen is dominated by its huge polarizability, which
requires accurate inclusion of a large surrounding space in the
numerical solution [27]. This problem is often circumvented by
consideration of a truncated Coulombic interaction only, e.g. in
the Debye plasmas [28,29], but for environments with low den-
sity (e.g. stellar atmospheres) it provides wrong results [30]. One
of the reasons for the necessity of inclusion of the large sur-
rounding space is the long-range dipole coupling between the
channels. It is so strong that for optically allowed transition be-
tween energetically degenerated levels it gives rise to infinite cross
section [31,32]. Another approach is to radially extrapolate the
cross section as in [18], but this produces acceptable results only
for excitations from the ground state (or de-excitations into the
ground state); for scattering on excited targets it is not sufficient.
For energies below or slightly above the ionization threshold this
problem is solved by the R-matrix method, where the outer region
considers only a few channels and can be made very large, and
also by the channel reduction presented in [33], which employs an
equivalent idea and is applicable to all direct grid-based methods,
including the below mentioned exterior complex scaling.

In this paper we focus only on elastic scattering and inelastic
transitions between all states – including magnetic sub-levels –
for total atomic and projectile energies in the range from Etot =

−1 Ry to Etot = −0.0625 Ry. This includes the states with the
principal quantum number n ≤ 3. A particular attention has
been given to accurate simulation of the collisions right above
the excitation thresholds, where the long-range multipole effects
are more pronounced than elsewhere and where the existing data
are mostly deficient, even though particularly those energies are
of extreme importance for calculation of collisional rates at low

temperatures. The chosen energies do not allow for ionization of
the hydrogen target, which is why we do not discuss here the
ionization data or high-energy datasets generally.

We intend to publish more data in follow-up articles, for ener-
gies up to a region where the widely used perturbation methods
like the Born approximation are valid (∼1 keV). The data will
be provided through a web-based database interface introduced
in [34] and via the VAMDC portal [35].

2. Method

The typical method of choice when producing the scattering
datasets is the R-matrix method [36], which is easily applicable
to many impact energies and transitions in one run. However, to
achieve this the method starts with a diagonalization of a huge
many-electronHamiltonianmatrix, size ofwhich strongly depends
on the number of electrons, on the largest considered angular
momentum of the electrons and on the number of states in the
basis. The diagonalization then becomes costly in terms of the re-
quired computer memory and storage capacity. For this reason the
R-matrix calculationsmostly deal with low-lying states, in particu-
lar with the scattering on the ground state, where the Hamiltonian
matrix can be kept small.

We chose a different method, which is the direct solution of
the Schrödinger equation in the B-spline basis with the exterior
complex scaling (ECS) boundary condition, where thematrix is not
diagonalized, but iteratively solved for each initial atomic state and
projectile impact energy [37]. This can be quite effective, because
the matrix is very sparse and the iterative solution method uses
just multiplication by the matrix. Also, every separate calculation
can be run on a different computer concurrently, which simplifies
the parallelization. Moreover, every calculation can have different
radial and angular basis, as needed for the specific impact energy
and atomic states of interest. We used the free implementation
published in [34,38] with all recent updates [33,39].

Unlike a typical presentation of scattering data, where the
whole dataset is calculated with fixed parameters, we took advan-
tage from the ECS approach and ran several calculations for every
data point to ensure convergence of the resulting cross sections
in all parameters, namely: the radial grid size and spacing, the
included angular momenta of the individual electrons and the
number of total angular momenta considered. The convergence
in each of these parameters has been pursued to 0.5% and so the
overall accuracy of the present data should bewell below5%,which
was our target. The typical inner-region radii as defined in [33]
were Ra = 100–300 a.u., the (outer) grid size often up to R0 ∼

105 a.u., the number of coupled angular momentum states NL =

nLL̃, where nL = 4–7 and L̃ is equal to the total angular momentum
L for low partial waves and somewhat smaller for high partial
waves. Systemswith total angularmomentum greater than L = 20
were calculated in a non-exchange approximation. This reduces
the angular basis approximately to half and also allows calculation
of the singlet or triplet configuration only, as their contributions
are then equal.

3. Results

The results of the calculations have the form of the scattering
partial T -matrices T LS

fi,ℓ(ki) for each initial state i, final state f , partial
wave ℓ, total angular momentum L, total spin S and impact energy
Ei =

1
2k

2
i (in atomic units). They are defined as∑

ℓL

T LS
fi,ℓ(ki)Y

mi−mf
ℓ (k̂f ) = ⟨Ψ S

f |Hint|Ψ
S(+)
i ⟩ ,
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with the notation introduced in [38]. These T -matrices can be
combined to provide the integral cross sections

σfi(ki) =

∑
S∈{0,1}

∑
ℓ

2S + 1
4

k2f
k2i

⏐⏐⏐⏐⏐∑
L

T LS
fi,ℓ(ki)

⏐⏐⏐⏐⏐
2

,

but also many other quantities like the differential cross sections
for arbitrary-direction impact, spin asymmetry, momentum trans-
fer, spin-flip etc. All quantities are accessible from the above-
mentioned web interface with arbitrary sampling possible via the
Akima spline interpolation of the calculated data points [40]. This
paper presents only the cross sections averaged over initial mag-
netic sublevels and summed over finalmagnetic sublevels, because
only such data can be compared to existing data.

In the figures we show the collision strengths for individual
transitions

Ωfi(ki) = (2li + 1)k2i σfi(ki)

compared with earlier published results from other calculations
or measurements. Assignment of the figures to the transitions is
shown in Table A. Some figures demonstrate the consistency of
the datasets in terms of the detailed balance theorem, which states
that

Ωfi(ki) = Ωif (kf ).

The new results generally match the older ones, where avail-
able, within 10%. The comparison has been donemost notablywith
the calculations of Callaway [12] and of Aggarwal et al. [13], and
with the cross sections contained in the Aladdin database.

The variational close-coupling results of Callaway are very close
to the present ones. Some discrepancies stem from the fact that
Callaway included just a few partial waves. This is apparent e.g. in
the insetwithin theGraph 1; in fact, the data pointswould coincide
with the present data if only partial waves ℓ ≤ 3 were considered.
For the higher transitions the original cross sections tend to be
larger than more recent data.

The comprehensive calculation by Aggarwal matches very well
the resonance structure, but the absolute values are slightly offset
with respect to the calculation of Bartlett [18] and the new results.
The largest difference within the inspected energy range is for the
cross sections from the 1s state to higher states; it reaches 12%.
Elsewhere the agreement is better.

Only the Aladdin database contains data for all transitions cal-
culated in this work. Compared to the R-matrix calculations these
data are much coarser. This is a feature of the employed CCC
method, which – similarly to the ECS method – can be applied
only to a single energy at a time. According to the brief informa-
tion mentioned in the Aladdin database all the points have been
calculated using the same calculation setup. While the agreement
between the CCC and present results is very satisfactory for tran-
sitions between the low states, the agreement for transitions from
or to the n = 3 level is worse and the elastic data are very different.
The discrepancies are stronger in the vicinity of the thresholds,
which is the regionwith strong influence of the long-range induced
dipole interaction. The method used in the present calculation has
been specifically constructed to deal with this interaction [33], so
we suppose that the Aladdin data have been insufficiently con-
verged with respect to the radius. The CCC disguises the radial
range in the range of the chosen Laguerre basis states. The CCC
results that are different from the preset data thusmay suffer from
an insufficient basis. The largest discrepancy occurs in the case of
the elastic transitions on excited states, namely in Graphs 5, 8, 9c,
11c, 13c. It is known that calculations of these data points require
a huge amount of slowly converging partial wave contributions.
We did our calculations up to L ∼ 30–40, where the sum seems
to converge within 1%. We suppose that the observed discrepancy

Table A
Index of figures that contain collision data for individual transitions. The first of
the two numbers for every transition is the number of the graph containing the
collision strengths summed over all final magnetic sub-levels and averaged over all
initial magnetic sublevels. The second number is the number of the graph with a
verification of the detailed balance theorem for the transition. The degenerate op-
tically allowed transitions (e.g. 2s–2p) are omitted, because in the non-relativistic
approximation used in this work the long-range dipole coupling of these levels
gives rise to infinite cross sections [31].

Final state

1s 2s 2p 3s 3p 3d

Initial state

1s 1 2,10 2,10 3,12 3,12 3,12
2s 4,10 5 6,14 6,14 6,14
2p 4,10 8 7,14 7,14 7,14
3s 9,12 9,14 9,14 9 9,15
3p 11,12 11,14 11,14 11
3d 13,12 13,14 13,14 13,15 13

arises in a premature Tℓ ∼ 1/ℓ3 extrapolation of high partial
waves calculated by the CCC method, possibly in conjunction with
a modest Laguerre basis. Incidentally, all Aladdin elastic collision
strengths go to zero at the opening of the appropriate threshold.
This is correct behavior for the ground state elastic scattering,
where the Ei → 0+ limit of the cross section is a constant
proportional to the squared scattering length.1 But for elastic
scattering on excited states the induced dipole interaction makes
the cross section diverge with the impact energy as 1/Ei, so the
elastic collision strength tends to a constant [32].

The calculation by Anderson et al. [17] has a large scope in
terms of transitions and energies covered. However, the paper
contains only the derived thermally averaged collision rates. The
cross section is illustrated only for two selected transitions, of
which only one (2s–3p) matters for this work. Compared to the
present data, some resonances seem to be slightly shifted. Also,
several authors disputed the overall accuracy of the collision rate
datasets for various higher transitions, e.g. [42,43].

4. Conclusion

This paper contributes consistent and both radially and angu-
larly converged theoretical data for collisions of electrons with
neutral hydrogen atoms for energies below the n = 4 threshold.
The data are finely sampled and contain all major resonances. We
have compared the results with available data and found reason-
able agreement. The error of the calculated results is expected to
be smaller than 1% for most studied energies. In the vicinity of
thresholds and around narrow resonances the error may be larger,
but below 5%.
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Explanation of Graphs

The collision strengths for individual transitions and impact energies are presented in the data graphs below. Our dataset is labeled by ‘‘Hex (2016)’’.
Graph 1. The collision strengths for the elastic scattering on the ground state 1s.

This has been calculated so many times that the nearly perfect match of the results is expected. Still, the calculation of Callaway [10] is slightly
lower due to omission of the higher partial waves than ℓ = 3; see the inset. The results of Aggarwal [13] were needed to be multiplied by 1.07 to
fit into the inset. The (manually digitized) calculation by Bartschat [15] is distinguishable from the present calculation only in the inset.

Graph 2. The collision strengths for the excitation of the ground state 1s to 2p (upper curve) and 2s (lower curve) levels.
The data points marked by grey dots come from the measurement by Williams [44], the rest are calculations.

Graph 3. The collision strengths for the excitation of the ground state 1s to 3s (top panel), 3p (middle) and 3d (bottom) levels.
This graph shows perfect agreement with the other exterior complex scaling based calculation [18].

Graph 4. The collision strengths for the de-excitation from the state 2p (upper, solid curve) and 2s (lower, broken curve) to the ground state 1s.
This graph demonstrates perfect agreement with the data from [20].

Graph 5. The collision strengths for the elastic scattering on the excited state 2s.
The cross sections for the degenerate 2s–2p scattering is not shown, because in the non-relativistic approximation they are infinite.

Graph 6. The collision strengths for excitation of the state 2s to 3s (top panel), 3p (middle) and 3d (bottom) levels.
Graph 7. The collision strengths for excitation of the state 2p to 3s (top panel), 3p (middle) and 3d (bottom) levels.
Graph 8. The collision strengths for the elastic scattering on the excited state 2p.

The cross sections for the degenerate 2p–2s scattering is not shown, because in the non-relativistic approximation they are infinite.
Graph 9. The collision strengths for the de-excitation from the state 3s to 1s (top panel), 2s and 2p (middle panel) states and the elastic scattering on

the 3s state (bottom panel).
The cross sections for the degenerate 3s–3p scattering is not shown, because in the non-relativistic approximation it is infinite. The collision
strength for the transition 3s–3d (solid curve) has been multiplied by 2 to better fit into the image.

Graph 10. Detailed balance for 1s–2s and 1s–2p transitions.
The detailed balance error is calculated as Dij = 2|Ωij − Ωji|/|Ωij + Ωji|. Except from some narrow resonance details below the n = 3 threshold
the error Dij is always better than 1%.

Graph 11. The collision strengths for the de-excitation from the state 3p to 1s (top panel), 2s and 2p (middle panel) states and the elastic scattering
on 3p state (bottom panel).
The cross sections for the degenerate 3p–3s and 3p–3d scattering is not shown, because in the non-relativistic approximation they are infinite.
The collision strength for the transition 3p–2s (broken curve) has been multiplied by 2 to better fit into the image. The reference data from
Aladdin (empty triangles) has been adjusted by the same factor.

Graph 12. Detailed balance for 1s–3s, 1s–3p and 1s–3d transitions.
The detailed balance error is calculated as Dij = 2|Ωij − Ωji|/|Ωij + Ωji|. The error Dij is always better than 1%, except for missing narrow
structure in 3d − 1s cross section just below the n = 4 threshold.

Graph 13. The collision strengths for the de-excitation from the state 3d to 1s (top panel), 2s and 2p (middle panel) states and the elastic scattering
on the 3d state (bottom panel).
The cross sections for the degenerate 3d–3p scattering is not shown, because in the non-relativistic approximation it is infinite. The collision
strength for the transition 3d–2s (broken curve) has been multiplied by 4 to better fit into the image. The reference data from Aladdin (empty
triangles) has been adjusted by the same factor. Analogically for 3d–3s in the bottom panel.

Graph 14. Detailed balance for 2ℓ–3ℓ′ and 3ℓ′–2ℓ transitions.
The detailed balance error is calculated as Dij = 2|Ωij − Ωji|/|Ωij + Ωji|. The error Dij is always better than 1%, except for a small region just below
the n = 4 threshold.

Graph 15. Detailed balance for the energetically degenerate transition 3s–3d.
The detailed balance error is calculated as Dij = 2|Ωij − Ωji|/|Ωij + Ωji|. The error Dij is always better than 1%.
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Graph 1. The collision strengths for the elastic scattering on the ground state 1s.

Graph 2. The collision strengths for the excitation of the ground state 1s to 2p (upper curve) and 2s (lower curve) levels.

Graph 3. The collision strengths for the excitation of the ground state 1s to 3s (top panel), 3p (middle) and 3d (bottom) levels.
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Graph 4. The collision strengths for the de-excitation from the state 2p (upper, solid curve) and 2s (lower, broken curve) to the ground state 1s.

Graph 5. The collision strengths for the elastic scattering on the excited state 2s.

Graph 6. The collision strengths for excitation of the state 2s–3s (top panel), 3p (middle) and 3d (bottom) levels.
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Graph 7. The collision strengths for excitation of the state 2p–3s (top panel), 3p (middle) and 3d (bottom) levels.

Graph 8. The collision strengths for the elastic scattering on the excited state 2p.

Graph 9. The collision strengths for the de-excitation from the state 3s to 1s (top panel), 2s and 2p (middle panel) states and the elastic scattering on the 3s state (bottom
panel).
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Graph 10. Detailed balance for 1s–2s and 1s–2p transitions.

Graph 11. The collision strengths for the de-excitation from the state 3p to 1s (top panel), 2s and 2p (middle panel) states and the elastic scattering on 3p state (bottom
panel).

Graph 12. Detailed balance for 1s–3s, 1s–3p and 1s–3d transitions.
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Graph 13. The collision strengths for the de-excitation from the state 3d to 1s (top panel), 2s and 2p (middle panel) states and the elastic scattering on the 3d state (bottom
panel).

Graph 14. Detailed balance for 2ℓ–3ℓ′ and 3ℓ′–2ℓ transitions.

Graph 15. Detailed balance for the energetically degenerate transition 3s–3d.
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