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1 Introduction

It is known that the Minkowski vacuum in general relativity is dynamically stable against
linear perturbations but the theory is not renormalizable, which is the main reason pre-
venting perturbative quantization of gravity. However, if the quantum theory of gravity
exists, it is natural to expect that there appear higher-curvature terms as corrections to
general relativity in the action of its low-energy classical theory and the resulting field
equations contain higher-derivative terms in general. In four dimensions, the coupling con-
stants for the quadratic curvature terms are dimensionless in the units ¢ = A = 1 and such
terms are dominant in the high-energy scale. For this reason, gravitation theories includ-
ing quadratic curvature terms may be renormalizable [1-3]. (See [4] for a recent review on
quadratic gravity.)



However, in addition to renormalizability, unitarity should be required for classical
theories to be quantized in a perturbative manner. Quadratic curvature theories admit two
distinct maximally symmetric vacua in general, and usually there appear ghosts around
both of them, which means that such theories are non-unitarity. In this context, Einstein-
Gauss-Bonnet gravity is a well-known exceptional case, of which action consists of a special
quadratic combination of the curvature tensors and the field equations do not contain
higher-derivative terms. This theory is ghost-free around one of the maximally symmetric
vacua which admits the general-relativistic limit [5, 6]. However, this is the case only
in higher dimensions because the Gauss-Bonnet term in the Lagrangian density becomes
topological and the theory reduces to general relativity in four and lower dimensions.

Indeed, there exists a quadratic curvature gravity in three dimensions possessing simi-
lar properties to Einstein-Gauss-Bonnet gravity, which is now so-called BHT massive grav-
ity [7]. Unlike Einstein-Gauss-Bonnet gravity, the field equations in this theory contain
higher-derivative terms. Nevertheless, it is ghost-free around the flat background [7-10]
and also around the anti-de Sitter (AdS) background with a fine-tuning between the cou-
pling constants [11]. Unfortunately, contrary to the earlier claim [12], this theory was found
to be non-renormalizable [13].

Inspired by these results in three dimensions, a unitary quadratic curvature theory of
gravity has been constructed in four dimensions, which is called critical gravity [14]. In spite
that the field equations contain higher-derivative terms, similar to BHT massive gravity, it
is ghost-free around the AdS background [10, 14]. Higher-dimensional generalization of this
critical gravity has been also achieved [15], in which the maximally symmetric vacua are
not necessarily unique due to the contribution of the Gauss-Bonnet term in the action. Up
to now, it is still not clear whether critical gravity and its higher-dimensional counterpart
are renormalizable or not.

Although the maximally symmetric vacuum is not Minkowski but AdS in critical grav-
ity, this is a remarkable classical theory holding unitarity. Then a natural question arises:
is the theory well-behaving also in the spacetime much different from the maximally sym-
metric one? This paper provides a negative answer to this question by constructing an
exact solution representing an evolving black hole, defined by a future outer trapping hori-
zon. More concretely, the solution represents a shrinking black hole by the injection of
matter fields satisfying the null energy condition, which is never realized in general relativ-
ity. This shows that a black hole does not capture a concept of a one-way membrane under
the energy condition in critical gravity. Furthermore, our solution shows that the entropy
of dynamical black holes can decrease under the null energy condition. These properties
exposes that the theory is pathological at the non-linear level.

The outline of the present paper is as follows. In section 2, we summarize the field equa-
tions in the most general quadratic curvature gravity in arbitrary n(> 4) dimensions and
identify the parameter space for critical gravity. A definition of a dynamical black hole in
terms of the trapping horizon is also explained. In section 3, we present several new Vaidya-
type exact solutions for a null dust fluid together with a Maxwell field in the most general
quadratic curvature gravity in four dimensions, which are compared with the corresponding
solutions in general relativity and Einstein-Gauss-Bonnet gravity in arbitrary dimensions.



In section 4, we study the properties of dynamical black holes represented by our new solu-
tions. Our conclusions and discussions are summarized in section 5. Einstein-Weyl gravity
in arbitrary dimensions is explained in appendix A. The details of computation to derive
the Wald-Kodama dynamical entropy are presented in appendix B. Our basic notation
follows [16]. The convention for the Riemann curvature tensor is [V,, V,]V# = R, V"
and Ry, = R’,,. The Minkowski metric is taken as diag(—,+,---,+), and Greek in-
dices run over all spacetime indices. G, is the n-dimensional Newtonian constant. We
adopt the units such that ¢ = 1 and the four-dimensional Newtonian constant is described
as G(:= Gy).

2 Preliminaries

2.1 The most general quadratic curvature gravity

In this section, we consider the most general quadratic curvature gravity in n(> 3)
dimensions:

— 1 n — . 2 "
I= 6nC. /d xm(R 2A +aR” + BRLR +7LGB> + I, (2.1)

where [, is the action for matter fields. Here «, 3, and v are coupling constants to the
quadratic terms and Lgp is the Gauss-Bonnet term defined by

Lap i= R? — 4R, R + Ry, 0 RMP. (2.2)
The resulting field equations are
G =81G, Ty, (2.3)
where the curvature tensor G, is defined by
Guw =G+ Agpw + Hyp (2.4)

and the energy-momentum tensor 7}, for matter comes from the matter action I,,,. Here
H,, is the quadratic curvature tensor defined by

Hyy = aH) + BHE) +vH), (2.5)
where
Hf;) = 2R<R,W - igWR> +2(9wDR - V,V,R), (2.6)
HE) =2 <RM,RV P igWRPURPU) + (DRW - %Q#VDR = 2v,,v(uRy)P> L@
H) = 2 (R — 2ByaR, — 2R Ry + R Ry, ) — S g L. (2.8)

The Gauss-Bonnet term is dynamical only for n > 5 and hence H, L?,) = 0 holds for n < 4.



2.2 Spacetime metric and maximally symmetric vacua

In the present paper, we consider the following Vaidya-type metric:
ds® = — f(v,r)dv? + 2dvdr + r?y;;dz'd2, (2.9)

where 4,7 = 2,3, ,n — 1 and ;;dz'dz’ is the line element on the (n — 2)-dimensional
maximally symmetric base manifold (K" 2,~;;) with its curvature k& = 1,0, —1, namely
the Riemann tensor "2 RV, on (K"2,;;) is given by

=2 RY =k (6107 — 5i6)). (2.10)

We assume that the base manifold K™2 is compact for simplicity and hereafter Vrfﬁ)z
denotes its volume.

The metric function f(v,r) for the maximally symmetric vacuum solution is given by

2\ 9

r )
(n—1)(n—2)

where A is an effective cosmological constant and kA # 0 is required. The spacetime is

locally Minkowski, de Sitter (dS), and anti-de Sitter (AdS) for A =0, A > 0, and X\ < 0,
respectively. The trace of the field equations (2.3) gives the following algebraic equation

f(r)y=%k— (2.11)

to determine A:
20— YN [(n—D(na+B) + (n—2)(n —3)7] + (n — 1)(n —2)* (A —A) =0.  (2.12)

In four dimensions (n = 4), the quadratic terms do not affect the value of the cosmo-
logical constant and we have A\ = A. In higher dimensions, the number of real solutions of
eq. (2.12) depends on the parameters and there can be two distinct maximally symmetric
vacua. However, there are two cases which admit the unique vacuum. The first case is

(n—1)(na+p)

= — 2.13
(n—2)(n—-3) "’ (2.13)
which gives the effective cosmological constant A = A. The other case is
-1 — 9)2
A=— (n=1)n—2) (2.14)

8(n—4)[(n — 1)(na+B) + (n—2)(n—3)7]’
which gives \ = 2A.

2.3 Critical gravity

Critical gravity is described by the action (2.1) in four dimensions (n = 4) with a special
choice of the coupling constants [14]. Eliminating massive scalar mode around the AdS
background requires 5 = —3a and the condition for stable (non-tachyonic) massive spin-2
mode is 0 < a < —1/2A with equality giving the massless spin-2 mode. Critical gravity
is realized if spin-2 mode becomes massless, namely o« = —1/2A. Finally, the relations
between the coupling constants for critical gravity are

B=—3a = (2.15)

2A

with A < 0 [14].



In higher dimensions (n > 5), the Gauss-Bonnet term comes into play and then unitary
theory is realized for

4(n—1) (n—1)(n —2)[4a(n — 2)\ + n]

Tt oy o I W (2.16)

where ) is the (negative) effective cosmological constant determined by eq. (2.12) [15]. This
is the higher-dimensional counterpart of critical gravity.

In this higher-dimensional case, there are two free parameters o and A as coupling con-
stants. If one assumes the condition (2.13) for the uniqueness of the maximally symmetric
vacuum in addition, the relations between the coupling constants are

4(n—1) n (n—1)(n—2)
= o, A=———, y=—— """ "0, 2.17
b n 8o’ ! n(n —3) (2.17)
where « is a single parameter as a coupling constant [15]. Actually, critical gravity and its
higher-dimensional counterpart with the relations (2.17) are special classes of the Einstein-
Weyl gravity with a cosmological constant [14]. (See appendix A.)

2.4 Definition of a dynamical black hole

In the following sections, we will study properties of the spacetime (2.9) representing a
dynamical black hole. In a dynamical situation, a black hole is defined by a class of the
trapping horizon [17]. Here we summarize the definition of a dynamical black hole described
by the metric (2.9).

In the spacetime (2.9), radial null geodesics satisfy

0 = dv(—fdv + 2dr). (2.18)

While ingoing radial null geodesics are represented by v =constant, outgoing null geodesics

satisfy
dr 1

W= (2.19)

The tangent vectors along the future-directed radial outgoing and ingoing null geodesics,
which are denoted respectively as k* and [*, are given by

0 o fo 0 0
_9 . 19 p o 9 2.2
oxt  Ov  20r’ Oxt or’ (2.20)
which satisfy k#k, = (#l,, = 0 and k*l, = —1.
) 2

The surface area with constant v and r is given by A := Véﬁg ritTe.

kH

The expansion
along outgoing and ingoing radial null geodesics are computed as

_KMV,A 1 (0A | fOA\ n—2

Ori="4 _A<av+2ar>_ o b (2.21)
VLA 10A n—2

O_ = Y = Ao - (2.22)



respectively, where we used eq. (2.20). A trapping horizon is defined by the vanishing null
expansion. In the present case, a trapping horizon is defined by ©, = 0, and hence its
location r = ry(v) is given by solving the following algebraic equation:

f(v,mn) =0. (2.23)

A trapping horizon is classified in the following manner; future if ©_ <0, past if
O_ > 0, bifurcating if ©_ =0, outer if L_O, <0, inner if L_O,L > 0, and degenerate if
L_04 =0, where L£_ is the derivative along the ingoing radial null geodesic [17]. In this
classification, a dynamical black hole is defined by a future outer trapping horizon [17].

Equation (2.22) shows that ©_ < 0 is always satisfied. On the other hand, from the
following expression

00 n—2 0
L0, :=I"V,0, =— a: =53 <f—rai>, (2.24)
we obtain
n—20f
L_Ot|p=p, = —— 5= . (2.25)
' 2r Or|,._,

Therefore, a future outer trapping horizon is realized if the following condition is satisfied:

af

5| >0 (2.26)

=T}

Because the line element along the orbit of a trapping horizon r = ry,(v) is given by

ds? =2 <(Zzl> dv? + r?y;;dz"d, (2.27)
where we used eq. (2.19), the signature of the trapping horizon is determined by the sign
of dry, /dv, independent of the theory. Therefore, the area of the trapping horizon increases
(decreases) along its generator if and only if it is spacelike (timelike).

If a future outer trapping horizon is timelike, it does not capture a concept of a black
hole as a one-way membrane and therefore it should be non-timelike in order to define a
black hole in a dynamical situation appropriately. In general relativity, for the spacetime
with spherical (k = 1), planar (k = 0), or hyperbolic (k = —1) symmetry, it was shown
that, under the null energy condition, a future outer (inner) trapping horizon is non-timelike
(non-spacelike) and its area is non-decreasing (non-decreasing) along its generator [17, 18].

3 Charged Vaidya-type solutions

3.1 Matter fields

In the present paper, we consider a null dust and a Maxwell field as matter fields, of which

energy-momentum tenor is given by

T = T}LB + Tﬁ). (3.1)



Here TF(L,I) is the energy-momentum tensor for a Maxwell field, given by

1 1
1
T8 = s (Pl = fone ™). (3.2
where F,, := 0,A, — 0, A, is the Faraday tensor and o is a coupling constant. On the

other hand, T,E,Z,) is the energy-momentum tensor of a null dust fluid, given by

T2 = pll,, (3.3)

I

where p is the energy density for a null dust and [* is a null vector. In the coordinate
system (2.9), we consider the null vector I* for a null dust fluid in the following ingoing form:
0 0
= = 3.4
ozt or (34)
which gives T(Q)rv =p.

In the case of n > 4, the form of the gauge field for the electric solution is given by

Aydat = -9 ©) 4o, (3.5)

e
Tn—3

where Q.(v) is a function of v. This expression gives

Qe

Tn—2’

Qe

Fy=—(n—-3) o

F" = (n-3)

and the only non-zero components of V, F* is

Qe

rn72’

V,F" = —(n—3)

where a dot denotes the derivative with respect to v.

Then, the non-zero components of the energy-momentum tensor for n > 4 are

(n—3)%Q7
802 r2n-2)’
-3 )
T7‘. = 76 Z. TT = p

i Qg2 220 0 v =P

The conservation equations for the total energy-momentum tensor V, 7%, = 0 has only one
non-trivial component for p = v, which is written as

(n— 3)2Q6Qe , n—2
dno? 22 P + r P (3.9)

where a prime denotes the derivative with respect to r. Now we are ready to present exact
solutions in this system.



3.2 (General relativity

The topological and arbitrary n(> 4)-dimensional generalization of the charged Vaidya
solution in general relativity (« = 8 = = 0) is given by

ds? = —f (v, r)dv? 4 2dvdr + rgfyijdzidzj, (3.10)
Qe(v) 0 19}

A [ - — 11

Jd Sogdv, o= o (3.11)

with

flo,r) =k — 2:1? + 2((:__2))02"22(2( 3)) — Ar? (3.12)
n—2 <m . 2( nQeQe)

87G,, rn—2 (n—2)og2rn=3

p(v,r) = (3.13)

where A :=2A/(n —1)(n — 2) [19]. (See also [20-22].) Here m(v) and Q.(v) are arbitrary
functions. The expression (3.13) is consistent with eq. (3.9), of course.
3.3 Einstein-Gauss-Bonnet gravity

In Einstein-Gauss-Bonnet gravity (o = 8 = 0) for n > 5, there is the charged Vaidya-type
solution given by egs. (3.10) and (3.11) with eq. (3.13) and the following metric function:

2 B _ 2
flor) =kt 5 (1 F \/1 +avh 857 gy EZ - iifﬁﬁéﬂ)) SENC AT

where 4 := (n — 3)(n — 4)v. This solution with & = 1 has been obtained in [23] in a more
general context.

There are two branches of solutions corresponding to the sign in the metric func-
tion (3.14). While the solution with a minus sign (GR branch) admits the general-
relativistic limit v — 0, the solution with a plus sign (non-GR branch) is diverging in
this limit. For v > 0, the maximally symmetric vacuum solution does not suffer from the
ghost instability only in the GR branch [5, 6].

3.4 New solutions in four-dimensional quadratic curvature gravity

In four dimensions (n = 4), the Gauss-Bonnet term becomes topological and therefore the
most general quadratic curvature gravity becomes much simpler. In this case, new charged
Vaidya-type exact solutions are available.

3.4.1 Case 3=0

First let us consider the case with 5 = 0. The theory is then a special class of the so-called
F(R) gravity [24], of which action and the field equations are

_ 1 4.
- /d 2 v/—g F(R) + I, (3.15)

dr

1 dF
Ry — §F9/w = (VuV, — gWD)E



Our quadratic curvature theory (2.1) with 8= 0 corresponds to F(R) = R —2A + aR?.
For f = 0 with 1 4+ 8aA # 0, there is an exact solution given by egs. (3.10) and (3.11) with

2m(v) GQ.(v)? A,

flor) =k ===+ Tt sah)o®? 3" (3.17)
1 . GQQ.
p(v,r) = PP (14 8aA)m 2, | (3.18)

where m(v) and Q.(v) are arbitrary functions.
For p =0 with 1+ 8aA =0, on the other hand, there is the following dynamical
solution in vacuum (p = Q. = 0):

me) | wl) A

flo,r) =k — : 5 (3.19)

r r
where m(v) and w(v) are arbitrary functions. With 5 =0 and 1 + 8aA = 0, the function
F(R) in the action (3.15) becomes a perfect square:

_(R—4A)°

FUR) = =38

(3.20)
Thus, not only the spacetime (2.9) with the metric function (3.19), but also any metric
satisfying a single scalar equation R = 4A is an exact vacuum solution of the field equa-
tions (3.16) in this theory. For this reason, the theory with 5 = 0 and 1+ 8aA = 0 is
singular among all the quadratic curvature theories in four dimensions.

3.4.2 Case 8#0

Lastly let us consider the case of 5 # 0. In this case, an exact solution is given by egs. (3.10)
and (3.11) with

flo,r)=k— QW;(U) - gﬁ (3.21)
1 .28
p(v,r) = Yoy [1+2A(4a + B)]ri — —, (3.22)
where m(v) and Q.(v) satisfy
. GQ?
m = 1025 (3.23)

In the limit of 5 — 0, this solution reduces to the solution (3.17) with Q. = 0. In this
sense, the solutions (3.17) and (3.21) are two different branches of the charged solutions.

In particular, critical gravity is realized for the coupling constants satisfying (2.15),
implying 1 + 2A(da+ ) =0, 5 < 0.



4 Black-hole dynamics in the new solutions

In the spacetime (2.9), a future outer trapping horizon r = ry, is given by f(v,r,) = 0
with 0f /Or|,—, > 0. In general relativity, under the null energy condition, a future outer
trapping horizon is non-timelike and its area is non-decreasing along its generator [17, 18].
Therefore, if the energy density of the null dust fluid (3.13) is non-negative, the null energy
condition is satisfied for the total energy momentum tensor 7),, and then no pathological
behavior is observed for dynamical black holes. In the charged Vaidya-type solution (3.10)
and its generalization in Einstein-Gauss-Bonnet gravity (3.14), the energy density of a null
dust is non-negative in the whole spacetime if 7 > 0 and 9,(Q?) < 0 hold.

However, different from general relativity, a pathological behavior of dynamical black
holes is observed in Einstein-Gauss-Bonnet gravity. In Einstein-Gauss-Bonnet gravity, a
future outer trapping horizon is non-timelike (non-spacelike) and its area is non-decreasing
(non-increasing) along its generator in the GR branch (non-GR branch) under the null
energy condition [18, 25]. This clearly shows that the non-GR branch is pathological and
only the solutions in the GR branch are well-behaving.

Nevertheless, it was shown that the Wald-Kodama dynamical entropy of the future
outer trapping horizon, given by

Ay k~y
= 1 — —3)— 4.
SWK 1G, + 2(71 2)(77, 3) 7’121 , ( 1)

k)Q rlZL*Q is the area of the trapping horizon, is non-decreasing along its

where Ay := V,f
generator in both branches under the null energy condition [18, 25]. (See appendix B for the
definition of the Wald-Kodama dynamical entropy.) These results imply that the entropy-
increasing law is more fundamental than the area-increasing law in black-hole physics.

The universality of the entropy-increasing law rather than the area-increasing law has
been observed also in the Vaidya-type solution in BHT massive gravity in three dimensions
with a unique AdS vacuum [26]. However, it has been reported that the Wald-Kodama
entropy of a dynamical black hole can decrease in BHT massive gravity in a vacuum
solution with a certain relation between the coupling constants [27, 28]. Now let us see the
properties of a dynamical black hole represented by new solutions obtained in section 3.4
in the most general quadratic curvature gravity in four dimensions.

4.1 Case 3 =0

First let us study the solution for 8 = 0. In the case with 1 4+ 8aA # 0, the location of the
trapping horizon r = ry(v) is determined by f(v,r,) = 0 with the metric function (3.17),
namely

2m(v) GQ.(v)?

A
0=k— — =i 4.2
o * (1+8al)o?r 3 " (42)

The number of the future outer trapping horizons depends on the values of m and ). and
is shown by the result in [29, 30]. Differentiating the above equation with respect to v,

,10,



1+ 8aA Ay Swk Swi
+ Non-negative Positive | Non-negative
0 Depends on m(v) and w(v) 0 0
— Non-positive Negative | Non-negative

Table 1. Properties of a future outer trapping horizon for 8 = 0 with p > 0 in the solution (3.17)
for 1+ 8aA # 0 and the solution (3.19) for 1 + 8aA = 0.

we obtain
2 2G Qe Q. dr, Of
0= _“" 4z 4.3
o (1+8ah)o?ry  dv Or|,._,° (43)
which gives
dTh 8f 87 Th
—hzJs = - . 4.4
dv Or|,_, 1+8aA p(v:n) (44)

Because 0f/0r|,=, > 0 holds on a future outer trapping horizon, see (2.26), the above
equation shows that its area is non-decreasing (non-increasing) for 1 4+ 8aA > (<)0 under
the condition p > 0. This shows a pathological behavior of a dynamical black hole for
1+ 8aA < 0.

Now let us see whether such a pathological behavior is observed in the dynamical
entropy. The Wald-Kodama dynamical entropy of this black hole is given by

1+ 8aA
4G

(See appendix B.1 for derivation.) The above expression shows that the dynamical entropy

SWK = Ap. (4.5)

of the future outer trapping horizon is positive (negative) for 1+ 8aA > (<)0. However,
the differentiation of eq. (4.5) with respect to v gives

14 8aA
VTR Ap, (4.6)

which shows that the entropy is non-decreasing under the condition p > 0 independent of

Swk =

the sign of 1 4+ 8aA. This result provides another example that the entropy-increasing law
is more fundamental than the area-increasing law.

In the singular theory with f = 0 and 1 + 8aA = 0, on the other hand, the vacuum
solution (3.19) contains two arbitrary functions m(v) and w(v). Therefore, the area of
the future outer trapping horizon can decrease even in vacuum by choosing these functions
appropriately. However, in contrast to the case of 1+8aA # 0, the dynamical entropy (4.5)
of the black hole is identically zero, independent of m(v) and w(v). The results in this
subsection are summarized in table 1.

4.2 Case 3#0

Next let us study the solution for (=0, of which metric function is given by
eq. (3.21). Since eq. (3.23) shows that Q.(v) = 0 gives the topological generalization of the

— 11 —



Schwarzschild-(A)dS vacuum solution, we consider the case of Q.(v) # 0 and focus on the
situation where p > 0 is satisfied everywhere. For g > (<)0, i > (<)0 holds by eq. (3.23),
and therefore p > 0 is satisfied everywhere if 1 + 2A (4 + 3) > (<)0 and m < (>)0 holds.
Because 71 > (<)0 implies that the area of the future outer trapping horizon increases
(decreases), the area-increasing law is satisfied (violated) for 5 > (<)O0.

The Wald-Kodama dynamical entropy of this black hole is given by

Ay BV m

E B GKTH Th

Ay 28V
4G G(k—Arp)’

Swi = [1+2A(1a + )|

- [1 + 2A (4 + 5)} (4.7)

where k(> 0) is the surface gravity on the trapping horizon. (See appendix B.2 for
derivation.) The second term is non-positive by eq. (3.23) and therefore Wald-Kodama
entropy is negative in the case of 1 + 2A(4da+ ) < 0.

Actually, absence of a massive scalar mode around the AdS background requires
B = —3a, which gives 14+2A(4a+ ) = 14 2Aa. Therefore, the inequality 0 < a < —1/2A,
the condition for stable (non-tachyonic) massive spin-2 mode, ensures the non-negativity
of the first term in eq. (4.7).

Next let us see the time-evolution of the Wald-Kodama entropy. Differentiating
eq. (4.7) with respect to v, we obtain

Ay 28V 28AmA,
4G G(k—Ar3)  G(k—Ar)?

Swic = |1+ 2A(4a + ,8)} (4.8)

By k1 > 0 and eq. (B.30), k — Arf1 > 0 holds for a future outer trapping horizon.

In the case of § > 0, eq. (3.23) shows 7 > 0 (and hence Ay, > 0) and so we assume
1+ 2A(4a+ B) > 0 and 7 <0 in order that p > 0 is satisfied everywhere. Then, because
the first and the second terms in eq. (4.8) are non-negative, the entropy is non-decreasing
for A <0.

On the other hand, in the case of 8 < 0, eq. (3.23) shows 7 < 0 (and hence Ay < 0)
and hence we assume 1 + 2A(4a + ) < 0 and m > 0 for p > 0 everywhere. Then, because
the first and the second terms in eq. (4.8) are non-negative, the entropy is non-decreasing
for A > 0. The results obtained up to here are summarized in table 2.

Now let us focus on critical gravity, which is realized for 1+ 2A(4a+ 8) =0, 5 <0,
and A < 0. In this case, m < 0 holds by eq. (3.23), which shows that the area of the future
outer trapping horizon is decreasing and the Wald-Kodama entropy (4.7) is negative. Even
worse, it is shown that the Wald-Kodama entropy can decrease under the null energy
condition. By eq. (3.22), p > 0 requires 7 > 0. Then we consider the mass function
m(v) = mg +mqv with mg > 0 and m; < 0. With this mass function, there is a certain
domain of v admitting a future outer trapping horizon. In this case, we have m = 0 and
p =0, so that the Wald-Kodama entropy is negative and decreasing only with a Maxwell
field. These results certainly show pathological aspects of the theory at the nonlinear level.
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15} 1+ 2A(40z + ,8) Ah SWK SWK
+ Positive Non-negative for m < 0 and A <0

+ 0 Positive | Negative | Non-negative for m < 0 and A <0

— Positive | Negative

+ Negative

— 0 Negative | Negative | Non-negative for m >0 and A > 0

— Negative | Negative | Non-negative for m > 0 and A > 0

Table 2. Properties of a future outer trapping horizon for 5 # 0 with p > 0 in the solution (3.21).
Simple criteria are not obtained in the blank slots.

5 Summary and discussions

In the present paper, we have obtained Vaidya-type exact solutions in the most general
quadratic curvature gravity in four dimensions in the presence of a null dust fluid and a
Maxwell field. These solutions represent a dynamical black hole defined by a future outer
trapping horizon and we have studied their physical properties in the case with the positive
energy density of the null dust.

Our main result is provided in critical gravity, which is the most important class of the
theories in the present system. Our solution shows that the area of a future outer trapping
horizon is decreasing by the injection of matter fields with positive energy density. This is
never realized in general relativity and surely shows that a black hole does not capture a
concept of a one-way membrane under the null energy condition in critical gravity.

Indeed, the violation of the area-increasing law has been observed also in our solutions
with different coupling constants in the theory and such examples are known in Einstein-
Gauss-Bonnet gravity [18] and BHT massive gravity with a unique AdS vacuum [26]. In
these cases, however, the Wald-Kodama dynamical entropy of a black hole is non-decreasing
under the null energy condition. In the case of critical gravity, in contrast, our solution
shows that the Wald-Kodama entropy is negative and can decrease. These properties
expose the pathological aspects of critical gravity at the non-perturbative level.

Then a natural question is whether the same is true or not in the higher-dimensional
generalization of critical gravity [15]. This is quite nontrivial and worth pursuing because
the Gauss-Bonnet term plays into the game in higher dimensions. We will address these
problems elsewhere.
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A Einstein-Weyl gravity

The Weyl tensor in n(> 3) dimensions is defined by

2 2
C,uupo’ = Rw/pa - m(gu[pRa]zx - gu[pRU],u) + ngu[pga}u' (Al)

From this expression, the quadratic Weyl invariant is computed to give

uvpo _ n(n — 3) 2 4(” — 3) 2
C oDt Ty Fw P+ Las. (A.2)

C;wpa

This shows that under the following relations between the coupling constants:

B n(n — 3) B
N e R

4(n —3)

A.
) (A.3)

the action (2.1) reduces to the Einstein-Weyl gravity with a cosmological constant:

1
n wypo
I = 16 Gn/d xV—g(R—QA—i—’yC'WpUC ) + I (A.4)

B Wald-Kodama entropy

In this appendix, we derive the Wald-Kodama dynamical entropy for the dynamical black
holes represented by our new solutions. In the n-dimensional stationary spacetime gener-
ated by a Killing vector £, the Wald entropy S is defined for a Killing horizon associated
with £#. The Wald-Kodama dynamical entropy is defined by the same formula of the Wald
entropy but with the Kodama vector K* instead of £H.

The Kodama vector, originally introduced in the four-dimensional spherically symmet-
ric spacetime [31], may be defined in a more general spacetime which is a warped-product
manifold M™ ~ M? x K" 2, where (M?, g4) is an arbitrary two-dimensional Lorentzian
spacetime and (K"~2,~;;) is an (n—2)-dimensional maximally symmetric space. The most
general metric on (M",g,,) is written as

ds® = gab(y)dy“dyb + r(y)Q'yijdzidzj (B.1)
and the Kodama vector K@ is a vector on (M?, g.) defined by
K®:= —®Dyr, (B.2)

where D, is a covariant derivative on (M 2, gab) and g4p is a volume element on (M 2, Jab)s
which satisfies e, = —2. In the static case, the Kodama vector coincides with the
Killing vector £ generating the symmetry of staticity.

The Kodama vector satisfies

K,K® = —(Dr)?, (B.3)

where (Dr)? := (D,r)(D%), so that it is timelike in the untrapped region where (Dr)? < 0
holds and null on the trapping horizon given by (Dr)? = 0. For this reason, the Kodama
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vector is a vector field generating a preferred time-evolution in the untrapped region and
plays the same role as the horizon-generating Killing vector for a trapping horizon.
Let us consider a general gravitation theory, of which action [ is given by

I= /5u1~~~un L(g"", Ruvpo) dztt A - - A dat™, (B.4)

where ¢,,...,,, dz#t A -+ A dzkn is the volume n-form. The Wald entropy is defined by

the following integral performed on the (n — 2)-dimensional spacelike bifurcation surface
Y [32-34]:

S .= 22?4@, (B.5)

where & is the surface gravity of the Killing horizon, defined by {"V,§, = k§, evaluated
on the Killing horizon. Q is the Noether charge (n — 2)-form defined by

1

Q = §€Nllo¢1~-an_2 Qﬂydxal ASRRNA dxan72a (B6)

QW i= —2XHVPIN € 4 AL,V X VPO (B.7)
oL

X HYPo . . B.8

As shown in section 15.4 in [35], the quantity V,X#7? in eq. (B.7) is identically zero in
Lovelock gravity [36], which is the most general second-order quasi-linear theory of gravity
in arbitrary dimensions including general relativity and Einstein-Gauss-Bonnet gravity as
special cases. On the other hand, in the theories different from Lovelock gravity, which
contain higher-derivative terms in the field equations, V,X#"#? is non-vanishing in general.
Nevertheless, the second term in eq. (B.7) does not make any contribution to the Wald
entropy because £# = 0 is satisfied on the bifurcation surface .

The definition of the Wald-Kodama dynamical entropy is eq. (B.5) with the Kodama
vector K instead of £, integrated over the trapping horizon [37]. & in eq. (B.5) is then
the dynamical surface gravity kT of the trapping horizon, defined by K bD[bKa] = kg
evaluated on the trapping horizon.

Our Lagrangian density in four dimensions (n = 4) is given by

= g2+ aR? 4+ BR,,R™). (B.9)
From the following expressions
OR vl
R =0 o geln (B.10)
Qv po
O(RapR>? olv -
(aRﬁ) _ ogolrgliogTBR . (B.11)
v po
we obtain
1 OR O(RasRYP)
XHveo [(1 +2aR) + 8
167G aRHypa' aR,u,I/pO'
1
= o [(1 +2aR) g’ gl 4 Qﬁga[vgu}[pgff]ﬁ}zaﬁ] . (B.12)
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Our four-dimensional spacetime (n = 4) is given by eq. (2.9), namely

ds? = — f(v,r)dv? + 2dvdr + r2y;;dz'd27. (B.13)
In this coordinate system, we have e,, = 1 and €"" = —1 and therefore the only non-zero
component of the Kodama vector is K = —¢"" = 1. The surface gravity of the trapping

horizon is then expressed as

_10f
KT = 5o 7 (B.14)

=T}

so that kg > 0 for the future outer trapping horizon.

The only non-zero component of Q" is
Q’UT — _Q”"U — _2f/XU7"UT _"_ 4(VpXUT’pT’ _|_ fva'UT"Up)’ (B.15)
where

vror _ 7 1., 1,
xerr = yral ety Su-n] valyr |

f 5 1 .2
X’U?"p?" X’UT"UT XUTUp X’U'f"l)”" _ .

(B.16)

and thus

Q’UT’:
167TG{f |2 =2 =2 8 (2 R 2 f )+ ar (3Ff —kf —20)+16f(F— )]

T T IS 3ff"+f'2—2f’>+4r<ff’—f>+4f<f—k>]}. (B.17)

Evaluating this quantity on the trapping horizon (defined by f(v,ry) = 0) under the
assumption that derivatives of f are finite on the horizon, we obtain

er|r—m -
o | [t O -2 4200 B2 2 )~ a2a+ By - dakr ]
U (B.18)
In the static case, this reduces to
ur f/ 1 3 g/ 2 gl
Q" |y, = M{l - [(2a + B "+ 2(da+ B)rEf — 4akr} } . (B.19)
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These expressions are not much illuminating, and so direct calculations are required to
derive, for each solution separately, the expression of the Wald-Kodama dynamical entropy

2 . .
SWK = — Evrij QUT’T:TI]d$Z A dxj
KRTH

2T Co
= —Q"|r=r, P Evrij 2!dz'd2’
KTH

9 o
= Q" e, f V/—det g 21dz*dz?

RTH
2 o
= —WQW]T:T}] réy/dety2ldz'dz
KTH
2 A A
= —ﬂrﬁ Q" |r=r, feij dz' A d2?
KTH
2 k
= Q" ey, x V), (B.20)
RTH

where VQ(k) is the volume of the two-dimensional base manifold (K?,+;;), which is 4r
for k = 1.
B.1 Case3=0

The metric function of the new solution for 5 = 0 is given by eq. (3.17), namely

miv v 2
Flor) =k — 2 T( ) | i féol\) - gﬂ, (B.21)

where
G
q(v)? = = Qe(v)% (B.22)

The areal radius of the trapping horizon r = 7y, is determined by f(v,ry) = 0, namely

~ 2m(v) n q(v)? _ érﬁ —0. (B.23)

k
T (1+8aA)r? 3

The dynamical surface gravity of the trapping horizon is given by

oo_m) @A
r2 (1+8aM)r} 3
1 q(v)?
= —|k—Arf — ——— B.24
2ry, " (1+8aA)rE |’ (B-24)

where we used eq. (B.23) at the last equality. With the metric function (3.17), Q"
reduces to

(1 +8aM)(3m — Ar?) B q?
247G r? StGr3’

QU = (B.25)
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of which value on the trapping horizon is

1+ 8aA
167G Th
= 1;_7_‘_8GOAAHTH. (B26)
Substituting this into (B.20), we finally derive
14 8aA
4G
The above expression works also for the vacuum black hole represented by the metric

function (3.19) in the singular theory with 1 4+ 8aA = 0.

¢*(v)

kA2 L
T 1+ 8al)?

QUT ‘T:Th -

Swk = Ap. (B.27)

B.2 Case3#0

The metric function of the new solution for 5 # 0 is given by eq. (3.21), namely

2 A
flo,r) =k — mly) _ ?ﬂz' (B.28)
,
The areal radius of the future outer trapping horizon r = r}, is determined by
2m(v) A,
k——————rf =0 B.29
™ 3"h ( )
and its surface gravity is given by
m(v) A k— Ar?
— — e = B.30
TH 7”121 3 " 2ry ( )
where we used eq. (B.29) at the last equality.
With the metric function (3.21), Q" reduces to
[1+2A(>4a + B)](3m — Ar®) B
v = — B.31
@ 247G r? 2rG r3’ (B-31)
of which value on the trapping horizon is
0" = [1+20(4a+B)(k—Arg) B
= 167Gy 27Gr}
1+ 2A(4 7
I e e o)) v (B.32)
87G 2nGry

where we used egs. (B.29) and (B.30). Finally, the Wald-Kodama dynamical entropy is
computed to give

Ay BV

E B GKTHTh

Ay 28V
4G G(k—Ar})’

Swi = [1 + 20 (4o + B)}

- [1 +2A (4o + B)} (B.33)

where we used egs. (B.20) and (B.30).

In the static case, where m is constant, eq. (B.33) reduces to the formula for the
Wald entropy given in [14]. In critical gravity, in particular, the Wald entropy is vanishing
because 1+ 2A(4a+ ) =0 holds. It was shown that the Wald entropy is vanishing in
critical gravity for any stationary black hole which is an Einstein spacetime [38].
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