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Cosmological magnetic field: The boost-symmetric case
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We find a class of cylindrically symmetric, static electrovacuum spacetimes generated by a non-
homogeneous magnetic field and involving the cosmological constant and one additional parameter, which
determine uniquely the strength of the magnetic field. We provide a simple model of a source producing the

field.
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I. INTRODUCTION

With the notable exception of black holes, Einstein
equations of general relativity are notoriously difficult to
solve for exact solutions that would describe an astrophysi-
cally relevant situation with all its nuanced details.
Therefore, one usually reduces the problem at hand
assuming various symmetries and solves the resulting,
simpler equations. If this approach does not work, one
needs to resort to numerical relativity, always making sure
the results do correspond to our expectations based on exact
solutions again, which are thus important both as test beds
for approximations and numerical calculations and as a
rough model of highly relativistic observable objects. The
simplest approach, of course, is to deal with the gravita-
tional field only and assume a vacuum solution, but the next
step is to include, for instance, a gravitating fluid or
electromagnetic field in a self-consistent manner, taking
into account its backreaction on the gravitational field. The
inclusion of an electromagnetic field is important not only
from the mathematical perspective but also because of its
astrophysical relevance due to its role in the physics of
fields and particles in the vicinity of compact objects
requiring a general relativistic description [1,2] and also
in view of the magnetic fields observed to permeate the
intergalactic space [3,4], which are presumably of primor-
dial origin [5].

This paper investigates a spacetime involving an ele-
ctromagnetic field, assuming further that the solution of
the relevant Einstein-Maxwell equations is static and
cylindrically symmetric. We presume that the electromag-
netic field inherits the symmetry of the spacetime and that
it is aligned with the axis of symmetry, following thus in
the footsteps of the Bonnor-Melvin magnetic solution
[6,7] where the magnetic field strength varies with
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position—indeed, since the field gravitates, a constant field
throughout the spacetime would necessarily collapse onto
itself. The Bonnor-Melvin solution has been of renewed
interest recently as it is often used as a nonspherical
background for studies of black holes immersed in a
magnetic field [8,9], its analogies are explored in gener-
alized theories of gravity [10], cylindrical counterparts of
(anti)photon spheres are investigated in the spacetime [11],
and it even serves as a seed that generates solutions inter-
polating between early- and late-time anisotropic cosmo-
logical models [12].

We have recently studied a solution of Einstein-Maxwell
equations that generalizes the Bonnor-Melvin universe to
the case of a nonzero cosmological constant A [13], which
counters the gravitational pull of the magnetic field,
enabling the resulting balance of the static solution while
keeping the magnetic field’s invariant constant everywhere.
Therefore, the solution is the best general relativistic analog
of a classical constant magnetic field. It has the form of a
direct product of a two-dimensional Minkowski spacetime

and a 2-sphere of constant radius 1/v/2A. This is typical for
compactified spacetimes resulting from a low-energy
approach to higher-dimensional solutions due to the string
theory [14,15]. It is fitting in this respect that the magnetic
field has the form of the Dirac monopole [16]. It would be
of interest to put this family of spacetimes in a broader
perspective as a member of a wider class of solutions with a
clear physical meaning, and it is thus natural to ask whether
there is a more general solution with the same symmetries
but with a varying magnetic field that would include as
special cases both the homogeneous-magnetic-field space-
time and the Bonnor-Melvin solution with A =0. We
present the solution here and also provide a simple physical
model generating the field: a cylindrical shell forming a
massive and current-carrying relativistic solenoid running
along the axis of symmetry. In fact, one would expect the
spacetime to very roughly approximate the situation in the
vicinity of any current-carrying body that is locally
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approximately cylindrically symmetric such as a slowly
rotating charged sphere along its equator.

The paper is organized as follows. In Sec. II, we establish
the coordinate system and the form of the metric and
electromagnetic field tensors and present the Einstein-
Maxwell equations. In Sec. III, we then reduce the set
of equations to a single third-order differential equation and
discuss the number of independent parameters of the
solution. Section IV then focuses on a subfamily of
solutions and further simplifies the single remaining
equation to the second order. We continue with Sec. V,
where we present the most general solution of the resulting
equation, specifying the metric and discussing the geom-
etry and physics of the solution. We explain its relation to
previously obtained exact solutions featuring the same
symmetry of the gravitational and electromagnetic fields.
Section VI investigates a simple shell-source model pro-
ducing the discussed fields and yielding an interpretation of
the solution in terms of streams of charged, massive
particles. We briefly summarize our results in Sec. VII.

II. EINSTEIN-MAXWELL EQUATIONS

The metric of a general static, cylindrically symmetric
spacetime can be written as

ds? = —exp A(r)dr* + dr* + exp B(r)dz* + exp C(r)dg?,
(1)

where r € RT is the proper radial distance, ¢,z € R are
temporal and azimuthal coordinates, and ¢ € [0, 27) mea-
sures the angle around the axis of symmetry. We are
looking for a self-consistent solution generated by a
magnetic field aligned with the axis of symmetry

F=H(r)dr A do, (2)
yielding

F, F* =2H € =2f% (3)
where we defined a new quantity, f(r), while F,, F* = 0.
For details, we refer the reader to our previous paper [13],

while here we just briefly recall the Einstein equations
2(B"+C")+(B)*+(C)*+B'C +4A+4f=0, (4)
24" +C")+ (AP +(C')2+AC +4A+4f>=0, (5)
2(A" +B") + (A")* + (B') + A'B' +4A - 4f* =0, (6)
A'B +A'C'+BC +4A-4f2=0, (7)

with primes denoting a derivative with respect to the radial
coordinate. The source-free Maxwell equations are mostly

satisfied identically, while ,/—gF**,, = 0 is a consequence
of Einstein equations, and it yields

A+B
2

ez f = const. (8)

What is the mathematical structure of the Einstein
equations (4)—(7)? By adding (7) to (4) and to (5) and
by subtracting it from (6), we obtain a coupled system of
three second-order ordinary differential equations for A, B,
and C (in fact, it is a first-order system for A’, B/, and C'):

2B+C)'+A(B+C)+[(B+C)P?+8A=0, (9
244+ C)"+B(A+C) +[(A+C)*+8A =0, (10)
2(A+B)" + (A +(B)>-C(A+B) =0. (11)

We can rescale the time and axial coordinates to make
the values of both A and B vanish at an arbitrary radius. The
value of C determines the proper length of orbits of the
Killing vector d/0¢. We thus have three integration
constants corresponding to the first derivatives of the
sought functions at a given initial radius. These are con-
strained physically through (7), which determines f>—the
strength of the magnetic field at that location. We then solve
the system of equations (9)—(11). If it so happens that the
resulting spacetime includes an axis where C — —o0, see
below, then we also require elementary flatness at the axis,
yielding another constraint on the initial values. Therefore,
the solution is completely determined by the cosmological
constant, one free parameter, and two additional factors:
geometry (the length of the hoop) and physics (the energy
density of the magnetic field at a selected location).

III. GENERAL SOLUTION

It turns out that the system (4)—(7) can be separated in
the following way. First, add (6) and (7) and substitute for
(A + B)' from (8) to yield

—2J;+4(§;)2+4(A—f2)—c}f:0. (12)
From here, we can express C’ as follows:
SV AT Y | 2
c_—27+47+4?(/\—f)- (13)

We now combine (4) + (5) — (6) — (7) to find
2C" + (C')? —A'B' +8f2=0 (14)
and express A’B’ from the resulting equation to substitute it

together with (13) and (8) into (7) to obtain a single,
separate, third-order equation for f:
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1)2
IF =2 (6f (A=F)+ %)

+ (AL =9N) —4f2 (A= f2)? =0. (15

We solve this equation and insert the solution into (13).
We now know both f and C’'. Writing (7) as A’B'+
(A+B)C' +4(A—-f?)=0, we substitute here for
(A + B)' from (8), which also yields B’ = —A" —2f"/f.
We finally have a first-order equation for A, which is
quadratic in A’, and the same equation for B if we substitute
for A instead. Its solution reads

A/:_L’iwﬂq(_')z_m_fz), (1o

f f f
T (LY aa
B = fq:\/élf 7<f> 4A=f2). (17)

Again, we determine f from (15), requiring three initial
conditions, and then we calculate A, B, and C from (16),
(17), and (13), where we use the rescaling of ¢ and z and the
hoop length, so there are no additional integration con-
stants. As mentioned in the previous section, we further
require a regular axis and a particular energy density of the
magnetic field at a given location, leaving us with one free
integration constant. Therefore, apart from the cosmologi-
cal constant, the hoop length and field strength at a chosen
point and one additional constant are the independent
parameters of the solution.

IV. SYMMETRIC CASE

To further reduce the master equation (15), we assume
now A = B. This corresponds to a spacetime which is a
warped product of a conformal two-dimensional (2D)
Minkowski and an additional 2D space. Equations (4)
and (5) then coincide. The Maxwell equation (8) yields

A = const—In f. (18)
The remaining Einstein equations read
2(A"+C")+ (A + (C')?* +A'C'+4A+4f2=0,  (19)
4A" +3(A)? +4A—-4f2 =0, (20)
(A2 +2A'C' +4A —4f2=0. (21)
Taking the difference (20) — (21), we have
24" + (A")? = A'C' =0, (22)

which can be integrated to yield

C =const+A +2InA". (23)

We are left with two Einstein equations, but if we insert the
above expressions for C and A in terms of f, the equations
are not independent, and we finally have a single second-
order equation for f:

AP TP AP A=) =0 (24)

Plugging (18) into (23), we find

expA(r) =expB(r) = 70 (25)
PP
expC(r) = ﬂf(r)3’ (26)

with @, f integration constants. The last relation implies
that f/(r) = 0 defines an axis. We can always redefine the
radial coordinate by shifting it arbitrarily, and thus we can
put the axis at r = 0.

V. EXACT SOLUTION
Let us now rewrite (24) as follows:
1)
4 f

Equation (27) lacks r, and we thus use f as the independent
variable. Let us define v = f’, which yields /" = (f') =
dv/dr = (dv/df)(df/dr) = (dv/df)v, and, together with
(27), we get

f + f(A=1). (27)

do(f) _ To(f)
af 4 f
We first reduce the last equation to a linear equation

through the substitution 2> =w and thus dw/df =
2v(dv/df) to obtain

v(f) +f(A-F). (28)

1dw_7w

EE—Z?JFf(A—fZ)- (29)

We now solve the homogeneous equation
———===0 (30)

to find wy = f7/?, which we use as an integration factor,
dividing (29) with it to produce

dW _7 7 9
@f 2 2Wf 2

o
S df

This can be integrated to

(Wf—%> =2f3(A-f2). (31)
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7 4 3
wf =y - aF - 1A (32)
and
d 7 4

which can be separated again for us to finally write

(34)

_ df
r_i/Wf%—étf“—%AfZ’

ds? = — (—=df® +dz?) +

ds?

yielding r = r(f), the inverse of the sought function. Using
(26) again, we find that the roots of the square root in (33)
where f’ vanishes determine the location of axes, but the
integral (34) exists precisely between two subsequent
roots f” = 0 where the argument of the square root is positive.
Therefore, we always have two axes unless f vanishes there.

Let us now change the radial coordinate and use the
density of the magnetic field f instead of r via (33), using
relations (25) and (26) for the metric functions. In the
following text, we use primes to denote derivatives with
respect to the new radial coordinate, x'(f) = dx(f)/df.
After rescaling f and z and redefining aff — S, the trans-
formed metric reads

7 4 4 A2
Akt LAY

~l=

There are two free constants in the solution, f and y, and
the cosmological constant, A. The electromagnetic field is

F:\/édf/\dcp, A =2\/pf de. (36)

The Kretschmann scalar
4 1,355, 8
K =56f"—12yf2 —|—Z}/ f +§A (37)

is bounded for a finite f (see below), so there is no
curvature singularity anywhere throughout the spacetime.
Another interesting fact about the solution is that it admits
both signs of the cosmological constant. The metric
obviously requires the master function, I =y f1—4ft—
%A f2, and Sf to be positive to retain its +2 signature. For
A >0, this implies y > (16/3)A'/* (then, the single
maximum of IN is positive), ensuring there is a single,
finite interval of f > 0 where I > 0. The special value
y = (16/3)A!/* is discussed at the end of this section. The
two corresponding roots M(f,) = M(f,) = 0 are simple,'
and they define the position of the axes since g,,, = 0 there.
The proper radial distance between the axes is finite, and
the spacetime is thus radially compact. In fact, it still
corresponds to a product of a warped Minkowski and a
compact 2D space. For A < 0, any y is fine, yielding a
single finite interval f € [0, f] with M(0) = M(f,) = O,
ensuring 9 > 0. The upper root is simple and represents an
axis again in complete analogy with the A > 0 case above,
while at f = 0, we have I = I’ = 0, and this is in fact

"The first derivative of the nonpolynomial function 9 does not
vanish there. In fact, using IMM(f;) =0, we find M'(f;) =

2fi(A= D)

yfi—Aft —4Af?

+p (35)

f3

|
the asymptotic region since g,,, diverges here and its proper
distance from any other f is infinite. What is the asymptotic
form of the spacetime as f — 0? To the lowest order, we
obtain

s

1
ds? = — [(=df* +dz?) +
SIAlf

f

4
A3 NG| (38)
Redefining the radial coordinate, we obtain
1
ds? = p [—df? + dz% + dp? + di?], (39)

which is the anti-de Sitter spacetime. One can also consider
negative values of f, but the situation is identical with  and
(a purely imaginary) y simply changing their signs and
t and z switching their meanings.

Summarizing the geodetic structure of the spacetime, we
conclude there is a circular null geodesic located at
f=(27)*. Axial null geodesics exist everywhere and
for any parameters of the spacetime. A radial null ray has a
vanishing coordinate velocity at any axis, regardless of the
sign of the cosmological constant, and it takes a finite affine
parameter to reach the axis.” For A < 0, the coordinate
velocity of a radial null ray vanishes at f = 0, and it takes
an infinite affine parameter but a finite coordinate time to
reach f = 0 where the magnetic field vanishes.

The requirement of elementary flatness near an axis
located at f = f; > 0, where g, = 0 reads

N /f VI df. (40)

’In the vicinity of an axis f = f; > 0 with M (f;) = 0, we find
(f = fi) = (n —ny)* with 5 the affine parameter.
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Expanding M (f) near its root at f = f; and using the fact
that 9 (f;) = 0 to express IM'(f;), we can write for the
integral

I, v

while the left-hand side of (40) gives

f-fi _ f=fi
M (fi) Zfi(/\—f?)’
(41)

J@im’(fi)(f—fi) —

jf(A P -f). (42

Relation (40) thus fixes one integration constant as

fi
(77 -7

For a positive cosmological constant, we would like to
comply with the above equation for the two separate axes.
Remember that f; = f;(A,y) so that (43) evaluated at both
axes would produce two equations determining y as well as
p and the entire solution would be given in terms of A only.
This, however, is not possible since the right-hand sides of
the two copies of (43) are not independent for the two axes
and, in fact, we cannot have both axes regular at the same
time—one involves a conical defect. For a negative
cosmological constant, we only have one axis to deal with,
and therefore /3 is determined in terms of y, which remains a
free parameter (or vice versa, of course), still ensuring a
regular axis. Ultimately, the solution involves one free
parameter in addition to the cosmological constant, regard-
less of its sign.

The spacetime is type D everywhere apart from f =0
and f = (y/8)%, where it is type O. It is boost-rotation
symmetric as expected since it is conformal to M, x R,.
The solution belongs to the Kundt class. Specifically, it can
be brought into the form of a Plebafski-Demianski metric
with two nonexpanding repeated principal null congruen-
ces, which is then a Kundt spacetime of type D. Our metric
(35) can be transformed into the form (16.27), p. 316 of
Ref. [17], by the transformation f = 1/p?. In the language
of Ref. [17], wehavey =0,p = p,e, =0,¢p = 1, ¢ =0,
m =0, and k = —e? — g>. The master function written in
terms of our parameters reads P = -1+ (y/4)p —
(A/3)p*, while the 4-potential is dy/ p so that we conclude
e=0,9g=-1,n=y/8, and a is arbitrary. To obtain the
same spacetime, we need to unfold our angular coordinate
@ to cover the entire real axis and rescale it by 2/f. Doing
this, we lose the closed orbits of the angular Killing vector
and thus also our original cylindrical symmetry. In the
covering spacetime, there is no need to restrict the value y
through the requirement of elementary flatness. On the

p= (43)

other hand, we still need to deal with the fact that g,
vanishes at two locations, suggesting the cylindrical sym-
metry with two axes is a more natural interpretation. To our
knowledge, this is the first member of this family apart
from the Bonnor-Melvin [6,7] and Bonnor-Melvin-A [13]
solutions to have a clear physical meaning.

Let us look at two special cases. First, if A = 0, we apply
the transformation f =2K (1 — K?r?)?, redefine y = 41/2K,
and assume f = 1/8K> as required by the elementary
flatness of the axis. This yields the metric

G = @ 2(—=dr? +d2?) + a73dr? + ar’dg?,  (44)
with ¢ and z rescaled, where
a=1-K?*r? (45)

and
F " = 8K2a*. (46)

This is the original Bonnor-Melvin solution as ex-
pected, see Ref. [17], p. 317. And, second, the value
y = (16/3)A!/* corresponds to a single value f> = A and
yields the homogeneous solution of Ref. [13] where f
cannot be used as a coordinate since it has a constant value
throughout the spacetime.

VI. SHELL-SOURCE MODEL

Let us address now the question of a physical source
producing the field obtained above. We assume a cylin-
drically symmetric source that is both massive and charged.
In fact, the simplest such system is an infinitely thin
cylindrical shell consisting of streams of oppositely
charged particles moving along the surface of the shell
according to the Israel junction conditions [18,19] with a
vanishing total charge but nonvanishing total electric
current. Such a cylinder is the general relativistic analog
of an infinite solenoid.

In classical physics, the solenoid has a homogeneous
magnetic field inside, while the field vanishes outside.
Since the Maxwell field couples to the gravitational field in
general relativity, the situation is different here. In fact,
there is a solenoid solution where the spacetime (35) forms
the inside of the cylinder with a varying magnetic field
aligned with a symmetry axis, while outside we have the
Linet-Tian spacetime [20,21] with a vanishing magnetic
field. This construction applies to both a positive and a
negative cosmological constant. Note that we assume the
cosmological constant to be the same on both sides of the
shell and thus indeed constant throughout the spacetime,
although this is not a necessity in general. In both cases, the
induced stress-energy tensor S;; is diagonal in the
Minkowski coordinates (7', Z, ®@) of the flat shell interface,
with all entries positive for a range of A and y and the
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induced 3-current only having a single nonzero entry,
namely the azimuthal component. The temporal component
of the stress-energy tensor dominates, Srr— S;;—
Soe > 0, allowing an interpretation as due to four streams
of massive, charged particles similarly to the discussion of
the Bonnor-Melvin case with A = 0 in Ref. [22]; we have
two streams of positive particles spiralling up and down at
the same rate along mirror-image paths (vz = vz ) =

—Vz(2)s Vo = V(1) = Uq)(z)) and two streams of negative
particles following the complementary trajectories (vz(3) =
—Vz4) = Uz, Vo(3) = Vo) = —Vo)- Provided the charged

dust streams are identical in terms of their rest-mass and
charge densities, p and o, yielding a vanishing total electric
charge, then their corresponding stress-energy tensor is also
diagonal with non-negative entries, and the 3-current J;
only has the azimuthal component. Their densities and
velocities thus represent four independent parameters of the
model, which can be fitted to the three diagonal entries of
the induced energy-momentum tensor and the single non-
zero component of the induced 3-current,

1
P = 4_1 (STT =87z — Stb(l))» (47)
c = J_(I) STT - SZZ - S‘I)(I)’ (48)
4 Soo

/ Szz / Soo
=4 /==, =4 /— 49
Uz Srr Vo Srr ( )

Consequently, the solution (35) can be thought of as due to
the counterstreaming charged massive particles spiralling
along the solenoid and producing a static field. Here, we
merely wished to provide a physically plausible source
producing the field (35), but the solenoid model can be
discussed in further details. It would be of interest, for
instance, to see how the model restricts the two free
parameters of the spacetime. This, however, would mean
an extensive numerical analysis, while our focus in this
paper is on the analytical approach, so we leave this
question open for now.

It is of interest that in Ref. [23] a similar approach was
adopted in the case of 2 + 1-dimensional solutions inves-
tigated in Ref. [24]. Indeed, due to the translational
symmetry along the axis of the spacetime discussed here,

the Einstein-Maxwell equations effectively reduce to 2 + 1
dimensions, and thus (35) is related to the 2 + 1 solutions,
which are also determined by the cosmological constant
and one additional parameter like in 3 + 1 dimensions.
However, a direct comparison is difficult since the 2 + 1
solutions only admit A < 0 and the collapsing shell has a
nonzero angular momentum as a result of the asymptotic
properties of the outer spacetime. The magnetic field is
nonvanishing both inside and outside of the shell and arises
due to the shell’s electric charge and rotation unlike in the
solenoid model discussed here. The resulting equation of
radial motion of the 1+ 1 shell can only be solved
numerically, and it is unclear whether the collapse would
stop or bounce at a finite radius or whether it would
continue to form some kind of a point singularity at the
center. At any rate, the static case needs to be dealt with
separately along the lines presented above. A collapsing
241 shell model of the spacetime (35) is certainly
possible, too, but will rely on numerical calculations,
which is beyond the scope of the discussion here.

VII. CONCLUSIONS

In this paper, we generalized our previous result on a
constant magnetic field balanced by a positive cosmologi-
cal constant to a spacetime involving a space-varying
magnetic field determined by the cosmological constant
and one additional parameter. The solution admits both
signs of the cosmological constant and corresponds to a
warped product of a 2D Minkowski and a 2D space. It also
includes as special cases the Bonnor-Melvin solution and
the constant field solution of Ref. [13]. We found a
physically plausible source of the field in the form of an
infinitely thin cylindrical shell consisting of streams of
charged and massive particles spiralling along the surface
of the shell. In the future, we intend to study the general
equations (15), (16), and (17), dropping the requirement of
boost symmetry in the z direction.
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