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a b s t r a c t
We study the quantum fate of a naked curvature singularity
sourced by a scalar field via several methods and compare the
results obtained. The first method relies on relativistic quantum
mechanics on a fixed background employing the Klein–Gordon
and the Dirac equations for a static spacetime. We show that
both the Klein–Gordon and the Dirac particles feel this singularity therefore this method does not provide its resolution. For
comparison, we subsequently employ methods for quantizing
the geometry itself. We selected the canonical quantization via
conditional symmetries and as a last approach we use a maximal
acceleration derivation in the covariant loop quantum gravity.
In both of these approaches the singularity is resolved at the
quantum level. We discuss these conflicting results bearing in
mind that quantum particles probe classical geometry in the
first approach while the last two methods quantize the geometry
itself.
© 2020 Elsevier Inc. All rights reserved.

1. Introduction
Scalar fields are becoming increasingly relevant not only as a theoretical tool for explaining
astrophysical phenomena (dark energy, inflation etc.) but the most important one of them has been
detected — the Higgs boson at the LHC. Regarding the static compact gravitating configurations of
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scalar field it is known from the Chase theorem [1] (see [2] for a recent generalization to a large
class of potentials and a discussion of the role of energy conditions) that they do not possess a
regular horizon (rather a naked singularity or a horizon coinciding with singularity appear). Due to
this behavior of scalar field configurations we are going to investigate whether naked singularities
persist on the quantum level as well.
Here we will consider spacetime singularities to be defined by geodesic incompleteness. If they
further give rise to diverging curvature scalars we call them curvature singularities — this will be
the case for the specific geometry under consideration.
Curvature singularities generally appear in solutions of general relativity and show the limits
of validity of this theory. When they are hidden beneath a horizon, they do not influence external
observers and the situation is at least practically less serious (although the problem for the theory
itself is not diminished). However, naked singularities represent a rather undesirable feature (motivating the Cosmic Censorship Hypothesis - here we consider its weak version prohibiting asymptotic
observer from seeing singularity) of a solution to the Einstein equations, especially if the associated
matter content seems quite ordinary. Such a case is the one we study in this article. We investigate
the possible resolution of a naked curvature singularity present in a recently derived solution
belonging to the Robinson–Trautman family, minimally coupled to a free massless scalar field [3] (a
broader overview of the standard Robinson–Trautman solution with many references can be found
there). The Robinson–Trautman geometry is defined by the presence of a nonshearing, nontwisting
and expanding null geodesic congruence. This family of spacetimes contains Schwarzschild or
Vaidya black hole solutions but general members are lacking symmetries and evolve dynamically
but do not include rotation. These spacetimes generically contain (exact) gravitational waves that
carry away deviations from symmetry and vacuum subclass of these spacetimes settle down to
the Schwarzschild solution asymptotically (proving its nonlinear stability within this subclass). The
recent generalization [3] of this family of spacetimes to include free massless scalar field source
contains a relatively wide range of special cases [4] with some peculiar properties. For the purpose
of this study we selected the static, spherically symmetric case which represents a parametric
limit of the Janis–Newman–Winicour scalar field spacetime [5–8], which is asymptotically flat. In
particular, this solution contains a timelike naked singularity (unlike the generic Janis–Newman–
Winicour spacetime where the singularity is null) and the scalar field source satisfies standard
energy conditions. As such this system represents an ideal model for investigating the peculiar
classical behavior of compact static gravitating scalar field configurations on the quantum level.
It is generally expected that singularities will be remedied at a more fundamental level, in
which both quantum and gravitational effects must be considered simultaneously. Our investigation
concerns a possible resolution of the above mentioned naked timelike singularity, by employing
three different quantum approaches and studying their implications at the semiclassical level. The
first method is based on the pioneering work of Wald [9], which was further developed by Horowitz
and Marolf (HM) [10]. The main idea is to probe a classical timelike curvature singularity in static
spacetime with quantum test particles obeying the Klein–Gordon equation. Later the method was
applied in many specific geometries containing singularity [11–19]. In this approach, the singular
character of the spacetime geometry is determined based on the number of self-adjoint extensions
of an evolution operator. The evolution operator is extracted from the field equation selected for the
analysis — originally it was the Klein–Gordon equation, but the approach can be straightforwardly
generalized to other field equations. The extended operator is then defined on a Hilbert space
(usually an L2 space over a domain) covering the singularity position as well. If the self-adjoint
extension is unique (so called essentially self-adjoint operator), it is said that the spacetime is
quantum mechanically regular. This is connected to the fact that one can in general select a
self-adjoint extension by demanding a specific boundary conditions for the eigenfunctions of the
operator. However this cannot be applied in the singularity where we do not have any control over
physics and therefore the extension should be unique automatically. This subsequently ensures a
uniquely defined evolution for the wave-function thus mimicking a globally hyperbolic spacetime.
Although the above method is straightforward and clearly motivated it still treats the geometry
classically. That is why we are going to present results from methods quantizing the geometry itself
in order to provide more reliable answer and to compare the outcome with the previous method. A
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compelling argument why it is really necessary to pursue quantization of gravity instead of treating
the spacetime geometry classically was presented by M. Bronstein already in 1936 [20,21]. Since
no generally accepted method for quantization of gravity exists we present results obtained in two
radically different approaches, namely quantum geometrodynamics and covariant loop quantum
gravity (CLQG) [22].
Quantum geometrodynamics is a canonical quantization of gravity with the three-metric taken
as the configuration variable. The procedure relies on Dirac’s quantization program since general
relativity is a theory with constraints. Its central equation is the Wheeler–DeWitt equation coming
from the Hamiltonian constraint which is then imposed in the operator version on a wave functions.
In order to obtain the full content of the theory in the geometrodynamics description, no gauge
fixing must be assumed at the classical level; this allows extra symmetries to appear which are lost
otherwise. These extra symmetries, also known as conditional symmetries, preserve the isometries
of the spacetime metric, thus it is natural to promote their corresponding charges to operators
and impose them on the wave function together with the linear and quadratic constraints of the
theory [23–25]. In [26], the relation between the Lie point symmetries and the conditional symmetries of the minisuperspace was established which in the constant potential lapse parametrization
coincides with the conditional symmetries on the phase space. For more details and applications
see e.g. [27–29] and for a recent review [30].
The last approach utilizes recent developments in CLQG, which build on previous results of
the spinfoams approach [31] and Loop Quantum Gravity (LQG) [32]. Spinfoam approach attempts
to use Feynman-style path-integral formulation where ‘‘sum over geometries’’ is considered in
well-defined mathematical sense. It can provide natural tool for studying the dynamics of LQG
from a covariant perspective. LQG represents canonical quantization of gravity where the geometry
is encoded using connection (unlike in geometrodynamics). The connection is used to construct
holonomies that play a central role in the formulation and the quantization leads to so-called spin
network states. The geometry is then encoded in area and volume operators. The method we will
use to study the singularity is based on the observation made in the realm of CLQG that there is
a maximal acceleration in this theory [22]. This upper bound appears in an analogous way to the
minimal area in the original canonical Loop Quantum Gravity [33,34]. We derive a characteristic
measure of acceleration in our spacetime and apply the upper bound yielding a resolution of
our singularity. However, since we do not perform a complete derivation of the upper bound in
our specific case this last approach should be treated with caution, although we follow the form
of application suggested in [22]. Nevertheless, the results regarding the geodesics and geodesic
deviation that were necessary input for this part are interesting by themselves.
In the rest of the paper we proceed as follows: in Section 2 we review the main properties of the
classical spacetime of our interest, in Section 3 we study the quantum properties at the semiclassical
limit using the Horowitz–Marolf method, in Section 4 we perform the canonical quantization by the
use of the conditional symmetries, in Section 5 we employ the CLQG ideas and finally in Section 6
we draw our conclusions.
2. Static spacetime coupled to a scalar field
From now on, we focus on a particular case of the Robinson–Trautmann solution with a massless
scalar field which was studied in [4]. This specific spacetime is spherically-symmetric, static and
contains a timelike naked singularity. The corresponding line element has the form
ds2 = dt 2 − dr 2 − r 2 − χ02

(

)(

dθ 2 + sin2 θ dϕ 2

)

(1)

and we have adopted the (+, −, −, −) signature convention to retain the standard Newman–
Penrose formalism choice. The matter is represented by a static massless scalar field in the following
form
1

Φ (r) = √ ln
2

{

r − χ0
r + χ0

}

.

(2)
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In the last paragraph of Appendix A it is shown that this spacetime is geodesically incomplete
at r = χ0 and since the Ricci scalar and the Kretschmann invariant have the following form
respectively
2 χ02
RicciSc = − (
)2 ,
r 2 − χ02

(3a)

Kretschmann = 3(RicciSc)2 ,

(3b)

one concludes that there is a curvature singularity at r = χ0 due to the above divergences. In the
following we will usually shorten ‘‘curvature singularity’’ to purely ‘‘singularity’’ when we have this
position in spacetime in mind.
One can easily observe that the singularity at r = χ0 (we consider only this one) is naked, either
directly from the metric or by looking for marginally trapped surfaces. The singularity is pointlike
and timelike. When r → ∞, the scalar field vanishes and the metric (1) is asymptotically flat. The
area of spherical surfaces r = const ., t = const. grows quadratically for values of the coordinate
r far from the central region (consistent with asymptotic flatness), while close to the singularity
r = χ0 it grows only linearly. Further information about the geometry can be gained from geodesic
motion and Penrose–Carter diagram (see Appendix A).
It is possible to shift the location of the singularity to zero by a coordinate transformation

ρ 2 = r 2 − χ02 ,

(4)

which results in the metric
ds2 = dt 2 −

ρ2
dρ 2 − ρ 2 dΩ 2 .
ρ + χ02
2

(5)

The newly introduced coordinate ρ is a correct areal radius. However, for the subsequent calculations we retain the original form (1), since it leads to easier and more familiar expressions in both
techniques analyzing the quantum aspects of the naked singularity at r = χ0 .
3. Self-adjoint extension method
We are initially interested in probing the singular spacetime (1) with test quantum particles
— specifically massless scalar and Dirac particles. To this end, we consider the method of selfadjoint extension which
was
of the spacetime. Assume
(
) introduced in [10] for probing singularities
a static spacetime M, gµν
with a timelike Killing vector field ξ µ and let t denote the affine
parameter along the Killing field and Σ denote a static spatial slice (with singular points removed).
The Klein–Gordon equation for a scalar field can then be written in the following form

)
√ i (√
∂ 2ψ
=
f
D
f
D
ψ
− fM 2 ψ ≡ −Aψ ,
(6)
i
∂t2
in which f = ξ µ ξµ (using the selected signature of a spacetime metric) and Di is the spatial covariant
derivative on Σ induced from the full spacetime covariant derivative, M is the mass of the scalar
field and A is an operator defined on the Hilbert space H = L2 (Σ ) which is a space of square
integrable functions on Σ . The operator A is evidently real, positive and symmetric and therefore
its self-adjoint extensions (covering the extension of Hilbert space to encompass the singular point)
always exist. If this extension is unique, then A is called essentially self-adjoint [10]. In order to
analyze the essential self-adjointness, one has to consider the eigen-equation of the operator
Aψ ± iψ = 0 ,

(7)

which will be called essentially self-adjoint if one of the two solutions of this equation (for each sign
of the imaginary term) fails to be square integrable near the singularity. In this case, the operator
can be unambiguously extended to the singularity and the corresponding wave functions are part of
the Hilbert space. Such a system is then considered quantum mechanically regular. If A is essentially
self-adjoint for M = 0, it is essentially self-adjoint for all M > 0 as well [35].
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3.1. Klein–Gordon particle
The Klein–Gordon equation for a massless scalar particle is given by

[
]
□ψ̃ = g −1/2 ∂µ g 1/2 g µν ∂ν ψ̃ = 0 ,

(8)

which for the metric (1), it becomes

∂ 2 ψ̃
=
∂t2

{

∂2
2r
∂
1
+ 2
+ 2
∂r2
r − χ02 ∂ r
r − χ02

(

∂2
1
cos θ ∂
∂2
+
+
∂θ 2
sin θ ∂θ
sin2 θ ∂ϕ 2

)}

ψ̃ .

(9)

In analogy to Eq. (6), the spatial operator A has the following form

{
A=−

∂2
2r
1
∂
+ 2
+ 2
2
2
∂r
r − χ0 ∂ r
r − χ02

(

∂2
∂2
1
cos θ ∂
+
+
2
2
2
∂θ
sin θ ∂θ
sin θ ∂ϕ

)}

.

(10)

Using a separation of variables, ψ̃ = ei ω t R (r ) Ylm (θ, ϕ), we obtain an equation for the radial
function from Eq. (9). The left-hand side of the resulting equation is the radial part (which is the
most important one for our analysis, since the remaining coordinates have compact ranges) of the
operator A
d2 R
dr 2

+

dR

2r

r 2 − χ02 dr

(
−

l (l + 1)

)

r 2 − χ02

R = −ω2 R .

(11)

The equation we have to study in order to decide about the essential self-adjointness is (7). So we
have to deal with an ODE
d 2 ψ±
dr 2

+

dψ±

2r

r 2 − χ02 dr

(
−

l (l + 1)
r 2 − χ02

)
± i ψ± = 0 .

(12)

This is a Heun (singly) Confluent equation which is obtained from the general Heun equation
containing four regular singularities through a confluence process; that is, a process where two
singularities coalesce. This confluence procedure is performed by redefining parameters and taking
limits resulting in a single (typically irregular) singularity [36]. For the case of (12), there exist two
regular singularities at r = ±χ0 and one irregular at infinity. The solution for the above equation
is expressed using Heun Confluent functions

)
(
iχ 2
r2
1
ψ± (r) = C1 HeunC 0, − , 0, ∓ 0 , η, 2
2
4
χ0
(
)
iχ02
1
r2
+ C2 r HeunC 0, , 0, ∓
, η, 2 ,
2
4
χ0

(13)

where

η=

1(
4

)
±i χ02 − l(l + 1) + 1 .

If we do not consider the subdominant (in the vicinity of singularity) term ±i in (12), the Heun
Confluent functions simplify and the solution can be expressed in the following form

ψ (r) = C1 Pl

(

r

χ0

)

(
+ C2 Ql

r

χ0

)

,

(14)

where P , Q are the Legendre functions of the first and second kind respectively.
For the analysis of the square-integrability, it is worth to know the asymptotic
( ) behaviors of the

above functions around the singular point r = χ0 . The Legendre function Pl
Pl (1) = 1

r

χ0

at r = χ0 is regular
(15)
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and the Legendre function of the second kind, Ql

(
Ql

r

)
=

χ0

1
2

(
Pl

r

)

χ0

[
ln

r + χ0

]
−

r − χ0

(

2l − 1
l

r

)

χ0

, can be written as

(
Pl−1

r

χ0

)

− ··· .

(16)

The square integrability of the solution (14) is checked by calculating a squared norm in a proper
functional space on each t = const hypersurface Σ . We consider the Hilbert space H = L2 (Σ , µ),
where µ is a measure given by the spatial metric volume element. It is straightforward to show
that both solutions are square integrable at r = χ0 since the logarithmic divergence in (16) is
compensated by the volume form ([r 2 − χ02 ]dr) to give a finite limit at r = χ0 for the integrand.
One might be worried that, by removing the complex term from the equation, we have changed
its nature too much. However, as shown in [36] one of the solutions of Confluent Heun equation
has (for the specific values of our parameters) logarithmic divergence – as in the case of Ql – and
the other one is regular thus confirming that the result obtained via simplification holds for the full
equation (12) as well.
Therefore, at this point, we conclude that the Klein–Gordon particle can see the singularity since
the solution is square-integrable.
3.2. Massless Dirac particles
In the case we have massless Dirac particles, the Newman–Penrose (NP) formalism [37] is
necessary to analyze the properties of the corresponding operator. The Chandrasekhar–Dirac (CD)
equations [38], which represent a reformulation of the Dirac equation into the Newman–Penrose
formalism, are suitable for this task and are given by

(
)
(D + ϵ − ρ) F1 + δ̄ + π − α F2 = 0 ,

(17a)

(∇ + µ − γ ) F2 + (δ + β − τ ) F1 = 0 ,

(17b)

(D + ϵ̄ − ρ̄) G2 − (δ + π̄ − ᾱ) G1 = 0 ,
(
)
(∇ + µ̄ − γ̄ ) G1 − δ̄ + β̄ − τ̄ G2 = 0 ,

(17c)
(17d)

where F1 , F2 , G1 and G2 are the components of the Dirac wave function (bispinor), ϵ , ρ , π , α , µ, γ ,
β and τ are the NP spin coefficients and the ‘‘bar’’ denotes a complex conjugation. The null tetrad
vectors for the metric (1) are defined by
la = (1, 1, 0, 0) ,

(

1

1

(18a)

)

, − , 0, 0 ,
2
(
)
1
i
ma = √
0, 0, 1,
.
sin θ
2(r 2 − χ02 )
na =

(18b)

2

(18c)

The directional derivatives in the CD equations are given by D = la ∂a , ∇ = na ∂a and δ = ma ∂a . To
simplify the analysis, it is convenient to define auxiliary differential operators
D0 = D ,

(19a)

†

D0 = −2∇ ,
†

L0 =
L0 =

√
√

(19b)
†

†

2(r 2 − χ02 ) δ

and L1 = L0 +

2(r 2 − χ02 ) δ̄

and L1 = L0 +
†

cot θ
2
cot θ
2

,

(19c)

.

(19d)
†

Evidently, the spatial parts of D0 and D0 are purely radial operators, while L0,1 and L0,1 are purely
angular operators.
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The nonzero spin coefficients for the metric (1) are given by

ρ = 2µ = −

r

1

,

r 2 − χ02

β = −α = √ √
2 2

cot θ
r 2 − χ02

.

(20)

Substituting these nonzero spin coefficients and the definitions of the operators (19a) given above
into the CD equations (17b) leads to

(
D0 +

−

1

(

2

r2

1

(

2

−χ

r 2 − χ02

)

r

†

r2

2(r 2 − χ02 )

−χ

2
0

1

L1 F2 = 0 ,
†

(21a)

L1 F1 = 0 ,

(21b)

1
†
L1 G1 = 0 ,
G2 − √
2(r 2 − χ02 )

(21c)

1
G1 + √
L1 G2 = 0 .
2(r 2 − χ02 )

(21d)

F2 + √

)

r

D0 +

1

)

r 2 − χ02

(
D0 +

F1 + √

2
0

r

†

D0 +

)

r

2(r 2

−χ

2
0)

To solve these CD equations, we assume a separable form of a solution
F1 = f1 (r)Y1 (θ )ei(kt +mϕ) ,
F2 = f2 (r)Y2 (θ )e

i(kt +mϕ)
i(kt +mϕ)

G1 = g1 (r)Y3 (θ )e

(22a)

,

(22b)

,

(22c)

G2 = g2 (r)Y4 (θ )ei(kt +mϕ) .

(22d)

Here {f1 , f2 , g1 , g2 } and {Y1 , Y2 , Y3 , Y4 } are functions of r and θ respectively. Additionally, m is the
azimuthal quantum number and k is the frequency of the Dirac wave function, both are assumed
to be real and positive. By substituting (22b) into (21d) and using these assumptions
f1 (r) = g2 (r) and f2 (r) = g1 (r) ,

(23a)

Y1 (θ ) = Y3 (θ ) and Y2 (θ ) = Y4 (θ ) ,

(23b)

we can reduce the system (21d) into just two equations. The important radial parts of these two
remaining Chandrasekhar–Dirac equations become

(
D0 +
1
2

(

†
D0

+

)

r
r 2 − χ02

)

r
r2

−χ

2
0

f1 (r ) = √
f2 (r ) = √

λ
2(r 2 − χ02 )

λ
2(r 2 − χ02 )

f2 (r ) ,

(24a)

f1 (r ) ,

(24b)

where λ is a separation constant. For further simplification we introduce a new functions ζ1 , ζ2 via
f1 ( r ) = √

ζ1 (r )
r 2 − χ02

,

(25a)

,

(25b)

√
f2 ( r ) = √

2 ζ2 (r )

r 2 − χ02
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and the Eqs. (24a) transform into the following coupled system
D0 ζ1 (r) = √

λ
r 2 − χ02

λ

†

D0 ζ2 (r) = √

r 2 − χ02

ζ2 (r) ,

(26a)

ζ1 (r) .

(26b)

or explicitly

(

)

d

+ ik ζ1 (r) = √

(

λ

ζ2 (r) ,

(27a)

)
λ
ζ1 (r) .
− ik ζ2 (r) = √
dr
r 2 − χ02

(27b)

dr

r 2 − χ02

d

In order to write the above equation in a more compact form we combine the solutions in the
following way,

Ξ+ =ζ1 + ζ2 ,

(28a)

Ξ− =ζ2 − ζ1 .

(28b)

and square the operators to end up with a pair of one-dimensional Schrödinger-like stationary
equations with effective potentials,

(

d2

2

+k

dr 2
V± =

)

r2

Ξ± = V± Ξ± ,

(29a)

λ2
rλ
∓
.
3
2
− χ02
(r − χ02 ) 2

(29b)

In analogy to Eq. (6), the spatial operator A for the massless case is
A=−

d2
dr 2

+ V± ,

(30)

so the self-adjoint extension method (7) can now be applied to this operator which means that we
have to analyze the solutions of

(

[

λ2
rλ
− 2 + 2
∓
3
2
dr
r − χ0
(r 2 − χ02 ) 2
d2

]

)
± i ψ± = 0 .

(31)

To find the solutions of the above equation, we ignore the subdominant ±i term (which is negligible
in the vicinity of singularity compared to other terms) and obtain

ψ± = C 1

(

) (√
)∓λ
)±λ
(√
√
±2λ r 2 − χ02 + r
r 2 − χ02 + r
+ C2
r 2 − χ02 + r
,

(32)

in which λ should be an integer. Obviously, when r → χ0 (which is the singular point in our
spacetime) the above two solutions are both finite and their Hilbert space norms near the singular
point as well. Accordingly, the operator (30) is not essentially self-adjoint.
Consequently, the Dirac particle can see the existence of singularity on the spacetime, since all
the solutions are square-integrable, a fact that renders the system quantum mechanically singular
according to [10]. We are thus led to conclude that test particles of both bosonic and fermionic
origin will ‘‘feel’’ the presence of the naked singularity of this specific background spacetime.
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4. Canonical quantization via conditional symmetries
In a full quantum gravity theory, the geometry is dynamical and interacts with the matter fields,
therefore the approaches which consider a background spacetime capture only low-energy features
of the physical configuration and a non-perturbative approach is deemed necessary. Such an
approach is given by the canonical quantization of the action for a Lagrangian in the minisuperspace
form.
In order to write an action principle for the spacetime under consideration, we first observe that
the line element (1) is of the general form
ds2 = a2 (r)dt 2 −

N 2 (r)
4a2 (r)

dr 2 − b2 (r)dΩ 2 ,

(33)

√

where a(r), b(r) are scale factors and N(r) is the lapse function with a = 1, N = 2, b = r 2 − χ02 .
Note, that we consider canonical evolution in the r-coordinate instead of the usual t-coordinate for
cosmological minisuperspace models. Inserting (33) into the total action principle
Stot = Sgrav + Smat =

1

∫

√ (

d4 x g R + g µν ∂µ φ∂ν φ

2

)

,

(34)

we observe that the Lagrangian function has the general minisuperspace form
L=

1
2N(r)

Gαβ (qα (r))q̇α (r)q̇β (r) − N(r)V (qα (r)) ,

(35)

where r is the radial coordinate and an independent variable, qα (r) are the dependent variables
denoting the gravitational and matter degrees of freedom a(r), b(r), φ (r) with Gαβ being metric
on the configuration space of the dependent variables, known as a supermetric and V (q) is the
superpotential, which usually contains terms related to the curvature of the hypersurface which
foliates the spacetime. From the form of the Lagrangian (35), it is evident that this model is
reparametrization invariant with respect to the radial coordinate, a fact consistent with the static
nature of the spacetime.
If one considers the line element (33), we find that the Lagrangian, after a reparametrization so
that the superpotential becomes constant [24], V (q) = 1, takes the form
L = −N −

8aba′ b′
N

−

4a2 b′2
N

+

2a2 b2 φ ′2
N

,

(36)

where ′ ≡ drd . The convenience of the constant potential parametrization (which is not a gauge
choice) will become evident shortly. It is not difficult to see, by inspection of the kinetic term, that
the supermetric has the form.1

⎛

Gαβ

0
= ⎝ −8ab
0

−8ab
−8a2
0

⎞

0
⎠ .
0
2 2
4a b

(37)

The usual approach to canonical quantization is to find the dynamical equation (Wheeler–DeWitt)
by imposing the classical Hamiltonian constraint on the wave function, which for the model under
consideration is
((
)
(
))
1
ĤΨ =
−1 + 32a2 b2 − 2 2∂φφ − b∂b + a (∂a − 2b∂ab + a∂aa ) Ψ = 0.
(38)
32a2 b2
To arrive at this form of the equation, the following have been implemented: the canonical variables
are the qα ’s and their conjugate momenta which have been promoted to operators by the rule
qα → q̂α and pα → p̂α = −i ∂ ∂qα together with the Poisson brackets becoming commutators,
1 The form of the supermetric is the same as in the case of Kantowski–Sachs spacetime coupled to a massless scalar
field, see [27]
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{., .} → [., .]. The operator ordering in the Hamiltonian constraint is such that the kinetic term is the
conformal Laplacian and the operators are Hermitian under a proper choice of measure [24]. Here,
we consider the additional symmetries of the superspace, which is conformally flat, as operators
acting on the wave function. This step is justified for several reasons, one being that they are
related to the outer automorphisms group which leaves the geometry invariant under general
coordinate transformations. The Hamiltonian constraint, as well as the diffeomorphisms constraints,
which in the simplified case of the minisuperspace models, vanish identically forms the inner
automorphisms [39,40].
These symmetries are given by three Killing vector fields

ξ1 = −a∂a + b∂b ,

ξ2 = −aφ∂a + bφ∂b + 2 ln a∂φ ,

ξ3 = ∂φ .

(39)

which in a general parametrization with V ̸ = const are conformal Killing vector fields. The
advantage of taking it as constant is that on the phase space, we can construct linear to the momenta
quantities of the form Qi = ξiα pα , which are conserved by virtue of the constraint. In our case these
are
Q1 = −
Q2 = −

8ab2 a′

N

4a b φ
2 2

Q3 =

= κ1 ,

N (
)
8ab2 φ a′ − aφ ′ ln a

(40a)

= κ2 ,

(40b)

′

N

= κ3 ,

(40c)
′

where we have replaced the canonical momenta as pa = − 8abb
, pb = −
N
For the gravitational system of our interest, the constants take the values

κ1 = κ2 = 0 ,

√
κ3 = 2 2χ0 .

8a(ba′ +ab′ )
,
N

pφ =

4a2 b2 φ ′
.
N

(41)

Under the demands that general covariance is preserved at the quantum level, thus the Dirac algebra
of the Q̂i ’s be isomorphic to their classical commutation relations,2 together with the selection of a
proper measure to ensure the Hermiticity of the operators [41], lead to the selection rule cijk κk = 0
for the quantum charges which correspond to (40) so that not all of these operators can be imposed
simultaneously [24]. In this case, we have two possible operator subalgebras {Q̂1 , Q̂3 } and {Q̂2 }.
In the following, we focus our study on the case of the two-dimensional subalgebra {Q̂1 , Q̂3 } and
solve the following equations
Q̂1 Ψ = i (−b∂b + a∂a ) Ψ = κ1 Ψ ,

(42a)

Q̂3 Ψ = −i∂φ Ψ = κ3 Ψ ,

(42b)

together with the constraint equation (38). The solution of this system is given in terms of the
spherical Bessel functions

Ψ (a, b, φ ) = ei2φχ0 (A1 Jλ (4ab) + A2 Yλ (4ab)) ,
√
where λ = 21 (−1 + 3 − 64χ02 ).

(43)

To get a rough idea about the consequences that the above wave function has for the fate of the
singularity, one can consider probability distribution on the superspace (leaving out the question
of normalization of the states). Specifically, one shall consider probability density given by states of
the form (43) including the measure coming from the metric (37)

p = |Ψ |2 16 a2 b2 .

(44)

As one can observe from the plots of the probability density (44) on the plane of variables a, b
for two choices of integration constants – first one for A1 = 1, A2 = 0 corresponding to BesselJ
2 The commutation relation for the first integral quantities come from the Lie bracket algebra of the corresponding
Killing vector fields [ξ1 , ξ2 ] = −2ξ3 , [ξ2 , ξ3 ] = −ξ1 .
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√

Fig. 1. Plots of the probability density p = |Ψ |2 16 a2 b2 in the intervals a ∈ [0, 3] and b ∈ [0, 3] and with χ0 = 28.99 for
the wave function (43) for
√ two cases — plot (a) for A1 = 1, A2 = 0 and plot (b) for A1 = 0, A2 = 1 (index of both Bessel
functions is λ =

1
(
2

−1 +

3 − 64χ02 )). It can be seen that when a or b approaches zero, the probability density in both

cases vanishes.

function only (Fig. 1(a)) and the second one for A1 = 0, A2 = 1 corresponding to BesselY function
only (Fig. 1(b)) – the probability density of the system to be in the state corresponding to either
a = 0 or b = 0 is highly suppressed. This means that quantum geometry avoids spacetimes
containing singularity in our case. Such interpretation is in accord with the Hartle’s criterion for
making prediction √in quantum cosmology [42]. We have selected a value of the parameter χ0
close to the value 83 beyond which the index of the Bessel functions becomes complex. Since the
physical singularity for the metric (33) appears only for b = 0 (as one can easily derive from the
corresponding Kretschmann scalar) on the quantum level this situation seems to be avoided.
Another possible approach to derive physical consequences from the wave function employs the
Bohmian interpretation [43,44]. This approach is especially useful in quantum cosmology since it
enables one to define quantum paths on the configuration space through the guiding equations

∂S
∂L
= α .
∂ q̇α
∂q

(45)

These are defined through the identification pα ≡ ∂α S and S(q) is the phase in the polar form
expression of the wave function, Ψ (q) = Ω (q)eiS(q) . As in the case of the Schrödinger equation,
inserting this form in the generic Wheeler–DeWitt equation
ĤΨ ≡

(

1

d−2

2 G

8(d − 1)

− √ ∂µ G µν ∂ν −

)
R+1

Ψ =0,

(46)

where d is the dimension of the configuration space and R is its corresponding Ricci scalar, we
obtain a modified Hamilton–Jacobi equation
1
2

G αβ ∂α S ∂β S −

1 □Ω
2 Ω

+1=0 .

(47)

This, together with the guiding equation (45), determines the behavior of the quantum system.
Eq. (47) contains an additional potential term compared to its classical analogue. If this term is
nonzero, the solution of (45) will be different from the classical one, while when it vanishes we
should recover the classical spacetime.

12

O. Svítek, T. Tahamtan and A. Zampeli / Annals of Physics 418 (2020) 168195

For our particular case, we will consider the approximation A1 → 0 (thus concentrating on the
Bessel function diverging at the origin) for small (sm) and large (la) arguments of the spherical
Bessel function to bring the wave function in polar form. Thus we obtain respectively
− 21 − 12

√

3−64χ02 i2χ0 φ

Ψsm = C1 (ab)
(
sin −4ab +
Ψla = C2

e

π
4

(
−1 +

,
√

(48a)

3 − 64χ02

))

4ab

ei2χ0 φ .

(48b)

The above cases give us two different solutions both of which differ from the classical solution of
the system (40), since the quantum potential does not vanish for neither of them. We assume two
subcases for the small arguments (sm), corresponding to negative or positive value of the quantity
under the square root in (48a) (since the function S(a, b, φ ) differs accordingly). Then the spacetime
elements we obtain are
ds2 = dt 2 − dr 2 − λ1 dθ 2 − sin2 θ dφ 2 ,

(49a)

ds = λ2 dt − λ2 r dr − r (dθ + sin θ dφ ) ,
2

2

2

2

2

2

2

2

(49b)

where λ1 , λ2 are essential constants which characterize the geometry of spacetimes.
For large arguments, the solution is √
again (49a).√The curvature scalars of these line elements
inform us that it is only for the range − 83 < χ0 < 83 of the constant χ0 for the small arguments
and any range for the large arguments that the singularity vanishes from the semiclassical line
element.
The above results show that either directly by using the probability density, which vanishes
for either a or b going to zero, or by constructing effective geometries via Bohmian approach we
arrive at the conclusion that the singularity is removed as a place of both curvature divergence and
geodesic incompleteness. Since the singularity is removed, the quantum version of spacetime is in
agreement with the Cosmic Censorship Hypothesis.
5. Covariant loop quantum gravity
To provide an alternative derivation in the realm of quantum gravity we will turn to CLQG [22].
When the static spacetime (1) possesses a horizon covering the central spacelike singularity one can
use the Loop Quantum Cosmology (LQC) method since the spacetime below the horizon (which is
no longer static) can often be mapped onto some symmetric cosmological model (e.g. Kantowski–
Sachs) whose singularities are generally resolved in LQC. Our spacetime however contains a naked
timelike singularity so we cannot use this trick. Instead we can apply the recent discovery on the
level of the CLQG [45] that quite generally the singularities are resolved due to the upper bound for
the acceleration of observers arising at the quantum level. This derivation is based on considering
the Rindler observers but has been later applied to cosmology with the characteristic acceleration
being the mutual acceleration of nearby comoving observers. For the spacetime in question, we
consider essentially the same quantity, a relative acceleration with respect to a radial geodesic, as
given by the geodesic deviation equation. This also measures the tidal forces acting upon an object
approaching the singularity.
The important properties of geodesics in the spacetime of interest are summarized in the
Appendix A. The four velocity of a radial geodesic (considered in the equatorial plane for simplicity)
is described by
uµ ∂µ =

√

(ur )2 + 1 ∂t + ur ∂r ,

(50)
φ

with the radial velocity u being a constant. The deviation vector is considered in the form δ = δ ∂φ .
The geodesic deviation equation then assumes the following form
r

D2 δ α
dτ 2

= −Rα βγ σ uβ δ γ uσ = −

χ02 (ur )2 α
δ .
(r 2 − χ02 )2

(51)
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Evidently, the tidal force grows unbounded when approaching the singularity even though the
radial geodesic observer is not accelerated with respect to the asymptotic observer (see the end of
Appendix A). As a measure of the acceleration, we will use the invariant norm of (51) with respect
to a unit separation
a=

χ02 (ur )2
.
(r 2 − χ02 )3/2

(52)

√

According to [45], the acceleration is bounded by a maximum value amax ∼ 8π1Gℏ (in nongeometric
units). This result is moreover derived in a fully covariant theory unlike previous upper bounds to
the acceleration [46]. Inspecting (52), one immediately sees that the upper bound to the acceleration
−1
means that the divergent factor (r 2 − χ02 ) appearing in the curvature scalars (3a) is also bounded
and therefore the singularity (as a place of diverging curvature) is resolved at the level of CLQG.
The question of geodesic completeness is more subtle since we do not have access to reconstructed
spacetime geometry in this quantization approach. However, since all the relevant operators
have bounded spectrum it points to an effective classical geometry which should be geodesically
complete. Additionally, the tidal forces are bounded and an object can in principle survive the fall
into the singularity (or to the region where the curvature singularity appears classically). However,
the bound is extremely large so it is hard to imagine any realistic object that would not be crushed.
So one can conclude that the critical behavior of General Relativity (its breakdown at the position
of singularity) is cured at the quantum level (infinities are removed), but the practical result of
approaching the singularity (destruction of an extended object) remains effectively the same. To
interpret the result from the point of view of Cosmic Censorship Hypothesis, we would need to
understand the effective geometry. However, the bound on acceleration (52) means that the only
nontrivial metric function (r 2 −χ02 ) should not vanish. Based on this one can argue that any potential
effective geometry should contain a modification preventing this metric function from attaining zero
and negative values thus removing obstruction to continuation of geodesics through the point in
discussion (see the last paragraph of Appendix A for the discussion of incompleteness of the original
classical geometry). In this way, the Cosmic Censorship Hypothesis is saved since the singular nature
of spacetime was completely removed and therefore all observers do not have any causal contact
with singularity.
In the original paper [45] the upper bound on acceleration is derived based on the quantization of
timelike two-dimensional surface related to the accelerated trajectory. Since the area of this surface
depends on the acceleration its quantization leads to bounds on both. We show in Appendix B that
in our case there is also an explicit relation between the above derived acceleration and a timelike
two-surface naturally associated to the pair of geodesics under consideration.
Although we used the results of [45] in the way suggested therein we did not completely rederive
the whole quantization procedure (introducing operators etc.). That is why the results of this section
should be regarded as secondary to the canonical quantization result of Section 4. However, they
still provide useful confirmation from a completely different perspective.
6. Conclusion and final remarks
In this article, we studied the quantization of a spacetime with naked singularities by employing
three different approaches: one is the HM method for the study of classical timelike curvature
singularities, the second the canonical quantization via conditional symmetries and the last the
examination of the existence of a maximal acceleration in the realm of the CLQG.
In the context of the first methodology, we have shown that for both the Klein–Gordon particle
and the Dirac particle, all solutions of (7) are square integrable. This means that the corresponding
operators in both cases are not essentially self-adjoint and the problem is quantum mechanically
singular. Therefore, the quantum probes still see the singularity in this case. This is not true in
the case of the second approach, where we found that under reasonable assumptions we can find
quantum corrections to the geometry which resolve the singularity. This was shown by employing
both the Bohmian approach of quantum theory at the semiclassical level as well as by examining
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the probability density distribution on the superspace. Finally, in the case of the CLQG the maximal
acceleration existence provides the means to effectively remove the singularity as demonstrated
above. However, one should be cautious regarding this argument since our case provides an
indication rather than a complete proof for the general case (see the last paragraph of Section 5
as well). At the same time, the implications for an observer approaching the position of a now
resolved singularity seem catastrophic even in this quantum picture because the upper bound on
tidal forces is extremely large. Nevertheless, both of the spacetime quantization methods save the
Cosmic Censorship Hypothesis by effectively removing the singularity.
It is evident that the spacetime quantization approaches yield results contradicting the quantum
particle approach. Since these methods are based on quantum description of spacetime, one should
give them preference over the quantum particle approach where the spacetime itself is classical
and only the probes are quantum. Our results also support the argument that it is in the realm of a
quantum gravity theory where the (naked) singularities are reliably resolved. Further comparison
between these quantization methods by employing other singular spacetimes, e.g. the recently
studied Janis–Newman–Winicour solution [47], can shed more light on the singular behavior of
compact scalar field configurations and appropriateness of each approach to the quantization of a
gravitational systems.
Insight could also be provided by the use of quantum field theory on a curved background
with the inclusion of semiclassical backreaction effects. This would fit in-between the approaches
presented here, since using quantum probe field is certainly closer to a realistic scenario than
relying only on the quantum mechanical particles. On the other hand, these approaches should
be superseeded by a spacetime quantization. The presented quantum gravity approaches relied
on highly symmetric nature of the geometry under consideration and should be pursued in more
generic situations, e.g. using canonical quantization or CLQG to perform full spacetime quantization
going beyond spherically symmetric models. Even though the minisuperspace approximation does
not capture the full dynamical content of a quantum theory of gravity, since most of the degrees of
freedom are ‘‘frozen’’, it is still possible to derive essential insight for the features of the full theory
of quantum gravity. However, currently only initial tentative steps are being made in this direction
and no final answer exists.
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Appendix A. Geodesic equation
In this appendix we study the trajectory for a test particle moving on a timelike geodesic giving
us further insight into the nature of the singularity under investigation. The simplest approach is to
use the variational principle or the Euler–Lagrange equations for timelike geodesics. The Lagrangian
reduces to kinetic part for the free particle under the influence of gravity only (which is encoded
in geometry via metric) and has the following form
2L = gµν ẋµ ẋν = ṫ 2 − ṙ 2 − r 2 − χ02

(

)(

)
θ̇ 2 + sin2 θ ϕ̇ 2 ,

(A.1)

where the dot denotes a derivative with respect to the proper time τ . The Euler–Lagrange equations

∂L
d
−
µ
∂x
dτ

(

∂L
∂ ẋµ

)

=0,

(A.2)

give us two conserved quantities, namely the energy (E) and the angular momentum (l)
d

(

dτ
d
dτ

(

∂L
∂ ṫ

)

L

)

∂ ϕ̇

= 0 ⇒ ṫ = E ,
= 0 ⇒ ϕ̇ = (

r2

(A.3a)
l

)
.
− χ02 sin2 θ

(A.3b)

We consider motion in the equatorial plane θ =

π
2

. Substituting (A.3) in (A.1), we obtain

2

l
) =1.
E 2 − ṙ 2 − (
2
r − χ02

(A.4)

For a qualitative analysis of geodesics, we employ the standard effective potential method. Then we
can write the equation of the radial velocity (A.4) in the form
ṙ 2 + Veff = E 2 ,

l2
) .
Veff = 1 + (
r 2 − χ02

Fig. A.2. Plot of the effective potential Veff = 1 + (

l2

r 2 −χ02

)

(A.5)

for angular momentum l = 1 and χ0 = 1 (solid line) compared

with standard centrifugal barrier (dashed line) with respect to center shifted to position r = χ0 instead of r = 0.
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Fig. A.3. Penrose–Carter diagram of the metric ds2 = dt 2 − dr 2 − r 2 − χ02 dΩ 2 which is being studied in this paper. The
undulating line represents our singularity and the spacetime is asymptotically flat thus reaching to future J + and past
J − null infinities.

(

)

The effective potential is plotted in Fig. A.2. It is evidently repulsive and acting similarly to a
centrifugal barrier (in a flat space) and in fact its origin is similar. Compared to the centrifugal
barrier, it allows the particle to travel closer to the origin (at r = χ0 ). Note that for vanishing angular
momentum l, the radial velocity is constant so the radial particles (or observers) are traveling like
in an empty flat space with a constant velocity.
The fact that both timelike and null radial geodesics behave like in a flat space might lead
to doubts whether the divergence of curvature scalars in the vicinity of r = χ0 (see (3a)) is
accompanied by the main criterion for singularity which is geodesic incompleteness. However,
inspection of the line element (1) immediately shows that the geometry cannot be extended beyond
r = χ0 as a Lorentzian manifold since the metric signature changes there. Moreover, this point
can be reached in finite proper time
√ for radial timelike geodesic starting at finite radius r0 > χ0
(e.g. consider geodesic given by t = (r0 − χ0 )2 + 1 τ , r = −(r0 −χ0 ) τ +r0 , θ = const ., φ = const.
which terminates at r = χ0 at proper time τ = 1). The overall structure of the spacetime is captured
on the Penrose–Carter diagram shown in Fig. A.3 (adapted from [48]).
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Appendix B. Relation of area and acceleration
Since we study a pair of neighboring geodesics, we can associate to it a timelike surface swept
by the connecting vector δ (see the text before equation (51)) as we move along the radial geodesic.
Since the acceleration is not constant in our case we will consider only short interval of proper time
where it can be considered approximately constant. Moreover, since the neighboring (nonradial)
geodesic can only be expressed by formulas involving elliptic integrals of the second kind we
cannot proceed
√ analytically. Nevertheless, we can estimate the area swept by the proper distance

∫ ϕ̃ (τ )

l(τ ) ≈ 0
r 2 − χ02 dϕ between the reference radial geodesic (with ϕ = 0) and the neighboring
one (described by ϕ = ϕ̃ (τ )) over a small interval of the proper time (0, ∆τ ) using Eq. (A.3a) to get
∆τ

∫
A=

l(τ ) dτ

∆τ ≪1

≈

√

r 2 − χ02 ϕ̃ (0)∆τ + O(∆τ 2 ) .

(B.1)

0

√

Clearly the factor r 2 − χ02 (crucially appearing with opposite order of the power in the above
equation and in (52)) can be expressed using acceleration (52). Thus one can again obtain measure
of acceleration expressed by area of timelike surface and the minimal area result shown in [45] for
this kind of surface leads to an upper bound on acceleration.
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