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We present an improved metric form of the complete family of exact black hole spacetimes of algebraic
type D, including any cosmological constant. This class was found by Debever in 1971, Plebanski and
Demianski in 1976, and conveniently reformulated by Griffiths and Podolsky in 2005. In our new form
of this metric the key functions are simplified, partially factorized, and fully explicit. They depend on
seven parameters with direct physical meanings, namely m, a, [, a, e, g, A which characterize mass, Kerr-
like rotation, NUT parameter, acceleration, electric and magnetic charges of the black hole, and the
cosmological constant, respectively. Moreover, this general metric reduces directly to the familiar forms of
(possibly accelerating) Kerr-Newman—(anti—)de Sitter spacetime, charged Taub-NUT—(anti-)de Sitter
solution, or (possibly rotating and charged) C-metric with a cosmological constant by simply setting the
corresponding parameters to zero. In addition, it shows that the Plebafnski-Demianski family does not
involve accelerating NUT black holes without the Kerr-like rotation. The new improved metric also enables
us to study various physical and geometrical properties, namely the character of singularities, two black
hole and two cosmo-acceleration horizons (in a generic situation), the related ergoregions, global structure
including the Penrose conformal diagrams, parameters of cosmic strings causing the acceleration of the
black holes, their rotation, pathological regions with closed timelike curves, or thermodynamic quantities.
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I. INTRODUCTION

Black holes belong to the most remarkable predictions of
Einstein’s general relativity. Although their existence had
been doubted for many decades, it is now widely accepted
that such rotaly gravitationally collapsed “objects” indeed
exist in our Universe. Recent (and spectacular) observa-
tional proofs of this fact are the detections of gravitational
waves emitted from binary black hole coalescences,
achieved by the LIGO Scientific Collaboration-Virgo
Collaboration [1,2], and also the first direct image of a
shadow of a supermassive black hole in M87* and in
Sgr A*, obtained by the Event Horizon Telescope
Collaboration [3,4].

First exact spacetimes representing black holes were
found very soon after the final formulation of Einstein’s
field equations of general relativity in November 1915.
Namely, it is the important solution of Schwarzschild
(1916), Reissner-Nordstréom solution with an electric
charge (1916-1918), and Kottler-Weyl-Trefftz solution
with a cosmological constant A (1918-1922). These were
followed in 1960s by rotating Kerr (1963), twisting Taub-
NUT (1963) or Kerr-Newman charged black holes (1965),
and also the so called C-metric (1918, 1962), physically
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interpreted by Kinnersley-Walker (1970) as uniformly
accelerating pair of black holes.

All these fundamental exact solutions are spherically/
axially symmetric, and are of algebraic type D. In fact, they
belong to a general family of type D spacetimes with any A
and an aligned electromagnetic field. Nonaccelerating sol-
utions of this family were obtained in 1968 by Carter [5].
In the vacuum A = 0O case, they include all the particular
subclasses identified by Kinnersley [6]. Debever [7] in 1971
found a wider class of such black holes which also admit
acceleration. In 1976 a better metric representation of this
complete class of type D exact solutions to Einstein-
Maxwell equations with double-aligned non-null electro-
magnetic field and A was found in a seminal work [8] by
Plebanski and Demianski (for more details and further
references see [9,10], in particular Chap. 16).

Unfortunately, the familiar forms of the well-known
black holes were not included explicitly in the original
Plebanski-Demianski metric (specific degenerate transfor-
mations had to be applied), and the physical interpretation
of its seven free parameters was not clear. Both these
drawbacks were overcome in 2006 in the works of Griffiths
and Podolsky [11-13], see also [10], enabling easier
analysis of physical and geometrical properties of these
exact black holes.

In our recent paper [14] we demonstrated that this
Griffiths-Podolsky form of the generic black hole metric
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of type D can be further improved. This was achieved by
introducing a modified set of the mass and charge param-
eters, an appropriate conformal rescaling, and a useful
gauge choice of the twist parameter. The new improved
form of the metric is simple, fully explicit, and with
factorized metric functions. It is thus possible to investigate
and evaluate various properties of this large family of
rotating, charged, and accelerating black holes, namely
their singularities, horizons, ergoregions, infinities, cosmic
strings, or thermodynamics [14].

In such studies we restricted ourselves only to the case
A = 0. It is the purpose of the present paper to extend the
new improved coordinate representation found in [14] to
any value of the cosmological constant, thus completing
our program to improve the metric description of the full
class of Plebafski-Demianski black holes of algebraic
type D.

In Sec. II we systematically derive the new form of the
metric, with the results summarized in Sec. III. In sub-
sequent Sec. IV all the main subclasses of this large family
of type D black holes are discussed—these are obtained
by simply setting the corresponding physical parameters
A,a,l,a,e,gto zero. The second part of our paper, which
is contained in the long Sec. V, is devoted to the physical
and geometrical analysis of this class of black holes which
can be done fully explicitly using our improved form of
the generic metric. Such a study includes determining the
curvature of the gravitational field, evaluation of the
electromagnetic field, the structure and location of hori-
zons, finding the related ergoregions, analytic extension
and global structure, regularization of the symmetry axes,
properties of the possible cosmic strings or struts, their
rotation related to the NUT parameter, regions with closed
timelike curves in their vicinity, and calculation of the
entropy and temperature of the black hole and cosmo-
acceleration horizons. Final summary with further remarks
is contained in Sec. VL.

II. DERIVATION OF THE NEW FORM
OF THE METRIC

First, let us recall the convenient representation of the
complete class of Plebanski-Demianski black holes of
algebraic type D found by Griffiths and Podolsky in
2005 [11-13]. It is summarized in Eq. (16.18) of [10] as

2
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The fully explicit form of the metric (1) is thus quite
complicated because substituting (6)—(12) into (4) and (5)
gives cumbersome expressions. Another fundamental prob-
lem is the actual physical meaning of the seven parameters
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i, a,l,e,§,a, A. These have been clearly interpreted only
in special subcases when some of the other parameters were
set to zero. In such subcases, they represent mass, Kerr-like
rotation, NUT parameter, electric charge, magnetic
charge, acceleration, and cosmological constant, respec-
tively. Their meaning in a completely general situation is
still an open problem. Moreover, there is an additional
(auxiliary) twist parameter . In previous works [11-13] it
was argued that  is related both to a and [, and in some
cases can be scaled appropriately using the remaining
coordinate freedom. A satisfactory insight into all these
problems is still missing. It is the aim of the present work to
clarify such issues. We achieve this by presenting a new
compact, explicit and considerably simplified form of the
Plebanski-Demianski metric, namely (47)—(51), for a com-
plete family of black holes.

The first step in improving the form of the spacetime is to
introduce a new set of the mass and charge parameters m,
e, g. Following our previous paper [14], we define them as

mESrh—aé(az—lz—f—ez—i—gz),

e = Se?,

g =57, (13)
where S is a specific scaling constant

a2 _ 12
= ok (14)

a 2

Notice that
(@k4+E+F) =S -P+ e+, (15
which is a much simpler expression than (12).

In terms of these new parameters m, e, g, the coefficients
(6)—(9) take the form,

[ 4 .
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The key metric functions (4), (5) thus nicely simplify to
P(9) = S~'P(0), Q(r) = S71Q(r), (20)

where

1. 1-
PO) =1 —2<—m—§ASl>(l+acos€) + <a—2(a2 P4t + ) +§AS>(l+acost9)2, (21)

w [0

[0

0) 3 0)

_ 1.
o(r) = [r2—2mr+(a2—l2+ez+gz)]<l —l—aa lr) (1 —aa+lr) ——ASPr? {r2+2ai(a2—lz)r+(a2+3l2) .

With (20), the metric (1) now reads

2 = 5 (—Lg2ar - (asin®@ + 4lsin* 1 0)d ’
o2 ,02 2949

2 2
P 2 P m

d do
+ r +

+ EzsinzeS_z[adt —(rP+(a+ l)z)dga]z). (23)
p

Recall that it is a solution to the Einstein-Maxwell field
equations with a cosmological constant A.

As the second step, we now rescale the coordinates t and
@ by a constant scaling factor S # 0. (This is possible

(22)

because their ranges have not yet been specified.) In other
words, we perform the transformation,

t — St, @ — So, (24)

which completely removes all the constants S from the
conformally related metric,

ds? = §71d32, (25)

that is
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Since the energy-momentum tensor of the Maxwell field

4nT sy = F 4o F¢ = 3 gupF qoF°? in four dimensions is trace-
|
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As the third step, it remains to fix the auxiliary twist
parameter ®, coupled with both the Kerr-like rotation a
and the NUT parameter /. It was found in [15] and
conveniently employed in [14,16,17] that the most suitable
gauge choice of this twist parameter is

a? + 2
a

. (30)

so that
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a

In fact, for a generic class of black holes the metric
functions P and Q can be further simplified. To this end, let
us define convenient parameters u, 4, and A (representing
the “modified” mass, cosmological constant, and acceler-
ation, respectively) as

Ala2+12

=m-21 = , 35
p=m—2AA 3 0 (35)
A(a® + B)?
= Ea (36)
aal
57a2+12. (37)

A
l)(l—l—acos@) + (m(az—l2 +e?+¢%) —|—§> (I +acos®)?,

free, Einstein’s equations read R,, = Ag,;, + 82T, and
the Ricci scalar is R = 4A. Under the constant conformal
rescaling (25) of the metric, the Ricci tensor is invariant:
Gap=S"'3, implies R, = R,, and R = RS. Consequently,
the new metric (26) is a solution to the Einstein-Maxwell
field equations with a cosmological constant A, provided
F ab = F ab \/E

A=AS, (27)

The corresponding metric functions (21), (22) are thus

A
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a+l Aols Loy » 2 2
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(29)
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. 31
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Substituting these expressions into (2), (28) and (29), we
obtain the explicit functions Q, P and Q, namely

aa

g:1_mr(l+acosﬁ), (32)
(33)

a+l1 a’-I
_aamr> A [r2+2aala2+lzr+(a2+3lz) . (34)

[
Moreover, we introduce a pair of special constants r,, and
ra- by

e =pE PP —d (38)
From these definitions it immediately follows that
aa aa A
Frp et ) —2<az—+zzm‘§l>’
a’a? a’a? A
mrA+rA_ :m(az —12+€2+92) +§,
(39)
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so that (33) can be reexpressed as

aa
a+ 2

aa

P(§) = (1 — 2 (I+acos 9)) (1 — el acose)>. (40)

The metric function P(6) is thus nicely factorized.

Using (35)—(38), the expression (34) for the metric function Q(r) is also simplified to

_ 2.2
o(r) = [r2—2,ur—|—(a2—lz+e'2—|—gz—|—/1)}<l—l—aa—lﬂr> (1 —aa;—iizr) —l{l—l—%r“]. (41)

a® +

a?+ 2

In the cases when p? + I> > a® + €® + ¢* + A, the definition (38) yields two real distinct constants ry, and r_, and (41)

takes the form,

a—1[

O(r) = (r—ray)(r—ra_) (1 + aam

Interestingly, when A =0, the constants r,. defined
by (38) reduce to

riEm:I:\/mz—l—lz—az—ez—gz. (43)

These parameters then identify (independently of the
acceleration «a) the two black hole horizons because
they are also the roots of the metric functions Q(r) given
by (42), cf. [14].

Finally, although the unique scaling constant S defined
by (14) does not enter the final form of the metric (26)
with (32)—(34), it may be useful to present its explicit form
in terms of the new parameters. Substitution from (13)
into (11) with A = AS yields the relation,

_ ! 2 12 2 2 2 2 2
Sfl—mgm+a;ﬂa—l+e+ﬁ)+AL (44)
that is, using (30), (37)—(39),

S=(1-Ary)(1 = Arp). (45)

The rescaling transformation (25) thus actually removes
two coordinate singularities hidden in the expression (45) at
Arp. = 1. This fact was already observed for the A =0
case in our previous article [14].

Moreover, it can be seen that S =1 whenever
Arany = 0= Ar,_. For A =0, this happens if =0 or
a=0ora=0,in which cases m =m, e =2, g= 3.

For A # 0, the value of the scaling factor is generically
S # 1. In the case [ = 0 it follows from (44) that S = 1, but
in the case [ #0 we get S=1+ Al%> even if a =0 or

A 4
r l—aamr —E rt 4+

a+l (%+FV}

g (42)

a = 0. Generally, S =1 only for a special value of the
cosmological constant,

aa {2@ aa

:a2+12 l_a2+lz(a2_l2+ez+gz):|' (46)

III. SUMMARY OF THE NEW FORM OF A
GENERIC BLACK HOLE

It is now useful to summarize our new metric representa-
tion of the complete family of black holes contained in the
class of Plebanski-Demianski spacetimes [8]. Recall that
such spacetimes are the most general exact solutions to
Einstein-Maxwell equations of algebraic type D with dou-
ble-aligned non-null electromagnetic field (see Chap. 16
of the monograph [10] for the recent review and number of
related references).

The new metric form, which improves the previous
representation found by Griffiths and Podolsky [11-13],
reads

ds? = Lz (—% {dt — (asin®@ + 4lsin? %Q)dgo} ’ + p—2dr2
L\ p )

2
P P .
+ Fd92 + ?smze[adt —(rr+(a+ 1)2)dgo]2> :

@)
where
Q=1 -aza—j’lzr(wacosa), (48)
p>=r*+ (I +acosh)?, (49)
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aa A a’a? s n 5 n A 5
P(G)1—2<mm—§l>(1+acosﬁ)+(m(a —l +e +g)+§>(l+acosﬁ), (50)
a—1 a+l A a*—1?
Q(r):[r2—2mr+(a2—lz+62+gz)]<1+aaaz—+lzr) (1—aamr> —gl’z [r2+2aala2+lzr+(a2+3lz) . (51)

The spacetime depends on seven physical parameters,
namely

moo.... mass parameter,

a ... Kerr-like rotation,

[ ..... NUT parameter,

e ..... electriccharge,

g e magnetic charge,

a acceleration,

AL cosmological constant.

(1 —Clzai_;}ller+(l+acosﬁ)> (1

P(0)

00) = =)= ra) (1 +aa 5 ) (3

using the two specific constants,

rAiEy:I:\/,uz—i-lz—az—ez—gz—/l, (54)
where
A a*+ I A(a® + 1)
p=m 3 aa 3 aca? (53)

This is possible provided y? + 1> > a*> + > + ¢* + 1, in
which case the expressions (54) yield two distinct real
constants (or a double root of P given by rp, = ry_ = pin
the specific situation when p? + I> = a® + e* + ¢> + A).
The new form of the metric (47)—(51) nicely represents the
complete family of type D black holes. Moreover, it naturally
generalizes the standard forms of the most important black

This metric is compact and fully explicit, and the
ambiguous twist parameter @ has been removed by its
most convenient choice. Moreover, the standard forms of
famous black hole spacetimes—namely Kerr-Newman—
(A)dS, charged Taub-NUT—(A)dS, their accelerated ver-
sions, and others—can easily be obtained as direct subcases
of (47)—(51) by setting the corresponding physical param-
eters to zero.

When A =0, both metric functions P and Q are
factorized, see [14] for more details. With A # O this
cannot be in general achieved. However, it is possible to
explicitly factorize the function P and compactify the
function Q as

_ azaijlzr,\_(l + acos 6)), (52)
a+1 A (a® + P)?
—aaMr)—3[r4+Olzaz s (53)

hole solutions, with two black hole horizons (outer and
inner) and two cosmological/acceleration horizons.

IV. THE MAIN SUBCLASSES OF TYPE D
BLACK HOLES

These are easily obtained by setting the appropriate
physical parameters to zero, as follows.

A. Black holes in flat universe
(A=0: No cosmological constant)

In the case A =0, we get y =m and A =0. When
m? + 1> > a*> + e> + ¢ (which guarantees that two dis-
tinct roots r, and r_ exist) the metric functions (52), (53)
thus take the form,

P(0) = <1 —azai_'c_llzr+(l+ acos6’)> <1 —azaijlzr_(l%— acos&)), (56)
Q(’”)Z(i’—"+)(r—r_)(1+aa£—;i2r> <1—aaac21—j_§2r>, (57)
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where

rism:t\/mz—l—lz—az—ez—gz, (58)

cf. (43). The constants r, and r_ now directly identify
(independently of the acceleration a) the two black hole
horizons because they are also the roots of the metric
functions Q(r) given by (57). This large family of black
holes was thoroughly analyzed in our previous work [14],
and it is not necessary to repeat all the arguments and
results here.

B. Kerr-Newman-NUT—(anti-)de Sitter black holes
(a¢=0: No acceleration)

By setting the acceleration parameter a to zero, the
metric function (48) reduces to Q = 1, while (49) remains
the same. Concerning the functions P and Q given by (52)
and (53), respectively, one has to be more careful in
evaluating the limits of the terms aar,,. because the
acceleration @ — 0 appears also in the denominator of
the parameters y and 4, defined by (55), which enter r, ;. In
this case it is more convenient to directly set @ = 0 in the
most general forms of these metric functions (50) and (51).
In any case, we obtain the metric,

0 2 p?
ds? = —= |dr — (asin®6 + 4lsin* 1 0)dep | +—dr?
P 0
P’ o P 2 2 2
+Fd6 + —5sin*@ladt — (> + (a + 1)*)dg]*,
p
(59)
where
p* =r*+ (I + acos ). (60)
A A ,
PO) =1 +2§l(l+ acos6) +§(l+acos9) , (61)
o(ry=r*=2mr+ (a®> - P +e*+¢%)
A
—§r2(r2 +a?+30P). (62)

This result is the same as the limit & — 0 of the metric
functions (52) and (53). Indeed,

. aa A AN2 A
il_l;l(l)mr/\i:—glj: (-l) ——ELi, (63)

hl’%Al’Ai = lLi, (64)

so that

A A
L, +L_=-2—1, L, L_ =—. (65)
3 3
Thus lim,_oP(0)=(1—-L, (I+acosd))(1—L_(I+acos0))
gives (61), which can be rewritten as

4 1
PO) = (1 4+ AP) + gAal cos @ + g/\azcosz@. (66)

In a similar way, the limit of (53) using (39) yields (62).
Moreover, in the limit of vanishing acceleration the scaling
factor (45), using (64) and (65), becomes

lir%S =1+ AL, (67)

We must emphasize that the forms (66) and (62) of
the metric functions P(0) and Q(r) are different from
the analogous metric functions for the Kerr-Newman-
NUT—(anti-)de Sitter black holes as given by Eq. (16.23)
in [10]. In fact, they are equivalent reparametrization of
this solution. Indeed, we have to take into account the
nontrivial scaling (20), that is
PO)=57"P©O).,  Q(r)=S5"0(r).  (68)

where § is the constant (67). Straightforward calculation

using the relations (13), (27) between the physical param-
eters then yields

4 |-
PO) =1+ §A alcos+ §Aa200s2«9, (69)

Qr)=(a> =P +& +g) = 2mr+r*

- 1 1
- A[(a2 -+ <§(12 + 212> rr+ §r4] , (70)

which is exactly the form of the metric functions given by
Eq. (16.23) in [10].

All famous subcases of this general family of (nonaccel-
erating) Kerr-Newman-NUT-(anti-)de Sitter black holes,
expressed now in a compact way by the metric (59) with
(60)—(62) [or (66), equivalent to (61)], are readily obtained.
These are the black hole solutions of Kerr-Newman-(anti—)de
Sitter (I = 0), charged Taub-NUT-(anti—)de Sitter (a = 0),

Kerr-(anti-)de Sitter (I =0, e=0=g), Reissner-
Nordstrom-(anti—)de ~ Sitter (@ =0, [=0), and
Schwarzschild-(anti-)de ~ Sitter (¢ =0, [=0, and

e = 0 = g). Of course, by setting A = 0, the corresponding
black holes in asymptotically flat universe are obtained (the
same as in Sec. IVA).

C. Accelerating Kerr-Newman-(anti-)de Sitter
black holes (I=0: No NUT)

Without the NUT parameter [/, the new metric (47)
reduces to
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1 2
ds? = o (—/% [df — asin’0dg]* + %drz
P p
+ 75 407 + 5 sin0lads — (r* + az)d(pF), (71)
P
where
Q=1-ar cosb, (72)
p* = r* + a*cos’ 0, (73)
P(0) = (1 —ary,cos@)(1 —ary_cosh), (74)

O(r) = (r—ra)(r=ra)(1 +ar)(1 —ar)
—%( 4+%>, (75)

where the specific constants r, are now simplified to

Aa?

rAiEm:I:\/mz—az—ez—gz—g—z. (76)
a

The metric functions P(#) and Q(r) can be equivalently
rewritten as

A
P(6) =1 —2am cos6 + {0:2(012 +e*+ ¢?) +§a2 cos20),

(1)
Q(r) = [r* =2mr + (a®> + & + ¢)](1 + ar)(1 — ar)

A
-3 r[r? + a?]. (78)

In this explicit form we easily obtain all possible
subcases by simply setting the corresponding physical
parameters to zero. For vanishing acceleration (a = 0),
the metric of the Kerr-Newman-(anti—)de Sitter black hole
solution is recovered, which then yields the standard form
of the Kerr-Newman solution in the Boyer-Lindquist
coordinates in the case of vanishing cosmological constant
(A = 0). Contrarily, by setting A = 0O first, we obtain the
general metric of accelerating Kerr-Newman black holes.
For vanishing charges (¢ = 0 = g), it is equivalent to the
rotating C-metric, first identified by Hong and Teo [18].

D. Charged Taub-NUT-(anti—)de Sitter black holes
(@a=0: No rotation)

By setting the Kerr-like rotation parameter a to zero,
the new metric (47) considerably simplifies and becomes
independent of the acceleration a [because the metric
functions (48)—(53) depend on « only via the product aa].
Indeed, Q =1 and P = 1 + A2, so that

2
ds? = —% (dt — 4lsin? L 0dg)? + 2 dr?

p 0

d92 2\ «in2 2
m + (1 + Al*) sin* 6de~ |, (79)

[38)

+p

where
A
o(r) =1 =AP)? =2mr+ (e + > - ) - §r4, (80)

PP =rr+ 2 (81)

This explicitly demonstrates that there is no accelerating
“purely” NUT-(anti—)de Sitter black hole in the Plebariski-
Demiariski family of spacetimes.

For A =0, this observation was made already in the
original works [11-13], and recently clarified in [19]. It was
proven that the metric for accelerating (nonrotating) black
holes with purely NUT parameter—which was found by
Chng et al. [20] in 2006 and analyzed in detail in [19]—is
of algebraic type 1. Therefore, it cannot be contained in the
Plebanski-Demianski class which is of type D. We have just
shown that the same is true also in the case of a non-
vanishing cosmological constant A.

It should again be emphasized that the metric
function (80) for Q(r) is different from the analogous
metric function for the charged Taub-NUT-(anti—)de Sitter
black hole as given by Eq. (12.19) in [10]. Actually, it is
simpler. Such a difference is caused by the nontrivial
rescaling S = 1 + Al%; see (67), (68). Considering the
relations (13), (20) and (27), we get

PO) = 1, (82)

Q(r) = =0 =2mr+e*+ 7 —A(%r“ + 20242 — l4>,
(83)

which is the expression (70) for a = 0, exactly the same as
the metric function presented in Eq. (12.19) of [10] for the
case € = +1 (with g = 0).

It will be shown below that the charged Taub-NUT-
(anti—)de Sitter spacetime (79) is nonsingular (its curvature
does not diverge at r = 0), away from the axis 6 =z
(where the rotating cosmic string is located) it is asymp-
totically (anti—)de Sitter, and the interior of the black hole is
located between its two horizons, that can be surrounded by
two “outer” cosmological horizons.

E. Uncharged accelerating Kerr-NUT-(anti-)de Sitter
black holes (e=0=g : Vacuum with A)

Another nice feature of our new metric (47)—(53) is that
it has the same form for vacuum spacetimes without the
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electromagnetic field. Indeed, the electric and magnetic
charges e and g, which generate the electromagnetic field,
enter only the expressions for ryy introduced in (54).
In other words, ¢ and g just change the values of these
two constant parameters. In such a vacuum case, they
simplify to

Far =pEA 2+ P —-a® - (84)

The metric (47)—(53) with (84) represents the full class of
accelerating Kerr-NUT-(anti—)de Sitter black holes. It
reduces to accelerating Kerr-(anti-)de Sitter black hole
when [ =0, and nonaccelerating Kerr-NUT-(anti—)de
Sitter black hole when a =0. For a =0 it simplifies
directly to the Taub-NUT-(anti—)de Sitter black hole (79)
without acceleration and charges.

|

V. PHYSICAL ANALYSIS OF THE NEW METRIC

The explicit new metric form (47)-(53) [or, more
generally, (50)—(51)] of the complete class of accelerating
Kerr-Newman-NUT-(anti—)de Sitter black holes is very
convenient for investigation of geometric and physical
properties of this large family of black holes. This will
now be demonstrated by deriving and presenting some of
the key quantities and facts, namely those concerning the
global structure of the spacetime, the stringy sources of the
acceleration, and thermodynamic properties.

A. Curvature of the gravitational field
and the electromagnetic field

First, it is necessary to determine the gravitational field,
namely the specific curvature of the geometry. It is encoded
in the corresponding Newman-Penrose (NP) scalars, that is,
components of the curvature tensors with respect to the null
tetrad. Its most natural choice is

-2 % (P +(a+ 1709, + ad,) + /09|
tort Lo ,
1= \/_p:\@((r + (a+1)?)9, +ad,) fa,],
\}_g; \/I_Jlsine<a(ﬂ+(asm29+4lsm210) >+1\/_69} (85)

A direct calculation shows that the only nontrivial Newman-Penrose scalars corresponding to the Weyl tensor and the

Ricci tensor are

Q3 a’ -2 A
Y, = ) —i=Il(a® -1
2T il + acosO)P [ (m+l)< ~ laa +l2) i3lla”=1)
(€ +¢°) aa :
1 0 +il(l 0 , 86
r—i(l+acos0) —&-az_'_lz[arcos +illi+acos0)] (86)
1 Q“
®) = E(e +9) = (87)
Pt
|
respectively, where dependence of ¥, on the cosmological constant thus
disappears if (and only if) / =0 or [ = +a.
oO—1- aa r(l + acos) For an invariant identification of curvature singularities
a’+ I and regions which asymptotically become conformally flat,
PP =rr+ (I + acos 9)2, (88) it is necessary to evaluate the key (second-order) scalar

cf. (48), (49). The Ricci scalar is simply
R = 4A, (89)

which is the usual relation valid for any solution of Einstein-
Maxwell equations with a cosmological constant A. While
@, is independent of A, the Weyl curvature component
¥, contains the term proportional to Al(a*> —I?). The

invariants, namely the Kretschmann invariant K and the
Weyl invariant C,

K= RabcdRadev (90)
C= Cabcdcabcd‘ (91)

This can be conveniently achieved in the NP formalism.
Indeed, it is well known that
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u}n C*abcd _ 32(‘}‘0‘{’4 —4¥ \P3 + 31{’2) (92)

in which C}, , = Cypeq +1C3,,. 4 Where C7, ,; is the dual
tensor to Weyl, C7, ., = %ecdefCZJ;. Since C;,,,C~c =
—CopeaCP,  we  get  CppegCd +iCy,,,C74 =
1Ch, Ccds see eg. [9], or Eq. (17) in [21].

abed
Therefore, the Weyl invariant is

C =16 Re(WoW, — 4%, W5 + 392). (93)

From the definition of the Weyl tensor it follows that the
Kretschmann invariant reads

K =C+2R,,RY — %R{ (94)
where R = 4A, while R,,R* can be expressed as’
éRabRab = @Dy, + Py Py — 2(Pg; Py + Py Py5)

+ 203, + L) (95)

32

For the black hole spacetimes (47)—(53), which are of
algebraic type D, the only nontrivial NP scalars are ¥, and
@, as given by (86) and (87), respectively. Therefore, the
corresponding scalar curvature invariants are

C =48Re(¥3), (96)
K =C+ 3207, +§A2. (97)

Interestingly the Weyl invariant takes the explicit factorized
form,

526
C=48—7F7C.C_, (98)
P
where
a2—12 Lo,
Ci_ Fi:I:aa 12 :Fl 1+§A(a —l) F;
a2—12+e +g
”“M“>
—(€2+92><1+ 2+l rL)Ti, (99)

in which Fy=(rFL)(r*+4rL + L?),
2rL — L?), and L = [ + acos®.

Ti :(I”Z:I:

"There are nine independent (real) quantities encoded in the
complex NP scalars ®,5; = ®p,4. Due to their usual definition,
the projections on the null tetrad (85) of the Ricci tensor R, and
of the related traceless Ricci tensor S,;, = R, — %Rgub give the
same results. The additional tenth independent component of R,
is given by j—‘Rgah containing the Ricci scalar R, so that R, R
also involves the term 1= R%g,,g*" = { R*.

This is a generalization of the previously known expres-
sions for the Kerr-Newman geometry; see [21,22] and
elsewhere, in which case A,l,g,a =0 so that Q =1,
pPP=r*+a*cos’d, and C.=m(rF acosf)(r’+
darcos O + a* cos 0) — e*(r? & 2ar cos @ — a® cos? 6).

The spacetime also contains electromagnetic field
represented by the Maxwell tensor F,,, forming a
2-form F =1F,dx? A dx”? =dA. Its 1-form potential
A =A,dx% is

A=—\/®+F— {dl — (asin?6 + 4Isin* $0)de | .
p*

(100)

Therefore, the nonzero components of F,;, = A, —A.p
are

Fo=—\/e®+ @p~*(r* = (I + acos 6)?),

F,, = —F(asin’0 + 41sin* 1 0),
Fp=2av\/e* + g*p~*rsinO(l + acos ),
F,o=-2\/e* + ¢*p~*rsinO(l + acos 0)(r?

The corresponding Newman-Penrose scalars are @y =
Fabk“mb = 0, (I)z = Fabm“lb 0 and

e+ gt Q?

(r+i(l+acos))*’

+(a+1)?).
(101)

1
®, EEFab(kalb-l-ﬁ’lamb) = (102)

It follows that ®,®, = 2®,,, in fully agreement with (87).
The electromagnetic field thus vanishes if (and only
if)e=0=g.

Since the only nontrivial NP Weyl scalar is ¥,, both
vectors k and 1 are principal null directions (PNDs). In
fact, both are double-degenerate, demonstrating that the
gravitational field is of algebraic type D. The electromag-
netic field is non-null, and double-aligned with these PNDs
because the only nonzero NP Maxwell scalar is ®;.

Moreover, by evaluating the spin coefficients for the null
tetrad (85) one obtains

k=v=0, c=1=0,
VO aa
Q=4 \/.p 1+i +l(—i—acos)
x (r=i(l + acos®)),
Psind
r:n:—a\/_zzlf<1—iazajl2r2>(r—i(l+acosﬁ)).

(103)
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Also @ = f and € = y are nonzero, but we do not write
them here due to their complexity.

Both double-degenerate PNDs generated by k and 1 (85)
are thus geodetic (k = 0 = v) and shear-free (c = 0 = A).
However, they have expansion © and twist w defined,
respectively, by the real and imaginary parts of
0= —(@ + ia)) = u, namely

VO
0= V3 (r + azaj 2 (I+ acos 9)3), (104)
B _Q\/Q
®= T (I+ acos9). (105)

It is now immediately seen from (105) that
(i) The black-hole spacetime is everywhere nontwisting
if (and only if)
a=0=1 (106)
In addition, on the horizons identified by Q(r) =0
(see below) both the expansion and the twist always
vanish (@ = 0 = w).
By inspecting the NP scalars (86)—(89) and (102),
it is also obvious that
(i1) The curvature singularities occur if (and only if)
r=0 and at the same time /+acosd=0. (107)
Indeed, both these conditions must be satisfied to
have r+i(l 4+ acos @) = 0. With its complex con-
jugate, this implies
pP=r’+ (I+acosh)? =0. (108)
This agrees with the Weyl scalar (98).
(iii) The region of a generic spacetime is conformally flat
if (and only if)
Q=0. (109)
With this condition, the spacetime is also locally
vacuum, cf. (87), with a cosmological constant A.
The condition Q = 0 thus localizes the asymptotic
(anti-)de Sitter/Minkowski conformal infinity.

(iv) Inthe case whenm = 0 = [ and also e = 0 = g then
\Pz =0= (I)ll, so that

the space time is everywhere

conformally flat and vacuum. (110)
The metric (47)-(55) then represents de Sitter
spacetime (for A > 0), anti-de Sitter spacetime
(for A < 0), and Minkowski spacetime (for A = 0).

Curvature of the subclasses of type D black holes,
summarized in Sec. IV, are easily obtained from the general
expression (86) by setting up the corresponding physical
parameters to zero:

(i) Kerr-Newman-NUT-(anti—)de Sitter (¢« = 0 : No ac-

celeration)
Lp ! i1 142 A (@ = 2)
> Ir+i(l+acos6)? 30
2, 2
ety | (111)
r—i(l+acos0)

(i) Accelerating Kerr-Newman-(anti—)de Sitter (/ =0:
No NUT)

(1 —arcos)? .
" (] =
(r +iacos 6)* m(l —iaa)
1+ arcos@
r—iacos@ |’

¥

+ (e + &%) (112)

(iii) Charged Taub-NUT-(anti-)de Sitter (¢ =0: No
rotation)
m+il(1 — %Alz)
(r+il)?

e? +92
(r* + P)(r+il)*’
(113)

) =

Observe that the cosmological constant A appears
in the Weyl curvature scalar ¥, only if the NUT
parameter / is also present.

These expressions further simplify if some of the
remaining parameters are zero. In particular, the curvature
of Kerr-Newman-(anti—)de Sitter black hole is obtained
from (111) if / = 0. The curvature for generalized C-metric
with A (accelerating charged black holes without rotation)
are obtained from (112) when a = 0. The curvature of
Reissner-Nordstrom-(anti—)de Sitter black hole follows
from (113) when [ = 0. The uncharged (vacuum) black
holes are obtained for e =0 = g.

B. Horizons

Next step is the investigation of horizons of the black
hole metric (47), namely their number, possible degener-
ation, and location. It is immediately seen that the “radial”
coordinate r is spatial in the regions where Q(r) > 0, while
it is a temporal coordinate where Q(r) < 0. These regions
are separated by horizons ‘H located at r;, such that

Q(ry) =0, (114)
where the key metric function Q(r) is explicitly given by
expression (51). In the particular “under-extreme” case
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W+ 12 > a*+e* + g + A, the alternative form of this
function (53) with r,, # ry_ can be used.

These observations are in accordance with the behaviour
of the determinant of the metric (47) constrained on a
constant r which, due to the identity p*> = r*> + (a + [)>—
a(asin® 0 + 4lsin?10), is simply

2
det(gu |, —cons) = — % Osin?0. (115)
Such a 3-surface is thus timelike when Q > 0, while it is
spacelike when Q < 0. On any horizon the determinant
vanishes (degenerates) due to (114).

Moreover, the determinant of the complete metric (47)
reads det g,, = —Q®p*sin?6. This indicates nonregularity
only at Q=0 (conformal infinity), p =0 (curvature
singularity), Q =0 (horizons), and 6 =0 or ==
(poles/axes with possible cosmic strings).

Since the function Q(r) does not directly enter the Weyl
scalar (86) or the Ricci scalar (87)—and thus the invariants
C and K given by (96) and (97)—there is no curvature/

To analyze the number, possible degeneration, and
location of the horizons, it is thus necessary to find all
root of the equation (114). Because the function (51) is a
polynomial of the fourth order, it admits up to four real
roots. In the generic black hole spacetime (47) there is thus
four possible horizons H. We can call and denote them as
follows:

(i) two black hole horizons Hj located at ry,

(i) two cosmo-acceleration horizons H located at r.

While the terminology black hole horizon is common
and standard, we hereby introduce a new name cosmo-
acceleration horizon which combines the usual names for
cosmological and for acceleration horizons. These are
mutually combined in this family of spacetimes due to
the presence of both the acceleration o and the cosmo-
logical constant A.

Let us now analyze these horizons explicitly. The generic
key metric function Q(r) is the quartic polynomial of r,
namely

. . = gqur* 3 2 , 116
physical obstacle located at any of the horizons r,. Explicit Q(r) =aqur' + a5 + qor” + 17 + 4o (116)
extension of the coordinate system across the horizons H
will be presented in Sec. VFE where the coefficients are
a> - I A
=—-a‘a ,
% (@+P7"3
5 a’ -1 l a’? -1 A
= 2aa|aam - - —,
0 (@+P? >+ &@+P3
2, @l 2_p 2 2 A
q2=1+4aam2 12 am(a —l +€ —|—gz)—(a +3l)§,
l
g, = —2m — 2aa— e (@*> =P+ e* + ¢),
qgo=a>—1+ e+ ¢ (117)
I
The quartic equation Q(r) =0 can have from zero to case [ = 0, this condition is simply a* = —A/3, i.e.,

maximally four explicit real roots r; corresponding to the
horizons. In particular, we may observe that
(i) Maximally four horizons is the general case which
will be discussed in detail in subsequent Sec. V C.
Some of the roots of (114) may coincide, resulting
in degenerate horizons (doubly, triply, or even
quadruply).
(i) Maximally three horizons occur in spacetimes with
the physical parameters related in such a way that
g4 = 0, that is for

A_ 2 5 at -

- —a 118
37 Y @y py (118)

For these black hole spacetimes the metric function
Q(r) reduces to a cubic function. Notice that in the

a specific relation between the acceleration of the
(rotating and charged) black hole and the negative
cosmological constant (while the complementary
case a = 0 requires A = 0). Further analysis of this
case will be presented in our subsequent paper.

(iii) Maximally two horizons occur in spacetimes with
such parameters that—in addition to the condition
(118)—also the second coefficient in (116) vanishes,
g3 =0, that is for aa = 0 = A =0, or for

a’+ I a* -1
aam = l(a2 5" a*a? ey 12>. (119)

Equation (114) is then a quadratic equation
g>r* + q,r + qo = 0, from which both horizons
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rj, can be easily calculated. If g7 — 4¢,q, = 0, these
two horizons coincide (it is double degenerate), and
for g3 —4g,qy < 0 there is no horizon.

(iv) Maximally one horizon occurs when both the con-
straints (118) and (119) are satisfied, and moreover
g, = 0, that is

24 2\2
+1
a*d?(e* + &) = (a® + 31) (a2 12) . (120)
The single horizon is then located at

90 1 2 o ) (a2 - 12>3
=-——=— 31 — .
T q1 4aal (a ol taa (a* + 1?)?

(121)

For g; = 0 there is no horizon.

These three conditions (118), (119), and (120) character-
ize very special black hole spacetimes in which the physical
parameters A, m, and e? + ¢*> have particular values in
terms of the Kerr-like rotational parameter a, NUT param-
eter /, and acceleration a.

It is a usual procedure that the general quartic equation
(114), (116) can be solved by first dividing it by a nonzero
prefactor g, and then performing the substitution,

_as

, 122
4q, ( )

r=x

leading to the depressed (reduced) quartic equation with-
out the cubic term,

N , R

iQ(x)—x“—l-Squ - s =0 (123)
where N = —q,, the coefficients are
N = 84495 — 3¢5, (124)
R=38q3q1 — 4449392 + 43, (125)

S =256¢3q — 64¢2q3q1 + 1644634, — 3¢%,  (126)

and the constants ¢; are explicitly defined by (117).
Moreover, the discriminant A of the general quartic
polynomial (116) is

A =256q3q5 — 19293939195 — 128434545 + 14443924740
~ 274391 + 14444439295 — 644939190
— 809493959190 + 1844939247 + 16449540
— 4449397 — 274395 + 1843929190 — 44347

— 43590+ BB (127)

This is simply related to the discriminant of the depressed
quartic function (123) via

— 6
A= N Adepressed7

so that the signs of A and Agepresseq @re the same.

In terms of these key quantities A, N, § and R, a
complete analysis and a full description of the number and
the possible multiplicity of roots can now be performed.
Following [23], we can summarize that

For A > 0:

The metric function Q(r) has either four distinct real
roots, or none, and that depends on:

(i) If N < 0and N? > S then all four roots are real and

distinct.

(i) If N <0 and N? < S then there are two pairs of

complex conjugate nonreal roots.

(iii) If N > O then there are also two pairs of complex

conjugate nonreal roots.

For A < 0:

The function Q(r) has two distinct real roots and two
complex conjugate nonreal roots.

For A = 0:

This is the only case when the metric function Q(r) has
at least one multiple root.

The different cases that can occur are

(1) If N < 0 together with

(a) N? < S: there is one real double root and two
complex conjugate roots.

(b) N> = S: there are two distinct real double
roofts.

(c) N> > S and N?> > —38: there is one real double
root and two distinct simple real roots.

(d) N? = =38: there is one real triple root and one
distinct simple real root.

(2) If N > 0 together with

(a) S = 0: there is one real double root and two
complex conjugate roots.

(b) S > 0 and R # O: there is also one real double
root and two complex conjugate roots.

(c) S = N?and R = 0: there are only two complex
conjugate double roots.

(3) If N =0 together with

(@) S > 0: there is one real double root and two
complex conjugate roots.
(b) §S=0 (implying R = 0): there is one real
quadruple root x = 0, that is r;, = —4%.
This exhausts all the possibilities.

C. The case with two black hole and two
cosmo-acceleration horizons

We will now concentrate on physically most interesting
case in which there are four distinct real roots. This may
appear only in the case when ¢, # 0 (otherwise there are
maximally three horizons), i.e., when the cosmological

084034-13



JIRI PODOLSKY and ADAM VRATNY

PHYS. REV. D 107, 084034 (2023)

constant A is not “finely tuned” to acceleration a and the
two twist parameters a and [, that is for

A 5 3 a* -

3 # —a‘a v (128)
In particular, we can observe that for A = 0 there are no
nonaccelerating or nonrotating black holes (xa = 0) with
four horizons.

In such generic black hole spacetimes there are two black
hole horizons H;; and H; and also two cosmo-acceleration
horizons H} and ‘H;. With the assumption that they are
generically distinct, we can rewrite the key metric function
Q(r) given by (116), (117) in a factorized form as

Q(r) = =N(r—ry)(r=r))(r=rf)(r—r7). (129)
where N = —q, reads
2_p
N=ga-t =t A (130)

(a* + I?)? +§’

while the four roots rl‘:, ry, re, re localize the four distinct
horizons, namely

H; at r} isthe outer black hole horizon, (131)
H,, at r;, istheinner black hole horizon, (132)
H} at rf isthe outer cosmo-acceleration horizon, (133)
H at r; istheinner cosmo-acceleration horizon. (134)

In view of the classification scheme summarized above,
this occurs if (and only if)

A>0 and N<O and N?>>S. (135)
Moreover, we can assume a natural ordering of these
horizons as

re <ry <rf<rt, (136)
so that the cosmological horizons are located “outside” the
black hole horizons. Because Q(r) < 0 forall r > r{ when
N >0, such an ordering guarantees that these four
horizons separate the corresponding five regions of the

spacetime in such a way that they are, symbolically
expressed,

time-dependent < stationary < time-dependent

< stationary < time-dependent. (137)

It means, for example, that in the whole range r € (rj, ri),
the coordinate r is spatial. Therefore, the region between
the outer black hole horizon H; and the outer cosmo-
acceleration horizon H; is stationary.

The natural ordering (136) implying (137) is present for
a large range of values of the cosmological constant A,
including A = 0. In fact, it is a straightforward generali-
zation of the ordering of two black hole horizons and two
acceleration horizons in the family of type D black holes
spacetimes without the cosmological constant; see Eq. (80)
in our previous paper [14]. The ordering (137) depends on
the constraint N/ > 0 which, using (130), reads

& +A>0
(a*>+1P)* 3 '

2
a —_—
(12(12

(138)

In the A =0 case, this condition reduces simply to
]| < |a|, while in the case [ = 0 it is

A
3>~ (139)

Notice also that for |/| > |a| only (a sufficiently large) A >0
is admitted.

An explicit evaluation of the four distinct roots of the
metric function Q(r) in the factorized form (129) in terms
of the seven physical parameters m, a,l, e, g, a, A is quite
cumbersome, leading to rather complicated expressions.
Nevertheless, it may be useful to present them here. Using a
standard procedure of Wolfram Mathematica 13 one

obtains
ri:%(ﬁ_yi\/GTF/\/V) (140)
r}z%(—ﬁ—Him) (141)

—(2—1 Y3—zz)’, (142)
K 2 2L KX
H=-—, G=3H>’+---V, F=H*+"———,
N N N TN
(143)
and
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!
L:m+a2“—ilz(a2—12+e2+92), (145)
aal a’> -1
X:1+4mm (12 (a2+12)2(a2—l2+€2+92)
A
— (@ +30) 7, (146)
Y =X2+ 12KL - 12(a> = P + &> + )N, (147)

Z=X+18KLX —54L°’N + 18(a* = > + &* + ¢°)
x (3K* + 2N'X). (148)

Although these expression are fully explicit, they are not
telling much, and so we prefer to postpone their discussion
to our subsequent paper. For example, it is possible to show
that the complicated discriminant (127) can be nicely
expressed as

4
A=—(Y3-27%. 149

(1 -22) (149)
The condition A = 0 for the existence of multiple roots
thus simplifies to Y3 = Z2.

D. Ergoregions

For the generic black hole metric (47) the condition,

Gy = Q%pz (Pa?sin’>0 — Q) =0, (150)
defines the boundary of the ergoregions, that are the
surface of infinite redshift and also the stationary limit at
which observers on fixed r and € cannot “stand still”. It can
be seen that for a vanishing Kerr-like rotation parameter a
such a boundary coincides with a horizon determined by
Q =0, but for any a # 0 there exists a nontrivial ergo-
region between the ¢, = 0 boundary and the horizon.
Moreover, the existence of ergoregions is related only to
the Kerr-like rotation parameter a, not to the twist NUT
parameter [.

There is an ergoregion associated with any of the
four horizons Hif and H¥. Indeed, the ergoregion boun-
dary (150) is located at

Q(r,) = a*sin®> OP(0), (151)
where the metric functions P(0) and Q(r) are given by (50)
and (51), or (52) and (53), respectively. For a fixed value of
the angular coordinate 6, the right-hand side of (151) is a
specific constant. Because the function Q(r) is of the fourth
order, it follows that there are (at most) four boundaries r,
of the ergoregions in the direction of 6.

From (151) it is also obvious that the ergoregion
boundary “touches” the corresponding horizon at the
poles because for € =0 and 0 = 7z the condition (151)
reduces to Q(r,) = 0.

It is generally complicated to explicitly solve Eq. (151),
but it can be plotted using a computer. Typical results are
shown and discussed in Fig. 1.

E. Curvature singularities

By inspecting the Newman-Penrose scalars ¥, and @,
given explicitly as (86) and (87), we have already con-
cluded that the curvature singularities occur if and only if
p? =0, that is when

r=0 andatthesametime [+ acosf=0; (152)
see (107). The presence of these curvature singularities
has also been confirmed by the behavior of the Weyl
invariant C = C,.,C?“¢ and the Kretschmann invariant
K = R peqR™?, evaluated in (96) and (97).

Now, the condition [ + a cos @ = 0 can only be satisfied
if |a| > |I|. Otherwise, [ + a cos 8 remains nonzero because
cosf is bounded to the range [—1,1]. Therefore, the
curvature singularity structure of the complete family of
type D spacetimes (47) depends on relative values of the
two twist parameters, that is the Kerr-like rotation param-
eter a and the NUT parameter /, as follows:

[ =0,a = 0: singularity at » = 0 for any 0,

[=0,a#0: singularity at r =0 for6 = z/2,
[#0,a=0: nosingularity,
|l| > |a| > 0:  nosingularity,
| = +a: singularity at r = 0 for@ = =,
| = —a: singularity at r =0 ford = 0,
la| > |I] > 0: singularity atr = 0 for cos@ = —I/a.

(153)

These results agree with the well-known character of the
r =0 singularity of the Schwarzschild-(anti-)de Sitter,
Reissner-Nordstrom-(anti—)de Sitter and (possibly charged)
C-metric spacetimes (I = 0, a = 0, in this order), the ring
singularity structure of the Kerr-Newman-(anti—)de Sitter
black holes (I =0, @ = 0), and the absence of curvature
singularities in the Taub-NUT-(anti—)de Sitter spacetime
(a=0, a=0). For a recent detailed analysis of the
singular ring structure in these Kerr-like metrics see [24].

Moreover, from the generic form (51) of the metric
function Q(r), or equivalently (116), evaluated at r = 0
we obtain

00)=gy=a*~-P+e + g (154)
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a=1.5A=0.003 a=1.8,A=0.003

a=1.8,A=-0.003

FIG. 1. Plot of the metric function g,, (150) for the generic spacetime (47). The values of g,, are visualized in quasipolar coordinates

x=+/r+ (a+1)?sinf,y=/r*+ (a+1)>cos @ for r > 0. The gray annulus around the center of each figure localizes the black hole
bordered by its horizons Hj at r} and r;, (0 < r; < r;;). The cosmo-acceleration horizon H_ at r{ (red circle) and the conformal infinity
7 at Q = 0 are also shown. The gray curves are contour lines g, (r, #) = const, and the values are color-coded from red (positive values) to
blue (negative values). The green curves are the isolines g,, = 0 determining the boundary of the ergoregions (151) in which g;, > 0 (green
regions). All six plots are made for the same choice m = 3,1 = 0.2, ¢ = 1.6 = g, a = 0.12. There are two distinct choices of the Kerr-like
rotation parameter, namely a = 1.5 (left) and a = 1.8 (right). The rows visualize three different signs of the cosmological constant, namely
A = 0.003 (top), A = 0 (middle) and A = —0.003 (bottom). For larger values of @ and A the ergoregions are bigger. In fact, the ergoregion
above the black hole horizon H,, is merged with the ergoregion below the cosmo-acceleration horizon H;f in the equatorial part near § = 2.
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The singularity at » = 0 occurs only if a® > [?, see (153), so
that it is located only in the stationary region where Q > 0.
In fact, in view of the natural ordering (136) and the scheme
(137), the ring singularity must be contained in the region
re (rz,r,) between the horizons H; and H,. The
alternative possibility r € (), rf) would correspond to
a naked singularity in the stationary region located outside
the horizon H; .

F. Global structure and conformal diagrams

Now we analyze the global structure and the maximal
extension of the spacetime. As in the previous parts, we will
assume the generic case with four distinct horizons Hi
and HE located at rf and rf, that are ordered as
re <ry <rf <rf;see (136).

The procedure is basically the same as in Sec. V.D of our
previous paper [14], and extends special cases of non-
accelerating black holes, see e.g. [22,25-31], or black holes
with acceleration [32,33]. First, the retarded and advanced
null coordinates are defined,

u=t—-r, and v=r1+r,, (155)
where the fortoise coordinate is
r? 4 (a+1)?
r,= | ————2-dr, 156
I (156)

and also the corresponding untwisted angular coordinates
are introduced by

dr dr
qﬁu—q)—a/% and (j)v—go—l-a/%. (157)

Using the advanced pair of coordinates {v,¢,}, the
metric (47) takes the form,

ds?

1 [azPsinzﬁ—Q(dv_Td¢ 2

+2(dv — Tde,)(dr — aP sin> 6dp,)
, (d6? P,
+p ?+Psm 6dg; ) |, (158)

dszzi[ g

Psin26
p

s— ((a—=[r* + (a+ 1)*]Q;)(du + dv) = 2[r* + (a + [)*]dep,)* |

—; (1 =7Q)(du + dv) — 27 d¢,,)* + Qp?

where 7 (0) = asin®0 + 4/sin’160, while using the
retarded pair of coordinates {u,¢,} it reads

e 1 [azPsinze— 0
s arsmy—Y

—2(du — Td¢,)(dr + aP sin? 0dg,,)

(du — Tde,)?

2 (46° ‘2 g2
+p ?—FPsm odgs ) |. (159)

Both these metrics are regular at Q(r) =0, so that the
coordinate singularities at the horizons has been removed.

The next step in construction of the maximal (analytic)
extension of the manifold is to introduce both the null
coordinates u and v simultaneously, revealing thus the
causal structure. The coordinate r is eliminated using the
relation (155) which implies

Q

2dr=— 2
d r2—|—(a—|—l)2(

dv — du). (160)

In addition, it is necessary to construct a unique angular
coordinate ¢, across the horizon ar r, using the specific
relation,

a

where

On =@ — Qyt, Q, =

2+ (a+1)?* (161)
The constant Q,, is the angular velocity of the horizon.
Actually, 2d¢;, = d¢, + d¢p, — Q;,(du + dv). This it the
unique way how to properly combine the distinct angular
coordinates ¢, and ¢, (for more details see [14]).

Unfortunately, the specific choice of the angular coor-
dinate ¢, depends on the given horizon via its value r;, and
thus Q,,. For this reason, it is not possible to find a single
and simple global coordinate ¢» which would conveniently
“cover” all the four horizons. This drawback was met many
years ago already in the Kerr spacetime, so it is not
surprising that it reappears in the current context of the
complete family of type D black holes with seven physical
parameters.

An explicit general metric form of this family con-
structed in this way reads

(du — dv)? o
Gk LY.
@i )P P

(162)

For nontwisting black holes without the Kerr-like rotation (¢ = 0) and the NUT parameter (I = 0), the metric functions

simplify to Q =1, P=1,p> =r*, 7 =0, Q, = 0, so that
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ds? = —r—deudv + 2(d6? +sin?0dg?).  (163)

which is the usual form of the spherically symmetric black
holes in the double-null coordinates [10].

It remains to analyze the global extension of (162) and to
study the degree of smoothness (analyticity) of the four
distinct horizons H;: and H: where Q(r;) = 0. Restricting
to any two-dimensional section € = const and ¢, = const
the general metric (162) reduces to

1T (1=-7TQ,)
@ —TQ(du + dU)2

+ __r O(du — dv)?
[ + (a+ 1))

2 Psin?0 (r + r,)*(r — ry)?

Pt it (et D

do? =

(du + dv)?

, (164)

which is null at any horizon r, where Q(r;,) = 0. Due to

o (ry)* +(a+1D)?

b N(ry =ry)(ry —rd)(ry —12)
- (5)° + (a+1)?

b

SN =) =) (5 —r2)
(ri)?* + (a4 1)?

NE =) rE =) =r2)’
(ro)* + <a+l)2

N(re =ry)(rz =) (rz

Each of these constants is associated with the correspond-
ing horizon H; located at r = rj:, where h = b (for the
black hole horizons) or & = ¢ (for the cosmo-acceleration
horizons).

We can express the metric functions Q(r), p*(r) and
Q?*(r) entering (164) in terms of the null coordinates
v — u instead of r by using the inversion of the relation
2r,(r) = v — u. Finally, we introduce the couples of new
null coordinates U;: and Vi, defined as

k= - (166)

—rf)’

the simple factorized form (129) of the metric function n i n u
Q(r), the integral (156) defining the function r,(r) can be Uj, = (=1)'sign(k;;) exp T2kE) (167)
calculated explicitly as '
Vi =(—1)/sign(kif) exp <+Li) (168)
. ~ r 2k;,
r.(r) = kj log|1 — —| 4 k;, log|1 — —
-
b b Each couple covers the corresponding horizon H?f.
+ kf log|1 = —| + k; log|1 _L_ , (165)  Moreover, it is characterized by a particular choice of
¢ Te two integers (i, j) which specify a certain region in the
manifold. Generally, there are five types of regions which
where the auxiliary coefficients are are separated by the four types of horizons H;", namely
|
Region Description Specification of (i, j)
I: asymptotic time-dependent domain between H} andZ* (n—2m+1,n+2m—1)
II: stationary region between H;, and H, 2n—m,2n+m—1)
II: time-dependent domain between the black-hole horizons (n—2m,n+2m)
IV: stationary region between H; and H, 2n—m+1,2n+ m)
V: asymptotic time-dependent domainbetweenZ~ and H, (n—2m+ 1,n+2m—1)

where m, n are arbitrary integers. The corresponding
Kruskal-Szekeres-type dimensionless coordinates for every
distinct region are

1

1
= (Vi + Ui, Rhﬂt:E

T =5

(Vi -Up).  (169)
[The presence of the curvature singularity at r = 0 (imply-
ing r, = 0) for certain values of @ restricts the range of the
coordinates U, and V in the region IV to the domain

outside U, V, = £1.]

In terms of these coordinates, the extension across the
horizon is regular (in fact, analytic). Indeed, by multiplying
and dividing the null coordinates (167) and (168) we obtain
the relations,

o+ -

}\b kb kj‘r ¢

r\i r\i r\iE r\i&

U;i:Vi: 1——+ Pl == 1——+ ==,
r, r, re e
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Ui

L t
Zh ()it -,
v =0 ren(-z)

while the terms (du 4= dv)? in the metric (164) become

(171)

4(kF)? (Vi
(du & dv)? = (ki) <—h (dU)? F 2dUFdVE

UV \Ui
Ui (aviy 172
oy (@Vi)7 ). (172)
h

A nonanalytic behavior across the horizon r;, may thus
occur only at zeros of the product U; Vi. However, they
exactly cancel the zeros of the functions Q(r) in the metric
(164). For example, by choosing the black hole horizon
r, =r;, we get UV} « (r —r}) which obviously com-
pensates the corresponding root Q o« (r—r;) in (129).
Notice also that the last term in (164) actually vanishes.
Therefore, the metric (164) remains finite at r;j. Of course,
the same argument applies to the remaining three horizons.

Maximal extension (the complete atlas) of the black hole
manifold represented by (47) is obtained by ‘gluing
together” the different “coordinate patches” crossing all
the horizons, until a curvature singularity or conformal
infinity (the scri 7) is reached. Such an extension has to be
performed both along the advanced null coordinate » and
the retarded null coordinate u, using the corresponding
coordinates U; and V. By this step-by-step procedure, the
coordinate singularities at all the horizons H; are removed.

Finally, we construct the Penrose conformal diagrams
visualizing the global structure of this extended manifold.
This is achieved by a suitable conformal rescaling of U;
and Vi to the compactified null coordinates i and 7
defined as

tanl%' — —sign(ki)(UF)Sienki) (173)
s P
tanTh = —sign(k;H ) (Vi) i), (174)

Consequently, for T3 =4(vf + ;) and R = % (v — ity")

we obtain the following explicit expressions in terms of the
original coordinates #, r of the metric (47):

) cosh#
(=1)/*larctan & for i + j even,
]
sinh——
Gt j 20k . .
Ty = (=1) arctan o~ for i + j odd, r, <0,
2k |
) sinh$
(—1)/ arctan g +nr fori+joddr, >0,
T2k

(175)

and
sinh—L-
. 2| . .
(—=1)/ arctan " for i + j even,
2k
B OShz‘,:i‘
Rf = (—1)/*!arctan o 'i for i + j odd, r, <0,

coste, =

j+1 21K
(=1)/*arctan ——
sinh—

20kcE|

+x fori+ jodd, r,>0.

(176)

Recall that the function r,(r) is given by (165) and the
coefficients k;- by (166). In particular, the lines of constant
r thus coincide with the lines of constant r,. For every
single region the coordinate r, spans the whole range
(—o0,+00), and similarly the coordinate 7.

These explicit relations between the compactified coor-
dinates {75, Rif} and the original coordinates {, r} of the
metric (47) for all (i,j) can be used for graphical
construction of the Penrose diagram, composed of various
“diamond” regions. The resulting picture is shown in Fig. 2
for the special value of 0 such that cos@ = —I/a which
contains the curvature singularity at r =0 in all its
regions IV (see Sec. VE). In particular, for vanishing
NUT parameter [ = 0 this is the equatorial plane 6 = 7.

The complete manifold consists of an infinite number of
the regions 1, I1, I11, IV and V, each identified by the specific
pair of integers (i, j). These regions are separated by the
corresponding horizons. Namely, the regions I and II are
separated by the cosmo-acceleration horizon H; at r/,
with the asymptotic region I also bounded by the conformal
infinity Z (the scri) for very large values of r. The regions II
and III are separated by the black hole horizon H; at r;,
while the regions III and IV are separated by the inner black
hole horizon Hj, at r,. Finally, the regions IV and V are
separated by the cosmo-acceleration horizon ‘H; at r,, with
the asymptotic region V bounded by the conformal infinity
7 with negative values of r. The curves in each region
represent the lines of constant ¢ and r (dashed or solid,
respectively).

In the “diagonal” null directions of these Penrose
diagrams we can identify the particular coordinate patches
covered by the “advanced” metric form (158), extending
from the bottom left Z~ to the top right Z+ [for example the
pink regions I-V between (1, —1) and (1,3)], and also the
complementary “retarded” metric form (159), extending
from the bottom right Z~ to the top left Z* [these are not
colored but also contain the regions I-V, for example
between (—1,1) and (3,1)]. These patches “share” the
“central regions” III [for example (1,1)]. Each of such
central region III is bounded by the inner and outer black
hole horizons at r; and r;, localizing thus the interior of
the corresponding black hole. In the whole extended
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FIG. 2. Penrose conformal diagram of the completely extended spacetime (47) showing the global structure of this family of
accelerating and rotating charged NUT black holes with a cosmological constant. We assume the ordering of the four distinct horizons as
re < ry <rf < rf;see (136). Here we show a two-dimensional section 0, ¢, = const with the curvature singularity at r = 0, i.e., for
6 = const such that cos @ = —I/a. In such a section, the corresponding regions IV are “cut in half” by this curvature singularity at » = 0,
indicated by the vertical zigzag lines. The double dashed vertical parallel lines indicate a separation of distinct asymptotically flat regions
close to Z* (different “parallel universes” that are not necessarily identified).

universe, there are thus infinitely many black holes—they
are identified by the different regions III.

Provided || < |al, such black hole has the curvature
singularity at r = 0 in the region IV bounded by the inner
black hole horizon H; at r; (and also the inner cosmo-
acceleration horizon H at r,). In the section given by the
special value of 0 such that cos @ = —I/a it is not possible
to cross from the values r > 0 to r < 0. This is indicated by
the vertical zigzag lines in the regions IV. However, as
recently pointed out by MacCallum [34] in his interesting
revisit of the maximal extension of the Kerr black hole
spacetime, there is a “missing triangle” in usual plots (such
as in [10]). Although it is not possible to cross the curvature
singularity r = 0 on this specific section, due to its ring
structure there exist curves that decrease from r > 0 to
r = 0 and continue to r < 0, provided their value of 0 is
different form cos @ = —[/a. On such a section there is no
curvature singularity, so that the coordinate boundary r = 0
is no obstacle for continuation of the curve. The same
argument is valid not only for the Kerr black hole but also
for the whole family of rotating black hole spacetimes (such
that |/| < |a|) investigated here. Therefore, in Fig. 2 we
represent the curvature singularity in (any) region IV

simply by a vertical zigzag line. The “missing triangle”
on the left of » = 0 is the extension of the “present triangle”
on the right, continuing from positive to negative values
of the coordinate r, and vice versa, because the curvature
singularity can be “bypassed” on any section such
that cos @ # —1/a.

Each of these black holes, identified by the specific
region IIl, is associated with four asymptotic regions,
namely the pair of the regions I with future conformal
infinity T and a pair of the regions V with past conformal
infinity Z~. Moreover, each asymptotically conformally flat
region bounded by 7 is “shared” by two distinct black
holes. For example, the conformal infinities Z* of the
“infinite horizontal chain” of black holes (regions III)
given by ..., (3,-1), (1,1), (=1,3), ... are located in the
“future universes” (regions I) ..., (5,—1), (3,1), (1,3),
(=1,5), ..., while their “past universes” (regions V)
are ..., (3,-3), (1,-1), (-1,1), (=3,3), ..., respectively.
However, these “past universes” need not be the same.
Therefore, we inserted the double dashed vertical parallel
lines in them to indicate their separation. Of course, it is
possible to “artificially” identify (some of) them—both
the black hole regions III and/or their asymptotic regions
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I and V. An infinite plethora of various topologically
complicated manifolds can thus be constructed.

Let us emphasize that the Penrose conformal diagram
shown in Fig. 2 represents the global structure of a generic
black hole spacetime of type D (47) with four distinct
horizons. It remains to investigate a great number of other
special situations for particular choices of the physical
parameters with degenerate (multiple) horizons or with a
reduced number of horizons, as identified in Sec. V B and
Sec. V C. Other specific situations also occur, for example
|a| = |I|. In all these cases the Penrose diagram will have
different forms.

G. Regularization of the axes of symmetry 6=0
and =rx

As shown in previous works [11,13,14], the metric (47)
is convenient for explicit analysis of the regularity of the
poles/axes located at @ = 0 and € = z, respectively, which
are the boundaries of the range @ € [0, z].* This is now
further improved with the new metric functions (48)—(53).

Recall that there are seven physical parameters in the
metric (47), namely m,a,l, e,g,a A, which represent
mass, Kerr-like rotation, NUT parameter, electric and
magnetic charges, acceleration, and cosmological constant
of the black hole, respectively. But it should be emphasized
|

fo = 27CP(0)

aam A ata? A
—ZnC[l —2<az———l>(a+l) + (m(az—lz—kez—i—f)+—)(a+l)2}

+2 3

that, in fact, there is also the eighth free parameter—the
conicity C hidden in the range of the angular coordinate,

@ €10,2xC), (177)
which has not yet been specified. It is directly related to the
deficit (or excess) angles of the cosmic strings (or struts)
located along the axes. The tension associated with these
topological defects is the physical source of the acceler-
ation of the black holes.

First, let us consider a small circle around the first axis of
symmetry 6 = 0 in the metric (47) given by § = const, with
the range of ¢ given by (177), assuming fixed ¢ and r. The
invariant length of its circumference is [77¢ VIppdp, while

its radius is [ \/ggpd, so that

fo =lim 7circumt?erence = lim ch V9ve . (178)
0-0  radius 0-0 0,/9gp
For the metric (47) near the axis 8 = 0 we get
2 2\22 P’
g(p(nggpz <r + (a+l) ) 0 ) Yoo :@7 (179)
and thus, using (50),

180
: (180)

Therefore, the axis € = 0 in the metric (47) can always be made regular by the unique choice of C = C such that

aam A aca
Co=|1=-2—5—5—=1 l —_—
0 { <a2+12 3 >(“+)+<(a2+

Notice that for [ = —a, this is simply Cy = 1.

2

2(a2—12+e2+gz)+%> (a+l)2r. (181)

P)

Analogously, we can regularize the second axis of symmetry 0 = n. By applying the transformation of the time

coordinate,

t,=t—4lp,

the metric (47) becomes

(182)

»_ 1 0 -2 21 2P P P 2 24,12
ds? = — ( == |dt, — (asin®0 — 4lcos? 10)dep | +—=dr? +—d6? + —sin*Oadt, — (r* + (a — [)*)dg]* |, (183)
Q P Qo P P

2Usually, 6 = 0 and O = x are considered as two semiaxes of the same axis of rotation (a single symmetry axis). This is natural in the
simplest spacetimes for which the coordinates (r, 6, ¢) represent spherical(like) symmetry with » > 0 only. However, in the present
context of generic black hole spacetimes with the Kerr parameter a and the NUT parameter /, the range of the “radial coordinate” is
r € (—o0, +00). In such a case, borh the axes given by 6 = 0 and € = # have this full range of r, and thus they are not the same (unless
they are “artificially” identified, which would lead to nontrivial topologies). Therefore, they form two distinct infinite axes connecting
two different asymptotically flat regions in the whole spacetime. This fact is explained in more detail in our previous papers, in particular
see Fig. 4 of [19] and Fig. 2 of [14].

084034-21



JIRI PODOLSKY and ADAM VRATNY

PHYS. REV. D 107, 084034 (2023)

Now, for @ — r the radius of a small circle around the axis
0 =rmis [J/Ged0, so that

circumference L 27C\/Gpp

fr=Ilim = lim ,
0~ (= 0)+/Je0

184
O—r radius (184)

[z =27xCP(n)

aam A
=27C|1+2| 5—=—=1I -1
g { * <a2+12 3 >(“ )+((a n

where for the metric (183) now

The axis = # in the metric (183) can always be made regular by the unique choice C = C, where

aam A ata
C =|14+2(——=—-=1 -1 —_—
. [ + <a2+12 3 >(“ )+((a2+

Notice that for / = q, this is simply C, = 1.

P p°
gwwgz_pz(rz_i_(a_l)z)z(”_e)z’ 9992@- (185)
Using (50) we obtain
ata? A

2—12)2(612—[2+€2+92) +§> (a_l)2:| (186)
8 2 o2, o A 2|
12)2(a —F+e +g)+§>(a—l)} . (187)

H. Cosmic strings (or struts) and deficit (or excess) angles

Regularizing the second axis @ = z by the choice (187) there remains a deficit/excess angle o6y = 2z — f, (conical
singularity representing a cosmic string/strut) along the first axis § = 0, namely

8ralaalm(a® + I*) — aal(a® — P + * + ¢*)] — 3 Al(a® + I7)?]

For nonrotating black holes (a = 0) we immediately
obtain 6y =0 which means that both axes =0 and 0=rx
are regular. In such a case, the possible cosmic strings are
absent, so that there is no source of acceleration. This is fully
consistent with our previous observation made in Sec. [V D
that there is no accelerating “purely” NUT-(anti—)de Sitter
black hole in the Plebanski-Demianski family of spacetimes.
Indeed, by setting the Kerr-like rotation parameter a to zero,
the metric (47) becomes independent of the acceleration «a,
and simplifies directly to (79).

For black holes without the NUT parameter (I = 0) this
expression simplifies to

B 8ram
1+ 2am +a*(a® + & + ¢*) + EAa*’

o (188)

—8ralaa[m(a* + I?) — aal(a®

[14+3A(a—1)(a=3D)](a* + 2)* + 2aam(a — )(a® + *) + c*a*(a — 1)*(a* = > + & + ¢*)

recovering the previous results for rotating charged
C-metric with a cosmological constant; see Chap. 14
in [10] [and generalizing Eq. (132) of [14] to any A].
The tension in the cosmic string along & = 0 characterized
by &y > 0 pulls the black hole, causing its uniform
acceleration. Such a string extends to the full range of
the radial coordinate r € (—o0,+o0), connecting “our
Universe” with the “parallel universe” through the non-
singular black hole interior close to r = 0.

Complementarily, when the first axis of symmetry 8 = 0
is made regular by the choice (181), there is necessarily an
excess/deficit angle 6, =2x — f, along the second axis
0 = z, namely

— Pt e?+ @) -5Al(a’ + IP)]

T

For a = 0 it gives 6, = 0, while for / = 0 it simplifies to

- —8rmam
1 -2am+a?(a® + € + ¢*) + L Ad®’

5, (189)

(1 +3A(a+D(a+3D))(a* + 2)? = 2aam(a + 1) (a* + I*) + &a*(a + [)*(a® — P+ e* + )

[generalizing Eq. (134) of [14] to any A]. This represents
the cosmic strut characterized by o, < 0 located along
0 = & between the pair of black holes, pushing them away
from each other in opposite spatial directions.
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Interestingly, both axes 8 =0 and 6 = 7 can be made
simultaneously regular (5, = 0 = §,) if (and only if) seven
physical parameters of the black hole spacetime satisfy the
special constraint,

2
§Al(a2 + 2)? = aalm(a* + 1) — aal(a® — 2 + &> + ¢*)].

(190)

For such a special value of the cosmological constant A, the
rotating charged black holes with the NUT parameter [ # 0
accelerate without the presence of the cosmic strings or
struts. In the A =0 case the simpler condition given by
Eq. (135) of [14] is recovered. The condition (190) also
corrects the wrong sign of the A-term in the corresponding
unnumbered equation on p. 313 of [10].

L. Rotation of the cosmic strings (or struts)

With a NUT parameter [ # 0 these cosmic strings (or
struts) are rotating. The angular velocity parameter wy of
the metric (47) is
Wy = gﬂ

G
Q(asin® @+ 41sin?10) — a(r* + (a + 1)*)Psin* 0
Q —a’Psin’6 '

(191)

Now we consider any fixed value of r away from the
horizons (so that Q # 0 is a constant). Then the limits
0 — 0 and 0 — 7 near the two different axes & = 0 and
0 = & give

wy=0 and w,=—4l, (192)

respectively. The first axis € = 0 is thus nonrotating, while
the second axis @ = = rotates, and its angular velocity is
directly (and solely) determined by the NUT parameter l.
Indeed, @, does not depend on the Kerr-like parameter a,
nor the conicity parameter C. The rotational character of the
axis is thus a specific feature related to the NUT parameter
[, which is independent of the possible deficit angles
defining the cosmic string/strut along the same axis.

By changing the time coordinate as in (182), we obtain
the alternative metric (183) for which

9o

i1,

Q(asin? @ —4lcos*30) — a(r* + (a—1)*)Psin* 6
Q —a’Psin’6 '

Wy

(193)

The corresponding angular velocities of the two axes
are thus

wy=4l and w,=0. (194)
In this case, the situation is complementary to (192): the
axis @ = O rotates, while the axis @ = z does not rotate.
Interestingly, there is a constant difference,
Aw = 0y — w, =41, (195)
between the angular velocities of the two cosmic strings
or struts given by [ (irrespective of the value of a or the
choice of C). The NUT parameter / is thus responsible for
the difference between the magnitude of rotation of the two
axes 0 =0 and 0 = #.

J. Pathological regions with closed timelike curves
near the rotating strings (or struts)

In the close vicinity of the rotating cosmic strings or
struts located along 8 =0 or 6 = =z, the black hole
spacetime can serve as a time machine because there are
closed timelike curves. To identify such “pathological”
causality-violating regions, let us consider circles around
the axes of symmetry € = 0 or = x such that only the
periodic angular coordinate ¢ € [0,2zC) changes, while
the remaining coordinates ¢, r and @ are constant. The
corresponding velocity vectors are thus proportional to
the Killing vector field 0, whose norm is determined just by
the metric coefficient g, of the general metric (47). There
exist regions with

Gpy <0, (196)
in which the circles (orbits of the axial symmetry) are
closed timelike curves. Such pathological regions are given
by the condition,

P(O)(r* + (a +1)?)?sin® @ < Q(r)(asin® 0 + 41 sin2%9)2,
(197)

where the functions P(0), Q(r) are explicitly given
by (50), (51).

Since P(#) > 0, this condition can only be satisfied in
the regions where Q(r) > 0. In the generic case admitting
four distinct horizons (129), with A > 0, ordered as
re < ry, <rf <rf, the pathological regions with closed
timelike curves can only appear in the stationary region
r € (r} . r) between the outer black hole horizon H; and
the outer cosmo-acceleration horizon HF, or in the sta-
tionary region r € (r;,r,) between the inner cosmo-
acceleration horizon 'H; and the inner black hole horizon
‘H, containing the curvature singularity at » = 0; see the
scheme (137). These are, respectively, the regions II and
the regions IV in the Penrose conformal diagram shown
in Fig. 2.
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Moreover, it can be proven analytically that these
pathological regions with closed timelike curves do not
intersect with the ergoregions (shown in Fig. 1), although
they are both in the same domains II and IV. Indeed, the
ergoregions are identified by the condition g,;, > 0 (together
with g, > 0), that is

Q < Pa?sin’ 6, (198)
see Eq. (150). Substituting this inequality into (197)
we obtain

r’+ (a+1)* < a®sin* 0 + 4alsin*16.  (199)

This is the same relation as 2 + a2 cos® 0 + 2al cos O+
> <0, and in view of (49) it reads

pr=r*+(l+acosh)? <0, (200)
which is a contradiction.

The pathological regions with closed timelike curves are
indicated in Fig. 3 for several choices of the cosmological
constant. They are the purple regions near the rotating
cosmic string (strut) at 6 = 7.

K. Thermodynamic quantities

In this final section we evaluate some basic thermody-
namic quantities of the large class of black holes (47),
namely the entropy,

9
Il

A, (201)

Bl

given by the horizon area A, and the femperature,

T=—x«,

5 (202)

given by the corresponding horizon surface gravity «;
see [35].

The horizon area is obtained easily by integrating both
angular coordinates of the metric (47) for fixed values of t
and r = ry,

2zC emax
A(ry) = A L /9009y d0dep. (203)

Because Q(r;,) = 0 on any horizon, this expression sim-
plifies to

‘max 6
A=22C(7 + (a+ 1)) / S0,

QZ ) (204)

mm

Applying the explicit form of the conformal factor (48),
that is

aary
Q(rh) =1 —m(l—l—aCOSG), (205)
a simple integration leads to
2., p
+ l —1 gmax
A =27C( N e (206
7€+ (a1 aa’ry, |Q(ry) Ormin (206)

Let us now assume the generic case of four distinct
horizons 'H introduced in (131)—(134). For the black hole
horizons H; the integration range is a full spherical angle,

[Omin> Omax] = [0, 7], and this leads to the following result:
4nCl(ri)* + )2
areaof Hj is  A,* = . [+(rlb>i ax )_]1 +
(1 a‘12+(112rb)(1+a 2+‘;2rb)

(207)

For vanishing acceleration a the area of the black hole
horizons is simply

Af =4zC((ri)? + (a + 1)?). (208)
This reduces to the well-known expressions for Kerr—
Newman-NUT-(anti—)de Sitter black holes, and in particu-
lar the Schwarzschild solution with a single horizon of the
area A, = 4nrs.

Concerning the cosmo-acceleration horizons HZ, it is
necessary to discuss three cases depending on the sign of
the cosmological constant. In our previous work [14] we
demonstrated that for A = 0 the area of both H} = H/ and
‘H, = H_ is infinite. The same is true for A < 0. In this
case the reason is that the cosmo-acceleration horizons
extend up to conformal infinity given by Q = 0. This can
be seen, e.g., from the corresponding pictures in the
bottom row of Fig. 1 and Fig. 3 in which HZ are indicated
by big red circles. Consequently, Q(rf,0,,) =0 and
Q(r7,0ha) = 0. In both cases, the expression (206) for
AZ diverges.

For a positive cosmological constant A > 0 the integra-

tion (206) over the full admitted range [0y, Omax] = [0, 7
implies that
4 + 2 / 2
areaof HX is A+ = aC[(ry)* + (a +1)7]
(1—agst) (1 + azztid)
(209)
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'
-5 0 5

FIG. 3. Plot of the metric function g, for the accelerating black hole (47) with a regular axis @ = 0 and rotating cosmic string (strut)
along the axis @ = . The values of g,,,, are visualized in quasipolar coordinates x = \/r* + (a + [)?sin0, y = \/r* + (a + [)* cos 6 for
r > 0 (left) and r < 0 (right). The gray annulus in the center of the left figure localizes the black hole bordered by its horizons H; at r
and H;, at r; (0 < r; < r}}). The cosmo-acceleration horizons HZ at r{ and r, (big red circles) and the conformal infinity Z at Q = 0
are also shown. The gray curves are contour lines g,,,(r, #) = const, and the values are color-coded from red (positive values) to blue
(negative values); extremely large values are cut. The purple curves are the isolines g,, = 0 determining the boundary of the
pathological regions (197) with closed timelike curves. They occur close to the axis & = 7z (purple regions where g,,, < 0). This plot is
for the choice m =3, a=1.5,1=0.2, e = 1.6 = g, and a = 0.12. The top row is plotted for positive values of the cosmological
constant (A = 0.003 on the left for r > 0, A = 0.005 on the right for r < 0), the middle row is for A = 0, while the bottom row is plotted
for negative values of the cosmological constant (A = —0.003 on the left for » > 0, A = —0.005 on the right for r < 0).
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Interestingly, these areas of cosmo-acceleration horizons HE are finite.
Indeed, from the general form (51) of the metric function Q(r), namely

O(r)=[r* =2mr+ (a®> = > + e* + ¢*)] <l +aaa

evaluated at the horizons rF [which are defined as the two
roots of Q(r.) = 0], it follows that

1 a’ + al - az—al
———r a
ad+P2c 12

A 2+ 2aal =L r. + (a2 + 312)
=37

2+12

r2=2mr,+ (a> =P +e*+ )’

(211)

An infinite value of AF given by (209) would require

the left-hand side of (211) to be zero, implying its
roots r, = :toll;‘zf ;. By substituting such values into

the numerator of the right-hand side of (211) we get

2 —|—2aal“_+lzr +(a*+3P) = azz;li)l)z—i—(aj:l)z which

is strictly positive. For A > 0 we thus get a contradiction,
so that AZF must be finite.

1
surface gravity of H; is k] = —
2k,
. _.o - 1
surface gravity of Hj is k), = ——
2k,
surface gravity of H is «} = L
¢ <2kt
. _.o- 1
surface gravity of H; is k; = ——
2k;
It can now be seen from (213) and (214) that
Ky =0=x; if rj=rp, (217)
and from (213) and (215) that
ki =0=«x& if rf=rf (218)

This confirms that extremal horizons have vanishing sur-
face gravity, and thus zero thermodynamic tempera-
ture 7 = 3-«.

a—1
)\

2 2

a+l A a - —1
—aaaz—_l_ﬂr> —§r2 {r2+2aal(12—+lzr+(a2+3lz) s

(210)

For m:a:l:e:g:a:O (so that C =1) the
function reduces to Q(r) = r2(1 r?). The cosmological
horizons are thus located at r2 A, and their areas given

by (209) are A, = 4zr2 = 127/ A which is the well-known
result for the de Sitter space.

The temperature of the horizon is determined by its
surface gravity k. In [14,16] we showed that for the general
metric form (47) this can be expressed as

P )

, 212
27+ (a+1)? 212)
where the prime denotes the derivative with respect to r.
With the factorized form (129) of the metric function Q(r),
using the constant parameters (166), this can be easily
evaluated as

_gUJYQgZé?%‘”X (214)
_%UF??gIJTE—ﬁf (216)

VI. SUMMARY

We presented a new metric form (47)—(51) of the large
family of exact black holes of algebraic type D, initially
found by Debever (1971) and by Plebanski and Demianski
(1976). It generalizes our previous paper on this topic [14]
to any value of the cosmological constant A. We also
demonstrated that this improved metric representation
simplify the investigation of various geometrical and
physical properties. In particular:

(1) In Sec. II we recalled the Griffiths—Podolsky (2005,
2006) form of this class of spacetimes, and we
further improved it by introducing a modified set of
the mass and charge parameters m, e, g, applying a
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(i)

(iif)

(iv)

)

(vi)

(vii)

conformal rescaling S, and choosing a gauge of the
twist parameter @.

As summarized in Sec. III, the metric (47) and its
functions (48)—(51) are simple, depending only on
the radial coordinate r and the angular coordinate 6.
Moreover, the key functions P(6) and Q(r) can be
further compactified to (52)—(53). In particular, P(6)
is factorized.

The metric depends on seven parameters m,a, [,
e,g,a, A with direct physical meaning. They re-
present the mass parameter, Kerr-like rotation, NUT
parameter, electric and magnetic charges, acceler-
ation of the black hole, and the cosmological
constant, respectively.

Another nice feature of the new metric form
(47)—(51) is that any of its seven physical parameters
can be independently set to zero (and this can be
done in any order). As shown in Sec. IV, specific
subclasses of type D black holes are thus easily
obtained. These are the black holes with A =0,
obtained and analyzed previously in [14], Kerr-
Newman-NUT-(anti—)de Sitter black holes without
acceleration (a = 0), accelerating Kerr-Newman-
(anti-)de Sitter black holes without NUT (I = 0),
charged Taub-NUT-(anti-)de Sitter black holes
without rotation (a = 0), and accelerating Kerr-
NUT-(anti—)de Sitter black holes without electric
or magnetic charges (¢ =0 or g = 0).

All the metric functions (48)—(51) depend on the
acceleration o only via the product aa. Conse-
quently, by setting the Kerr-like rotation a to zero,
the new metric (47) always becomes independent of
a, and simplifies directly to the charged Taub-NUT-
(anti—)de Sitter black holes. This explicitly confirms
the previous observation made by Griffiths and
Podolsky that there is no accelerating purely NUT
black hole in the Plebanski-Demianski family of
type D spacetimes. Quite surprisingly, such a sol-
ution for accelerating nonrotating black hole with
just the NUT parameter and A = 0 exists [19,20],
but it is of distinct algebraic type I. Its possible
generalization to any cosmological constant A re-
mains an open problem.

The simplest subcases of the metric (47) with just the
mass parameter m and a cosmological constant A, plus
one additional physical parameter, give famous black
holes, namely the Schwarzschild-(anti-)de Sitter,
Reissner-Nordstrom-(anti—)de Sitter, Kerr-(anti—)de
Sitter, Taub-NUT-(anti—)de Sitter black holes, or black
holes accelerating in de Sitter or anti—de Sitter
universes—all in their usual coordinate forms.

As shown in Sec. V, our convenient metric (47)—(51)
considerably simplifies the study of physical and

(viii)

(ix)

)

(xi)

(xii)

(xiii)

(xiv)

(xv)
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geometrical properties of this large family of black
holes. First of all, the Weyl and Ricci curvature
tensors, expressed as the Newman-Penrose scalars ¥,
and ®;; [with respect to the natural tetrad (85)
adapted to the double-degenerate principal null di-
rections] can be evaluated, confirming the type D
algebraic structure of the gravitational field, aligned
with the non-null electromagnetic field (100)—(102).
Their form (86) and (87), together with the explicit
expressions (96) and (97) for the Kretschmann
scalar K= R,,4R? and the Weyl scalar
C = CpeqgC®cd, clarifies the presence and the struc-
ture of the curvature singularity. It is located at
p? =0,i.e.,atr = 0,butonlyifalso/+ acosd = 0,
which requires |/| < |a|. There is no curvature
singularity in the black hole spacetimes with large
NUT parameter |I| > |a| > 0.

Both the double-degenerate principal null directions
k and 1 given by (85) are geodetic, shear-free, and
expanding. They are twisting if and only ifa = 0 = [.
The generic black hole spacetime becomes asymp-
totically conformally flat at the conformal infinity
localized by the condition € = 0.

In general, there are four distinct horizons identified
by the roots Q(r,) =0 of the metric function
Q(r)—which is explicitly given by (51)—a pair
of black hole horizons Hj at r, and a pair of
cosmo-acceleration horizons ‘HZ at r£. The posi-
tions of these four horizons are explicitly given by
expressions (140) and (141), respectively. Their
natural ordering is ry <r, <r) <rf.

Of course, there may be less then four horizons, and
they can be degenerate (corresponding to multiple
roots of Q(r,) = 0), as explicitly listed in Sec. V B.
Whenever the Kerr-like rotation parameter a is
nonzero, each of these four horizons is accompanied
by the corresponding ergoregion; see Sec. VD
and Fig. 1.

The ringlike curvature singularity at » = 0 such that
cos@ = —I/a (requiring a”® > %) is, for the black
hole solution, located in the stationary region IV
between the inner cosmo-acceleration horizon H;
and the inner black hole horizon H, (assuming the
natural ordering ry < ry; <r} <rd).

in Sec. VF we analyzed the global causal structure
of the generic family of black hole spacetimes (47)
by constructing the Kruskal-Szekeres-type coordi-
nates which enabled us to perform the maximal
analytic extension across all the horizons. It revealed
an infinite number of time-dependent regions (of
type I, III, V) and stationary regions (of type II, IV)
which are separated by the black hole and cosmo-
acceleration horizons Hi and HE.
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(xvi) This global structure is visualized in the Penrose
diagrams obtained by a suitable conformal
compactification, drawn in Fig. 2. The complete
manifold contains an infinite number of black holes
in various universes identified by distinct (future and
past) conformal infinities Z.

(xvii) In Sec. V G we investigated the regularization of the
two axes of axial symmetry # = 0 and @ = = by an
appropriate setting of the conicity parameter C in the
range ¢ € [0, 27C). The first axis @ = 0 is regular in
the metric form (47) with the choice (181), while the
second axis € = x is regular in the metric form (183)
with the choice (187).

(xviii) Both these choices lead to the existence of a cosmic
string or a strut identified by the deficit or excess angle
on the complementary axis, see the expressions for §;
and &, in Sec. V H. Such topological defects are the
physical source of acceleration of the black holes.

(xix) Interestingly, both the axes of symmetry can be
made regular simultaneously for the particular
choice (190) of the physical parameters.

(xx) In addition to such deficit/excess angles, the cosmic
strings/struts are characterized by their rotation @
(angular velocity). In Sec. VI we demonstrated that
their values are directly related to the NUT parameter /,
see the expressions (192) and (194). There is always a
constant difference Aw = 4/ between the angular
velocities of the two rotating cosmic strings or struts.

(xxi) In the vicinity of these rotating strings/struts there
are pathological regions with closed timelike curves;
see Sec. VJ and Fig. 3.

(xxii) Although the pathological regions with closed time-
like curves are located in the same domains as the

ergoregions, they do not overlap with each other, see
the end of Sec. V J.

(xxiii) The new metric form (47) is also convenient for
the investigation of thermodynamic quantities. In
Sec. VK we evaluated the area and the surface
gravity of the black hole and cosmo-acceleration
horizons, simply related to their entropy and
temperature.

All this demonstrates the usefulness of the new
improved metric of the complete family of type D
accelerating and rotating black holes with charges and
the NUT parameter in (anti—)de Sitter universe. Various
other investigations can now be performed. Among them
is a systematic analysis of the degenerate cases with
smaller number of horizons, and with multiple horizons.
Recently, such extremal isolated horizons have been
studied, for example in the works [16,17,36—40]. Also,
extension of the Plebanski-Demianski solutions (includ-
ing a cosmological constant) to the framework of the
metric-affine gravity (MAG) theory was constructed
in [41]. It would be nice to see if the new and more
explicit metric (47)—(51) simplifies such investigations.
To this end, the Wolfram Mathematica Notebook, see
Ref. [42], with the new form of the metric and some other
key expressions may be helpful.
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