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CrossMark
Abstract
We systematically investigate axisymmetric extremal isolated horizons (EIHs)
defined by vanishing surface gravity, corresponding to zero temperature. In the
first part, using the Newman—Penrose and GHP formalism we derive the most
general metric function for such EIHs in the Einstein—-Maxwell theory, which
complements the previous result of Lewandowski and Pawlowski. We prove
that it depends on 5 independent parameters, namely deficit angles on the north
and south poles of a spherical-like section of the horizon, its radius (area), and
total electric and magnetic charges of the black hole. The deficit angles and both
charges can be separately set to zero. In the second part of our paper, we iden-
tify this general axially symmetric solution for EIH with extremal horizons in
exact electrovacuum Plebanski—Demianski spacetimes, using the convenient
parameterization of this family by Griffiths and Podolsky. They represent all
(double aligned) black holes of algebraic type D without a cosmological con-
stant. Apart from a conicity, they depend on 6 physical parameters (mass,
Kerr-like rotation, NUT parameter, acceleration, electric and magnetic charges)
constrained by the extremality condition. We were able to determine their rela-
tion to the EIH geometrical parameters. This explicit identification of type D
extremal black holes with a unique form of EIH includes several interesting
subclasses, such as accelerating extremely charged Reissner—Nordstrom black
hole (C-metric), extremal accelerating Kerr—Newman, accelerating Kerr—NUT,
or non-accelerating Kerr—Newman—NUT black holes.
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1. Introduction

The Kerr(-Newman) solution [1, 2] is a standard astrophysical model for rotating (and pos-
sibly charged) black holes. Despite several simplifying assumptions (stationarity of the full
spacetime, asymptotic flatness, absence of matter outside the black hole etc), it is an excellent
approximation for realistic black holes. Although real black holes are typically surrounded by
accreting matter and external electromagnetic fields, these can be usually treated as a test mat-
ter with negligible backreaction on the geometry. In fact, the presence of the accretion disk is
important in order to measure specific characteristics of the black hole, namely its spin, e.g. by
the iron line method [3]. Test-matter approach on the Kerr background has been also successful
in explaining jets from active galactic nuclei via the Blandford—Znajek process [4].

Yet, there are good reasons to study black holes surrounded by matter beyond the test-
field approximation. Kerr black holes comply with the no-hair theorem according to which a
black hole in Einstein’s general relativity is fully characterized by its mass, charge and angu-
lar momentum. This important theoretical result can be tested experimentally by measuring
asymptotic multipole moments of the black hole, but it is expected that the presence of a mat-
ter will induce additional multipole moments. It was shown in [5] that in the case of static
black holes, contributions to multipole moments from the accreting matter can be disentan-
gled from the contribution of the black hole and the moments coming from the black hole
coincide with those of Schwarzschild—in this sense, the no-hair theorem holds also for dis-
torted static black holes. The situation for stationary case is not yet clear. However, experiments
like Event Horizon Telescope [6] have been proposed that will test the no-hair theorem and will
be sensitive even to small deviations caused by surrounding matter. Hence, it is necessary to
understand theoretically whether possible deviations from the theorem should be attributed to
some alternative theory of gravity, or they are purely general relativistic effects.

In addition, the concept of the event horizon of a black hole is very rigid and has a teleolog-
ical nature, meaning that it can be identified only after the full spacetime is known. That is a
consequence of its global character: the event horizon is a boundary of causal past of future null
infinity. Our Universe is not asymptotically flat and, moreover, it is desirable to have a good
definition of a black hole which does not rely on the causal structure of the full spacetime, with
its horizon identified locally or quasi-locally. Furthermore, there are more fundamental ques-
tions arising from the discovery of the Bekenstein—Hawking entropy of a black hole which
is proportional to its area. Entropy in thermodynamics is related to the number of possible
microstates but it is far from being clear what these microstates should be in the case of a black
hole, which is one of the main issues of the string theory or the loop quantum gravity.

Motivated by all these reasons, the concept of an isolated horizon has been introduced, see
[7] for an extensive review. These horizons are defined quasi-locally as null hypersurfaces with
certain geometric properties (see section 2) but they do not restrict the spacetime—they do not
a priori require asymptotic flatness, and they admit the presence of radiation or other external
matter. Hence, they can be much more realistic than the original Kerr solution.

Isolated horizons have played a significant role in the loop quantum gravity studies, but they
have also found many useful applications in purely classical general relativity. For example,
using this formalism it was recently possible to analyse, in full generality, the Meissner effect
for extremal horizons [8, 9].

Extremal horizon represents a limit state of a black hole, which increases its charge, rotation,
or another parameter to such an extreme degree that the horizon degenerates—typically via a
‘coalescence’ of two initially distinct horizons. Notable and well-known exact spacetimes of
this type are extreme Reissner—Nordstrom, Kerr, Kerr—Newman, or Schwarzschild—de Sitter
black holes, see the corresponding sections in chapters 9 and 11 of [10]. In this limit state,
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the surface gravity of the horizon vanishes. Hence, according to black hole thermodynamics,
such a black hole has zero temperature and does not radiate [11]. From the quantum grav-
ity perspective, this scenario is expected to be simpler to handle than the fully general case.
For this reason, a considerable effort has been put into investigation of extremal black holes,
including the near-horizon limits and classification of all possible such geometries—see [12]
for a review and references (interestingly, these near-horizon geometries belong to the Kundt
family of nonexpanding metrics [13, 14]). In fact, extremality proved to be crucial in string
theory calculations of the semi-classical formula for black hole entropy.

The extremal horizons have another distinguished property that—despite possible distor-
tions caused by an external matter—assuming regularity, their intrinsic geometry is always
locally isometric to the Kerr—Newman black hole, as the remarkable theorem by Lewandowski
and Pawlowski shows [15]. In fact, here we generalize this theorem to a much wider class of
solutions, when the black holes are allowed to be penetrated by cosmic strings or struts. This
is manifested by the presence of one-dimensional topological defects extending from the poles
of black hole horizon as conical singularities that physically represent cosmic strings or struts,
which cause acceleration of the black holes. Although analogous results have been obtained and
to some extent studied in previous literature [12, 15-20] by various approaches, our systematic
derivation using the Newman—Penrose (NP) formalism provides an independent insight into
geometrical properties of such horizons. Moreover, we offer a physical interpretation of the
result in its full generality, not investigated before.

This paper is organized as follows. In section 2, we review the necessary notation and basic
definitions concerning the concept of IHs. In section 3 we specialize on extremal isolated hori-
zons (EIHs), and we explicitly solve the constraint equations for a function describing the
horizon geometry. In section 4 we derive analogous result for the most general type D black
hole in a family of exact spacetimes of Plebariski—Demianski class. The last section 5 is ded-
icated to identification of the structure of these two solutions and mutual relations. Appendix
A contains a summary of the NP and GPH formalisms.

2. Isolated horizons

Isolated horizons represent a mathematical framework for describing black holes that are in
equilibrium with their neighborhood. They are quasi-local generalizations of globally defined
event horizons. Our definitions here follow that of Ashtekar and Krishnan [7].

Definition 1. A sub-manifold H C M of a spacetime (M, g,) is said to be a non-expanding
horizon if the following conditions are satisfied:

(a) H is a null hypersurface of topology R x S2,
(b) Every null normal [ has vanishing expansion on H,

(c) Einstein equations are satisfied on H and energy—momentum tensor 7, is such that for
every future normal vector %, the vector T [’ is also future pointing.

The first condition implies that the horizon can be foliated by topological two-spheres inter-
preted as slices of constant time. The null normal [ is tangent to the generators of the horizon
and is necessarily geodesic although not affinely parameterized. Its acceleration is the surface
gravity » defined' via DI, = »l,. Vanishing of the expansion of /* means that the area of
the horizon does not change in time. Together with the energy condition (c), this is equivalent

! For review of the Newman—Penrose formalism and notation, see appendix A.
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to zero flux of a matter through the horizon. The choice of the normal [ is unique up to rescaling
by an arbitrary function. It is convenient to fix it by the following restriction:

Definition 2. An equivalence class [-] of vector fields is defined as

[v'] = {X*,IN € RT : X = M}
A weakly isolated horizon (WIH) is a pair (H, [I]), where H is a non-expanding horizon and
[/] is the equivalence class of a chosen null normal I of A such that

[£,D0P 20, (1)

where Z denotes equality on the horizon.

Here, £, is the Lie derivative along I, while D, is the induced covariant derivative defined
by XD, 2 XV, for every X tangent to 7.2

The normal [ can be completed to a NP null tetrad (I*,n*, m", m*) [21], where the spatial
(complex) vectors m®, i span a tangent space of a particular spherical section S3 of H and
are propagated onto the whole horizon by the requirement

IBS

1
e 2~ s, 2)

Lym° g & £ 3

where ¢ is the NP spin coefficient. Fixing [* and m“, the vector n” is then determined by the
normalization conditions /,n* = 1 and m,n® = 0 of the NP tetrad.

The properties of thus defined WIH allow us to construct adapted coordinates (v, x', x?) on
‘H such that

2o

v

m* 2 ()08, where 1,0 € {1,2}, ©)

for suitably chosen functions ¢’ In order to extend these coordinates also out of the horizon
we send geodesics in the direction of n* from every point of H, i.e. An® = 0. These geodesics
might be affinely parameterized by a parameter r such that n* = 9;. Then the remaining vectors
and coordinates are propagated analogously,

Al = Am® =0, Av = Ax' =0, 4)
which in turn implies

y=17=v=0, a+ B = mp.
On the horizon H, it also holds
0. pZp W Xo 5)

This means that, being non-expanding, non-twisting and shear-free, its geometry must belong
to the Kundt class of geometries [10, 13, 14, 22].

Moreover, the following coefficients are time-independent in the sense of vanishing deriva-
tive along I,

il

Dmw = DaE D Epe L0, DU, Z Dy Lo (6)

2Namely, in NP formalism D, i NaD — mad — g6, cf (146).
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The condition (1) gives de %o which, using (2), implies that the surface gravity sy is constant
across the horizon. This result is also known as the zeroth law of black hole thermodynamics.
The gauge freedom in the choice of I implies that s, does not acquire a unique value for a
given WIH, but in our case that poses no problem since we will concentrate on the study of
extremal horizons for which unambiguously ¢, = 0.

As we have already mentioned, WIH admits the presence of a matter or even radiation out-
side the horizon and therefore represent a black hole horizon much more generally than event
horizons or the particular Kerr solution. Although WIHs characterize equilibrium situation by
definition, they admit a certain degree of time dependence [23]. Unfortunately, this is still not
fully suitable for our purpose. We need to introduce a stronger notion of an ‘isolation’:

Definition 3. An isolated horizon (IH) is a WIH such that for every vector X“ tangent to H
the following condition holds

[£,DJx" £ 0. (7)

As a consequence of the definition (7) we also obtain
prxEputo. (8)

Hence, all the initial data on H are time-independent. While the condition (1) for WIH is merely
a gauge fixing [8], the condition (7) for IH puts the direct restriction on admitted geometry.

Although IH is naturally imposed in the context of stationarity, it might be too restrictive
within the current setting in particular applications. For instance, in order to prove the Meissner
effect in a greater generality, the definition of the IH had to be further generalized in [9] to the
concept of an almost isolated horizon (AIH). The authors showed that the whole construction
is valid even under assumption of topology R x K, where K is a compact two-manifold.?

For the purpose of this article, we will similarly assume that C has topology of a two-
sphere possibly pierced by strings (or struts) on the two poles, which produce deficit angles
§., respectively®. In addition, we will impose the axial symmetry in the sense of [9], which is
a generalization of the approach of [24]:

Definition 4. A horizon section K with the topology S(Sf equipped with a spatial metric g,
is said to be axially symmetric if there exists a Killing vector field ¢“ with closed orbits, which
vanishes exactly at two points of /C. These points are called poles.

Such a horizon section K can be coordinatized by two functions ¢ and ¢, which take the
values ¢ € [—1, 1]and ¢ € [0, 27). In these coordinates, the induced (negative definite) metric
q.» on the sections of H of constant time v acquires the canonical form

1
pdx®dx’ = —R* [ ——d¢? d¢? |, 9
Gap dx” dx <f(oc+f(<)¢> ©)

where R is ‘Euclidean’ radius defined by the area A of K via the relation 47R> = A. Because
of condition (2), this metric is Lie-constant along /.

3The definition of the almost isolated horizon again allows certain amount of time-dependence of the initial data.
Instead of (8) one assumes only DA X 0. Here, however, we need both conditions.

#We assume that K has the structure of a differentiable two-manifold, except in small neighbourhoods around its poles
which do not have this structure because of the conical singularities. Then K is not compact, just bounded. However,
this rather technical issue does not affect our investigation.

5In NP formalism the metric of A is Gap = —mgim, — mpim,. Notice the degeneracy of g,, following from the null
character of H.
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In particular, for f = 1 — ¢ with ¢ = cos 6, the metric (9) takes the standard form
ap dx*dx” = —R* (d6” +sin? 0 dg¢? ) . (10)

Consequently, f = —2( = —2cos 6 which yields ' = —2 for§ = 0 and f' = 2 for 6 = .

The function f(¢{) in (9) can be chosen arbitrarily, provided it satisfies the boundary con-
ditions at the poles f(£1) = 0. In [15], another condition was imposed, namely f'(£1) = F2
which makes the sphere ‘elementary flat’ [22] in the sense that there are no conical singular-
ities (deficit angles) around the poles at ¢ = =£1. In order to relax the regularity in the above
sense, the values of derivatives of f are prescribed in the more general form [9]

f’(il):$2<l+6—i>, an
27
where d. are the corresponding deficit angles at ( = £1. Such topological defects have non-
trivial effects on the spacetime and can be interpreted as cosmic strings (or struts) extending
through the horizon poles and causing acceleration of the black hole as in the C-metric, see
e.g. chapter 14 in [10].

A convenient choice of the spatial vector m“ on H is

no 1 i
mt = —— [/ ()8“+8Z>, (12)
ﬁR( NG o
normalized as m,m* = —1. The only independent component of the connection on H is then
given by the coefficient a defined by (160),
% 2 H L QO
a=mom’=a—-F= — ——— . (13)
TR/ ()

With this choice, a is real on the horizon, a H a, as well as the derivative operator § =
H s . .
m*V, = § acting on a scalar function, namely

w1
dp = NeT: V() O, (14)

for an arbitrary function ¢ = (().

3. Extremal isolated horizons (EIH)

In this section, we investigate IHs, which are extremal. Throughout the text, we denote such a
horizon by a shorthand notation ETH.
Extremal horizons are characterized by vanishing surface gravity, that is

iy = 0. (15)

It puts a geometric restriction on the metric function f(¢) in (9), in particular via the Ricci
identities, and reduces the dependence on the free data represented by the spin coefficients 1
and . In fact, the solution can be found explicitly, and it is unique.

Following [9], in section 3.1 we will proceed at first by solving the necessary constrains for
the electromagnetic field and the spin coefficient wnp. Then, in section 3.2 we will investigate
the equation for the metric function f(¢) and solve it.
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3.1. Electromagnetic field

In this paper we are interested in (electro)vacuum spacetimes, assuming that the electro-
magnetic field F,, everywhere shares the axial symmetry and time-independence with the
gravitation field, see (6), namely that on the horizon

Do 2 0. (16)
Since ¢g x 0 in general, see (5), the relevant Maxwell equation (156b) is thus reduced to

0¢1 + 2mNp d1 — 240 D2 2o,

with ¢y, ¢, ¢, being the null tetrad components of the electromagnetic field tensor Fgp.
Furthermore, the spin coefficient mnp is time-independent on every (weakly) IH, cf equation
(6). Its values are constrained by the Ricci identity (153g), which on the horizon reads

_ e 5
67TNP = %(z) )\ — TNP>

where 9 is the spin lowering operator (159) (and 0 its spin raising counterpart) [25].
By applying the condition (15) that the horizon is extreme, sz = 0, these two equations
reduce to

= H H
OmNe = — Tps 01 + 2mnp @1 = 0. (17)
Using the coordinates introduced in the previous section, we obtain explicitly

V2R 5 2v2R

0,
aCT‘—NP_ZL]{TFNP"‘Wﬂ—NP—O’ a(¢1+77TNP¢1§O~

These equations have the following simple general solutions [9]

x

Co

H |f 1 H :
T™p = \/;m, o1 = 7((—&—@)2’ (18)

where ¢, and ¢, are complex integration constants.
The physical meaning of the constant ¢, can be determined using the Gauss law expressing
the total electric and magnetic charges, see [23], as

. 1 2R?
™ JK cL— 1
Inverting this relation gives us
0 2
Cp = W (6'7r — 1) (20)

It has a well-defined limit for Q — 0. Vanishing of ¢ is then equivalent to zero electromag-
netic charge Q, consistent with the vanishing electromagnetic field ¢, in (18). In this case, the
spacetime is a vacuum solution.

Notice that the electromagnetic field component ¢; does not depend on the actual metric
on H, but it depends on the topology encoded in the complex constant ¢, as will be shown
below.
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3.2. The horizon geometry

It has been previously shown that extremal isolated horizons EIH with regular axes have the
geometry, which is necessarily isometric to the intrinsic geometry of the Kerr—Newman black
hole [15], see also [12, 16—20] for analogous results using different methods. Here, we general-
ize the result of [15] to a wider class of solutions by admitting topological defects interpreted
as cosmic strings (or struts), which are essential part of many exact solutions of Einstein’s
equations, in particular the C-metric or the Taub—NUT solution [10].

In NP formalism, the spin coefficient mnp is subject to the Ricci identity (153g) which, in
the extremal case, yields the explicit solution (18). Using the time-independence property of
the IHs (8) we notice that in the Ricci identity (153h) the only undetermined NP quantity is
the ¥, component of the Weyl tensor, provided y is a part of the free data. However, ¥, has to
satisfy (153q), and then the only unknown quantity in the equation remains the metric. Thus,
using the extremality condition (15), we have explicitly

g - WNpﬁNp - \Ifz, 67TNP - 67TNP g 2\:[/2 + 2612 —2da + 4‘¢1|2,

21

67TNP

where the second equation is (complex) algebraic constraint for ¥,. Combining the imaginary
parts of these equations does not contain any new information, it is always trivially satisfied.
Taking their real parts, eliminating W5, and using equation (17) we arrive at

n 1 _ _
a’—da+ 2> = E(WNP — 7inp)” + a(mne + Tap)-

The coefficient a is defined by (13), while the derivative operator § is obtained from (14).
Hence, in our choice of the coordinates of the metric (9) and using the previous results (18),
this key equation takes the explicit form

ICHcal* /74 Q¢+ er + )¢+ cxl? f/ = (cx — ) f + 8R%|co > 2 0,

which is a specific differential equation for the metric function f((). Its general solution might
be found explicitly. After integration we obtain

4lcyPR*(1 — ¢2)

fO= qer—Dicr e

(22)

where we have employed the boundary conditions f(£1) = 0 to fix the integration constants.
The constant ¢, is uniquely related to the electromagnetic charge Q via (20), while the value
of ¢, can be found from our generalized regularity condition (11) as

1
 4m 46+ 64 — 47| Q2R

Cr

X Qi,—5+:tZiVAQW—%57X2W%—dQ——4WHQFR*4).

Two solutions are possible due to the symmetry ¢, <+ ¢, in (22). After substituting into (22)
and some algebraic manipulation, we arrive at our main result:

Theorem 1. Let (H, [I?]) be an axially symmetric EIH of topology ng. Then the geometry
of its spherical sections is described by an induced metric q,, in the form (9), where the

8
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dimensionless metric function f(¢) explicitly reads

2 Qr+6.)Q2r+5.)(1 —¢?)

ma4r(1+ () +0-(1+ O +04(1 = O +4m|QPR(1 — (?)
Moreover, f(C) is unique and depends on 5 independent parameters, namely 6,6, R and

0 = Qg + 10\ It is well-behaved, and any of these parameters (except R when |Q| # 0) can
be set to zero.

J(Q =

(23)

Without charges (Qg = 0 = Qyy), the electromagnetic field vanishes and the unique vacuum
solution on the EIH is

2 Qr +6.)Q2m+6,)(1 —C?)
TAn(1+ ) +0-(14+ 0>+ 641 — O

In addition, without the deficit angles (- = 0 = J.), both poles/axes are regular, and the
solution further simplifies to
1—¢?
FO=2115 (25)
This function corresponds to extremal Kerr black hole [15], see also the review [12].

The geometry of extremal, stationary and axisymmetric isolated horizons (EIHs) is unique
in the sense that the induced canonical metric (9) must have the metric function in the form of
(23). In [15] a similar result was shown for [Hs of regular spherical topology. The authors ini-
tially derived their metric function which would admit conical singularities. However, this addi-
tional freedom was removed and the corresponding parameters were not interpreted. In [12],
the conical singularities are implicitly allowed in the generic formula (80)—(82) when ¢; # 0.
The identification is obtained via the relation R*¢ = x — xo for a suitably chosen constant x;.

Regular TH necessarily coincides with that of the Kerr—Newman black hole, and forms a
three-parameter class of solutions. By relaxing the regularity condition for the metric func-
tion A((), we have now obtained a richer five-parameter class of possible geometries. The two
additional parameters 6 _ and d 4, introduced in (11) as the deficit angles at { = +1, are usually
interpreted as the cosmic strings (or struts) causing an acceleration of the black hole. It is to be
expected intuitively that in the presence of a NUT-like parameter /, these strings/struts would
be rotating. Such a possible physical interpretation of the solution (23) will be the task of the
following section.

We have already pointed out that IHs exhibit specific behaviour, which uniquely defines
their structure when they become extremal. In the case of the Meissner effect, outer electro-
magnetic field is repulsed from the horizon. This was proven under weaker assumptions, using
the notion of the AIHs [9]. One might expect that imposing the same assumptions the geom-
etry becomes unique, but it is actually not the case. To prove theorem 1, one needs the full
time-independence of the IH expressed by (8). Thus, the Meissner effect is more general and
remains valid even when a certain time-dependence is allowed. From the physical point of
view, it might be understood as an effect emanating from a different physical feature.

For the sake of completeness, we also derive an explicit result for the W, projection of the
Weyl tensor. The first equation of (21) combined with (17) yields

f) =

(24)

H _
U, = mnp (2a + m™Np — TNp) 5

which is a simple algebraic constraint for ¥,. When we use the previous results (13), (18)
and (20), after some manipulation we arrive at the following expression in the terms of the
integration constant ¢,
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22— 1)@ — D + e, 1+,
Bt _|PE-D@-Dtea0 +exd

 R(CH e+ e (1 = ntr) R*(1 = ) +cn)*

Direct substitution for the constant ¢, seems to give a somewhat messy formula.

With this choice of the tetrad, it may be also shown that ¥ A v, %0 on every non-
expanding horizon. The projection W, of the Weyl tensor is a part of the free data, and it has
to be prescribed on a null hypersurface intersecting the horizon in the spherical-like section
IC, see [23] for details. Finally, the projection W3 is governed by the Ricci identity (153r) and
depends on the free data A and p as

W % (6+7TNP)M—(5+7TNP)>\+‘I’21~

4. Exact type D black holes

A general class of black hole spacetimes of algebraic type D with electromagnetic field
(which is not null and is double aligned with the gravitation field) is provided by the
Plebanski—Demianski solution [26], extending the previous results of Debever [27]. It includes,
as special cases, the well-known solutions such as the Kerr—Newman black hole, the C-metric
or the Taub—NUT solution. Therefore, it appears as the most suitable candidate to compare our
main result (23) with.

Let us recall the modified form of the Plebanski—Demianski line element first presented in
[28] (see also [29] or equation (16.5) in the review [10]),

1 Q 4+ w?p?
2 21 \2 2
ds® = —(1 p—_ <_r2+oﬂp2 (dr —wpdo)” + Tdr
P 2 4 22
+ R e (wdr + Pdo)* + rrer Pw P dp2> , (26)

where P(p) and Q(r) are polynomials of the fourth order. The metric depends on 9 free param-
eters, namely o, w, m, n, €, k, e, g, A, from which two can be, in principle, chosen arbitrarily.
Direct physical interpretation can be given only to the electric and magnetic charges e and g,
and the cosmological constant A. The parameter v determines the acceleration of the source,
while w measures the twist of the (double degenerate) principal null directions.

The null tetrad adapted to these principal null directions of the Weyl tensor reads

a 1_Olp}" 1 . y i
P et (g P - w) VR,

a __ 1 - apr 1 a a a
"= et (g (P ) + vR22) 7

e = —L_oPr (-L (wp?er + °) +i\/738;> .

In this tetrad, the only non-vanishing curvature scalars are the ¥, component of the Weyl tensor,
the ®1; component of the Ricci tensor, and the Ricci scalar R which has the value R = 4A,
for more details see [10]. Explicit expressions for these quantities indicate the presence of
curvature singularity at r = 0 = wp. The function P must be positive, and P(p) = 0 identifies
the poles (axes of symmetry). The horizons are determined by a condition Q(ry) = 0.

10
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In order to get a line element that explicitly represents the family of black holes, identifies
the physical meaning of the free parameters, and reduces to the well-known solutions by setting
these parameters to zero, the authors of [28] employed a coordinate transformation with two
additional parameters a and /, namely

I+ a)? a w
T=1——0, p=—+—¢g, o=——0p.
a W w a

The metric (26) is thus transformed into (cf [28, 29] or equation (16.12) in [10])

1

dS2 = —§

2
(—pQZ(dt — [a(1 =) + 201 = ¢)] dp)” + %dﬁ

2 P
- % de? + p ladt — (P’ + (a4 1)) d¢]2> : (28)
where

l

Q=1-a (—+3<) rop=r 4t a)’
w w

PQ) =ap+ais+as’ +a36 +ass?,

Q(r) = bo+byr+byr? +byr +byrt.

The mutually related constants a;,b; are specific combinations of the initial
Plebanski—Demianski parameters (for their explicit form see [28, 29] or equations (16.12)
and (16.13) in [10]). The transformed NP tetrad (27) now reads®

l:@p([ﬂ—k(a—kl)z]@,+a8¢—Qar),
Q
na:\/Ep([r2+(a+l)2]8f+a8;+gaf), (29
“‘7/&1 (I =9 [al+ )+21]8”+8“+’7)w_230
m = 2Ppw S)la < )y o 1 2 %)

The classic black hole solutions are identified in the large class of spacetimes (28) when the
polynomial P has the particular factorized form

Po) = (1 =) (1 —azs —ass?) (30)
with two distinct roots (poles) at ¢ = 1. Then the coordinate ¢ might be recognized as a
periodic coordinate with respect to the axes located at ¢ = +1.
With this choice, it is also natural to consider
¢=cosf, 0¢c[0,n7]. 31
6 Notice that the vector m® involves the original polynomial P, not P.

1
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Introducing P(c) = P(s) /(1 —?) and assuming A = 0,7 the metric (28) with (30) then takes
the explicit form (see the line element (14) in [28])

1 Q . .51 2o
2 2 2 2
ds* = 0 (— 5 {dt — (a sin” 6 + 4/sin 59) dcp} + 0 dr

P
+ p—2d92+£sin20 [adt — (7 + (@ + ?) dy]’ (32)
P P2 ’
where
[ | a 2 2 2
O=1—-a | —+—cosb| r, p-=r"+({+acos 0),
w  w
P(0) =1 — a3 cos 0 — ascos> 0,
[ ’k
Qr) = (w2k+62—|—g2) 14+2a—r —2mr+7w P
w ar— P2
—1 [
x[l—&—aa r} [l—aa—’_ r}, (33)
w w
with
[
a3=2agm—4a2a—2(w2k—|—e2+g2),
w w
&
as = —ao? 2 Wk + & + g%, (34)
and w?k given by
wk 1+2aém—3a2§2(62+g2) (35)
a?—P 1+3a2 5@ - )
so that
2_12 2 2 2 1 2_12
w2k+ez+g2=(a +e 4+ g9+ Oéw(a )m (36)

1+302 5 (a2 - )

The metric (32) explicitly depends on six usual physical parameters m, a, I, o, e, g which
characterize mass, Kerr-like rotation, NUT parameter, acceleration, electric and magnetic
charges of the black hole, respectively.

The additional twist parameter w is free in the sense that the remaining coordinate freedom
can be used to set w to any convenient value if at least one of the parameters a or / are non-zero
(otherwise w = 0), see the discussion in [28, 29]. In particular, it is natural to set w = a when
[ = 0. An interesting gauge choice of w was recently suggested in [31], namely

a+ P
a

, 37

7 Generalization to any value of the cosmological constant A was presented in [29, 30].

12
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so that

a a? l al

- Lo a9 38
w  at+P w  at+P (38)

With this choice, the general metric (32) reduces directly to the familiar forms of either the
Kerr—Newman, the Taub—NUT solution or the C-metric in appropriate cases, without the need
for further transformations, simply by setting the corresponding parameters to zero.

The metric (32) is also convenient for identifying the horizons. They are located at such
values of the radial coordinate r = ry which satisfy the condition

Q(rn) = 0. (39)

Since the function Q(r) given by (33) is factorized, the corresponding roots are immediately
seen. There are two acceleration horizons located at

a2+12 a2+12
'a S E— «— = — ", 40
Tat aala+1) £ aala—1) (40)

and (in general) two black hole horizons located at the roots of the first square bracket in (33),

2k /
7;} 5 =2 [m—a(w2k+ez+g2)] A+ Wk+e2+g)=0.  (41)
a* —1 w

The degenerate case when the two horizons coincide, identifying the extremal black hole
horizon ry, corresponds to the vanishing discriminant. This explicitly reads

aal a’ -2
H = [m—m(w2k+ez+g2):| 2k
o [n- 2 i v )] - K ket @)
m a2—|—lzw e“+g _az—lzw e+ g%).

In the absence of acceleration o or for vanishing rotation a or for vanishing NUT parameter
[ (i.e., when aal = 0), the quadratic equation (41) simplifies considerably to rf — 2mry +
(@> — PP+ & + g = 0, the roots are ry =m+ \/m?> —a® + 2 — ¢ — g2, and the extremal
horizon is at

rH=m & m*+ P =d+ e+ g% (43)

4.1. Calculation of the horizon geometry

The first step towards the derivation of the IH structure in the class of black hole spacetimes
(32) is to find a horizon generator /f; and introduce the advanced time coordinate v in such a

way that [f; £ 0%, in agreement with (3).
Moreover, the theory of IHs requires that both v and the spatial coordinates x, I € {1,2},
are parallelly propagated along the vector n“,

Av = Ax" =0, (44)

cf (4). From the expression (29) we see that the coordinate ¢ already satisfies this requirement
but ¢ does not. Hence, we perform the transformation of coordinates v = v(t,r), @ = ¢(p, r).

13
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The transformation ensuring the conditions (44) may be chosen in the following way®

r* + (a+1)?

dv =dr — o)

dr,  dé=dp— ﬁdr.

In the new coordinates {v, r,, qNS}, the NP tetrad (29) reads

a Q 2 2 a a __ a
r= 55, (2[r + (@ + 7] & +2a 0 Qa,),

«_ WO,
= (45)

Qa

a a a s wz a

and the line element (28) becomes

1

ds* = ——
0% p?

((Q — @P)dv? + 2p%dvdr + 2(s — Dp* [a(l + <) + 211 drdé

4
+2[QG = Dla(l +¢) + 200 +aP [ + (a+ ]| dvdg — %dgz
+ [0 — 1Pla( + 9 + 2P = P + @+ 7]’ 46?), (46)

where fD(g) takes the form (30) with (34). The horizons are located at r = ry such that
Q(rp) = 0, see (39). The vector [ in the transformed NP tetrad (45) thus diverges on any
horizon. To get rid of this divergence, we define a rescaled normal to the horizon as

. ‘ = o 2oy

o — - ‘
P4@+D* 0 2P+ a+ 2]

.
i+ a+ 0?0

Iy =00+

Using (46), one can easily check that /{; is indeed null on the horizon. The corresponding null
vector n; is obtained simply by the scaling’

a Qz 2 2 a
nH:?[r + (a+ D] 0.

However, the vector [f; does not yet have the required form. To achieve [f; % 04, we introduce
another transformation of coordinates ¢ = ¢(v, ¢), which reads

- ~ a

Notice that the value of the radial coordinate is here fixed at ryy. The normal [ is thus trans-

. H . . . . .
formed into [f; = 0, as required, while nf; remains the same, and m* is transformed into m

(which is not necessary to explicitly write here).

81n general, one gets from (44) the relation d,v = —n' /n"dyw, and we choose d,v = 1. The coordinate (/; is fixed
analogously.
9 The vector m“ is fixed, so if [ = ¢ I then n* = ¢~ 'n“ to keep the normalization.

14
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Let us also observe that the line element on a section of the horizon r = ryg for v = const.
reads

de?. (47)

2

2 P 2 2 212
dsy = O d¢” — [rH +(a+1) ] szz
The range of the angular coordinate ¢ is not obvious from our construction. We will thus

generally assume that ¢ € [0,27C), where we have introduced a ‘conicity’ parameter C. Its
value will be determined later.

4.2. Evaluation of the surface gravity

The surface gravity sy is defined as the ‘acceleration’ of the null normal of the horizon,
a H
5 Va(lu)y = 20y (In)p- (48)

The covariant form of the normal /f; % 04 on the horizon reads
e

S
Pl + @+ 7]

() Z
Substitution into the equation (48) yields

sy (IO 22 IV o () 2 0y(Ui)y — TSI 2= — 17, (1),

= w2 -1V, I, %0, Vb#£r

.
vre
For the metric (46), the surface gravity turns out to be

o Q'(rn)
O 2[R+ @+ ]

where the prime denotes the derivative with respect to the argument r. The second condition

H . .
I, = 0, Vb # ris also satisfied.
Extremal horizons are characterized by vanishing of their surface gravity. Hence, for the
extremal case we have the condition

Q'(rm) = 0. (49)

In view of the factorized form (33) of the metric function Q(r), it can be seen that the accel-
eration horizons at r,4 and r,_ (which are present when « # 0) cannot be extremal because
their surface gravity is non-zero.'? The only possibility to obtain an extremal horizon is when
the two black-hole horizons coincide. It can easily be shown that the extremality condition
(49) is fully consistent with the explicit solution (42) for the position ry of the two coinciding
black-hole horizons.

10 The hypothetical case Fay = I requires a = 0, a # 0,1 # 0, which is the accelerating NUT black hole. As shown
recently in [32], such spacetimes are algebraically general and thus do not belong to the investigated family of type D
solutions. Even in such a case, there are no extreme black hole horizons.

15
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4.3. Expansion and twist of the null normal

The null normal to an IH is required to be expansion-free and twist-free. Both these properties
are encoded in the spin coefficient p defined as (see, e.g., [33])

p=mdl, =m'i’ Vyl,.
Namely, the expansion © is its real part, while the twist w is its imaginary part,
©; = 2Re{p}, w=+v2Im{p}.

Using the definition of p above, we calculate the expansion and twist of the vector /{; on the
horizon, yielding

pEO.

The vector field /] is thus indeed non-expanding and has zero twist on the horizon (so it has a
Kundt-like property).

4.4. Geometry of the horizon sections

The line element on a spherical-like section of the horizon K for r = rg and v = const. is given
by (47). In order to compare this metric with (9), we first rescale the angular coordinate ¢ as

¢ = Co,
so it acquires its values in the required range ¢ € [0, 27). The line element is then

5 -
P 2 2702 n2 P
—=d¢* —C°|riy+(a+ 1)

[H ]QZPQ

ds? de?, (50)

Q%P
where C is the additional free conicity parameter. However, it still does not have the canonical
form (9). The next step towards the desired form is to calculate the horizon area A, which is
required for determining the radius R via A = 47R>.

The invariant volume element corresponding to (50) reads

r%ﬁ—(a—kl)zd

vol(K) = € H—

sdo,

and thus the area is
1 2 2 2
AE%VOI(IC):// degdqﬁ
K —-1Jo 9]
- 4mC [y + (a + 7]
C—am (DI ram(E-0)]

w w

(51

By comparing (50) with (9), we infer that the azimuthal coordinates on the horizon are
related by a coordinate transformation ¢ = ((<) such that

_ 4nCri+(a+1)?

d¢ A 0?

ds where Q(g)zl—am(l—i—ag). (52)
w o w
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Moreover, the azimuthal coordinate  adapted to an axially symmetric IH has to satisfy the
condition

fCVOI(’C) =0,
K

which effectively fixes the integration constant in (52). Recall that ¢ is constructed as a solution
to a certain differential equation, see [24]. To obtain an unambiguous solution, one has to
employ the condition above. The range of ( is then fixed by definition of R* to ¢ € [—1, 1], cf
equation (9) and discussion therein.

After integration we obtain

_ CFam(
- 1+arH(

—59)
-3
Both coordinates are in the required range ¢, { € [—1, 1]. Moreover, ((¢ = £1) = +£1.

To have a well-defined coordinate,  is required to be an increasing function of ¢, see [24].
Therefore, the derivative has to be positive,

(o) ==

l—arﬁ(w (53)

) = <©

ISR ISR ISH IS
€~

>0 = 1—arﬂ<f+i>>o, (54)
w w

which puts a restriction on the black hole parameters. For a given Kerr parameter @ and the NUT
parameter /, the acceleration « cannot be too large. In fact, since the acceleration horizon r,
is defined by the condition a7, (% + é) =1, see (33), the constraint (54) can be rewritten
simply as rq < 744, which is naturally always satisfied.

Let us also remark that the acceleration horizons (40) are related as

l—a

~

Va+

In the case when a = 0 these horizons coincide, while in the / = 0 case they differ by a sign,
ra+ = —71,—. Depending on the particular values of a and /, their signs and the sign of r,_,
mutual positions of the acceleration horizons may be r, E Ty

After the transformation of coordinates (53), the line element (50) is recast into the canonical
form (9), and we thus arrive at our another key result:

Theorem 2. The specific metric function fi,(C), which describes the geometry of the horizon
in a complete family of type D black holes (32), is given by

47 C?
A

P(Q)

T
@ e 20

fpQ) =

(55)

where the functions P,Q, p, introduced in (28) and (30), have to be regarded as functions of
the new variable ¢ via (53), for example p(C) = p (s(()). From equation (30) it follows that
fo(ED =0.

A direct substitution and evaluation leads, in general, to a complicated expression, which
will be discussed in the following sections.
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4.5. Deficit angles and conicity

Recall that for the metric in the form (9), one obtains the limit

0(©) /

Jm20 Fr [ (£1), (56)
where O(() is the circumference of a curve defined to have the same value of the coordinate
¢, while o(Q) is the distance from the north or south pole, respectively, to a specific point on
this curve.!! Regular axes are clearly defined by the condition f'(4-1) = F2. If this is violated,
conical singularities are present, see expression (11).

Straightforward calculation using (56) for the metric function (55) for a generic type D
black hole reveals non-zero deficit angles around both poles. With the notation introduced in
(11), these deficit angles at the two poles on the horizon ry are explicitly given as

0p =27(C(1 —az —ag) — 1),

@t 1) 57

o (C( tas —ap BT
5 7T<C( + a3 04)r%+(a_1)2

where the constants a3, as are given by (34) and C is the free conicity parameter.
Moreover, it is now also clear that for a unique choice of the conicity parameter C we can
always achieve a vanishing deficit angle at one of the poles. For example,

5,=0 & C=(0—-a3—ay) ', (58)

in which case (generically) § _ # 0.

It is also possible to achieve §_ = 0 but, in this case, one has to be more careful. When
[ # 0, the metric (28) is not regular at ¢ = —1 (since g o0 # 0). It is necessary to regularize this
axis/pole, and it is first achieved be changing the time coordinate appropriately. In particular,
by performing the transformation r — 7 such that

(=744l (59)

the metric (28) becomes

1 Q, 2 P
ds? = - <_p2(dz — a1 =) =211+ 9)] dp)” + a dr.
2 P,
+ % de® + 2 ladi — (r* + (a —1)%) dgp]2> , (60)
which admits a regular axis at ¢ = —1.

Repeating now the same arguments and calculations as before, we obtain expressions
analogous to (55) and (52), namely

472 P(0)

7 _ 2 212 %)
fo©=——lrm+@=D] FO R0

(61)

11'Since we deal with axially symmetric spacetimes, there is no difference in the proper length of ‘radius’ ¢ according
to different choice of a point on the curve. But we assume that the difference between p and the geodesic ‘radius’,
which should have been used, is of a higher order and disappears in the limit.
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and

B 471'Cr%I +(a—17?
A 02

The corresponding deficit angles at the two poles on the horizon ry are now given by
it a—0h* .
g+ (a+1)? ’

0. =2n(C(+az—ayg)—1),

d¢

ds. (62)

ng =27 (C(l —a3—a4)
(63)

so that
b.=0 < C=U+a3—ay) ", (64)

in which case (generically) §; # 0.
These results fully agree with those obtained in [28, 29] for the regularity of the poles/axes
at 6 = 0 and 6 = 7, respectively, using the metric form (32).

5. Comparison of the results on EIH with the family of type D black holes

For a general axially symmetric EIH we have derived in section 3 the explicit formula (23) for
the metric function f(¢) in the canonical coordinates (¢, ¢). We will denote it here by fg(C).
It reads

2 Qr +6.)2m+ 8,1 —C?)

fEIH(C) = ; 4r(1 4+ CZ) + 5_(1 —+ C)z + (5_;,_(1 - C)Z + q2(1 - CZ)’

(65)

where §. are the deficit angles on the horizon poles at ( = £1. Recall that, due to (53), these
correspond to ¢ = +1 in the Plebanski—Demianski metric (28), or equivalently to the poles at
¢ = 0 and 7, see (31). Here we have also introduced a shorthand notation for the dimensionless
combination of charges

5 (4m)?
A

where Qp and Q) are the electric and magnetic charges, respectively. We also prefer to use the
area A = 47R? instead of the ‘Euclidean’ radius R.

Our aim now is to compare this general result with the family of extremal black holes,
which are exact spacetimes of type D, namely with the metric function f,(¢) given in (55). We
wish to clarify the relation between the geometrical (or topological) features and the physical
parameters.

The metric function fgy given by (65) depends on 5 independent parameters, namely
(A, O, O, 0, 04+), while the family of algebraic type D black holes (32) is characterized by
6 physical parameters (m, e, g, a, [, ). However, one of these parameters is fixed by the con-
dition of extremality of the horizon. Thus, both generic solutions contain the same number of
independent parameters. At least at first glance, they should match.

First, the deficit angles 6 and ¢_, being defined geometrically, are the same both in the
metric function (65) and in the type D metric (32), explicitly determined by the physical param-
eters via (57) or (63). Recall also that there is an additional free conicity parameter C, which
can be used to prescribe either the deficit angle J or the deficit angle §_ to any value, in
particular 6 = 0 or §_ = 0, see expressions (58) or (64).

q (0% + O3, (66)
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The mass parameter m is related to the value of the radial coordinate ri; which defines the
horizon, via the condition (39), leading to (42) and (43). On the other hand, the area of the
horizon A depends on ry, see (51), so the mass parameter m is related to the area A. Moreover,
we naturally assume that both the electric and magnetic charges Qg, O\ are related to their
counterparts e, g (via the relations yet to be determined).

Generally, it is natural to make the following assumptions and restrictions on these
parameters, namely:

(a) The horizon area A and the mass parameter m are non-negative (A > 0, m > 0).
(b) The charges Q, Q) are determined by the Gauss law.
(c) The deficit angles are in the range §+ € (—27, 00). This constraint follows from (11).
Physically, one might consider a black hole metric (32) with an increasing rotation param-
eter a, until extremality of the horizon is achieved. In such a scenario, the horizon extremality
is associated with the rotation. However, non-rotating charged black holes might be extremal
as well. In this case, the electric (magnetic) charge takes the role of the extremal parameter.
The situation is different with EIHs, since its five parameters can be chosen arbitrarily. The
extremality is already assumed in our result (65), and therefore it cannot be associated with
just the electric charge.
In order to systematically analyze specific mutual relations between the two forms of the
extremal black hole horizons, we will investigate three distinct subcases, namely:

(a) Non-twisting black holes: a =0,/ =0,
(b) Non-rotating black holes: a = 0, [ # 0,
(¢) General rotating black holes: @ # 0 (with subcases / = 0, & = 0, and e = 0 = g).

Each of these important cases will now be investigated in the following sections.
5.1. Non-twisting black holes:a =0,/=0

By setting both the rotation parameter a and the NUT parameter / to zero, the null congruences
corresponding to the (double degenerate) principal null directions (27) become non-twisting,
see [10, 28]. In such a case, the metric (32) considerably simplifies (setting / = 0O at first, then
fixing the twist parameter w = a, and finally setting @ = 0) to

2 2
A = —— (—%dt2+r§dr2+72<% +Psin29dsoz>>, 67)

where
Q(r,0) =1—ar cos 6,
P(0) = (1 — am cos )%,
Q) = (r—m)*(1 —ar)(l+ar). (68)

In addition to two acceleration horizons at 7, = :i:é, there is obviously the extremal black
hole horizon located at

ry=m, where m’=¢>+ gz, (69)
see (43). Its area (51) reads

47C m?

A=—120
1 — a?m?

(70)
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The explicit metric (67) and (68) describes extremely charged black holes which uniformly
accelerate. It is a generalization of extremal Reissner—Nordstrom spacetime to admit acceler-
ation «, and also the special (extremal) case e = m? of the charged C-metric (i.e. the acceler-
ation extension of the metric (9.14), and the special extremal subcase of the metric (14.41) in
[10D).

Since the constants defined by (34) are now a3 = 2am and a;, = —a’m?, the deficit angles
(57) at the two poles on the extremal horizon are simply

5. =2nC(1 — am)* -2,
(71)
d_ =27C(1 + am)® — 2.

By choosing the conicity parameter C = (1 — aum)~2 we can always achieve §, = 0, while by
C = (1 + am)~? we obtain 6 = 0. However, it is physically more important to evaluate the
difference of these two deficit angles at opposite poles of the extremal horizon,

A=06_—0y =8rCam. (72)

It exactly agrees with the interpretation of J as parameters characterizing cosmic strings (or
struts) with a tension (or compression) force resulting in the acceleration « to one side. If
a = 0, there is an equilibrium between the tensions excerted by the two opposite strings and
the black hole is static. Introduction of a Newtonian force

= am, (73)

makes this relation manifest. For « = 0, C = 1 we recover from (67) the usual extremal
Reissner—Nordstrom spacetime without the conical singularities.

Now we employ the general expression (55) valid for all type D black holes at their extremal
horizon. For the particular metric (67) and (68) we obtain, using the relations p2 = 0=
l—arcandP=(1 —¢H)(1 —azs —asc?) = (1 — ¢H)(1 — amq)?, evaluated at r = ry = m,
that

2.2
oo =TT ),

Substituting from (53) and (70), which simplifies to ¢ = (¢ + a m)/(1 + am(), we get
1—¢?
(I+am(?

This have to be compared with the metric function (65) for the general axisymmetric EIH,
expressed in the canonical coordinates. Using (71) we obtain the relations

Q) = C(1 — o?m?)? (74)

Q4+ 6,.)Q2r +6.) =472 C* (1 — o*m?)?,
A1+ +6-0+ 0"+ 0,0 -0+ 421 = D)

= 87C 1(1+a2m2)+Lq2 +2am(+ l(1+oﬂm2)—qu .,
2 2 8w C

8w C
so that
_ C(—ao’m)*(1-()
SEmH(Q) = [%(1 w1+ ﬁqz] T 2amC+ [%(1 P ﬁqz] & (75)
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It is obvious that f; = fp for all values of ¢ if, and only if, %(1 +atm?) =1- ﬁ q*, or
for the unique choice of the dimensionless charge parameter

¢ =4nC( — oPm?). (76)

We achieved a perfect agreement between the metric function f;(¢) for the EIH and f1,(¢)
given by (74) for non-twisting type D black holes.
Moreover, by substituting (66) with (70) into (76) we obtain

0L+ Q% =CPm® = C* (& + g)). (77)

This is an explicit relation between the fotal electric and magnetic charges Qg and Qy;, deter-
mined by the Gauss law (19), and the charge parameters e¢ and g in the black hole metric
(67)—(69), which is the special case of type D family (32). For C = 1, these parameters match,
Qg = eand Qy = g.

Finally, notice also that the condition (76) together with (71) gives the constant ¢, real.
Consequently, the function 7yp is real, as well as W,. In general, an angular momentum of
an IH is determined from the imaginary part of W, [24]. It is zero in this studied case, so the
angular momentum vanishes, in agreement with our assumption of non-twisting black holes
a=0,l=0.

5.2. Non-rotating black holes: a = 0

For a = 0, we should obtain a non-rotating and accelerating charged black hole with the NUT
parameter [. However, it was explicitly shown in [28] that, in this setting, the acceleration
parameter « is a pure gauge and can be eliminated by a coordinate transformation.

Interestingly, accelerating NUT black holes exist [34], but they are not included in the
Plebanski—Demianski family of type D metrics (26). In a recent comprehensive study [32]
it was demonstrated that these spacetimes are algebraically general (of type I), and thus do not
belong to the investigated family of type D black holes. In any case, such accelerating NUT
spacetimes do not admit extreme black hole horizons.

Hence, without loss of generality, we can set o = 0, and the only non-zero parameters
remain the mass m, the NUT parameter /, the charges ¢, g and the free conicity constant C.
One of these parameters is fixed by the extremality condition.

Fora = 0 = o we obtain a3 = 0 = a4 and w?*k = —[*, so that the general type D black hole
metric (32) reduces to charged NUT black hole

) Q .29 : P2 2 2 2 s 02 2
ds = 5 (dr—disin dp ) — 5 dr? — 7 (@6 +sin’ 0 ), (78)

where p? = 2 + > and Q(r) = (2 + g% — IP) — 2mr + 1.
It follows from (51) that the area of the corresponding horizon is

A=4nC(rh + P, (79)
so that the value ry of radial coordinate on the horizon is rﬁ = ﬁ A — [2. Substitution into
(55) (with P =1—¢2,Q =1, p> = r + I> and ¢ = () reveals that

foQ=ca-a, (80)

which (irrespective of [ # 0) agrees with the expression (74) for « = 0. This is the metric func-
tion of a quasi-regular sphere (regular provided C = 1), see equation (10). The NUT parameter,
as well as the charges, thus preserve the spherical symmetry of the horizon.
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Now we employ the extremality condition (49). In the special case of vanishing acceleration,
it leads to the relations (43), and for a = 0 we obtain

g =m, where m’+P =¢ + g (81)
Using (79), we can thus write

A =4xC (m* + ) = 41C (&* + g%). (82)
Moreover, the metric function Q factorizes as

Qr) = (r—my%, (83)

in the same way as for the extremal Reissner—Nordstrom spacetime, simplifying (78) to the
metric of extremely charged NUT black holes

2+ 2 (r — m)?

The deficit angles on the extremal horizon are given by expressions (57).'2 As before, a3 =
0 = a4 and they reduce to

—m)? 2 2 2
g2 = =™ (dt—4lsin2§d<p> ol dr?* — (r* + ) (d6* +sin® 0dp?).  (84)

0y =6_=2m(C—1). (85)

For C = 1, both the poles are regular (and since A = J_ — § = 0, the black hole cannot
accelerate).

In order to compare (80) with the canonical metric function f;(¢) for EIHs, we substitute
(85) into (65), which yields

87C% (1 — (%)
4rC(1+ )+ (1 =)
This function implicitly assumes extremality, which relates the area and the charges of the type

D black holes via (82). It remains to find the unique value of ¢ such that fp;; becomes the
metric function f|, of the form (80). Indeed, such q2 exists, namely

Sem(Q) = (86)

F=41C & QL+0=CH+g), (87)

in full agreement with the previous relations (76) and (77).

‘We have thus completely identified the metric function f;; of EIHs with the corresponding
expression f, for extremely charged NUT black holes (84) of algebraic type D, which are the
only such non-rotating solutions (that is for a = 0). Moreover, we have clarified explicit rela-
tions between the physical parameters (m, 1, ¢, g, C), constrained by (81), and the dimensionless
(geometric) parameters (J 1, J_, g>) which enter the EIH metric function (65). Interestingly, in
view of (85) and (87), they are fully determined just by the single conicity parameter C.

It is also interesting to notice that the area A of the extremal horizon, given by (82), is
proportional to the ‘effective squared mass’ m?> + (%, which is equal to the ‘effective squared
charge’ ¢? + g2. Considering just the induced metric of the extremal horizon, described by the
function fgy = fp. we cannot distinguish between the separate contribution from the mass
parameter m and the NUT parameter / (or, equivalently, the electric charge e and the magnetic
charge g).

120r by (63), yielding 04 = 0_ =27 (C — 1) in the alternative metric form (60).
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5.3. Rotating black holes: a # 0

Finally, let us investigate the general case of type D black holes of mass m with rotation rep-
resented by the parameter a. This is a wide family of spacetimes, which contains the Kerr
solution and its generalizations to include electromagnetic charges e, g, the NUT parameter /,
and also the acceleration «. In such a case, it is most natural to relate the extremality of the
black hole to the rotation parameter a, keeping the remaining physical parameters free.

For these generic black holes, the horizon extremality condition is (42). It is convenient to
employ the gauge (37) of the twist parameter w which implies (38), i.e.,

a a’ l al
= = 88
w a+P w a4+ P (88)
Consequently, expressions (35) and (36) can be written as
W’k 1+42Am—34%( + %) (89)
-2 1+34%a>—P)
2222 2_p
2 s, (@=F+e+g)+2Ama - 1)
k = , 90
wite +g I+ 342 — ) ©0)
where we have introduced a unique combination of the three physical parameters
aal
= —. 91
A a4 2 ©b)
Then, the generic extremality condition reads
2 koo, 5,
[m— AW+ e+ g»)] = 5 pWk+e+e, (92)
and the corresponding (degenerate) extreme horizon is located at
a2 _ 12
m=[m-AWk+e+g) 5 . (93)
w?k
or equivalently
2% o2 4 o2
o Wktets) (94)
m— AWk + €% + g?)
By substituting from (89) and (90) we obtain explicit expressions for the horizon
m—A@—-P+e+ g+ A2ma*—P)
= 95)
14+2Am —3A42(e% + g%)
or equivalently
2_ P24l 42 )
. (a@—F+e+g)+2Ama — ) 96)

Tm—A@ Pt g+ Am@—P)
so that

y (@—P+e+g)+2Am@® - P)
2= . o7
H 1 +2Am —3A42(e? + g2)
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For A = 0, which occurs whenever o = 0 or @ = 0 or [ = 0, these expressions simplify
considerably to

rqy = m, where m* =a* — P +e*+ g2, (98)
in full agreement with the previously investigated cases a = 0, [ = 0, see (69) and (81).

5.3.1. Accelerating Kerr—Newman black holes: | = 0. In this section, we assume a vanishing
NUT parameter /, so that A given by (91) is zero. In such a case,

rg=m, where m’=ad>+e> +g°. 99

see (98) and also (43). Possible values of the extremal rotation parameter are thus
a=+m?— (e* + g2, (100)

where the two signs describe two opposite orientations of the black hole rotation. Without loss
of generality we may choose the positive one.

Such a family of spacetimes represents accelerating extremal Kerr—Newman black holes.
Using (88)—(90) with A = 0, implying a3 = 2am and a4 = —a’m?, its metric (32) reads

1 Q . 2 PP
ds* = —— [ == [dr —asin®6d = dr?
s QZ< pz[ asin cp] +Q r

P P 2 2 2
+ 5 0 o sin 0 [adr — (* + a*)dy] ) (101)

where
Q(r,0) =1 —ar cos 0,

pz(r, 0) = 4+ a* cos?,
(102)
P(#) = (1 — am cos §),

o) = (r—m)*( — an +ar).

For a = 0 we recover equations (67) and (68).
The corresponding metric function f,({) given by (55) describes the geometry of the
extremal horizon located at ry = m with the area
i+ a® 2m? — (e* + g%)

A=drc BT _y4nc . 103
T r—em ™ At amd —am) (103)

In terms of the coordinate ¢, the metric function of the horizon reads

1—¢2

o) = C(1 — &?m*)(m* + a*) PR

The transformation (53) is ¢ = (¢ + am)/(1 + am(), so that
(m?* +a®)(1 — ¢?)

m2(1 +am()? +a*( +am)?’
25
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which is equivalent to

C(1 —a?m?)?2m? —e® — g1 — (%)
m*(1 + a2 m?)(1 + () + 4am? ( — (2 + g2 + am)*’

fp(Q) =

Now, the deficit angles (57) at the two poles of the horizon are

6. =27nC(1 — am)®* -2,
(105)
d_ =27C(1 + am)® — 2,

which are the same relations as in the non-twisting case (71). Therefore, the metric function
(65) for the EIH in the canonical coordinates must have the same form as (75), i.e.

Cl—a’m’)(1-¢)
A+ a2m?) + e @l +2am+ [J(1+ a2m?) — L] ¢

SfEm(Q) = [ (106)

We achieve an agreement between the results (104) and (106) by a unique choice of the
dimensionless charge parameter g as

2 2 2 2
2 _ 2 2T —a 2 0y € t8

Interestingly, it is formally possible to set a = 0, recovering the previous relation (76).
Again, we have achieved a perfect agreement between the metric function g (¢) for the
EIH and f1,(¢) given by (104) for type D black holes without the NUT parameter /, that is for
the whole family of accelerating Kerr—Newman black holes.
Finally, by substituting (66) with (103) into (107) we obtain the same simple expression as
in the non-rotating and non-twisting cases

0f + Q% = CP(m* —d) = C*(&* + &), (108)

relating the total (physically defined) electric and magnetic charges Qg and Qy; and the
charge parameters e and g in the metric (67)—(69). Clearly, Qg = e and Qy; = g for C = 1,
in which case the acceleration is caused by the two cosmic strings with the deficit angles
04 = 2mam(am — 2), 6_ = 2wram(am + 2). For a = 0, there is no acceleration and we
recover the stationary extreme Kerr—Newman black hole.

5.3.2. Kerr-Newman-NUT black holes: o« = 0. For vanishing acceleration o = 0, which
implies A =0, a3 =0 =ay, 2 =1, P =1, the position of the extremal horizon and the
corresponding extremality condition have the form (98), namely

P=d? P+t (109)

rq = m, Where m
Its area (51) is

A =4nC [} + (a+D?). (110)
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In this case, the generic black hole metric (32) simplifies to

Q . .50 S
2 =4 2 2 Y P
ds® = e [dt (a sin” 0 + 4/sin 2) d@] 0 dr
2.2 Sin*6 2 2 2
— p’dd —7[adt—(r+(a+1))d¢], (111)

where
p2(r,0) = r* 4+ (I + a cos 6)%,

(112)
Q(r) = (r—m)*.
This is a family of stationary (non-accelerating) extremal Kerr—Newman—NUT black holes. In
a correspondence with the previous results, the metric of extremely charged NUT black holes
(84) is obtained by setting a = 0.
The deficit angles (57) at the two poles of the horizon are

(113)

2 2
5y = 2w (C—1), 5_:2w<crﬂ+(“+l) 1),

R a—10?

where the values of the parameters are constrained by (109). The first pole is regular for C = 1.
The deficit angles of the alternative metric form (60) are

r%+<a—1>2_1> 5

o, =2 _=2 —1 114
5. 7T<Cr12_1+(a+l)2 5. —2r(C-1), (114)

and thus the second pole is regular for C = 1.
From (55), using the relation ¢ = ¢ which follows from (53), we now obtain

1-¢

fo(@)=C [V%I"‘(Q'FZ)Z] 2 rdtalr
H

(115)

This should correspond to the canonical metric function f(¢) of the EIHs (65), whose
denominator can be rewritten as

A1+ )+ 61+ 0" +0:0 - O + 21 = )
=04 +6_+4m) + 1+ 206 —0,) ¢+ [(64 4 6 +4m) — ¢*1 2.

(116)
Substituting from (113), which implies
(64 +6_ +4m) [+ (@— D] =47C [rfy + (@ + )],
(06— —64) [+ (@—1*] =8rCal,
we thus obtain
fem(Q) = C [rf + (a+D7] - ¢ (117)

co+2alC+c ¢’
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where
co = 1 [+ @+ D)) + ' [ + (a— 1]
o UH grCc \'H ’
cy = 1 [+ @+ 1)) — i [+ (a— 1]
o UH grc \'H '

Clearly, for the unique value of the dimensionless charge parameter

2 2P
rg—a-+1

P ol kil
1 T r+(a@— 0%

(118)

we getcy = 1§ + > and ¢ = a?, so thatco + 2al ¢ + ¢2 (* = 1 + (I + a ¢)*. The metric func-
tion (117) thus fully agrees with f(¢) given by (115) of all non-accelerating type D black
holes.

Notice that for @ = 0 the function fpy = fp formally reduces to C(1 — ¢?), which is
equation (80), while (118) simplifies to g> = 47 C, which is equation (87). Similarly, for / = 0
we obtain

(r%I +ad>)(1 — (2) r%l —a?

=fp=C : 2 =d4rC :
SfEH = fp r12_1+a2C2 q ™ r12_1—|—a2

which are the expressions (104) and (107), respectively, when v = 0.
Moreover, from the relations (66) and (118), together with (110) and the extremality
condition (109), it follows that

, 1+ (a+ 1)

2 _ 2. p
B e

Qi+ 0y =C
_ 2rr12—¢—(a~G—l)2

=C =l (> + g%). (119)

With this specific rescaling, the parameters e and g give the genuine physical electric and
magnetic charges Qg and Qy, respectively.
Interestingly, whenever either a = 0 or | = 0, this relation simplifies to

O+ Oy = C* (& + 87, (120)

recovering (77), (87) and (108).
Of course, extremal rotating vacuum black holes without the electromagnetic field are
obtained simply by settinge = 0 = g.

5.3.3. General black holes of algebraic type D with extremal horizon. A generic case contains
6 physical parameters, namely m, e, g, a, [, o, plus the conicity parameter C, which are con-
strained by the extremality condition (92) of the horizon at riy given by the formula (95). At first
glance, it seems too complicated to prove analytically the equivalence of the functions f(¢)
and fg(Q) given by the expressions (55) and (65), respectively. We will now demonstrate that
even this most general case is explicitly solvable.

The key point is to realize that the constants a; and a4 defined by (34)—which directly
determine the metric function P(C ) via (30) and also the deficit angles (57)—are mutually
related due to the extremality condition (92) as

a3 = —4ay. (121)
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Indeed,
20a? 2 2 )
613:m [m—2A(w k+e —|—g)],
o’a* 2 2 2
a4:—m(w k+e +g%), (122)
so that
2 _ 4a’a’ _ 2 2 22 2 2 2
as+4das= 22[[m 2AWk+e” +g)] —(wk+e +g)]
(a® + %)
402a*

= m [[m — AWk +e*+ g

— (Wk+ e+ g +24Am - 3A2 Wk + & + )] .
Applying the extremality condition (92), we obtain

a’at

(a2 + 12)2

2

5~ +2Am) 4+ 32wk + & + )|,

@ +day = (Wk+ e +g)

(123)

and after substituting from (89) and (90) we get a% +4a4=0.
This unique relation has important consequences in simplifying the key expressions. First,
the metric function P(() given by (30) factorizes as

P() = (1 = )1 = 3a36)*. (124)
Moreover,
(1 —a3 —as) = (1 — a3y,
(1 +a3 —ay) = (1 + 5a3), (125)
(1 — a3 —ag)(1 + a3 — ag) = (1 + aq)?,
so that the explicit expressions (57) for the deficit angles also simplify. In particular,
Qm+6.)Q2m+64)d- =4T°C* (1 + aw) dy,
(64 +6- +4myd_ =27C [(1 + 1a3)?dy + (1 — 3a3)*d_], (126)
(6- —d0p)d_=27C [(1+ Jas)*dy — (1 — Sas)*d_],
where

dy =14+ (a+1)? d =14+ (a—D>. (127)
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These expressions directly determine the function fp(¢) given by (65). Rewriting its
denominator as (116), with (126) we obtain

1—¢?
=Cd. (1 L B 128
fElH(C) +( +a4) CO+C1C+62C2 ( )
in which
co ! (14 La3)?dy + (1 — Laz)*d- ]+d—*q2
4 * 8rC "’
1
a=s (1 + a3)*dy — (1 — Ja3)*d_], (129)
0 =- ! [(1+ la3ydy + (1 — a3)*d_] —d—*q
+ 8rC

This should now be compared with the function f(¢) representing the metric on the
extremal horizon of the most general black hole of algebraic type D, as given by the equation
(55). Due to the nice factorization (124), this function takes the form

471'C2 &2 (1—3a3)*(1—¢%)

Q) = 130
Jo(©)= 2%() p2(s) (130
where, using (88), the horizon area (51) is
4 2 22
nCdy (a” + ) (131)

(@ + P —aalmy)?—alatry’
and

(@+P —aalry) —ad®rgs
a+P

Q) = ; P =rg+U+acy. (132)

These functions have to be expressed in terms of the variable ¢ via (53), that is

B @+P—-aalm)(+aadry
@+l —aalm)+addm

(133)

which implies

Q) = 1 (612 + - aaer)2 olat rlz_I
S @+P) @+ P —-aalrg)+aatm
P = G+al+aE
(@ + P —aalr)+ aa® (]
@+ P —aalm)? —oa*r}
A=H= . -,
[(02+12—aalrﬂ)+aa2rﬂg]
(1 la S) [(a2+12—aalrﬂ)—%a3aa2rﬂ] + [aazrﬂ_%aS(a2+12_aaer)] C
—lay) = |

(@+PE2—aalm)+adrgC

(134)
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where
Cy = (rlz_I +a*+P)d®+ P —aalrm) + o?d rlz_[(a2 + )
— az(a2 + 12)2 + 4o a3er(a2 +P - aalry),
C, =2al [(a2 + P - ozaer)2 + o?d* rlz_[]
+ 2« aer(r%I +d> +P)a® + P —aalry),
Cy = d*a* + P + o’ ryy. (135)

Moreover, the constants a3 and ay, related via (121), have to take the explicit form

2 2 4.0

@ = cﬂ—ﬁm “=T e +(l);il;l;lrﬂ)2’ (136)
so that the function (1 — %ag <) simplifies to

(1-ayo) = fbpetonaly (137)
Substituting (131), (134) and (137) into (130), we finally obtain

fo(Q) = Cdy (1 +ap)* (@ + P — aalry) - ¢ (138)

C()—|—C1C—|-C2C2’

which is clearly of the same form as the metric function (128).
It only remains to compare the coefficients ¢; given by (129) with C; given by (135). By
substituting (136), (127) into (129), a direct evaluation indeed leads to

Ci=ci(@+P—aalm)?, fori=0,1,2, (139)

provided ¢* has a unique value

2 47 C C()—C2
d. (@+P—aalm)?

q

This completes the proof of the equivalence of f,(¢) and f;(¢) in a fully generic case.
Surprisingly, using (135), the expression for ¢* simplifies considerably to

ad’ry ?
B (N 140
(az—i—lz—aalm) (140)

Notice that this formula reduces to all previous special cases, namely equation (76) for the non-
twisting black holes (at first by setting / = 0 and then a = 0, in which case ry = m), equation
(87) for the non-rotating black holes (a = 0), equation (107) for accelerating Kerr—Newman
black holes (/ = 0), and equation (118) for Kerr—Newman—NUT black holes (« = 0).

Moreover, using (66) and (131) it follows that the genuine physical electric and magnetic
charges Qg and Q) are given by

22 P

2
Yol I
a T ri + (@ —1)?

Syt a+ D g —ad?+ P
it a—0% (1—Am)?’
31
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where, according to (91), the acceleration « of the extremal black hole is only involved through
the special combination of the three parameters, namely

_ aal
A+

5.3.4. Accelerating Kerr-NUT black holes: e =0 =g. As an important special subcase of
the general family of extremal type D black holes we may finally investigate the uncharged
case, i.e., Kerr—NUT black holes which uniformly accelerate, characterized just by the rota-
tion parameter a, the NUT parameter / and the acceleration a.. As shown above, these three
parameters are combined into the unique quantity 4. For extremal black holes of this type,
they also fully determine the horizon position 7y and the black hole mass m via (95), (96), or
7).
Using (140) and (141) we immediately observe that there are

nocharges < ¢*=0 < Qp+04y=0 & rf=d -7 (142)

Interestingly, it is equivalent to the condition e = 0 = g. Indeed, substituting a* — I* = r{; into
the expression (97) we obtain a condition (e + g*)(1 + 3.A%r%) = 0, which necessarily implies
e = 0 = g. Thus we have proved that

nocharges < r%l =d®-I & £+g¢=0. (143)

Since ¢> = 0 implies Cy = C,, the corresponding metric function takes an explicit form

1

Fo(©) = fam(©) = 2Ca(a+ H (1 + i) (@ + F —aalm)® Gy

(144)

6. Summary of the results and concluding remarks

The seminal concept by Ashtekar and Krishnan of IHs, reviewed in section 2, provides a prolific
mathematical framework for investigation of black holes that are in equilibrium with their
neighbourhood. The area of such horizon does not change in time, because there is no flux
of matter through it. In order to admit a certain degree of time-dependence in the initial data
and allow more general presence of matter, the concept of WIHs was introduced. Recently, it
has been further extended by Giirlebeck and Scholtz [8] to AIHs, which admit more general
topologies of the horizon sections, such as axially symmetric compact spatial manifold with
deficit angles at poles. In physical terms, such horizon can be pierced by cosmic strings or
struts. This idea was the starting point in our investigation, although we needed a stronger
notion of isolation than the AIH.

In their previous work [15], Lewandowski and Pawlowski considered EIHs, for which they
proved uniqueness and local isometry with the Kerr—Newman solution under a strong natural
assumption of complete regularity, which excludes the topological defects on the horizon char-
acterized by deficit angles 4 and § . Study of near-horizon geometries of extremal black holes
in [12, 16, 17] provided equivalent results with a possible non-zero cosmological constant. In
this paper, our aim was to extend these results by relaxing the regularity in the above sense,
and investigate in detail its physical consequences. As we have already pointed out, topological
defects of this kind are inherent feature of many exact spacetimes.

Using the NP formalism, we systematically studied the complete class of axially symmetric
EIHs with zero cosmological constant. They are defined geometrically by vanishing surface
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gravity everywhere on the horizon. In canonical coordinates ¢, ¢, introduced in equation (9),
the metric of spatial sections of the axisymmetric EIH reads

S 2 )

¥ <f<o W)
It involves a single dimensionless function f(¢) and the radius R defined by the horizon area
A = 47R%.

In section 3, we completely integrated the corresponding constraint equations following
from the NP formalism (see appendix A). Our main result is summarized in theorem 1. In
particular, the metric function f(¢) must necessarily have the form (23), see also (65), (66),
which can be rewritten as

Fam(©) = 2 Qr 4+ 6)Q2r +6,.)(1 —¢?)
B 10+ 0_ +4m) + @21+ 200 — 06, C + [(04 +6_ +4m) — 212

The deficit angles d. are located at the horizon poles corresponding to ( = +1, and the
dimensionless charge parameter is

5 (4m)?

(0 Q.

q

where O and Q) are the total electric and magnetic charges, while A is the horizon area.
The function f;y thus depends on 5 independent parameters (A, Qg, Ou, 0, d+). Without the
strings or struts (6 = 0 = §.) both poles are regular, and our solution simplifies to

8w (1 —¢*)
(@m+¢*) + (4 —g») (¥’

SEH(Q) =

recovering the result of [15] for uniqueness of the extremal Kerr—Newman black hole under
the assumption of regular spherical topology.

Our second main aim was to compare this locally defined general result with the horizon
geometries of a large family of extremal black holes, which are exact spacetimes of alge-
braic type D. As summarized in section 4, they belong to the Plebanski—Demianski family
of electrovacuum solutions (without cosmological constant) such that the Maxwell field is
double aligned with the gravitational field. We employed the convenient parameterization (32)
of this family, found by Griffiths and Podolsky [29], which apart from the conicity C (see
section 4.5) includes 6 usual physical parameters (m, e, g, a, [, o) representing the mass, elec-
tric and magnetic charges, Kerr-like rotation, NUT parameter, and acceleration of the black
hole, respectively. These parameters are here constrained by the horizon extremality condition
Q(ry) = 0 = Q'(rn). The horizon is located at a specific value of the radial coordinate

m-A@ =P+ + )+ Am@ 1)
B 14+2Am — 3422 + g2)

'y

where A is a unique combination of the parameters «, a, [, namely

_ aal
A+

see (42) and (91)—(97). Whenever o = 0 or a = 0 or [ = 0, it simplifies to ry = m with m> =
a® — I> + €% + g*. Only 5 physical parameters of the extremal black hole are thus independent.
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We also derived that the horizon area of these extremal black holes has the value

_4nC [rlz_[ + (a+ D* (@ + )
(@42 —aalm)? —atatry’

Contrarily, the area of the two acceleration horizons (40) located at r,4 and r,_ is infinite.

Theorem 2 summarizes the main result of section 4, that is our derivation of a specific metric
function f(¢), which describes the geometry of the horizon in the complete family of type D
black holes (32). It is given by equation (55),

4nC? ., 2 PO
A [rH+(a+l)]m,

where P, Q, p, introduced in (28) and (30), have to be expressed in terms of ¢ via (53).

In the last section 5, we were able to show that the function f,({) has the same form as
SEm(Q) for every combination of the physical parameters. Moreover, we found specific rela-
tions between the geometrical and physical parameters of the class of type D black holes, see
section 5.3.3. In particular, we derived an explicit formula for the dimensionless geometrical
quantity ¢°.

The key observation, involved in the comparison of the metric functions f, and fgyy, was
the mutual relation between the constants a3 and a4, which are unique combinations of the
physical parameters. In the case of extremal black holes, they have to satisfy the relation a3 =
—4 ayq, see (121). This implies factorization of the functions P, 9, p and further simplifications
of the coefficients, see (124)—(127). Putting it together, this yields the metric function in the
form

fpQ) =

(1+a)*(1-¢%)
Co+Ci ¢+ C %

o) = Cl + @+ D@+ P — aalrg)

where a4 is given by (136) and the constants C; by (135). This function is equivalent to fy4((),
expressed via the physical parameters (128), provided we choose the dimensionless charge

parameter g° as
2
aad*ry
a2+ P —aalry ’

see (140). The reason why we had to find such ¢ is that the physical parameters of fp, have
well-understood meaning only in particular special cases, as we have demonstrated in the case
of electric and magnetic charges. With this choice, the total electric and magnetic charges of
such extremal black holes are

2 2, p
rg—a-+1

2
—4nc BT
gy gy

S rht @+ D rh—a*+ P
Bt a—0% (1—Am)?’

O+ Q4 =C

It seems that only in the case of non-rotating black holes (a = 0) or black holes without the
NUT parameter (/ = 0) this formula reduces to a simple relation

Of+0u=Clh—a+P)=C+¢),

and the genuine electromagnetic charges Qg, Oy are then proportional to the electromagnetic
parameters in the type D metric just via the conicity C,

QE - Cea QM = Cg
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We thus clarified how different physical parameters influence the geometry of extremal
black hole horizon. From our discussion of the individual subcases it also follows that different
extremal black holes might have the same horizon structure represented by fyy;. For instance,
extremal Reissner—Nordstrom black hole has the horizon geometry isometric to the one of
extremal charged NUT solution, see section 5.2. Hence, we cannot distinguish between the
spacetimes just from the knowledge of the horizon geometry.

The general expressions for extremal black holes considerably simplify in various interest-
ing subclasses, such as for non-twisting black holes investigated in section 5.1 (these are accel-
erating extremely charged Reissner—Nordstrom black holes, i.e. the C-metric with ¢ = m?),
extremely charged NUT black holes (section 5.2), extremal accelerating Kerr—Newman black
holes (section 5.3.1), non-accelerating Kerr—Newman—NUT black holes (section 5.3.2), or
accelerating Kerr—NUT black holes (section 5.3.4).

As a natural extension of the present work, a non-zero value of cosmological constant A
could be considered. Previously, analogous solutions of this kind were obtained, see the review
[12] and the recent article [35]. These, however, did not analyze the most general solution with
clearly identified parameters and their physical interpretation. Another interesting question is
whether the axial symmetry of the EIH could be relaxed. It was already shown that extremality
implies axial symmetry in asymptotically flat spacetimes [20, 36, 37].

Finally, we would also like to point the reader to recently published works [38—41] in which
a different (complementary) approach to regularity was adopted.
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Appendix A. Newman-Penrose formalism

For the convenience of the reader, we offer here a brief summary of definitions and equations
of the NP formalism.

A.1. Gravitational field
Directional derivatives:
D=1('V,, A=n"V, §=m"V, 0=m"V,. (145)
Decomposition of the covariant derivative:
Vi=28"Vo=liA+n,D—myd — ity 6. (146)
Spin coefficients:
k= m’DY{,, T =m'Al,,
o =m"0l,, p = m"5l,,
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m~p = n“Dmy, v =n"Am,,
A= nagﬁla, M= na(sﬁlaa
l il l a —
Ezi(naDga_mDma)a ﬁzi(n 5&1—1’" (5ma),
1 B 1 _ =
T=5 n*Al, — m*Amy), a=; (n“(%a — m”éma) ,

The operators (145) acting on a scalar function obey this commutation relations:

DS — 6D = (Ainp — @ — B)D — KA + (p — €+ )0 + 00,
AD — DA = (7 +9)D + (¢ + &)A — (7 + mxp)d — (T + 7Tnp)d,
AS—SA=0D+(a+ B —TA+(y—7—pd — A,
86 =06 = (u— WD + (p — PA + (@ — £)J — (o = P)3.
Transport equations:
Dl =+t —rm® — km,
Al = (v+ L —Tm" — T,
6 = (a+ P — pm" —om,
Dn® = — (e + &) n + wnp m* + 7np M4,
An® = —(v+y)n* +vm® +vm,
6n" = —(a+ P + pm® + A,
Dm* = anp 0¢ — kn® + (e — &) m°,
Am® =v/l* — 1t + (v — ) m,
dm® = X — o n’ + (B — a)ym’,

om® = il — pn® + (a—B) me.

(147a)

(148a)
(148b)
(148¢)
(148d)

(149a)
(149b)
(149¢)
(149d)
(149¢)
(149f)
(149¢)
(149h)
(149i)
(149))

The Riemann tensor can be decomposed into the Weyl tensor C,.4, the trace-free part of the

Ricci tensor, and the scalar A related to the scalar curvature R by

1

A= R
24

The five (complex) tetrad components of the Weyl spinor are

Ug = Copea I'mPI'm’,

Uy = Copea I'n’I'm”,

Uy = Copeq 'mPmcn?,
Uy = Copeaq I*nPmcn?,
Uy = Copeg MnPmnc.
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The traceless Ricci tensor (equal to R,, when A = 0) has the following components, from

which are 3 real and 3 are complex:

1
Poo = —=Rup 11",

2
o) = _lRah Im",

2
Dpp = _lRab mm’,

2

1 ab | o a-b
Dy :_ZRah(ln +mm")
by = _lRab nm’,

2

1
@22 = — ERah I’lal’lb.

The three remaining components can be obtained via the symmetry ®;; = @ .
The Ricci identities read:

Dp—gfi:p2+(e+E)p—/i(3a+B—7TNp)—TR+06+<I>00,
Do —6k=(p+p+3c—&o—(1—7np +a+30)k+ Yy,
DT — Ak = p(T + 7ne) + o(T + 7ve) + (6 — )T — By + )k + ¥ + Doy,
Do — e = (p+ & —2e)a+ B6 — Be — kA — Ky + (e + p)rne + Pro,
Df —de = (a+mnp)o +(p— E)B — (p+ K — (@ — Twe)e + Uy,
Dy — Ae = (1 + 7Anp)a + (T + mnp) B — (€ +8)y — (v +Y)e

+7inp — VK 4+ Uy — A+ Py,

DX\ —énnp = (p— 3 + N+ Gu+ (np + a — B)np — VE + Oy,

Dy —omnp =(p—€ =)+ oA+ (g — @ + B)mne — Vi + Wy + 24,

Dv — Anxp = (7np + T+ (e + DA + (v — Pve — (3e + E)v + V3 + Py,
AN—6v=—(u+pa+3y—PA\+Q@a+ [+ mp — T — Uy,
Ap—6v=—(p+5+ ) — I+ omnp + (@ + 38 — 1)v — Oy,
AB—by=(@+B—1)y—pr+ov+er+(y—7—pph—ar—p,
Ao —6T=—(u—=3y+3)0 —Ap— (T + B — )7 + ki — Do,
Ap—6T=0+7—Wp—0cr+ B —a—7T+vk— T, —2A,

Aa =y =(p+ew— (T +BA+ (G — Do+ (B -7y — Vs,
5p—d0 = (a+B)p—QBa—PRo+(p—pr+ -k — Ty + P,
dov—0f = pp — Ao+ aa+ B3 —2af + (p— p)y + (u — e

— U + A+ dyy,
SA—dp=(p—p)v+ (n— Wmxp + (o + B)p + (@ — 3/)A — U3 + Py
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(152d)

(152¢)

(152f)

(153a)
(153b)
(153¢)
(153d)
(153¢)

(153f)
(153g)
(153h)

(153i)

(153))
(153k)

(1531)
(153m)
(153n)
(1530)
(153p)

(153q)
(153r)
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The Bianchi identities in the NP formalism are:

DU, — 5Ty — DBy + 6Dy =

DV, — 5\111 + Adgy — 5@01 + 2DA =

DU5 — U, — DB,y + §Byg — 20A =

D\I/4 — 5‘1’3 + Acbzo — 5@21 =

AWy — 0V + DDy — 6Py =

AUy — 50y — Adg; + 5Pgp — 20A =

AV, — §U3 4+ DDy — 0Py +2AA =

A3 — §Uy — ADyy + 6P =

Dy — 6D g + Adyy — 5@01 + 3DA =

D, — 6D + Adg; — 6Dy + 36A =

(mnp — 4a)Wo +22p + )V — 3k,
+26P11 — (e — 200 — 28)Poo

—20P10 — 2(p+ €)Po; + KPop, (154a)
=AU+ 2(mnp — )T + 3p0,

—26kV3 4+ 2pP1 + 0P

+ 27+ 25 — Poo

— 2(a+ T)Po; — 27D, (154b)

“OAT, 4 3mpWs + 2(p — )T

— kW +2uP1o — 2np Py

— 2B+ 7ne — 200P20 — 2(p — )Py + EP,
(154c)

C3AW, + 2(a 4 27mp) U5 + (p — 4e) Ty

+ 20D — 2AP1 — 2y =29 + )Py

—2(T — )Py + 0D,

(4y — )Wy — 227 + )V, + 300,

4 (ot 26 — 28)Dgr + 20, — 2k 1,

— Ay + 2(7ne — B)Por,

Vo + 20y — 1)) — 370, + 2005

— v oo + 2(jz — 1) Po1

+ Qa+ 7 —2B)Pp +27P1; — 2pP1a,

200 —3uW, +2(8 — 1)V3 + oWy

—2p®1; — APy + 2mnp P12

+2(8 + 7np) P21 + (p — 26 — 28) P, (154¢g)

3vWr —2(y + 23 + (48 — 1)V — 2vdy,

®o0 + 20015 + 2(y + )Py + (F — 28 — 2a) Py,
(154h)

(154d)

(154¢)

(154f)

2y +25 — p— W)Poo + (mnp — 2 — 27) Py
+ (np — 20 — 27)P10 + 2(p + p) P11

+ 0Pg2 + 0P — KP12 — kP2,

2y — 1 = 2)Po; + vPoo — APy

+2(7Fxp — P11 + (mxp + 28 — 20 — )Py
+@2p+p—28)P1n + 0P — kP,

(1541)

(154))
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Dy — 60y + ADy — 5@12 + 3AA = v®gy + 0Py — 2(p + @)D — APy — 5\@20
+ Qe — T+ 28)P12 + (28 — T + 27np) P2
+(p+p—2e—28)Py. (154k)

A.2. Electromagnetic field

Electromagnetic field is described by the antisymmetric electromagnetic tensor Fyp. Its
projections onto a NP tetrad are

$o = Fup I'm”, (155a)
1

1= 3Fa (n” + m'm") (155b)

¢y = Fypm“n’, (155¢)

The source free Maxwell equations in the NP formalism read

D¢y — d¢o = (mnp — 20)¢0 + 2pd1 — K, (156a)
D¢y — 51 = —Ado + 2mnp1 + (p — 28)¢n, (156b)
Apo — 61 = 2y — p)po — 271 + o2, (156¢)
A¢y — 5y = v — 2ud1 + (28 — T)2. (1564)

The Ricci tensor in electrovacuum spacetimes is given by
Oy =2¢ndn,  A=0, (157)
due to the Einstein equations in the case of vanishing cosmological constant.
A.3. Spin transformation
The spin transformation is defined as rotation in the plane spanned by m“, m*,
m® — e X m, m® — e X, (158)

where x is arbitrary real function. The scalar quantity 7 is said to have the spin weight s
provided

77/ _ eiSX’I].

under transformation (158). The NP operators § and & contain vectors m?, 7 and do not
preserve the spin weight. If 1) has spin weight s, we obtain

'y = eCTVX (5 +is7 %)

The prefactor suggests that §7 could have the weight s + 1, but there is an inhomogeneous
term proportional to §y. However, this term can be eliminated defining a new operator 0 by

on=on+s(a—pB)yn=on+san, (159)
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Table 1. Spin weights of the Newman—Penrose scalars.

-2 -1 0 1 2

A v p K o
TNP 12 T
¢ 91 o

\1/4 \1/3 \Ifz \Ijl \IJO

where

a=a-—j, (160)
which transforms homogeneously:

on — T g,

Soif 1) has the spin weight s then 07 has the spin weight s + 1. Therefore, O acts as a spin-raising
operator. Analogously we define

on =0n—s(a—pB)yn=0on—san. (161)
The spin weights of the NP quantities are summarized in table 1.
A.4. Lorentz transformations

Let us recall the transformation properties of the NP spin coefficients under a particular Lorentz

transformation of the null tetrad, namely the null rotation about /:

/=1, m* =m"+7cl°, n=n"+cm® +cm + ccll,

for other transformations see [22] and appendix B in [21]. They transform as
K =K,
e =¢e+ck,
o =0 +°Ck,
P =p+ck,
7' =74 co+Tp+ ctk,
o = cae + cp + Pk,
B’ = B+ co + ¢e + cek, (162)
T = Tnp + 2ce + 2k + De,
v =~ +Ta+c(t + B) + ct(p+€) + o + ek,
N = X+ cmnp + 2ca + A(p + 2¢) + Ak + eDe + e,
W = p+2chB + ennp + ¢?o + 2cee + ¢°tr + eDc + dc,
V =v 42y + p) + X+ A(m 4+ 28) + ce(mnp + 20)
+ 2o + PE(p + 2¢) + ek + Ac + cde + e + ceDe.

For transformations of the Weyl, Riemann and Ricci tensor components see [21, 22].
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