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We study adiabatic, radial perturbations of static, self-gravitating perfect fluids within the theory of
general relativity employing a new perturbative formalism. We show that by considering a radially static
observer, the description of the perturbations can be greatly simplified with respect to the standard
comoving treatment. The new perturbation equations can be solved to derive analytic solutions to the
problem for a general class of equilibrium solutions. We discuss the thermodynamic description of the fluid
under isotropic frame transformations, showing how, in the radially static, noninertial frame, the stress-
energy tensor of the fluid must contain momentum transfer terms. As illustrative examples of the new
approach, we study perturbations of equilibrium spacetimes characterized by the Buchdahl I, Heintzmann
IIa, Patwardhan-Vaidya IIa, and Tolman VII solutions, computing the first oscillation eigenfrequencies and
the associated eigenfunctions. We also analyze the properties of the perturbations of cold neutron stars
composed of a perfect fluid verifying the Bethe-Johnson model I equation of state, computing the
oscillation eigenfrequencies and the e-folding time.
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I. INTRODUCTION

Perturbative analysis, when possible, is one of the most
important tools for exploring the intricacies of complex
physical phenomena. In general relativity (GR), the study
of perturbative solutions is crucial in several different
contexts. Nonetheless, a fully mature theory of perturbation
for relativistic gravitation came quite late compared to other
research sectors. This delay can be ascribed to two specific
issues in developing the perturbation theory: the so-called
gauge problem and the consistent formulation of relativistic
thermodynamics. Indeed, the fundamental dependence of
a relativistic perturbation theory on the gauge makes it
challenging to understand the behavior of the perturbed
spacetime, possibly leading to ambiguous conclusions [1].
In the study of black hole perturbations, the first gauge-

invariant approach was proposed by Moncrief [2], and many
works have further developed the subject; in particular, the
authors of Ref. [3] developed a gauge-invariant and covariant

framework to study linear perturbations of static, spherically
symmetric black holes. In the context of cosmology, Bardeen
pioneered the development of a gauge-independent approach
to perturbations [4], and Ellis and Bruni have constructed a
fully covariant, gauge-invariant theory of cosmological
perturbations [5]. In relativistic astrophysics, however, until
recently, therewas no covariant, gauge-invariant perturbation
theory applicable to those types of solutions.
In the case of relativistic compact stellar objects, all

studies on the subject rely on one specific gauge. Moreover,
in many instances, the gauge is chosen to itself encode
completely the degrees of freedom of the perturbations.
This approach was first introduced by Chandrasekhar
while studying adiabatic, radial perturbations of stellar
compact objects [6,7], and all subsequent studies and
reformulations have adopted this idea [8–10]. Although
undeniably pioneering, the Chandrasekhar approach
presents many issues and limitations. One such limitation
is the focusing of the description of adiabatic, radial
perturbations to the point of view of the frame locally
comoving with the fluid, hindering the possibility of
exploiting covariance to simplify the perturbation problem.
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Given the revolution that multimessenger astronomy has
brought to relativistic astrophysics, it becomes increasingly
important to develop perturbation schemes that can perform
better than the ones currently in use. In Ref. [11], we have
constructed such a scheme by developing a fully covariant,
gauge-invariant theory of perturbation for nonvacuum,
compact, locally rotationally symmetric of class II space-
times, which can be used to study perturbations of relativistic
stars spacetimes. Specifically, we laid out the mathematical
foundations of the perturbation theory, addressing the
properties of the differential equations that describe general
perturbations, and we proposed a method to find exact
solutions in terms of power series. A second paper, Ref. [12],
was dedicated to the application of the new perturbation
theory considering the locally comoving frame with the
perturbed fluid. We studied perturbations of classical exact
solutions of the Einstein field equations, computing the first
eigenfrequencies and deducing universal criteria for stability.
The analysis, however, confirmed what was already dis-
cussed in Ref. [11]: that formulation of the problem is not the
most computationally efficient, whereas a change to a
noncomoving frame would be more advantageous.
The aim of the present paper is then to explore the

potential of the static frame perturbation equations. A
challenge in this new formulation will be the identification
of the thermodynamic properties of the matter sources in a
static, noninertial frame. However, the covariance of the
formalism will allow us to characterize the effects, offering,
at the same time, several interesting insights into relativistic
thermodynamics.
The results found in this paper, aswell asRefs. [11,12] rely

on a specific formalism called the 1þ 1þ 2 covariant
approach developed in Refs. [3,13,14]. The 1þ 1þ 2
covariant approach can be thought of as an extension of
the so-called 1þ 3 decomposition (cf., e.g., Refs. [15,16]).
Both these formalisms can be considered semi-tetradic
representations of the spacetime, where all tensor quantities
are locally, partially decomposed with respect to a time-
like and a spacelike vector field. The advantages of this
description of gravitational systems are manifold, but prob-
ably the most important one is the ability to describe in a
relatively simple, mathematically rigorous, and physically
transparent very complex gravitational systems without
relying on specific coordinate systems. The 1þ 1þ 2
covariant approach, in particular, has been used to formu-
late a covariant version of the Tolman-Oppenheimer-Volkoff
(TOV) equations, leading to the discovery of new solutions
in GR [17–20], and in some extension of Einstein’s
theory [21,22], and used to reformulate the theory of junction
conditions [23].
The paper is organized as follows. Section II describes in

detail the thermodynamics of a perfect fluid in a noncomov-
ing frame, emphasizing the first law of thermodynamics, heat
transfer, and entropy transformation. Section III contains a
description of the perturbation variables, the perturbation

equations together with their boundary condition, and a
general algorithm to find power series solutions of the
perturbation equations. Section IV deals with the application
of the resolution algorithm to some specific cases that are not
easily solvable in the comoving frame. In Sec. V, we analyze
the properties of the adiabatic, radial perturbations of cold
neutron stars composed by a fluid characterized by the
Bethe-Johnson model I equation of state. We then draw
our conclusions in Sec. VI. The paper contains two
Appendixes. In Appendix A, we introduce the general
definitions for the 1þ 1þ 2 covariant quantities, and in
Appendix B, we present the general transformation associ-
ated with a change of frame and its consequences on the
1þ 1þ 2 quantities.
Throughout the article we will consider the metric

signature ð−þþþÞ, and, except in Sec. V, we will work
in the geometrized unit system where 8πG ¼ c ¼ kB ¼ 1.

II. THERMODYNAMIC DESCRIPTION OF A
PERFECT FLUID IN THE STATIC FRAME

We are interested in studying perturbative solutions of
static, spatially compact, spherically symmetric spacetimes
with a perfect fluid source under adiabatic, radial pertur-
bations using the new formalism constructed in Ref. [11].
In Ref. [12] this analysis was carried out considering the
point of view of a comoving observer, the so-called
Lagrangian picture of the fluid flow. In this article, we
will show how the analysis can be greatly simplified if,
instead, we consider the point of view of a static observer
with respect to a static observer at spatial infinity, which can
be considered as the gauge-invariant, covariant Eulerian
picture. In that regard, we have to allow a general stress-
energy tensor for the perturbed fluid. We will impose the
perturbed fluid to remain perfect. However, as it is shown in
Appendix B, from the point of view of a static observer, the
fluid will not be seen as perfect, and momentum transfer
terms have to be included. However, in this section, we will
show that in first-order perturbation theory, those momentum
fluxes do not represent energy exchange between the volume
elements of the fluid as heat. This discussion will help the
understanding of the results on the evolution of the pertur-
bations contained in the next sections.
To keep the treatment in this section independent of the

choice of a local coordinate system, we will consider the
covariant quantities of the 1þ 1þ 2 formalism, whose
definitions we present in Appendix A. Nonetheless, the
final set of perturbation equations in the static frame used in
the following sections will be written immediately in the
standard Schwarzschild coordinate system and, thus, no
knowledge of covariant methods is required for their use.

A. Transformation of the particle number density
vector field

Consider a perfect fluid permeating a spacetime and two
observers: an observer locally comoving with the volume
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elements of the fluid and another observer whose frame is
related with the comoving frame by an isotropic frame
transformation (cf. Appendix B). Let u represent the
4-velocity of the comoving observer and e represent a
spacelike vector field orthogonal to u, such that the integral
curves of u and the integral curves of e form two local
congruences in the spacetime. On the other hand, let an
observer in the second frame be characterized by a
4-velocity ū and ē be a spacelike vector field orthogonal
to ū, such that, similarly, the integral curves of ū and the
integral curves of ē also form two local congruences in the
spacetime. In short, we will say the dyad ðu; eÞ is associated
with the comoving frame and ðū; ēÞ is associated with the
second frame. In what follows, for simplicity, we will use
an overline to identify quantities defined in the second
frame. In addition, without loss of generality, we will
assume the integral curves of the vector fields fu; ū; e; ēg to
be parametrized by an affine parameter, such as the proper
time or the proper length, and the tangent vector fields are
normalized such that

uαuα ¼ −1; eαeα ¼ 1;

ūαūα ¼ −1; ēαēα ¼ 1: ð1Þ
In the considered setup, by definition, the particle

4-current density vector in the comoving frame is given by

Nα ¼ nuα; ð2Þ

where n represents the particle number density, whereas in
the barred frame, in general, we have

N̄α ¼ n̄ūα þ n̄α; ð3Þ

where n̄α is the particle number density flux vector,
orthogonal to ū, measured by the observer associated with
the dyad ðū; ēÞ, such that n̄αūα ¼ 0. Given an isotropic
change of frame, Eq. (B2), the components of the vector
field N transform as

Nα ¼ nuα → N̄α ¼ ūαn cosh β − ēαn sinh β; ð4Þ

and, therefore,

n̄ ¼ n cosh β;

n̄α ¼ −ēαn sinh β: ð5Þ
In what follows, we will impose particle number con-

servation in both frames, that is, ∇αNα ¼ 0 and ∇αN̄α ¼ 0.
This implies the following relations for the comoving and
the barred frame, respectively:

uα∇αnþ nθ ¼ 0; ð6Þ

ūα∇αn̄þ n̄ θ̄þ∇αn̄α ¼ 0; ð7Þ

where θ and θ̄ represent the expansion scalars associated
with the integral curves of u and of ū, respectively. Using
Eqs. (B1), (B8), and (6), Eq. (7) can be rewritten in the
useful form

∇αn̄α

n̄
¼ − sinh β

�
Aþ ϕþ eα∇αn

n

�
− tanh βūα∇αβ − ēα∇αβ: ð8Þ

B. First law of thermodynamics and energy
conservation in the barred frame

To describe the thermodynamics of the perturbed fluid,
we will consider the local-thermodynamic equilibrium
ansatz, which presupposes that given an off-thermody-
namic equilibrium system, we can still locally define
volume elements that act as a thermodynamic subsystem
in equilibrium, such that within these elements, the state is
characterized by well-defined state variables. In our case,
this assumption is reasonable, given the considered per-
turbative setup, and assuming that the evolution timescale
of the perturbations within the fluid is much greater than a
characteristic local relaxation time.
Now, assume the fluid to be composed of a single particle

species with rest mass mN . For the barred frame, let μ̄
represent the relativistic energy density of the fluid, ε̄ the
specific internal energy density, n̄ the particle density, and
μ̄N ¼ mNn̄ the rest mass density, such that μ̄ ¼ μ̄Nð1þ ε̄Þ,
and hence

dμ̄ ¼ ð1þ ε̄Þdμ̄N þ μ̄Ndε̄: ð9Þ
Defining the specific volume v̄ ¼ 1=μ̄N , such that

dv̄ ¼ −v̄2dμ̄N ¼ −mNv̄2dn̄; ð10Þ

Equation (9) can be rewritten as

dμ̄ ¼ −μ̄
dv̄
v̄

þ μ̄Ndε̄: ð11Þ

For a quasiequilibrium process, the first law of thermo-
dynamics reads

dε̄ ¼ −δW̄þ δQ̄ ¼ −p̄dv̄þ T̄dS̄; ð12Þ
where δ represents the variation of a path-dependent quantity
under a given thermodynamical process, p̄ represents the
local pressure, T̄ is the local temperature, and S̄ is the local
specific entropy, all defined in the barred frame. Then,

dμ̄ ¼ −ðμ̄þ p̄Þ dv̄
v̄

þ μ̄NT̄dS̄: ð13Þ

From Eq. (10) we have

dv̄
v̄

¼ −
dn̄
n̄
: ð14Þ
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Then, along the world lines of the barred observers and
imposing the conservation of particle density (7),

˙̄v
v̄
¼ −

˙̄n
n̄
¼ θ̄ þ 1

n̄
∇αn̄α; ð15Þ

where “dot” over a barred quantity represents the directional
derivative taken with respect to ū, that is, a derivative taken
with respect to the proper time, τ, of the barred observer.
Then, from Eq. (13) we find

˙̄μ ¼ −ðμ̄þ p̄Þ
�
θ̄ þ 1

n̄
∇αn̄α

�
þ μ̄NT̄

˙̄S : ð16Þ

C. Perturbative analysis of the first law

So far, the discussion was kept rather general. We will
now and for the remainder of the section consider the
specific setup of an equilibrium perfect fluid in a static,
spherically symmetric spacetime that is adiabatically,
radially perturbed, such that the perturbed fluid is also a
perfect fluid. The equilibrium fluid is characterized by its
energy density, μ0, and pressure, p0. Moreover, we will
assume that an observer comoving with the equilibrium
fluid has 4-velocity u0, and we can define a spacelike vector
field e0 orthogonal to u0 at each point. Moreover, we
assume that the integral curves of u0 and the integral curves
of e0 form two local congruences in the equilibrium
background spacetime.
Because of the nature of the background spacetime,

observers comoving with volume elements of the equilib-
rium fluid are also radially static observers. However, in the
perturbed spherically symmetric spacetime, these observers
are distinct. Let the barred frame of the previous sub-
sections be associated with a radially static observer in the
perturbed spacetime, such that ē is aligned with the outward
radial gradient. Then, the particle density flux vector field
n̄α, defined in Eqs. (3)–(5), vanishes in the background
spacetime, since the comoving and the static observers are
the same. Therefore, n̄α is a gauge-invariant, first-order
quantity according to the Stewart-Walker lemma [1].
Moreover, the tilting angle β associated with the isotropic
frame transformation between the comoving and the barred
frames also vanishes in the background and is a gauge-
invariant, first-order quantity with respect to the back-
ground (cf. Appendix B). Then, at first order, that is,
disregarding terms with products of multiple first-order
quantities with respect to the equilibrium background
spacetime, Eq. (8) reads

∇αn̄α

n̄
¼ −β

�
A0 þ ϕ0 þ

n̂0
n0

�
− ēα∇αβ; ð17Þ

where n̂0 ¼ eα0∇αn0. Using Eq. (B9), we find the following
relation valid at linear level:

∇αn̄α

n̄
¼

�
ϕ0 þ 2A0 þ

n̂0
n0

−
μ̂0

μ0 þ p0

�
Q̄

μ0 þ p0

þ
ˆ̄Q

μ0 þ p0

;

ð18Þ

where μ̂0 ¼ eα0∇αμ0 and ˆ̄Q ¼ ēα∇αQ̄.
Last, we analyze the quantity n̂0=n0 in terms of the

energy density and pressure of the equilibrium fluid. Using
the definition of specific volume in the case of the
equilibrium fluid: v0 ¼ 1=ðμNÞ0, for the background space-
time the total relativistic energy density is given by
μ0 ¼ ðμNÞ0ð1þ ε0Þ, where dε0 ¼ −p0dv0. Then,

n̂0
n0

¼ μ̂0
μ0 þ p0

; ð19Þ

and Eq. (18) simplifies to

1

n̄
∇αn̄α ¼

ϕ0 þ 2A0

μ0 þ p0

Q̄þ
ˆ̄Q

μ0 þ p0

: ð20Þ

Substituting Eq. (20) in Eq. (16), at first order, we find

˙̄μ ¼ −ðμ0 þ p0Þθ̄ − ðϕ0 þ 2A0ÞQ̄ − ˆ̄Qþ μ̄NT̄
˙̄S : ð21Þ

D. Second-order nature of the heat flow

Now, the general energy conservation law ūβ∇αT̄αβ ¼ 0

for a spherically symmetric spacetime, in the language of
the 1þ 1þ 2 formalism reads [11]

˙̄μ ¼ −ðμ̄þ p̄Þθ̄ − ðϕ̄þ 2ĀÞQ̄ − ˆ̄Q −
3

2
Π̄ Σ̄ : ð22Þ

Taking into account the discussion in Appendix B, at a
linear perturbative level with respect to the background
spacetime, Eq. (22) reads

˙̄μ ¼ −ðμ0 þ p0Þθ̄ − ðϕ0 þ 2A0ÞQ̄ − ˆ̄Q

þ higher-order terms: ð23Þ

Comparing Eqs. (21) and (23), we see that the term T̄ ˙̄S is
of higher perturbative order. Therefore, at linear level, there
is no entropy change of the volume elements of the fluid
along the world lines of the static observer: ˙̄S ¼ 0. This
result and the assumption of a quasistatic thermodynamic
evolution implies that the processes within the volume
elements of the fluid are reversible. Therefore, at linear
level, heat transfer verifiesZ

c
δQ̄ ¼

Z
τf

τi

T̄ ˙̄S dτ ¼ 0; ð24Þ

leading us to conclude that along the world line c of a static
observer there is no exchange of energy as heat of an
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infinitesimal volume element. Therefore, a reversible adia-
batic process in the comoving frame is also reversible and
adiabatic in the static frame if the two frames are related by
an isotropic frame transformation that is first order with
respect to a background spacetime. This conclusion is in
line with the discussion in Refs. [6,24], confirming that if
the thermodynamic processes are carried out quasistati-
cally, the correction to the thermodynamic behavior due to
the motion between two frames is a higher than linear-order
effect.
In addition, Eq. (20) explicitly characterizes the origin of

the momentum flux term in the stress-energy tensor in the
static frame, Eq. (B10): Q̄ and its derivative account for
the fractional divergence of the particle density flux vector
along the ē direction; that is, the momentum flux terms
account for the net particle flux entering and leaving the
volume element associated with the static observer.
However, Eq. (24) asserts that at first order, there is no
change along ū of the energy of the system as heat. Hence,
these terms do not represent dissipative heat fluxes within
the fluid. To clarify, the Q terms in the stress-energy tensor
of a fluid represent only dissipative effects in the fluid’s rest
frame. In other frames, these terms also characterize energy
carried by matter fluxes between volume elements of fluid,
even if energy is exchanged as work.

E. Entropy and temperature of the perturbed fluid

In the previous subsection, we have discussed that for an
adiabatic, quasistatic process in the comoving frame, a
radially static observer will still measure momentum fluxes
within the fluid. However, we have proved that in first-
order perturbation theory with respect to a background
spacetime, those fluxes do not represent dissipative effects,
and the process is reversible. This implies that, in the
considered perturbative regime, the momentum fluxes do
not lead to a change in the total entropy of the system.
Nonetheless, it is natural to ask how these fluxes are related
with a perceived entropy flux between infinitesimal ele-
ments of volume of the fluid and if it is possible to find the
local value for the temperature of the fluid in the static,
noninertial frame. Considering the local-thermodynamic
equilibrium ansatz, we can understand these effects by
evaluating how an isotropic frame transformation of the
type described in Appendix B, which are first order with
respect to a static background, affects the description of the
“entropy flow” in and out of the infinitesimal volume
elements of the perturbed fluid defined by the radially static
observers. Then, let Sα represent, formally, the entropy flow
density 4-vector in the frame comoving with the volume
elements of the matter fluid, with 4-velocity u, such that

Sα ¼ mNSNα ¼ mNSnuα; ð25Þ

where S denotes the specific entropy and Nα represents the
particle 4-current density vector with respect to a comoving

observer, as defined in Eq. (2). Consider an isotropic frame
transformation (B2), and let the barred frame be associated
with a radially static observer with 4-velocity ū. Using
Eqs. (3) and (5), the components of the entropy flow
density 4-vector transform as

Sα ¼ mNSnuα → S̄α

¼ mNSðnūα cosh βÞ −mNSðnēα sinh βÞ: ð26Þ

In particular, as expected, S̄α ¼ mNSN̄α. The first term in
the right-hand side of Eq. (26) is called the “convection
term,” and it accounts for the entropy density flow carried
along the direction of ū. The second term, called the
“conduction and diffusion term,” accounts for the entropy
carried by the matter flux entering and leaving the volume
element along the ē direction. Indeed, to confirm this
interpretation, we will explicitly relate the momentum
transfer term Q̄ with the diffusion term in the considered
perturbative setup.
For simplicity, let

s̄α ≔ −mNSðnēα sinh βÞ ¼ −mNSn̄α ð27Þ

represent the conduction and diffusion term in the static
frame. As explained previously, in the equilibrium back-
ground spacetime, observers comoving with the fluid are
also radially static; therefore, s̄α is zero in the background
and is a gauge-invariant quantity according to the Stewart-
Walker lemma. Then, using Eq. (B9), valid in first-order
perturbation theory, Eq. (27) reduces to

s̄α ¼ mNn0S0
μ0 þ p0

Q̄ēα: ð28Þ

On the other hand, a general diffusion term that depends
linearly on the heat flux density can be written as

s̄α ¼ ηQ̄ēα

T̄
; ð29Þ

where η is a thermodynamic coefficient and, as in the
previous section, T̄ is the local temperature. Comparing
Eqs. (28) and (29) implies

η

T̄
¼ mNn0S0

μ0 þ p0

: ð30Þ

To interpret this result, notice that, in the geometrized units
system, we can set η ¼ 1, and Eq. (30) takes the familiar
form for the inverse temperature found in equilibrium
thermodynamics of relativistic continuous media for fluids
composed of a single species (cf., e.g., Ref. [25]).
Therefore, by imposing the local-thermodynamic equilib-
rium ansatz, Eq. (30) asserts that, up to linear order, the
entropy flux density, s̄α, and the momentum flux density,
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Q̄ēα, are related simply by the value of the local temper-
ature of the equilibrium fluid.

III. ADIABATIC RADIAL PERTURBATIONS

In the previous section, we have established that to
characterize a perfect fluid in frames other than in a frame
locally comoving with the fluid, the stress-energy density
has to contain nondiagonal terms to account for the
momentum transfer in and out of the infinitesimal volume
elements of the matter fluid. This implies that the descrip-
tion of the fluid becomes more complex in those other
frames. However, as we will see, this freedom allows us to
pick a noninertial frame in which the dynamical description
of the fluid and the geometry of the spacetime can be
greatly simplified, such that under certain general con-
ditions, the problem of the determination of the behavior of
the perturbations can be treated using standard analytic
methods efficiently.
In Ref. [11], a general perturbation theory was developed

that is manifestly covariant and identification gauge invari-
ant. This theory can then be applied to study perturbations
of static, compact, spherically symmetric solutions of the
theory of general relativity. For simplicity, we call these
types of solutions “stars,” although these are suitable to
model any static, self-gravitating relativistic matter distri-
butions. The new perturbation scheme was constructed
using the so-called 1þ 1þ 2 covariant formalism, intro-
duced in Ref. [14]. However, for clarity, in this and
subsequent sections, we will consider a particular coor-
dinate system and write the covariant variables in terms of
the metric and its derivatives.

A. The equilibrium spacetime
and the perturbation variables

Consider the Einstein field equations (EFE)

Rαβ −
1

2
gαβR ¼ Tαβ; ð31Þ

where Rαβ are the components of the Ricci tensor, R is the
Ricci scalar, and Tαβ represents the components of the
metric stress-energy tensor. For simplicity, we have set
the cosmological constant to zero.
Let the equilibrium background spacetime be a spatially

compact, static, spherically symmetric solution of the EFE
with a perfect fluid source, such that

Tαβ ¼ ðμ0 þ p0Þðu0Þαðu0Þα þ p0ðg0Þαβ; ð32Þ

where u0 is the 4-velocity of an observer locally comoving
with the volume elements of the fluid, ðg0Þαβ are the
components of the metric tensor in some local coordinate
system, μ0 represents the energy density, and p0 is the
isotropic pressure of the matter fluid. As we have done in

the previous section and from here on, we will use the “0”
to explicitly refer to quantities of the equilibrium space-
time. Generically, in the coordinates ðt; r;ψ ;φÞ defined by
a static observer at spatial infinity, this type of solutions can
be characterized by a line element of the form

ds20 ¼ −ðg0Þttdt2 þ ðg0Þrrdr2 þ r2ðdψ2 þ sin2 ψdφ2Þ;
ð33Þ

where the metric coefficients ðg0Þtt and ðg0Þrr are assumed
to be functions solely of r.
We will consider the equilibrium spacetime manifold to

be composed of two solutions of the EFE of the type (33).
The first one, representing the exterior of the star, is a
regular branch of the Schwarzschild solution, the second
one, modeling the interior of the star, is a static spatially
compact solution with a perfect fluid matter source. The
two solutions are smoothly matched at r ¼ rb (the boun-
dary of the star) to each other at a common timelike
hypersurface via the standard Israel-Darmois junction
formalism.
For the line element (33), we can write the 1þ 1þ 2

covariant scalar functions directly in terms of the metric
components and its derivatives as

ϕ0 ¼
2

r
ffiffiffiffiffiffiffiffiffiffiffiffiðg0Þrr

p ;

A0 ¼
1

2ðg0Þtt
ffiffiffiffiffiffiffiffiffiffiffiffiðg0Þrr

p dðg0Þtt
dr

; ð34Þ

where ϕ0 characterizes the spatial expansion of the nor-
malized radial gradient vector field and A0 is the radial
component of the 4-acceleration of an observer locally
comoving with the volume elements of the matter fluid.
Now, in Ref. [1], necessary and sufficient conditions

were established for a quantity to be independent of the
choice of diffeomorphism between an equilibrium and a
perturbed spacetime, i.e., to be identification gauge invari-
ant. Therefore, by identifying an appropriate closed set of
gauge-invariant perturbation variables, we can characterize
the perturbed spacetime unambiguously. In that regard,
consider the energy density, μ̄, and pressure, p̄, of the
perturbed fluid measured in the radially static frame. These
are not gauge-invariant quantities; however, given that the
background spacetime is assumed static, their proper time
derivatives vanish in the background, hence, are gauge
invariant, and can be used to characterize the perturbed
spacetime. Indeed, to describe the perturbations, we will
consider the variables

m ≔ ˙̄μ; p ≔ ˙̄p; A ≔ ˙̄A; F ≔ ˙̄ϕ; E ≔ ˙̄E; ð35Þ

where the general definitions of A, ϕ, and E can be found
in Appendix A, and, as in the previous section, “dot”
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represents derivatives along the world lines of the radially
static observers, that is, derivatives taken with respect to the
proper time of observers with a constant circumferential
radius coordinate. In addition to the quantities in Eq. (35),
we will also consider the expansion scalar, θ̄, and the
nontrivial radial component of the shear tensor, Σ̄, both
associated with the local congruence formed by the world
lines of the radially static observers since those quantities
vanish identically in the background spacetime. For the
radially static frame, as we have discussed in the previous
section, we also need to include a momentum transfer term
Q̄ in the fluid’s stress-energy tensor. Then, in a radially
static frame, adiabatic, radial perturbations of perfect fluid
stars can be, independently of the choice of gauge, fully
characterized by the variables fm;p; Q̄;A;F;E; θ̄; Σ̄g.

B. Harmonic decomposition

The perturbation equations are found by linearizing the
EFE. The linearization procedure dramatically simplifies the
field equations; however, these can be further simplified by
considering the exact symmetries of the equilibrium space-
time to transform the linearized system of partial differential
equations in a system of ordinary differential equations.
In this article, we will consider the background space-

time to be spatially compact, static, and with spherical
symmetry. Then, at linear perturbation order, it is possible
to express a covariantly defined scalar perturbation varia-
ble, χ, in terms of the eigenfunctions eiυτ of the Laplace
operator in R, of the background spacetime, and the
spherical harmonics, Ylm:

χ ¼
X
υ

�Xþ∞

l¼0

Xl
m¼−l

Ψðυ;lÞ
χ Ylm

�
eiυτ; ð36Þ

where τ is the proper time of the comoving observer in the
background and υ parametrizes the associated eigenfre-
quencies,

P
υ can stand for a discrete sum or an integral in

υ, depending on the boundary conditions of the problem,

and the coefficients Ψðυ;lÞ
χ are functions of r only.

In this article, we will consider isotropic perturbations;
therefore, dipole and higher-order angular multipoles are
zero as thosewould select preferred directions in the system.
Then, in the expansion (36) we can disregard all coefficients

Ψðυ;lÞ
χ with l ≥ 1. Moreover, provided sufficient regularity

for the background spacetime and the perturbed fluid, the
squared eigenfrequencies, υ2, are countable, are real, are
simple, have a minimum, and are unbounded from above
[11]. Therefore, in the considered setup, any first-order,
gauge-invariant scalar quantity, χ, can be decomposed as

χ ¼
X

υ2¼fυ2
0
;υ2

1
;…g

ΨðυÞ
χ ðrÞY00eiυτ; ð37Þ

where we have dropped the superscript l.

The expansion above was done employing the proper
time, τ, of an observer locally comoving with the equilib-
rium fluid. However, it is more advantageous in some cases
to express it by means of the time coordinate t. The
eigenfrequencies associated with each of these time coor-
dinates are connected by the relation [13]

υðrÞ ¼ λ exp

�Z
r

þ∞
−
2A0

xϕ0

dx

�
¼ λffiffiffiffiffiffiffiffiffiffiffiðg0Þtt

p ; ð38Þ

where the constant λ represents the value of an eigenfre-
quency measured by the observer at spatial infinity. Thus,
in terms of t, a gauge-invariant, first-order scalar quantity χ
can be equivalently given by

χ ¼
X

λ2¼fλ2
0
;λ2

1
;…g

ΨðλÞ
χ Y00eiλt: ð39Þ

C. Gauge-invariant equation of state
and perturbation equations

The dynamical evolution of the adiabatically, radially
perturbed spacetime is characterized by a system of equa-
tions for the perturbation variables (35). Nonetheless, this
system is not closed and requires additional information
related to the thermodynamics of the fluid source in the form
of an equationof state. Inwhat follows,wewill assume that in
the local rest frameof the perturbed fluid, the pressure and the
energy density are related by

p ¼ fðμÞ; ð40Þ

i.e., a barotropic equation of state. Here f is a generic twice
differentiable function defined in an open neighborhood of
μ0.With these assumptions,f0ðμ0Þ can be associatedwith the
square of the adiabatic speedof soundof fluid asmeasuredby
a comoving observer. In line with the prescriptions of a
physically meaningful background, we will assume that
f0ðμ0Þ is nonvanishing in the interior of the perturbed star.
The equation of state above translates in the comoving frame
in a similar relation for the perturbation variables m and p.
However, as mentioned in Sec. II, in the static frame the fluid
is no longer perceived to be perfect; therefore, the equation of
state is modified, as proven in [11], into the relation

m ¼ 1

f0ðμ0Þ
p −

rϕ0

2ðμ0 þ p0Þ
�
dμ0
dr

−
1

f0ðμ0Þ
dp0

dr

�
Q; ð41Þ

where we have dropped the overline for simplicity’s sake. In
the remainder of the article all first-order quantities are to be
considered those measured in the frame of radially static
observers within the star. Moreover, notice that if the
equilibrium fluid is characterized by a barotropic equation
of state equal to that of the perturbed fluid, the second term in
the right-hand side of Eq. (41) vanishes. We also remark that
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we have not imposed any direct constraints on the particular
type of the equation of state of the equilibrium fluid.
Gathering the previous results, we are now in a position

to write the perturbation equations. In the coordinate
system, ðt; r;ψ ;φÞ, and considering the harmonic decom-
position (37), the nontrivial harmonic coefficients verify the
following system of equations [11]:

dΨðυÞ
p

dr
¼ 2

rϕ0

�
μ0 þ p0

ϕ0

�
1

2
ϕ0 þ 2A0

�

þ A2
0

f0ðμ0Þ
þ rA0ϕ0

2ðμ0 þ p0Þ
dμ0
dr

þ υ2
�
ΨðυÞ

Q

−
2

rϕ0

�
μ0 þ p0

ϕ0

þ
�
2þ 1

f0ðμ0Þ
�
A0

�
ΨðυÞ

p ; ð42Þ

dΨðυÞ
Q

dr
¼ 2

rϕ0

�
A0

f0ðμ0Þ
þ rϕ0

2ðμ0 þ p0Þ
dμ0
dr

þ μ0 þ p0

ϕ0

− ϕ0 − 2A0

�
ΨðυÞ

Q −
2

rϕ0f0ðμ0Þ
ΨðυÞ

p ; ð43Þ

and

ΨðυÞ
m ¼ 1

f0ðμ0Þ
ΨðυÞ

p −
�

A0

f0ðμ0Þ
þ rϕ0

2ðμ0 þ p0Þ
dμ0
dr

�
ΨðυÞ

Q ;

ΨðυÞ
A ¼ 1

ϕ0

�
ΨðυÞ

p −
�
1

2
ϕ0 þA0

�
ΨðυÞ

Q

�
;

ΨðυÞ
E ¼ 1

2
ϕ0Ψ

ðυÞ
Q þ 1

3
ΨðυÞ

m ;

ΨðυÞ
θ ¼ −

1

ϕ0

ΨðυÞ
Q ;

ΨðυÞ
Σ ¼ 2

3
ΨðυÞ

θ ;

ΨðυÞ
F ¼ ΨðυÞ

Q ; ð44Þ
where the second to last equation is the kinematical
requirement for the constancy of the circumferential radius
coordinate of the static observer.
To solve the system of differential equations above, we

must impose boundary conditions. Given the particular
physical setup that we are interested in, we consider the
following:

(i) at the center of the star, r ¼ 0, and at the initial
instant, the energy density and the pressure pertur-
bations must be finite; and

(ii) there exists a timelike hypersurface at which
the interior spacetime and an exterior vacuum
Schwarzschild spacetime can be smoothly matched.

As was proven in Ref. [11], for the static observer,
condition (ii) sets that at the surface of the star, at all
times, we must have

p −A0Qjboundary ¼ 0; ð45Þ

and, therefore,

ΨðυÞ
p −A0Ψ

ðυÞ
Q j

boundary
¼ 0: ð46Þ

Before we discuss the solutions of the system (42)–(44),
we comment on some glaring differences between this
system and the one found for the comoving frame, discussed
in Ref. [12]. In the comoving frame, three master perturba-
tion variables are necessary to characterize adiabatic, radial
perturbations, whereas, in the radially static frame, the
description of adiabatic, radial perturbations is completely
characterized by twomaster variables:p andQ.Moreover, to
characterize this type of perturbations in the radially static
frame, only information on the square of the speed of sound
of the fluid, f0, is required. This is not surprising. As noted in
Ref. [26], where the original Chandrasekhar second-order
radial pulsation equation was recast as a first-order coupled
system of differential equations, the new system also only
depends on the value of the adiabatic index of the fluid and
not of its derivative. Therefore, the matter model is com-
pletely characterized by the values of the adiabatic index or,
equivalently, by the square of the speed of soundmeasured in
the fluid’s local rest frame.

D. Analytic solutions

Given the background spacetime and the equation of state
of the perturbed fluid, Eqs. (42) and (43), together with
conditions (i) and (ii), completely describe adiabatic, radial
perturbations of a star composed of a perfect fluid, from the
point of view of a radially static observer within the star. This
type of systems of ordinary differential equations is well-
suited to employ numerical methods to find approximate
solutions. Notwithstanding, we have shown in [11] that it is
also possible to find analytic solutions in the form of power
series, using methods borrowed from the standard theory of
systems of linear ordinary differential equations. In that
regard, let the following extra conditions:
(a) the equilibrium fluid variables μ0 and p0 verify the

weak energy condition;
(b) the equilibrium star is a solution of the TOVequations

for real analytic, nontrivial energy density, and iso-
tropic pressure functions; and

(c) the function f0, representing the square of the adiabatic
speed of sound of the perturbed fluid in the comoving
frame, is positive and real analytic within the per-
turbed star.

Condition (b), in particular, is a very strong restriction to
the type of spacetimes that can be considered, especially
taking into account the nontrivial equations of state that are
characteristic of nuclear matter. Serendipitously, to our
knowledge, all known classical exact solutions for compact
astrophysical objects have this property at least in a neighbor-
hood of the center of the star. Indeed, if the equilibrium
spacetime is a solution of theEFEwith real analytic μ0 andp0

matter variables, such that both their power series centered at
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r ¼ 0 have a nonzero radius of convergence, the technique
shown below can be used to characterize the perturbed space-
time, under adiabatic, radial perturbations. Nonetheless, we
remark that if the radius of convergence of any of the power
series is smaller than the radius of the equilibrium star, the
validity of the solutions presented below is only guaranteed
for points whose circumferential radius coordinate is smaller
than that value of the radius of convergence.
Continuing, considering the regularity conditions above,

Eq. (34) can be rewritten as

ϕ0 ¼
2

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2MðrÞ
r

r
;

A0ϕ0 ¼ p0 þ
2MðrÞ
r3

; ð47Þ

where

MðrÞ ≔ 1

2

Z
r

0

μ0x2dx ð48Þ

is dubbed the mass function. Then, conditions (a) and (b)
for the matter variables imply that the function A0 is real
analytic at all points within the star, and the function ϕ0 is
real analytic within the star except at r ¼ 0 where it has a
singular point. As a consequence, Eqs. (42) and (43)
constitute a system of ordinary differential equations with
real analytic coefficients around r ¼ 0 and a singular point
at r ¼ 0.
Now, we will start by recasting the system of perturba-

tion equations in the following form:

d
dr

W ¼ ðr−1Rþ ΘÞW; ð49Þ

with

W ¼
"
ΨðυÞ

p

ΨðυÞ
Q

#
; R ¼

�
0 0

0 −2

�
; ð50Þ

and

Θ ¼ −
2

rϕ0

2
64 μ0þp0

ϕ0
þ 2A0 þ A0

f0ðμ0Þ − μ0þp0

ϕ0

�
1
2
ϕ0 þ 2A0

�
− A2

0

f0ðμ0Þ −
rA0ϕ0

2ðμ0þp0Þ
dμ0
dr − υ2

1
f0ðμ0Þ 2A0 −

A0

f0ðμ0Þ −
rϕ0

2ðμ0þp0Þ
dμ0
dr −

μ0þp0

ϕ0

3
75: ð51Þ

The regularity conditions (a)–(c) imply that rϕ0 is
positive in the interior of the star. Then, the matrix Θ is
real analytic at r ¼ 0, with power series

ΘðrÞ ¼
Xþ∞

n¼0

Θnrn: ð52Þ

In particular, we conclude that r ¼ 0 is a regular singular
point of the system (49), and we can employ the methods
presented in Ref. [27] to find the solutionW in the form of a
convergent power series in the neighborhood of r ¼ 0.
Moreover, the method guarantees that this solution series
has a radius of convergence equal to the series in (52)
except, possibly, at the singular point r ¼ 0.
Now, for a completely general Θ matrix, the solutions to

the system of differential equations (49) can be quite
complicated. However, assuming conditions (a)–(c), and
making use of the TOVequations, it was found, in general,
that some entries of the lowest-order coefficient matrices
Θ0 andΘ1 vanish. This greatly simplifies the general family
of solutions of physical interest. Following Ref. [27], and
given the regularity of the background spacetime, the
general solutions are given by

"
ΨðυÞ

p

ΨðυÞ
Q

#
¼

"
− 1

r ðΘ0Þ12 1

1
r2 0

#
PW

�
c1
c2

�
; ð53Þ

where c1 and c2 are integration constants. In the above
expression, we have introduced the compact notation
ðΘnÞij to represent the ij-element of the nth-order matrix
coefficient of the power series of Θ. PW represents a real
analytic matrix represented by the series

PWðrÞ ¼
Xþ∞

n¼0

Pnrn; ð54Þ

where

P0 ¼ I2;

Pk ¼
1

k

Xk−1
j¼0

Ak−1−jPj; for k ≥ 1; ð55Þ

where I2 is the 2 × 2 identity matrix andAn is the nth-order
Maclaurin coefficient of the series expansion in r of the
matrix

A ¼
"
Θ22 − rðΘ0Þ12Θ21 r2Θ21

Θ12−ðΘ0Þ12
r2 þ ðΘ0Þ12ðΘ22−Θ11Þ

r − ðΘ0Þ212Θ21 Θ11 þ rðΘ0Þ12Θ21

#
: ð56Þ
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To select the physical solutions of Eqs. (53) and (55), we
have to impose the boundary conditions (i) and (ii). In that
regard, it is useful to calculate the lower-order coefficients
of the power series expansion of solutions matrix W. Con-
sidering P0 ¼ I2, the boundary conditions at r ¼ 0 imposes
that the coefficient c1 must be zero; otherwise, the
perturbation would diverge at the center at all times, and
we readily find

�ΨðυÞ
p

ΨðυÞ
Q

�
¼

�
c2 þOðr2Þ

OðrÞ

�
: ð57Þ

Once the equilibrium spacetime and the values of the
eigenfrequencies υ, or equivalently λ, are specified, these
results allow us to find real analytic solutions for the per-
turbation that verify the boundary conditions. The previous
results, however, do not lead to a closed form expression to
directly compute the values of λ2. Yet, in Ref. [11], it was
found a constraint to the minimal absolute value of the
eigenvalues. Namely, if the boundary conditions (i) and (ii)
are verified, the background spacetime is a C1 solution of
the EFE, the equilibrium fluid verifies the weak energy
condition, and f0ðμ0Þ is positive in the interior of the
perturbed star; then, nontrivial C1 solutions of the boundary
value problem (42)–(46) exist only if

λ2 max
r∈ �0;rb½

ðg0Þtt > − max
r∈ �0;rb½

�
μ0 þ p0

ϕ0

�
1

2
ϕ0 þ 2A0

�

þ A2
0

f0ðμ0Þ
þ rϕ0A0

2ðμ0 þ p0Þ
dμ0
dr

�
: ð58Þ

This result offers a baseline to determine the values of the
eigenfrequencies of the system numerically.

IV. PERTURBATIONS AND FUNDAMENTAL
EIGENFREQUENCIES OF CLASSIC

EXACT SOLUTIONS

The description of adiabatic, radial perturbations in the
static frame is considerably simpler than that in the

comoving frame. This simplification allows us to study
perturbations of a background spacetime more efficiently,
when compared to the algorithm used for the comoving
frame. In Ref. [12], various classical exact solutions of the
theory of general relativity were considered for the equi-
librium background spacetime to illustrate the new pertur-
bation formalism. However, given the complexity of the
perturbation equations, analytic analysis in the comoving
frame is not computationally efficient, to the point where
for selected exact solutions of the theory, the algorithm
takes an unreasonable amount of time to set up the
intermediate quantities on an average computer. In that
regard, the algorithm used to solve the perturbation
equations in the static frame is significantly faster, and
we can efficiently determine the eigenfunctions and the
eigenfrequencies of stellar compact objects modeled by
solutions that have been used in the past to study physically
meaningful scenarios.
In this section, we will study the properties of adiabatic,

radial perturbations of some well-known self-gravitating
equilibria of perfect fluids. We have considered background
spacetimes found to be especially suitable to capture the
properties of compact stellar objects. Namely, we consid-
ered solutions of the field equations that verify the four
regularity criteria presented in Ref. [28]. We will then
study stability of specific Buchdahl I, Heintzmann IIa,
Patwardhan-Vaidya IIa, and Tolman VII solutions. Since
the independent parameter c2 simply characterizes the
magnitude of a specific eigenfunction of p at r ¼ 0,
Eq. (57), without loss of generality in this section, we
will consider c2 ¼ 1 for all eigenfunctions. Moreover, we
assume that the equation of state of the perturbed fluid is
the same as that of the equilibrium setup.
In Table I, we present the nontrivial metric coefficients in

the line element (33) for the classical solutions of the EFE
mentioned above, according to the naming conventions for
the solutions of Ref. [28]. In Table II, we present the
absolute values of the eigenfrequencies associated with the
first three eigenmodes for specific values of the equilibrium
background spacetime. Figures 1–4 show the radial profile

TABLE I. Nontrivial metric coefficients of solutions of the EFE assuming a line element of the form of Eq. (33). The naming
conventions and abbreviations follow those of Ref. [28].

Spacetime Nontrivial metric components

Buch I ðg0Þtt ¼ A½ð1þ Cr2Þ32 þ Bð5þ 2Cr2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − Cr2

p
�2 ðg0Þrr ¼ 2ð1þCr2Þ

2−Cr2

Heint IIa ðg0Þtt ¼ A2ðar2 þ 1Þ3 ðg0Þrr ¼
	
1 − 3ar2½cð4ar2þ1Þ−12þ1�

2ðar2þ1Þ

−1

P-V IIa ðg0Þtt ¼
n
A cos

h
1
2
arcsinh

	
b2r2−cffiffiffiffiffiffiffiffiffi
b2−c2

p


þ d

i
þ B sin

h
1
2
arcsinh

	
b2r2−cffiffiffiffiffiffiffiffiffi
b2−c2

p


þ d

io
2 ðg0Þrr ¼ ðb2r4 − 2cr2 þ 1Þ−1

Tolman VII

ðg0Þtt ¼ B2sin2

2
64ln

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−r2

R2
þ4r4

A4

q
þ2r2

A2
− A2

4R2

C

s 1
CA
3
75 ðg0Þrr ¼ ð1 − r2

R2 þ 4r4

A4 Þ−1

PAULO LUZ and SANTE CARLONI PHYS. REV. D 110, 084055 (2024)

084055-10



of the harmonic coefficients of the functions p and Q
related with the eigenfrequencies for the various equilibria
in Table II.
In the considered examples, all the eigenfrequencies

are real. Hence, for the chosen parameters, all configura-
tions are dynamically stable under adiabatic, radial pertur-
bations. In Figs. 1–4 we find the expected behavior for
the radial eigenmodes. For a sufficiently regular back-
ground, Eqs. (42) and (46) can be cast in the form of a

Sturm-Liouville eigenvalue problem for ΨðλÞ
Q [11]. As a

consequence, in particular, the number of roots of the
eigenfunctions is associated with the order of the related
eigenvalue in the series ðλ2nÞn∈N, as can be inferred from
Figs. 1–4.
The adiabatic, radial perturbation of a background

spacetime described by the Heintzmann IIa solution was
previously analyzed in the comoving frame [12]. We
repeated the analysis here, computing the eigenfunctions
and the eigenfrequencies using the perturbation equations
for the static frame to demonstrate the consistency between
both descriptions. As expected, the computed eigenfre-
quencies are equal. Indeed, we have compared the values of
the eigenfrequencies associated with the first three eigenm-
odes for all background spacetimes in Ref. [12], using the
perturbation equations for the static frame, Eqs. (42)–(46),
finding complete agreement up to at least 30 significant
figures, confirming the equivalence between the system
found for the comoving frame and the system found for the
static frame. We have also compared the results in Table II

TABLE II. Absolute values of the eigenfrequencies associated
with the first three eigenmodes rounded to three decimal places,
for the equilibria in Table I assuming selected values of the
spacetime parameters.

Spacetime Parameters jλ0j jλ1j jλ2j
Buch I ðA;B;CÞ ¼ ð1; 0.5; 1Þ 16.370 36.011 54.889
Heint IIa ða; A; CÞ ¼ ð1; 1; 1.5Þ 4.004 10.262 15.939
P-V IIa ðA;B; b; c; dÞ ¼ ð1; 3; 2; 1; 1Þ 8.192 18.105 27.624
Tolman VII ðA;B; C; RÞ ¼ ð1; 1; 20; 0.54Þ 3.434 7.906 12.120

FIG. 1. Behavior of the radial harmonic coefficients of the functions p and Q, related to the eigenfrequencies in Table II for the Buch1
spacetime. It was assumed c2 ¼ 1 for all eigenmodes.

FIG. 2. Behavior of the radial harmonic coefficients of the functions p and Q, related to the eigenfrequencies in Table II for the Heint
IIa spacetime. It was assumed c2 ¼ 1 for all eigenmodes.

NONCOMOVING DESCRIPTION OF ADIABATIC RADIAL … PHYS. REV. D 110, 084055 (2024)

084055-11



with the predictions of the systems in Refs. [8,9].
Implementing a shooting method to numerically integrate
the differential equations in those references for the various
background spacetimes, the values for the fundamental
eigenfrequencies agree exactly with the considered numeri-
cal accuracy, confirming the equivalence between the new
perturbation formalism and the direct metric-perturbation
approach.

V. PERTURBATION OF NEUTRON STARS
WITH A REALISTIC EQUATION OF STATE

The spacetimes considered in the previous section have
the remarkable property of being real analytic throughout the
whole domain of physical interest. However, this can be
different for general background solutions of the EFE.
Indeed, physical solutions are only required to be twice
differentiable. In some cases, even solutions in the weaker
sense can be considered. For such spacetimes, the algorithm
presented inSec. III is not applicable, and othermethodshave
to be used, inmost cases numericalmethods. To illustrate this
approach using the newperturbation equations,wewill study
adiabatic, radial perturbations of equilibrium background

solutions with a matter fluid source verifying a “realistic”
equation of state suitable to model the interior of cold
neutron stars.
Numerous equations of state have been proposed to

describe matter in the high-density regime, considering
different effective models for the interactions between
nuclei and various particle species. Then, using the pro-
posed equations of state, tabulated values for the matter
density, baryon number, and pressure are presented. To use
those values, an interpolation procedure is necessary to
generate a one-parameter barotropic equation of state. This
procedure, however, introduces a source of indeterminacy,
such that the eigenfrequencies may diverge significantly
depending on the interpolation scheme, and direct com-
parison with the results in the literature is not possible [10].
Alternatively, significant effort has been made to find
analytical representations of unified equations of state,
providing closed models for the matter fluid within a
neutron star [29–31]. This is a more sensible approach,
also because the various strata within a neutron star are
composed of matter in different regimes. However, to our
knowledge, there has been no comprehensive study of
adiabatic radial perturbations for spacetimes with those

FIG. 3. Behavior of the radial harmonic coefficients of the functions p andQ, related to the eigenfrequencies in Table II for the P-V IIa
spacetime. It was assumed c2 ¼ 1 for all eigenmodes.

FIG. 4. Behavior of the radial harmonic coefficients of the functions p andQ, related to the eigenfrequencies in Table II for the Tolman
VII spacetime. It was assumed c2 ¼ 1 for all eigenmodes.
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types of fluids that collect the eigenfrequencies for various
equilibrium configurations. As such, we will consider the
analytically tractable example of a fluid characterized by
the equation of state given by the Bethe-Johnson model I
within the whole neutron star, since this does not require the
usage of interpolation [32].
To ease the comparison between our results and those in

the literature, in this section, we will adopt a different unit
system to express the various quantities.

A. The Bethe-Johnson model I and properties
of the equilibrium solutions

Let E represent the energy per neutron measured in MeV,
n the particle density measured in fm−3, mn the rest energy
of the neutron in MeV, and p the neutron pressure
measured in MeV per fm3. Then, the Bethe-Johnson model
I is characterized by the following relations:

E ¼ 236n1.54 þmn;

p ¼ 363.44n2.54; ð59Þ
valid for particle densities 0.1≲ n ≲ 3 fm−3, or mass
densities,

1.7 × 1014 ≲ ρ≲ 1.1 × 1016 g=cm3: ð60Þ
Notice, in particular, that in this section we do not use the

geometrized unit system. Therefore, the energy density, μ,
and the mass density, ρ, have to be explicitly discriminated.
Considering a fluid described by this model, providing
the central density as initial data, we can numerically solve
the TOV equations to find the equilibrium spacetime.
Since the canonical version of the TOV equations are ill-
conditioned and are known to form a numerically stiff
system for certain equations of state, we have verified the
results using both the original version and the reformulation
introduced in Ref. [33]. In Fig. 5, we plot the behavior
of the total gravitational mass and the radius of the

equilibrium stellar object for various values of the central
matter density. Comparing the results with those in
Ref. [34], we see a similar behavior for the total gravita-
tional mass. In contrast, there is a marked discrepancy
between the behavior and the values of the radius. For
instance, we have found the maximum radius to be around
11.67 km, whereas in Ref. [34] the maximum radius is
clearly above 12 km. This shift in the values of the radii is a
consequence of the sensitivity of the model to the values
considered for the fundamental constants. In particular, the
radius of the neutron star strongly depends on the value of
the rest energy of the neutron. By considering slightly less
accurate values for mn, we confirm that there is an overall
increase in the radius, such that the maximum radius indeed
increases above 12 km. On the other hand, we are not able
to explain the behavior of the radius that we see in Fig. 5(b)
for lower values of the central matter density, where the
radius first increases to a maximum, and then monotoni-
cally decreases, whereas, in Ref. [34], the radius mono-
tonically decreases for all considered values of the central
matter density. We speculate that this is a consequence of
the number of points considered in that region in Ref. [34].

B. Oscillation eigenfrequencies and e-folding time
for adiabatic radial perturbations

Defining the background spacetime, we can numerically
integrate the perturbation equations (42) and (43) imposing
the boundary conditions (i) and (ii) to find the values of the
eigenfrequencies.
In Table III, we present the values of the oscillation

frequencies or the e-folding time associated with the first
three eigenmodes for various values of the central mass
density. Comparing with the results of Ref. [10], there is a
disagreement between the values of the various quantities.
In particular, we find that, for the same values of the central
density, the neutron star is more compact than in Ref. [10]
(see fourth column of Table III). However, the difference
between the results is explained by the accuracy of the

(a) (b)

FIG. 5. Gravitational mass and radius of the neutron star as functions of the central matter density for the Bethe-Johnson model I. The
central density ρc is measured in g=cm3, and log represents the logarithm base 10. (a) Gravitational mass of the neutron star as a function
of the central matter density. (b) Radius of the neutron star as a function of the central matter density.
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values of the fundamental constants. Nevertheless, our
conclusions regarding the stability are in perfect agreement
with those of Ref. [10]. To attest to the consistency of our
results, we confirmed that a zero value for the eigenfre-
quency of the fundamental mode occurs exactly for the
value of the central matter density that leads to the
maximum gravitational mass. This is the expected result
since we have considered that a fluid with the same
equation of state permeates both the background and the
perturbed spacetimes. The consistency of our approach was
further confirmed by comparing the predictions of the new
perturbation scheme with those of metric-based perturba-
tion theory, using the systems introduced in Refs. [8,9].

VI. CONCLUSION

We have studied adiabatic, radial perturbations of static,
self-gravitating perfect fluids within the theory of general
relativity employing the new perturbative formalism intro-
duced in Ref. [11], by considering the point of view of
radially static observers. For these observers, the fluid is no
longer perceived as being perfect, and momentum transfer
terms have to be included in the stress-energy tensor. We
discussed in detail the thermodynamic description of the
matter fluid in the static frame, showing explicitly that at
linear order the perturbations are still adiabatic.
Nonetheless, the covariance of the formalism allows us
to deduce easily that a radially static observer will measure
an apparent entropy flux between the volume elements of
the fluid.
This result has to be considered carefully.
In general, in a nonequilibrium state, it is not necessarily

possible to describe thermodynamical systems with the
state variables considered for systems in equilibrium. To
this end, we have considered the local-thermodynamic
equilibrium ansatz. Notice, however, that this ansatz is

reasonable only if the oscillation evolution timescale is
much bigger than a characteristic local relaxation time of
the fluid sources. This leads to a limitation in the appli-
cability of thermodynamical arguments for modes associ-
ated with eigenfrequencies that are not small enough. Such
a caveat should always be considered with care, as non-
trivial thermodynamics, in general, will influence the
dynamical evolution of perturbations. Beyond this limit,
without a complete theory of nonequilibrium thermody-
namics, it is impossible to predict the thermodynamic
evolution of the perturbed matter fluid. This discussion
shows how important it would be to measure the oscillation
modes of compact stellar objects directly. These data would
offer a window into the behavior of matter in strong
relativistic regimes and guide the development of such a
theory. If we accept that the static observer will measure a
true entropy flow, we can deduce that it will be possible to
define an apparent temperature for the fluid. Unfortunately,
the analysis of the entropy flow does not bring any
information on the higher-order corrections to the temper-
ature. Our inability to determine these corrections ulti-
mately stems from the choice of the state variables. In
particular, the fact that the local temperature appears as an
integration factor multiplying a first-order variation of a
state variable implies that higher-order temperature correc-
tions cannot appear in any perturbative analysis employing
the local-thermodynamical equilibrium ansatz. In other
words, the very assumption that a fluid out of thermody-
namic equilibrium depends locally on the same state
variables verifying the same relations as if the system
were in a state of thermodynamic equilibrium effectively
prevents us from obtaining information on the higher-order
corrections to the temperature and even their very meaning.
Although the thermodynamic description of the fluid

in the static frame is more complex than the one in the
fluids’ local rest frame, we have shown that its dynamical
description is greatly simplified. Indeed, analytic solutions
were developed for a general class of equilibrium space-
times, leading to a significantly more efficient algorithm to
find power series solutions when compared with the results
found from the point of view of comoving observers [12].
To illustrate the new system of equations, we have analyzed
adiabatic, radial perturbations of selected nontrivial exact
solutions of the theory of general relativity for the equi-
librium spacetime, and computed the first eigenfrequencies
and the corresponding eigenfunctions. We have discussed
how the results compare with the predictions of metric-
based perturbation formalisms for the same spacetimes,
finding complete agreement with the considered accuracy.
Last, we have analyzed adiabatic, radial perturbations of

cold neutron stars composed of a perfect fluid characterized
by the Bethe-Johnson model I equation of state. In this case,
the background spacetime is not real analytic, and the exact
power-series solutions are not applicable. Nonetheless, the
example illustrates that the system is well-conditioned and

TABLE III. Oscillation frequencies or e-folding time of adia-
batic, radial perturbations of equilibrium spacetimes with a matter
fluid verifying the Bethe-Johnson model I equation of state. From
left to right, we list the central mass density, ρc, radius of the
neutron star, rb, gravitational mass, M, the compactness param-
eter, GMc2rb

, and the first three oscillation frequencies, fi ¼ λi=ð2πÞ.
In the second row, the entry with an a indicates the e-folding time
in ms for the fundamental mode.

ρc½1015 g=cm3�
rb
[km] M

M⊙

GM
c2rb

f1
[kHz]

f2
[kHz]

f3
[kHz]

3.10 9.692 1.864 0.284 1.066 a 18.658 28.835
3.05 9.724 1.865 0.283 0.647 18.678 28.536
2.80 9.891 1.862 0.278 2.366 17.550 27.008
2.50 10.115 1.851 0.270 3.270 16.378 25.093
2.00 10.545 1.801 0.252 3.998 14.266 21.678
1.50 11.058 1.669 0.223 4.147 11.916 17.940
1.00 11.554 1.358 0.174 3.800 9.271 13.809
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suitable for numerical methods. Indeed, we have studied the
eigenfrequencies of the perturbed fluid, showing their con-
sistency with those found using metric-based perturbation
frameworks in the literature.
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APPENDIX A: THE 1+ 1+ 2 DECOMPOSITION

1. Projectors and the Levi-Civita volume form

Assume the existence of an affinely parametrized con-
gruence of timelike curves with normalized tangent vector
field u in some open neighborhood of a Lorentzian
manifold of dimension 4, ðM; gÞ, where g is a metric
tensor with components gαβ. We can use the vector field u
to locally foliate the manifold in 3-surfaces, such that any
tensor quantity can be pointwise decomposed in its
projection along the direction of u and onto the tangent
and cotangent space of a 3-surface V. Such decomposition
is called 1þ 3 formalism and relies on a projector tensor h.
Using the metric tensor g and the vector field u, we can
naturally define h such that

hαβ ¼ gαβ þ uαuβ; ðA1Þ
where uα represent the components of the 1-form asso-
ciated with u, with the properties

hαβ ¼ hβα; hαβhβγ ¼ hαγ;

hαβuα ¼ 0; hαα ¼ 3: ðA2Þ
In addition to the timelike congruence, we assume the

existence of another congruence of spacelike curves with
normalized tangent vector field e such that, in analogy
with the 1þ 3 decomposition, any tensor quantity defined
in the submanifold V can be decomposed along e and the
2-surfaces W, orthogonal to both u and e. This defines the
1þ 1þ 2 covariant formalism. This formalism relies on
the existence of a projector, N, onto the cotangent space of
W. Considering the metric tensor and the vector fields u
and e, we define

Nαβ ¼ hαβ − eαeβ; ðA3Þ

where eα represents the components of the 1-form asso-
ciated with e. This operator has the following properties:

Nαβ ¼ Nβα; NαβNβγ ¼ Nα
γ;

Nαβuα ¼ Nαβeα ¼ 0; Nα
α ¼ 2: ðA4Þ

To complete the representation of the geometry of
ðM; gÞ we introduce the totally skew-symmetric tensors

εαβγ ¼ εαβγσuσ;

εαβ ¼ εαβγeγ; ðA5Þ

where εαβγσ is the covariant Levi-Civita tensor. Last, we
will indicate the symmetric and antisymmetric parts of a
2-tensor χ using parentheses and brackets, such that

χðαβÞ ¼
1

2
ðχαβ þ χβαÞ; χ½αβ� ¼

1

2
ðχαβ − χβαÞ: ðA6Þ

2. Covariant derivatives of u and e

The 1þ 1þ 2 decomposition can be applied to the
covariant derivatives of the vector fields u and e and define
the kinematical quantities associated with the respective
congruences. To lighten the notation, given a tensor
quantity χ, we will use

χ̇ ≔ uμ∇μχ; χ̂ ≔ eμ∇μχ; ðA7Þ

for the directional derivatives along the integral curves of u
and the integral curves of e, respectively.
Now, the covariant derivative of the vector field u can be

decomposed as

∇αuβ ¼ −uαðAeβ þAβÞ þ
1

3
hαβθ þ σαβ þ ωαβ; ðA8Þ

where

A ¼ −uμuν∇νeμ; Aα ¼ Nαμu̇μ; ðA9Þ

and θ represents the expansion scalar, σαβ the shear tensor,
and ωαβ the vorticity tensor, such that

θ¼ hμν∇μuν;

σαβ ¼
�
hαμhβνþhανhβμ

2
−
1

3
hαβhμν

�
∇μuν

¼Σαβþ2ΣðαeβÞ þΣ
�
eαeβ−

1

2
Nαβ

�
;

ωαβ ¼
1

2
ðhαμhβν−hανhβμÞ∇μuν¼ εαβμðΩeμþΩμÞ; ðA10Þ

with
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Σαβ ¼
�
Nα

μNβ
ν þ Nα

νNβ
μ

2
−
1

2
NαβNμν

�
σμν;

Σα ¼ Nα
μeνσμν; Σ ¼ eμeνσμν; ðA11Þ

and

Ωα ¼ 1

2
Nγ

αεμνγ∇μuν; Ω ¼ 1

2
εμν∇μuν: ðA12Þ

From their definitions, we see that vector and 2-tensor
quantities characterize the behavior of the kinematical
quantities on the 2-surfaces W, and the scalars characterize
their behavior along u or e.
Similarly, the covariant derivative of the vector field e

can be written as the following sum:

∇αeβ ¼
1

2
Nαβϕþ ζαβ þ εαβξþ eαaβ − uααβ −Auαuβ

þ
�
1

3
θ þ Σ

�
eαuβ þ ðΣα − εαμΩμÞuβ; ðA13Þ

where

ϕ ¼ Nμν∇μeν;

ζαβ ¼
�
Nα

μNβ
ν þ Nα

νNβ
μ

2
−
1

2
NαβNμν

�
∇μeν;

ξ ¼ 1

2
εμν∇μeν ðA14Þ

are the kinematical quantities of the congruence associated
with the vector field e on W; namely, ϕ is the expansion
scalar, ζαβ the shear tensor, and the ξ twist, and

aα ¼ eμhαν∇μeν; αα ¼ uμhαν∇μeν: ðA15Þ

3. Weyl tensor

In covariant approaches, the conformal structure of the
spacetime plays a fundamental role. For this reason, the
Weyl tensor, with components Cαβγδ, which describes
the tidal forces and the properties of gravitational waves,
needs to be expressed in terms of 1þ 1þ 2 variables. As is
well known, the Weyl tensor can be defined as the trace-
free part of the Riemann curvature tensor, Rαβγδ, such that,
in four spacetime dimensions, we have

Rαβγδ ¼ Cαβγδ þ Rα½γgδ�β − Rβ½γgδ�α −
1

3
Rgα½γgδ�β: ðA16Þ

Remarkably, we need only two 2-tensors to characterize the
Weyl 4-tensor in general relativity completely:

Eαβ ¼ Cαμβνuμuν; ðA17Þ

Hαβ ¼
1

2
εα

μνCμνβδuδ; ðA18Þ

where E is called the “electric” part of the Weyl tensor,
while H is called the “magnetic” part of the Weyl tensor.
They are both symmetric and traceless tensors, such that

Cαβγδ ¼ −εαβμεγδνEνμ − 2uαEβ½γuδ� þ 2uβEα½γuδ�
− 2εαβμHμ½γuδ� − 2εμγδHμ½αuβ�: ðA19Þ

This represents the famous 1þ 3 decomposition of the
Weyl tensor. In the 1þ 1þ 2 spacetime decomposition
formalism, the electric and magnetic parts of the Weyl
tensor can be further decomposed as

Eαβ ¼ E
�
eαeβ −

1

2
Nαβ

�
þ Eαeβ þ eαEβ þ Eαβ;

Hαβ ¼H
�
eαeβ −

1

2
Nαβ

�
þHαeβ þ eαHβ þHαβ; ðA20Þ

where

E ¼ Eμνeμeν ¼ −NμνEμν; H ¼ eμeνHμν ¼ −NμνHμν;

Eα ¼ Nα
μeνEμν ¼ eμNα

νEμν; Hα ¼ Nα
μeνHμν ¼ eμNα

νHμν;

Eαβ ¼ Efαβg; Hαβ ¼ Hfαβg: ðA21Þ

4. Stress-energy tensor

Last, to complete the 1þ 1þ 2 gravitational equations, we also need a decomposition of the stress-energy tensor, with
components Tαβ. Using the projector operators (A1) and (A3) yields

Tαβ ¼ μuαuβ þ ðpþ ΠÞeαeβ þ
�
p −

1

2
Π
�
Nαβ þ 2QeðαuβÞ þ 2QðαuβÞ þ 2ΠðαeβÞ þ Παβ; ðA22Þ

with
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μ ¼ uμuνTμν; Qα ¼ −Nα
μuνTμν;

p ¼ 1

3
ðeμeν þ NμνÞTμν; Πα ¼ Nα

μeνTμν;

Π ¼ 1

3
ð2eμeν − NμνÞTμν; Παβ ¼

�
Nα

μNβ
ν þ Nα

νNβ
μ

2
−
1

2
NαβNμν

�
Tμν:

Q ¼ −eμuνTμν; ðA23Þ

For an observer with 4-velocity u, μ represents the perceived
mass-energy density of the fluid, p is the isotropic pressure,
Q characterizes the energy-momentum flow along e, Qα is
the energy-momentum flux in W, and Π, Πα and Παβ

characterize the anisotropic pressure of the matter fluid.

APPENDIX B: CHANGE IN THE
STRESS-ENERGY TENSOR UNDER

ISOTROPIC FRAME TRANSFORMATIONS

In this appendix, we will define an isotropic frame
transformation associated with two dyads and discuss
how this type of transformation changes the stress-energy
tensor used to describe the fluid in each frame.

1. Isotropic frame transformations and projectors

Let a local frame be partially defined by a dyad ðu; eÞ
composed, respectively, by a timelike and a spacelike
vector field in a spacetime, such that uαuα ¼ −1 and
eαeα ¼ þ1. Then, let another frame be partially defined
by another dyad ðū; ēÞ also formed, respectively, by a
timelike and a spacelike vector field, such that ūαūα ¼ −1
and ēαēα ¼ þ1. As explained in detail in Ref. [11], a
general isotropic frame transformation can be represented
by the following relations:

ūα ¼ uα cosh β þ eα sinh β;

ēα ¼ uα sinh β þ eα cosh β; ðB1Þ
or, equivalently,

uα ¼ ūα cosh β − ēα sinh β;

eα ¼ −ūα sinh β þ ēα cosh β; ðB2Þ
where β is called the tilting angle between the frames.
Using these relations, we can find the transformation of

the projector tensor h, defined in Eq. (A1),

h̄αβ ¼ hαβ þ ðuαuβ þ eαeβÞsinh2β

þ 1

2
ðuαeβ þ eαuβÞ sinh ð2βÞ;

hαβ ¼ h̄αβ þ ðūαūβ þ ēαēβÞsinh2β

−
1

2
ðūαēβ þ ēαūβÞ sinh ð2βÞ; ðB3Þ

with the following properties:

h̄αβūα ¼ 0;

h̄αβēα ¼ ēβ: ðB4Þ

Moreover, we find N̄αβ ¼ Nαβ, such that N̄αβūβ ¼ 0

and N̄αβēβ ¼ 0.

2. Tilting angle, the stress-energy tensor,
and the expansion scalar

We are now interested in relating the tilting angle β of an
isotropic frame transformation with the thermodynamic
variables of the fluid measured in the resultant frame.
Consider a metric stress-energy tensor of an isotropic

fluid decomposed accordingly with Eq. (A22), that is, the
vector and tensor components Qα ¼ Πα ¼ Παβ ¼ 0. Under
the transformation (B1) we have

μ̄ ¼ μ −Q sinh ð2βÞ þ ðμþ pþ ΠÞsinh2β;

p̄ ¼ p −
1

3
Q sinh ð2βÞ þ 1

3
ðμþ pþ ΠÞsinh2β;

Q̄ ¼ Q cosh ð2βÞ − 1

2
ðμþ pþ ΠÞ sinh ð2βÞ;

Π̄ ¼ Π
�
1þ 2

3
sinh2β

�
−
2

3
Q sinh ð2βÞ þ 2

3
ðμþ pÞsinh2β:

ðB5Þ

Here, an overline characterizes variables measured in the
tilted frame ðū; ēÞ.
Now, assuming that the stress-energy tensor Tαβ, asso-

ciated with the dyad ðu; eÞ, is such that Q ¼ 0 and Π ¼ 0,
that is, in the frame associated with that dyad, the fluid can
be described by a perfect fluid model, we find that in the
resultant barred frame the fluid is characterized by

Tαβ ¼ μ̄ūαūβ þ ðp̄þ Π̄Þēαēβ þ
�
p̄−

1

2
Π̄
�
N̄αβ þ 2Q̄ēðαūβÞ;

ðB6Þ

where
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μ̄ ¼ μþ ðμþ pÞsinh2β;

p̄ ¼ pþ 1

3
ðμþ pÞsinh2β;

Q̄ ¼ −
1

2
ðμþ pÞ sinh ð2βÞ;

Π̄ ¼ 2

3
ðμþ pÞsinh2β: ðB7Þ

For the discussion in the main body of the text, it is also
useful to find the transformation for the expansion scalars
measured by the fiducial curve of each frame: the barred
and nonbarred frames. Given the frame transformations
(B1)–(B3) we find the following relations:

θ̄ ¼ θ cosh β þ ðAþ ϕÞ sinh β þ uμ∇μðcosh βÞ
þ eμ∇μðsinh βÞ: ðB8Þ

Now, we assume that the fluid that permeates the
spacetime can be considered as a perturbation of a perfect
fluid with energy density and pressure μ0 and p0, respec-
tively. Using Eq. (B7), we can determine a relation between
the tilting angle β and Q̄, such that, to linear order of
perturbation theory, we find (cf. Ref. [11])

β ¼ −
Q̄

μ0 þ p0

: ðB9Þ

Moreover, the stress-energy tensor, at linear perturbative
order, is given simply by

Tαβ ¼ μ̄ūαūβ þ p̄ðēαēβ þ N̄αβÞ þ 2Q̄ēðαūβÞ: ðB10Þ
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