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Extremal Kerr-Schild form
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We propose a novel ansatz, where the full black hole geometry is written as a linear in mass perturbation
of the associated extremal black hole base. Contrary to its standard version, the corresponding extremal
Kerr-Schild form is no longer restricted to special algebraic type spacetimes, and is applicable to numerous
black hole solutions with matter, such as the charged Kerr-Newman-Unti-Tamburino (NUT)-(A)dS
spacetimes, black holes of D =5 minimal gauged supergravity, or the charged dilaton-axion rotating
solutions. This ansatz has immediate implications for the double copy program and is likely to find its
applications in black hole perturbation theory, shed new light on the Conformal Field Theory (CFT)
description of nonextremal black holes, as well as be useful for constructing new exact solutions.
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Introduction. The standard Kerr-Schild form [1-3]
g=n+@ QI (1)

is a truly remarkable ansatz, especially so, because one of
the most astrophysically relevant solutions of the Einstein
equations of the current time [4], a rotating black hole
described by the Kerr geometry [5], can be written in this
form. In the above, 7 is the flat space base metric, / is a null,
geodesic and shearfree vector (both in the full geometry g
and the base metric #), and @ is a profile function which
captures the departure from flat space. Remarkably, this
ansatz effectively linearizes the Einstein equations (with the
Ricci tensor R4, linear in ®@). Moreover, as recently shown,
the Kerr-Schild form also plays an important role in the so
called double copy, where, by taking square root, it gives
rise to solutions of the (non-Abelian) gauge theory [6].
However, the standard Kerr-Schild ansatz in the form (1)
is also very restrictive. For example, as shown in [7] it
necessarily requires that the corresponding spacetime is of
Weyl type II (or more special) of (higher-dimensional)
algebraic classification [8]. This is rather restrictive, as
many known black hole solutions (with matter) have Weyl
tensor of general algebraic type. For this reason a number
of generalizations of the standard Kerr-Schild ansatz (1)
have been considered in the literature, ranging from the
simplest generalization where the flat base metric is
replaced by a maximally symmetric space, e.g., [9,10],
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to multi-Kerr-Schild spacetimes [11], spacetimes with addi-
tional spatial vector [12-14], or generalized Kerr-Schild
transformation with unrestricted base space, e.g., [15,16].
While the latter is a rather general construction, that goes
beyond the type II restriction, it is very likely that a random
general base may not be of physical or mathematical
interest. Moreover, even in the case of the Kerr metric,
although it is possible to determine the most general null,
geodesic, and shear-free congruences for the background
metric 7, only one of these congruences leads to the physical
Kerr solution. On the other hand, requiring the seed metric
to enjoy the same symmetries as the final state of the black
hole, one can uniquely select both the seed metric and the
congruence that lead to the Kerr solution [17]. It thus seems
interesting to explore alternative physical criteria for select-
ing the seed metric.

In this paper we specialize to an extremal black hole
base, proposing a novel alternative to the standard Kerr-
Schild ansatz, applicable to numerous black hole space-
times with multiple horizons. Namely, we consider the
following extremal Kerr-Schild (EKS) form:

AM

writing the full spacetime of arbitrary mass M as a linear in
AM = M — M perturbation of the associated extremal
black hole base metric element g with extremal mass M.
Here, as before, [ is a null and geodesic vector in both g and
gr and X is a corresponding profile function.

As we shall see, many black hole spacetimes with matter,
that do not admit the standard Kerr-Schild form (1), can be
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cast in the EKS form (2). Moreover, choosing the base to be
the extremal black hole geometry has many advantages. In
particular, many such black holes represent the ground BPS
states and allow for a simplified description. For example,
their perturbation theory admits the CFT description [18].
While such a description persists even in the nonextremal
case, this is only upon taking (a physically unclear) near
horizon approximation [19]. We expect that the EKS form
will shed new light on these matters. It may also find its
applications in black hole perturbation theory and be useful
for constructing new exact (nonextremal) solutions.

In the remaining part of this paper, we shall exhibit
several examples of spacetimes that can be cast in the EKS
form and discuss its immediate implications for the double
copy framework.

Kerr-Newman-(A)dS solution. To give our first example, let
us turn to the familiar four-dimensional Kerr-Newman-AdS
black hole spacetime, e.g., [20]. Because of the presence of
the cosmological constant, it does not admit the standard
Kerr-Schild form (1). Instead, one has to replace the
flat base metric # with the corresponding maximally
symmetric space gagqs, upon which the (electrically
charged) Kerr-Newman-AdS solution can be written as

2mr q2
9= gags + < >l®l7 3)
PP
qr
A=->1 (4)
p

Here, using the Boyer- L1ndqulst type coordinates, the AdS
background metric gagqs reads’

d 2
Jads = _Jo <dt — asin®@ ) +2ar
P’ B fo
Ssin’6 dopl? 2
- {adt— (r +a2):ﬂ +La02, (5
p

= S

with

2 2
fo=(r*+a? (1 + f2> S=1 —%00326’,

a2

:1—2, (6)

[1]

p? = r* + a*cos?0,

and the null and geodesic (shear-free) vector /, which is
also a double Weyl aligned null direction (WAND) [8],

'"The de Sitter version of the metric is obtained by Wick
rotating the cosmological constant, £ — i#. Interestingly, upon
the due Wick rotation of coordinates and parameters, one can cast
the Kerr-Newman-AdS geometry as a linear in the cosmological
constant perturbation of the associated Kerr-Newman spacetime
[21], see also Supplemental Material.

takes the following form:

l—dt—as1n29d—+ dr. (7)
E fo

For any such black hole, characterized by mass M = Z;,
charge Q =4£, angular momentum J = Ma, and the

cosmological constant A = —3/£?, there exists an asso-
ciated extremal Kerr-Newman-(A)dS black hole geometry
gg, characterized by the extremal mass parameter mp,
determined from imposing a double root of the following
function

f= (r2+a2)<1+;722> —2mr + ¢, (8)

that is, f(r=rg,m=mg) =0=0,f(r = rg,m = mg).
Hence, the extremal black hole is given by (3), upon
replacing m with mpg, so that the original black hole
geometry can be written as

2mpr 2 20m —mg)r
g= gAds+(—E —q—2>1®1+—( . ISPy
P©oop p
2

252y

AS)

AM
=gE+Tl®l, = , 9)

where we used the fact that AM = Am/Z2. Note that the
derived EKS form looks more natural than the original
Kerr-Schild (3): the quadratic appearance of charge was
absorbed in the extremal background, and the full Kerr-
Newman-(A)dS geometry of arbitrary mass was expressed
as a linear in AM = M — M, perturbation of the corre-
sponding extremal Kerr-Newman-(A)dS black hole.”

Before we proceed to other examples, let us briefly
comment on the geometric interpretation of the null vector
[. Tt is well known that the Kerr-Newman-(A)dS family of
spacetimes admits a hidden symmetry, encoded in the so
called principal tensor, e.g., [22]. This is a nondegenerate
closed conformal Killing-Yano 2-form &, obeying the
following equation:

*Note that one can write the extremal geometry gr in a form
similar to gagg in (5), upon replacing f,, with that of an extremal
Kerr-Newman-(A)dS black hole, fr = f(m = mE). This can be
achieved by the following coordinate transformation:

BEZd
dt — dt + Zdr, dq)—>d(p+a2+ ’;,
r+a
(10)
P (l 1)(2+ 2
=(—=-— 1" +a°),
e Jo

upon which the vector / maintains its form (7), with f, replaced
by f.
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1 X
V. hah gcuéh gcbga» {:a = gvchw' (11)

Such a tensor shapes geometric properties of this family.
For example, it guarantees separability of the Hamilton-
Jacobi, Klein-Gordon, Dirac, and vector field equations in
these backgrounds, restricts the algebraic type of the
spacetime to type D, and many more, see [22] for details.
Moreover, it turns out that the Kerr-Schild vector / is an
eigenvector of %, namely:

he, 1o = A, (12)

for some spacetime dependent eigenvalue 4. In this sense,
the hidden symmetry of the principal tensor encodes the
above Kerr-Schild form.

The above construction can be extended to include the
magnetic charge and (much more nontrivially) also the
NUT parameter, and thus applies to the general charged
Kerr-NUT-AdS spacetimes in four dimensions [23]. While
the standard approach when both mass and NUT charges
are involved is to consider a multi-Kerr-Schild form (for
which one has to Wick rotate to unphysical spacetime
signature), e.g., [11], in our EKS approach, one can easily
absorb the NUT parameter in the extremal black hole
background, and again recover the form (2). We refer to
Supplemental Material [24] for more details on this
important case.

Minimal SUGRA solution in D = 5. Let us next turn to the
Chong—Cvetic-Lii—Pope black hole solution of D =5
minimal gauged supergravity [25] whose (bosonic) action
is given by the following Lagrangian

Ez*(R—i—A)—%F/\*F—k (FAFAA). (13)

1
3V3
The Chong-Cvetic¢-Lii-Pope black hole is of general alge-
braic type and hence cannot admit the standard Kerr-Schild

form. However, as shown in [12], it can be written in the
following (extended Kerr-Schild) form:

2m q2> q
g=yg —i—(——— QI+ =51Q®, m, 14
AdS ,02 ,04 ,02 ( )

Ay

A= , 15
2p2 ( )

where

2 2
gags = —( 1+ r—2> Jo_ap_2ar+ 2 ao?
£%) BBy fo
N (r* + 22)sin26 g+ (r* + lf)coszedwz’
Za =b
2 2 _ 22
fo= 1—700526—251&6, :azl—ﬁ,
22 2.2 2002 = b?
p* = r* + a*cos*0 + b*sin"0, dbzl—ﬁ. (16)

Apart from the null geodesic vector /, which turns out to be
a single WAND [14], the above ansatz also employs the
spatial vector m orthogonal to /

2 2
sin-6 bcos=0
p=Jo g B0y, b0,
o2y L= Zp
b bsin6 20
) -2 -2y, (17)
2.8, =, =,

The horizons are determined from the metric function

2
f=0*+d)(r*+b?) <1 + %) +2abq + q* — 2mr?,
(18)

where m, g are the mass, charge parameters, £ is the
cosmological radius, and a, b are the two rotation
parameters.

Finding the corresponding extremal black hole from
flrg) = f'(rg) =0 with m = my, for fixed {a,b,q,¢},
one can derive the corresponding mpg, and can rewrite the
above as

2
g= gAdS+<mE q—4>l®l+ql®sm+—l®l
AM 28, +28, — 5,2
—gE+—1®l 5 8_2_’; =), (19)
B2E2

where in the last formula, we have employed the relation
between the physical mass M and the mass parameter m, as
given in [25], recovering thus the EKS form (2).

Interestingly enough, also in this case the Kerr-Schild
vector [ can be related to the hidden symmetry of the
spacetime. Namely, while the vacuum principal tensor no
longer exists, one can find its torsion generalization,
obeying an analog of (11) with torsion. Here, the torsion
is naturally identified with the Maxwell 3-form, xF,
present in the spacetime, see [26] for the corresponding
construction. Similar to the Kerr-Newman case, the
Kerr-Schild vector [ is an eigenvector of this generalized
principal tensor.
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Einstein-Maxwell-dilaton-axion solution. Various exten-
sions of the Standard Model lead to black holes that
typically carry extra fields and charges. Focusing on
(astrophysically relevant) D =4 dimensions one such
example is the case of a solution of the Einstein-
Maxwell-dilaton-axion theory, whose action reads

1
S = / d*x\/=g {R —20,0"¢p — §€4¢aﬂK()“K

+ e F, F* + KFW(*F)””:| , (20)

where « and ¢ are the axion and the dilaton, respectively.
In [27], the authors showed that this theory admits a
stationary solution, given by

d 2 2
g= a1 ror| 4 o> 4 sinc0(dp—ar )|,
ror f ror
2 2
A:£<Ldt+asin29d¢),
2 \ror
e =100 _T0acosé (21)
P P

where p? = r? + a’cos’ @ and f = r* —2mr + a*. This
solution represents a rotating black hole with mass M = %
and angular momentum J = % see [27].

To construct the EKS form (2) in the previous cases, we
have taken a shortcut, using the fact that the spacetimes
were known to admit a (generalized) Kerr-Schild form. In
the case of (21), this is not known, and therefore we
proceed differently. Namely, as obvious from the expres-
sion for f, the extremal configuration corresponds to
m=mg = a, that is, f = fr = (r —a)?. Let us denote
the corresponding extremal metric gg; it is given by (21)
with f replaced by fg. At the same time, it is quite easy to
see that the following vector

| = dt+%dr (22)

E

is null, geodesic, and shear-free with respect to the full and
extremal metrics and forms a single WAND. It thus appears
to be an ideal candidate for our EKS ansatz (2), and in fact,
one can show that the stationary nonextremal metric can be
recast as

AM 7"0
— iy -} r =2 23
9=9p+~51® ) (23)

with the original form of the metric (21) recovered upon the
following coordinate transformation [similar to (10)]

2ro(Am)r?
Sfef

with Am =m —a = 2AM.

Another example of this type, which does not allow for
the standard Kerr-Schild form (1) but admits the EKS form
is the Kerr-Sen geometry [28] that arises from the low
energy limit of heterotic string theory. While the full
details will be discussed elsewhere, let us remark here that
even in this case the corresponding Kerr-Schild vector /
can be related to the (generalized) hidden symmetry of the
spacetime.

2a(Am)r

dt — dt—
fef

dr, dop-—dp-— dr, (24)

Comments on Kerr-Schild double copy. The embedding of
the above solutions in the EKS form has several implica-
tions for the double copy framework, which we shall now
discuss. In particular, the cases of Kerr, Kerr-Newman, or,
more generally, the charged Kerr-NUT-(A)dS solutions
discussed in Supplemental Material [24] admit a test
Maxwell field, given by the following vector potential®:

(25)

where [ is the corresponding null geodesic Kerr-Schild
vector, and p2 is as defined in respective cases. Thanks to
the geodesic nature of [, all solutions to the Maxwell
equations obtained from a vector potential A « [ decouple
from the charge and mass appearing in these metrics
[16,29,30]. Therefore, the field (25) is not only a test
solution in the full spacetime but can also be considered as
one in the extremal background of the EKS representation.
Choosing Qe = AM = M — Mg, we see that Ay = 22 [,
thus gives examples of Kerr-Schild double copy in curved
(extremal) backgrounds [6,31-36].

Although the notion of the Kerr-Schild double copy for
the examples mentioned in this section is already known in
the literature, the EKS form offers some new perspectives.
First of all, it is clear that the EKS form of these spacetimes
can be regarded as a linear perturbation around an extremal
background that is constructed via the double copy of the
test Maxwell solution (25). Moreover, in contrast to the
standard double copy prescription for Taub-NUT [37],
which utilizes its double Kerr-Schild form [38], the EKS
form presents a different double copy prescription by
employing the single Kerr-Schild splitting of the metric
with a curved (extremal) background, see Supplemental
Material [24] for details. (Note that a similar notion of
double copy for Taub-NUT with a single Kerr-Schild
splitting but with a different background was already

3Test fields are weak fields whose gravitational backreaction
on the spacetime can be ignored. We shall treat such fields as
independent from any possible backreacting fields already
present in the spacetime.
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studied in [31].) Finally, for the charged solutions namely
Kerr-Newman and charged Kerr-NUT-(A)dS, the EKS
form allows for a notion of Kerr-Schild double copy in
which the background already includes a backreacting
matter field in addition to the test field.

Discussion. In this paper, we have proposed the “extremal
Kerr-Schild form” (2), where the flat base metric of the
standard Kerr-Schild ansatz is replaced with an element of
the corresponding extremal black hole, and the full metric
is written as a linear in AM perturbation of the associated
extremal black hole cousin, if it exists.

Moreover, we have provided three concrete examples of
black holes with matter, namely the black hole of minimal
gauged supergravity, the Einstein-Maxwell-dilaton-axion
stationary solution and the 4-dimensional charged Kerr-
NUT-AdS spacetime, that do not admit the standard Kerr-
Schild form, but we were able to cast them in its extremal
version. The first two are of general algebraic type and go
beyond applicability of the standard Kerr-Schild form,
which can only apply to spacetimes of Weyl type-II or
more special. The third result can easily be generalized to
general Kerr-NUT-AdS spacetimes in all dimensions
[16,39]. In all these cases the corresponding Kerr-Schild
vector can be linked to some kind of geometrical hidden
symmetry present in these spacetimes and also defines a
WAND. We expect that many more black hole geometries
can be cast in the EKS form in this way.

On the other hand, the requirement on the existence of the
extremal base geometry a priori excludes “no black hole
spacetimes” such as plane wave solutions, but also some of
the black holes that do not admit their extremal versions,
such as the (higher-dimensional) Schwarzschild solution or
the singly spinning Myers-Perry black holes in d > 6
dimensions. While all these spacetimes admit the standard
Kerr-Schild form, it is impossible to cast them in the EKS
version. In such cases, however, one might be able to
replace the extremal base with some other convenient
associated reference background, constructing thus the
corresponding reference Kerr-Schild form. In this context,
it seems very natural, for example, to identify the base space
with the ground state of a given theory. An illustrative
example can be provided by the three-dimensional AdS
soliton [40]

dr?
gs = _fsdtz + f_ + r2d(p2’

N

fo=r"—M,, M, =-1, (26)

which represents the ground state of the Einstein
equations with a negative cosmological constant. The
soliton is known to play a particularly significant role in
the AdS;/CFT, correspondence, notably through its
direct application in the Cardy formula to calculate the

asymptotic density of states [41], and reproducing the
Gibbons-Hawking formula for the BTZ entropy as done
by a direct use of the central charge [42]. Moreover, one
can easily check that the BTZ solution [43] of arbitrary
mass M can be obtained from the soliton metric (26) by
means of the reference Kerr-Schild ansatz

dr\?
gtz = g5 + AM | dt — f_ ) (27)

N

where AM =M — M,.* Another interesting reference
background could be provided by recently studied self-
dual solutions [44].

Our proposal thus provides a widely applicable tool of
recasting various geometries in a new intriguing form. We
hope that this will shed some light on perturbations of
these black holes, and their CFT description. It may also
lead to some extension of the Kerr-Schild double copy
program, as well as be useful for constructing new exact
solutions. In particular, one may attempt to use the
extremal Kerr-Schild ansatz as a recipe for constructing
an unknown nonextremal geometry from a given extremal
spacetime. We provide a toy example of such a derivation
of the full Kerr-NUT geometry starting from the extremal
one in Supplemental Material [24]. Along the same lines,
it would be interesting to see if it is possible to lift the
extremal near-horizon geometries classified in [45] to first
full extremal and then, via our construction, to nonex-
tremal spacetimes, see also [46,47] for related results.

Finally, in our investigations we have fully focused on
black holes in Einstein gravity, possibly subject to addi-
tional matter fields and charges. It remains to be seen,
whether it is possible to extend such a construction to black
holes in other (higher curvature) gravities, building on so
far (only partially successful) attempts, e.g. [48,49].
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“The standard static BTZ form can be recovered by performing
the following change of variable:

AM)dr

(
dt — dt — ,
ATy

f=r-m. (28)
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