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| Introduction & Motivations

o Accelerating black holes with NUT parameter are puzzling, while the rotating
case belongs to the Plebanski-Demianski class the non rotating metric (accel-
erating Taub-NUT) is not of type D.

Marco Astorino Accelerating Type-I black holes



| Introduction & Motivations

o Accelerating black holes with NUT parameter are puzzling, while the rotating
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@ Solution generating techniques in GR can generate all axisymmetric and sta-
tionary solutions of the theory. In this context Einstein and Ernst equations
are equivalent. Symmetries of the Ernst equations allow us to generate new
non-trivial solutions stating from old ones.
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| Introduction & Motivations

o Accelerating black holes with NUT parameter are puzzling, while the rotating
case belongs to the Plebanski-Demianski class the non rotating metric (accel-
erating Taub-NUT) is not of type D.

@ Solution generating techniques in GR can generate all axisymmetric and sta-
tionary solutions of the theory. In this context Einstein and Ernst equations
are equivalent. Symmetries of the Ernst equations allow us to generate new
non-trivial solutions stating from old ones.

o The Ehlers transformation of Ernst equations is able to add the gravitomagnetic
mass to a given axisymmetric and stationary seed. Which is its action when
applied to accelerating black holes?

Marco Astorino Accelerating Type-I black holes



~ Introduction: Theory and Field Equations

Theory under consideration: General Relativity coupled with Maxwell electromag-

netism L G
/d4x\/jg [R— — FMVF'MV
20}
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Introduction: Theory and Field Equations

Theory under consideration: General Relativity coupled with Maxwell electromag-

netism
1

4 G v
d*z\/—g |R— — Fu,F*
167rG/ Z g [ i) my ]

Field equations for the metric g, and electromagnetic vector potential Ay,

Iguv, Apl ==

R 2G 1
RHV - —guv = — <FHPFVP _ 79/;quon0>
2 i) 4

Au(v/—gF*)y =0

The Faraday tensor Fy, is defined from the gauge potential, Fuv := 0uAv — v Ap.
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~ Introduction: Theory and Field Equations

Theory under consideration: General Relativity coupled with Maxwell electromag-

netism
1

4 G v
d*z\/—g |R— — Fu,F*
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Field equations for the metric g, and electromagnetic vector potential Ay,

Iguv, Apl ==

R 2G 1
RW/ - —guv = — <FH,DFVP _ *guquan[’F)
2 i) 4

Ou(v/=gFM") =0
The Faraday tensor Fy, is defined from the gauge potential, Fuv := 0uAv — v Ap.
The most generic axisymmetric and stationary spacetime, containing two commut-

ing killing vectors 8; and 8y, can be written, for this theory, in the Lewis-Weyl-
Papapetrou (LWP) form as

ds? = —f (dt — wdp)® + 71 [p2dp® + %7 (dp” + d2?)]

All the three structure functions appearing in the metric f,w and ~ depends only
on the non-Killing coordinates (p, 2).
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Theory under consideration: General Relativity coupled with Maxwell electromag-

netism
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Field equations for the metric g, and electromagnetic vector potential Ay,

Iguv, Apl ==

R 2G 1
RW/ - —guv = — <FH,DFVP _ *guquan[’F)
2 i) 4

Au(v/—gF*)y =0

The Faraday tensor Fy, is defined from the gauge potential, Fuv := 0uAv — v Ap.

The most generic axisymmetric and stationary spacetime, containing two commut-
ing killing vectors 8; and 8y, can be written, for this theory, in the Lewis-Weyl-
Papapetrou (LWP) form as

ds? = —f (dt — wdp)® + 71 [p2dp® + %7 (dp” + d2?)]

All the three structure functions appearing in the metric f,w and ~ depends only
on the non-Killing coordinates (p, 2).

A generic electromagnetic potential compatible with the spacetime symmetries, and
the circularity of the LWP metric, is given by A = Ay(p, z)dt + Ap(p, z)de.
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~ Introduction: Ernst Equations

Ernst (Phys. Rev. 1968) discovered that, when the Einstein field equations are
restricted to the axisymmetric and stationary LWP ansatz, they reduce to a couple
of complex vectorial differential equations

(Re5+|<1>|2)v2£ = (?5+2<1>*?<1>)~?5 ,
(Re5+\<1>\2)v2<1> = (?5+2q>*?<1>)<?<1>
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Introduction: Ernst Equations

Ernst (Phys. Rev. 1968) discovered that, when the Einstein field equations are
restricted to the axisymmetric and stationary LWP ansatz, they reduce to a couple
of complex vectorial differential equations

(Re5+|<1>|2)v2£ = (?5+2<1>*?<1>)‘?£ ,
(Re5+\<1>\2)v2<1> = (?5+2<1>*?<1>)<?<1>

The complex Ernst potential are defined as
@ = Ay +idy , E:=f—|®d"| +ih,
where Ay and h can be obtained from

?AS@ : 7fr_1?4p X (?Agp — w?At) ,
Vh o= 5712, x Ve -—2Im(@*Ve) .
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Introduction: Ernst Equations

Ernst (Phys. Rev. 1968) discovered that, when the Einstein field equations are
restricted to the axisymmetric and stationary LWP ansatz, they reduce to a couple
of complex vectorial differential equations

(Re5+|<1>|2)v2£ = (?5+2<1>*?<1>)‘?£ ,
(Re5+\<1>\2)v2<1> = (?5+2<1>*?<1>)<?<1>

The complex Ernst potential are defined as
@ = Ay +idy , E:=f—|®d"| +ih,
where Ay and h can be obtained from

?AS@ : 7fr_1?4p X (?Agp — w?At) ,
Vh o= 5712, x Ve -—2Im(@*Ve) .

The remaining unknown function ~(p, z), remains decoupled from the previous ones
and can be obtained by quadratures.
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Introduction: decoupled v equations

Ap(p, 2)

9zv(p; 2)

4[Re(€) + ®®*]2

4[Re(&) + ®@*]2

L {(apg +2870p®) (0p* + 280, @)

7(025 + 2(1>*azq>) (azs* + 2<I>82<I>*>]

p

* *
I GEE T (0p@0p®™ — 0:®0:2") (1)

L [(apg +2870p®) (0:6" + 280,

+(0:6 +20%0: @) (9p™ + 2<1>ap<1>*)}

p

* *
I GET T3 (0p20: 2" + 0:20p2")
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~Introduction: Symmetries of Ernst Equations

Ernst equations can be derived by an effective action

1e.%) = [z [ ap {@)HM}*?@) (Ve + 28V 2") Veve*

(6 + €% 120072 T E4EF 1288
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Introduction: Symmetries of Ernst Equations

Ernst equations can be derived by an effective action

1e.®) = [ax [ dp {(?‘g”q)*?“’) (Ver+20Ve")  VaVer }

(€ + €% 1 200%)2 T E4EF 1288

This action has a set of Lie point symmetries which form the SU(2,1) group.
These symmetries can be written as a set of five independent transformation:

(I £ — & =x*e ., @3 =23 |
(I1) E—é&=¢c+ib , »— o = )
(IIT) £—>g’:L, , » o = (I)_ ,
1+ ic€E 1+ icE
(Iv) e—¢e —¢g_o2p%d —p* » o —d1p8 |,
£ P + af
) £—é = 1—2a*® — aa*E ’ 2 = 17204*;70@(*5

where b,c € R and «a, A\, 8 € C.
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Introduction: Symmetries of Ernst Equations

Ernst equations can be derived by an effective action

1e.®) = [ax [ dp {(?‘g”q)*?“’) (Ver+20Ve")  VaVer }

(€ + €% 1 200%)2 T E4EF 1288

This action has a set of Lie point symmetries which form the SU(2,1) group.
These symmetries can be written as a set of five independent transformation:

(I £ — & =x*e ., @3 =23 |
(I1) E—é&=¢c+ib , »— o = )
(IIT) £—>g’:L, , » o = (I)_ ,
1+ ic€E 1+ icE
(Iv) e—¢e —¢g_o2p%d —p* » o —d1p8 |,
£ P + af
) £—é = 1—2a*® — aa*E ’ 2 = 17204*;70@(*5

where b,c € R and «a, A\, 8 € C.

Some of these transformation are just gauge symmetries and can be reabsorbed by
a coordinate transformation, while others actually have non-trivial physical effects.
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- Example: From Schwarzschild to Reissner-Nordstrom

We use the Harrison transformation (V) to charge the Schwarzschild black hole

2 2
2 2m 2 dr 2 dx 2 2
ds 7—<1—T)dt+172m+r 1 2+(1—w)d<p
T
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2 2m 2 dr 2 dx 2 2
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By comparison with the LWP metric we deduce w =0 = h=0,f=1— QTm, SO

the seed Ernst potential are
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We use the Harrison transformation (V) to charge the Schwarzschild black hole
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2 2m 2 dr 2 dx 2 2
ds 7—<1—T)dt+172m+r 1 2+(1—w)d<p
T

By comparison with the LWP metric we deduce w =0 = h=0,f=1— QTm, SO

the seed Ernst potential are
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®=Ay+idp=0 , E=f—®®  yih=1-"",
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Example: From Schwarzschild to Reissner-Nordstrom

We use the Harrison transformation (V) to charge the Schwarzschild black hole

2 2
2 2m 2 dr 2 dx 2 2
ds 7—<1—T)dt+172m+r 1_m2+(1—w)d<p

By comparison with the LWP metric we deduce w =0 = h=0,f=1— QTm, SO

the seed Ernst potential are

. 2
®=Ay+idp=0 , E=f—®®  yih=1-"",
-
The new solution, generated by (V) with « = s € R, become
/ £ r—2m ’ D+ sE s(r —2m)
g = - , 3 = — .
1—25® — 52 r—s2(r—2m) 1—25® — 526 r—s2(r —2m)
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Example: From Schwarzschild to Reissner-Nordstrom

We use the Harrison transformation (V) to charge the Schwarzschild black hole

2 2
2 d d:
d32:_<1—£) dt2+ T2 +T2 i +(1—w2)d<p2
T 1— Tm 1-— a2
By comparison with the LWP metric we deduce w =0 = h=0,f=1— QTm, SO
the seed Ernst potential are
L * . 2m
1I>:At+zA<p:0 s E=f—PP +ith=1— — .
”
The new solution, generated by (V) with « = s € R, become
/ £ r—2m ’ D+ sE s(r —2m)
g = - , 3 = - .
1—25® — 52 r—s2(r—2m) 1—25® — 526 r—s2(r —2m)
After a coordinate transformation
'F—232m m — 1(, _9 ,2)
r= —, § > — m— —(m—1\m=—e
1— 52 e 2
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Example: From Schwarzschild to Reissner-Nordstrom

We use the Harrison transformation (V) to charge the Schwarzschild black hole

2 2
2 2m 2 dr 2 dx 2 2
ds :—<1—7)dt+ o T T 1_m2+(1—ac)dw

By comparison with the LWP metric we deduce w =0 = h=0,f=1— QTm, SO

the seed Ernst potential are

. * . 2m
1I>:At+zA<p:0 s E=f—PP +ith=1— — .
The new solution, generated by (V) with « = s € R, become
/ £ r—2m ’ D+ sE s(r —2m)
g = = , 3 = = .
1—25® — 52 r—s2(r—2m) 1—25® — 526 r—s2(r —2m)
After a coordinate transformation
'F—232m m — € 1(, _9 ,2)
r—= —, 5§ =5 — m—= —(m—1\m*—e
1—s2 e 2
we recognise the Reissner-Nordstrom black hole
- =2 =2 2
2 _ d d
ds? = — 1—4”+i2 diz + i 172 | (1 - 2?)dp?
FoF 1 2m &2 1— 22
r 7
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| Alternative LWP and alternative Ehlers

Disclaimer

There exist another non-equivalent form of the LWP metric

ds? = —f (dt = wdp)® + 71 [p2dp® + €27 (dp® + d2?)]

that can be used to construct the Ernst equations.
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Disclaimer
There exist another non-equivalent form of the LWP metric

ds? = —f (dt — wdga)2 + f_l [p2dga2 + 27 (dp2 + sz)]
that can be used to construct the Ernst equations.

The magnetic LWP:

ds? = f(d¢ — wdr)? + L [=p2dr? + €27 (dp? + d2?)],

Marco Astorino Accelerating Type-I black holes



l

Alternative LWP and alternative Ehlers

Disclaimer

There exist another non-equivalent form of the LWP metric

ds? = —f (dt = wdp)® + 71 [p2dp® + €27 (dp® + d2?)]

that can be used to construct the Ernst equations.

The magnetic LWP:
ds? = f(d¢ — wdr)? + L [=p2dr? + €27 (dp? + d2?)],

which is obtained from the standard LWP by a conjugation transformation

2 £~ _ 2
W = f%p—,fﬂDZ, waifw ) PN ol (A
252 — 2 72
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Alternative LWP and alternative Ehlers

Disclaimer
There exist another non-equivalent form of the LWP metric

ds? = —f (dt — wdga)2 + f_l [p2dga2 + 27 (dp2 + sz)]
that can be used to construct the Ernst equations.

The magnetic LWP:
ds? = F(dg — @dr)? + F 1 [—p2dr? + 2V (dp? + d2?)], (2)

which is obtained from the standard LWP by a conjugation transformation

2 26 _ /2

The associated Ernst equations are identical and therefore are invariant under the
same set of symmetry transformations obtained for the standard LWP metric.
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| Alternative LWP and alternative Ehlers

Disclaimer

There exist another non-equivalent form of the LWP metric

ds? = —f (dt = wdp)® + 71 [p2dp® + €27 (dp® + d2?)]

that can be used to construct the Ernst equations.
The magnetic LWP:
ds? = F(dg — @dr)? + F 1 [—p2dr? + 2V (dp? + d2?)], (2)

which is obtained from the standard LWP by a conjugation transformation

2 26 _ /2

The associated Ernst equations are identical and therefore are invariant under the
same set of symmetry transformations obtained for the standard LWP metric.

However an Harrison transformation in this context transforms the Schwarzschild
black hole, not in RN, but into Schwarzschild-Melvin.
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o (V) [RN] = RN : —(1—27+f72z

_ 2
)dtzw—<1—2—;—m+ e—¢ )d{2
kA

e (V) [Kerr] = Kerr-Newman

o (V) [C-metric] = 7

So the Harrison transformational do not just add electric charge to the seed

«O0>» «F>» «E» «E>» =3 Q>



e (V) [RN] = RN : —(1—

2 _
2 2 2
==+ :7) dte ~ — (1 — &t
o (V) [Kerr] = Kerr-Newman
o (V) [C-metric] ?

So the Harrison transformational do not just add electric charge to the seed

«40>» «F» «=)r «=)» = Q>



e (V) [RN] = RN : —(1—

2
2
==+ :7
o (V) [Kerr] = Kerr-Newman

52
2 2m , (e—¢ .
)dt w_<1__Tm+£_F§L>dt
o (V) [C-metric] =7
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e (V) [RN] = RN : —(1—

2
2
==+ :7
o (V) [Kerr] = Kerr-Newman

52
2 2m , (e—¢ .
)dt w_<1__Tm+£_F§L>dt
o (V) [C-metric] =7

So the Harrison transformational do not just add electric charge to the seed

«40>» «F» «=)r «=)» = Q>



e (V) [RN] = RN : —(1—

2

2
a4 e
o (V) [Kerr] = Kerr-Newman

r2

2
2 27 e—e )
)dt w—(l——;—m-i-ﬁ—FfL)dt
o (V) [C-metric] = ? # Accelerating-RN (type-D)
e RN black hole for « — 0

Rindler for m — 0 and s — 0
(V) [Minkowski] =

So the Harrison transformational do not just add electric charge to the seed

«40>» «F» «=)r «=)» = Q>



Exa

2
R

_ a2\
)dt2~»—<1—2_;_m+£e_F§L>dt2

2

e (V) [RN] = RN : —(1—

o (V) [Kerr] = Kerr-Newman

o (V) [C-metric] = ? # Accelerating-RN (type-D)
e RN black hole for « — 0

o Rindler for m — 0 and s — 0

[m]

(=)
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e (V) [RN] = RN : _(1_27+%2

_ a2\
)dt2w—<1—2Tﬂ+£e_F§L>dt2

2

o (V) [Kerr] = Kerr-Newman

o (V) [C-metric] = ? # Accelerating-RN (type-D)
e RN black hole for « — 0

e Rindler for m — 0 and s — 0
o (V) [Minkowski] =

[m]

(=)
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e (V) [RN] = RN : _(1_27+%2

_ a2\
)dt2w—<1—2Tﬂ+£e_F§L>dt2

2

o (V) [Kerr] = Kerr-Newman

o (V) [C-metric] = ? # Accelerating-RN (type-D)
e RN black hole for « — 0

e Rindler for m — 0 and s — 0
o (V) [Minkowski] =

[m]
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e (V) [RN] = RN : _(1_27+%2

_ a2\
)dt2w—<1—2Tﬂ+£e_F§L>dt2

2

o (V) [Kerr] = Kerr-Newman

o (V) [C-metric] = ? # Accelerating-RN (type-D)
e RN black hole for « — 0
e Rindler for m — 0 and s — 0

e (V) [Minkowski] = Minkowski

[m]

(=)
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Examples

2 _ _ 2
(V) [RN] = RN : _<1_2%+%>dt2w_<1_2%+%)d52

o (V) [Kerr] = Kerr-Newman

(V) [C-metric] = ? # Accelerating-RN (type-D)
e RN black hole for a« — 0
o Rindler for m — 0 and s — 0

(V) [Minkowski] = Minkowski

So the Harrison transformational do not just add electric charge to the seed
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| Action of the Harrison transformation

General fall off for an asymptotically flat axisymmetric and stationary solution

£ ~ 1_2(M—iB)+(z*+2iJ)ac+const+O<i> ’
- 2 3
& Qe +1Qm + (De + iDm)x + const 10 i ’
r r2 r3
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| Action of the Harrison transformation

General fall off for an asymptotically flat axisymmetric and stationary solution

_ 2(M —iB) n (z% + 2iJ)2x + const 10 (i) 7

E ~ 1
T r3

Qe +1i1Qm n (De + iDm2)aa + const +o (%) ’
s

P
T T

After a Harrison transformation we get
2(M —iB Zx + 207 nst 1
_ ( 7 )+(z*+ iJ)x + cons to(L 7
r r2 r3

£

5 Qe+iQm+(De+iDm)w+coﬁst+O< 1) ’

. 2 3

M= My1+4jaf2 - 2[QeRe(a) + QmIm(a)] ,

B = By/1+4)a2 - 2[QeIm(a) - @mRe(a)),

J = 1J1+4al? +2[Delm(a) - Dm Re(a)] ,
Ge = Qey/1+4lal2 - 2MRe(a) — 2B Im(a) ,
Gm = Qmy/1+4lal2 - 2MIm(a) + 2B Re(a) ,
De = Dey/1+4[af2+2*Re(a) - 2J Im(a) ,
Dm = Dm\/m+ 2*Im(a) + 2JRe(a)
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Accelerating Schwarzschild metric in spherical-like coordinates (t,r, z = cos 0, ¢)
(1 _ Q_m) a?r? — 1y + ar?
d32 = .

’I"2 IL'2
(1-2m)(1-a2r2)
where

d + 7‘2w(z) d<p2
w(x)
1+ arz)?
w(z) := (1 + 2mazx)(1 — av2)

[m]

(=)

Accelerating Type-I black holes
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The C-metric

Accelerating Schwarzschild metric in spherical-like coordinates (t,r, 2 = cos @, ¢)

2 2 2
2 d d
(1 - L”) (@212 Z 1)ai? + i + = T r2w(z) dp?
I (1 _ 2Tm) (1 - a2r2) w(z)
ds® =
(1 + arz)?
where w(z) := (1 + 2mazx)(1 — m2)

or in Weyl cylindrical coordinates (¢, p, 2, ¢)

3,33 2 2
2 _ _MK3 dt2 " 16 Cf HiHo K3 (dp” + dz”)

P
K2 H12M23W123W11W22 K1K3

ds

with  p; = w; —z+/p% + (2 —w;)? Hij = (#i—ﬂj)2 ) Wi = P2+#¢#]’ .

\/(T2 —2mr)(1 — a?7r2)(1 4 2max) (1l — z2)

—
r (1 + arz)?
(ar + z)[r — m(1 — arz)]
z .
(1+ arz)?
_ _ 1 Cr = m2
w)p = —m, wg =m , wg—za, f—a3.
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)
C-met
Accelerating Schwarzschild metric in Weyl coordinates
ds2 _ _HiH3 dt2 +
H2

16 Cf u?u%ug (dp2 + dz2)

P2 12 g2
u12u23W123W11 Wag

B1m3 '

(=)

o =
Accelerating Type-I black holes
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| C-metric - rod representation

Accelerating Schwarzschild metric in Weyl coordinates

2

333 9
2 _ _pimg dt2+16 C¢ nipugpy (dp® +dz 2 Hy 2

ds 5 P
H2 k12123 W{is W11 Wag H1H3
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C-metric - rod representation

Accelerating Schwarzschild metric in Weyl coordinates

2

333 9
2 _ _pimg dt2+16 C¢ nipugpy (dp® +dz 2 Hy 2

ds 5 P
H2 k12123 W{is W11 Wag H1H3

One accelerating black hole
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Regularised C-metric

Accelerating Schwarzschild metric in external gravitational multipolar expansion

3,33 2., 52
2 2 16 C k(p, 2) (dp® +d
ds? = HLIE3 2b12+42b32"—bgp” 52 | £ HIraH3 ke, 2) (dp )

12

u12ﬂ23W123W11W22

2 2 2
+ P e—2b1z—2b22 +b2p dg02 i
H1H3

k(p, 2) exp{ - b%p2 +2by (2 — 2b2zp2 +py — po + p3)

b
Zogp’ + 274 — 8b2p%) + 200 + 4wy — uF — dwony + 3 + dwgng — w3} -

. [arXiv:2106.02058]

) -
3
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https://arxiv.org/abs/2106.02058

Binary systems

Double Schwarzschild metric (Bach-Weyl 1922)

2

A 3535 2
¥ 16 Cr pfudpapy (dp + dz
ds? = —M1H3 2 o f H1H2H3H4 2H2H4

22
&,
K2 K4 u12u14u23u34W123W224W11W22W33W44 H1H3

z-Mo
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Binary systems

Double Schwarzschild metric (Bach-Weyl 1922)

2) ~2
&,

~ 3535 .9
gs2 = M3 g2 16 Cp pipguzpy (dp” +dz 20204
K2 K4 u12u14u23u34W123W224W11W22W33W44 H1H3

2-Mo

Two black holes

e
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Introduction: Binary systems - Regular

Double Schwarzschild metric in external gravitational field [arXiv:2104.07686]

5~ 35351 2 2
42 = BB 2b1e+2bye?byp? g2 16 Cf mikguiig K 2) (dp” + d2T)
H2 by u12u14u23u34W123W224W11W22W33W44
2 2
2#2“46—2b1z—2b2z +bop d<,52,
wipg
= 2 2 2 by 4
k(p,z) = ewp{—blp —2b1(z + 2bgzp —u1+u2—u3+u4)+b2[32p -

2 2 2 2 2 2
—  227(1 + 2b9p7) + 4wy pg — pY — dwoug + ps + dwgpz — pu3 — dwypy +p,4]} .
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Introduction: C-metric and binary systems

Consider the binary black hole system

05 00 s
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| Introduction: C-metric and binary systems

Let’s enlarge the right black hole of the binary while keeping the left and the
distance fixed
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| Introduction: C-metric and binary systems

Further enlarging the right black hole of the binary, ‘w4 — oo, we have
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Introduction: C-metric and binary systems

Further enlarging the right black hole of the binary, ‘w4 — oo, we have

Two black holes One accelerating black hole

~

m m _— Y mm
wyq — 400

6

(a) wy wz w3 wq z (b)
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Charged Binary

The Harrison transformed Bach-Weyl metric gives a charged binary

2 (nopg — &%uyug)?

ds? = o tar2Rstd g2, g2,
(nopg — &% pyp3) K1H213 14
3,3,3,3 ) 2
16C ppuynopgpy (Hopy — 67 p1pg)
" fHIHQH3 1Y (dp? + 2

H12H14123 1434 W123 W224 W11 WooW33Wyy

Ay = [ Ay, + —1E 50,0
H 0 52
Koy — G%ppg
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Charged Binary

The Harrison transformed Bach-Weyl metric gives a charged binary

2 (nopg — &%uyug)?

ds? = o tar2Rstd g2, g2,
(nopg — &% pyp3) K1H213 14
3,3,3,3 ) 2
16C ppuynopgpy (Hopy — 67 p1pg)
" fHIHQH3 1Y (dp? + 2

H12H14123 1434 W123 W224 W11 WooW33Wyy

Ay = [ Ay, + —1E 50,0
H 0 52
Koy — G%ppg

At extremality this solution become the Majumbdar-Papapetrou metric.
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Charged Binary

The Harrison transformed Bach-Weyl metric gives a charged binary

a2 2
a2 — u1#2f12:),u4 5 dai2 + p2 (nopg — &% pyp3) g2,
(nopg — &% pyp3) K1H213 14
3,333 -2 2
16C ppuynopgpy (Hopy — 67 p1pg)
+ i el (dp? + d2?) |

u12u14u23u34W123W224W11W22W33W44

A, = At +&,0,0’0
w 0 42
M4 — QT3

At extremality this solution become the Majumbdar-Papapetrou metric.

Then if you change the coordinates as follows

Vrer = 2m)(1 = A2r2)(1 + 2Ama) (1 — 22) ) 2
P — s t — — 1,
1+ Arw)2 2wy
(Ar + z)[r — m(1 — Arz)] . 2wy
z — 21+ s — — .
1 (1+ Arg)? v A’
. 1 2w4m2 N
with wy = z; —m, wg =21 +m, z3 =21+ 574, Cf:T and & = VAs
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Reissner-Nordstrom in charged accelerating background

. and take the limit for wy — oo, you get the Reissner-Nordstrom spacetime in an
accelerating and electric background (Type I : Harrison[C-metric])

2 2
452 = — f(r, 2)dt® + ﬁ {QZ’Y(T,x) ( dr n dz ) +p2(r,m)d¢2} 7

Ap(r) Ag(x)

where
2 2
r“ArQ
f(ryz) = m Q(r,z) = 14 Arz,
1 Ar 2.2, 2
y(r,z) = 510g <¥> s Ap(r) == (1 —A%r%)(r® —2mr) ,
p(r,z) VArvaz Az(z) = (1—22)(1+2mAz) ,

02

A f( sAr 000)
k= r292752A7~ T
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Reissner-Nordstrom in charged accelerating background

. and take the limit for wy — oo, you get the Reissner-Nordstrom spacetime in an
accelerating and electric background (Type I : Harrison[C-metric])

2 _ 2 1 2v(r,x) dr? da? 2 2
a7 = =St ey { (Arm T Ry ) T ede
where
r2A-Q2
f(r,z) = m Q(r,z) = 1+ Arz
y(r,z) = % log (%) s Ap(r) == (1— A27'2)('r2 —2mr) ,
p(r, x) % , Ag(z) = (1-— 3:2)(1 + 2mAz) ,

Wy = o0
® o - @

Binary black hole system C-metric
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Accelerating electric and nutty background

Removing the black hole (vanishing its parameters m, ...) we have

ch *12 ’

! L 2, .2 24 ( da? o o
" f(r,x){(1+A7-z)4 {‘" +OT AT )<1_I2+(17a: Y )”

with
Fr ) = (1 — A%r2)(1 + Arz)?
T 2(1 — A292)2 L [(1 4 Ara)2 — s2(1 — AZr2))2
Ay =7 31— AZp2 00 2cs[1 + Ar(Ar + 2z)][(1 — A2r2)32 -1+ A'r’x)Q]
o (1+ Arg)2’ 77 7 A(l + Arz)4 '
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Accelerating electric and nutty background

Removing the black hole (vanishing its parameters m, ...) we have

201 _ 52 2

! L 2, .2 24 ( da? R
i f(r,x>{(1+,47-x)4 {d’” +r *AT><1_I2+<1 )de )”

with 5 o 9
f(r 2) = (1—A“r?)(1+ Arz) .
T 2(1 — A292)2 L [(1 4 Ara)2 — s2(1 — AZr2))2
A, — f{ 31— AZp2 00 2cs[1 + Ar(Ar + 2z)][(1 — A2r2)32 -1+ A'r’x)Q] }
o (1+ Arg)2’ 77 7 A(l + Arz)4 '

This can be obtained as the near-horizon limit of the RN-NUT solution (wg — o)
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Background from RN

l

(¢ =0) In fact, in Weyl coordinates

\/r272m7"7q2 \/171:2 s

21+ (r—m)zx.

the Reissner-Nordstrom black hole reads

o (Ry+R)P—am?—q%) o (@m+Ry+R_)?

2 2 2
2m + RLR_)* d
ds? = — a2y (dp2+dz2)+ P (2m+ Ry R_)" dp
(2m + Ry R_)2 4R{R_ (Ry + R_)2Z —4(m2 — ¢2)

2

2
Ap q70,0,0:| R Ri:\/pQJr[i(zle)Jr\/meqg] .

~|@em+ B RO?
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Background from RN

l

(¢ =0) In fact, in Weyl coordinates

\/T272m7"7q2 \/171’2 s

21+ (r—m)zx.

p

z

the Reissner-Nordstrom black hole reads

o (Ry+R)P—am?—q%) o (@m+Ry+R_)?

2 2 2
2m + RLR_)* d
ds? = — a2y (dp2+dz2)+ P (2m+ Ry R_)" dp
(2m + Ry R_)2 4R{R_ (Ry + R_)2Z —4(m2 — ¢2)

2 2
Ap q70,0,0:| R Ri:\/pQJr[i(zle)Jr\/meqg] .

~|@em+ B RO?

Taking wg — oo the accelerating electric background can be obtained

1 1
m — 5(“’2_“’1)(1“’2“’252) s q — (w]—w9)+/2w9d , z1 — §(w2+w1)(1—2w252) s
4)
- VA t — VA
52«/2’11)2 ’ ¢ 52\/2w2<p '

p— p(1—210252) s z— z(1—2w262) s t
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Ehlers transformation

The Ehlers transformation acts on a solution with the following asymptotic fall-off
2(M —iB 1
£ o~ 1-2MZiB) L, (—2> 7
r r
Qe +1Qm Lo (i) ’
r 2

r

P

2

2(1 — M
21 —-c?)B+4 c+o<1>
2

in the following way
(1+c2)r

o(3) -

(M iB)

~ 1-

+
5 Qe + lQm (

O
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Ehlers transformation

The Ehlers transformation acts on a solution with the following asymptotic fall-off
2(M —iB 1
£ o~ 1-2MZiB) L, (—2> ,
r r
Qe +1Qm Lo (i) 7
E— 2

P
r
in the following way
_ 2(M — iB) 1 2(1 — 2)M —4Bc _ 2(1 — ¢2)B + 4Mc
E ~ 122" o5 )=1-
r r2 (1+c2)r (1+c2)r

@

r r
so basically is a rotation on between the mass and gravitomagnetic mass
(17c2)M72Bc

<M> (cosw —sinw> ( ) 142

~ =1 ' = 3

B sing) st ) o aictan e B (1—c )B;—QMC

14c
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o Ehlers [Schwarzschild] = Taub-NUT
Ehlers [Kerr-Newman] = Kerr-Newman-NUT [1906.08228]
;, Ehlers [C-metric] ?

2
c(2z + p — po + pg + wq)del”
9 9 . 2 4,,2 2,
4o (.—)//]l/,i |71()( /'/zll;/z//:i((//) - dz®) 5 .,-|
— : D : : o pde”
Ly pops L/'lz//zza” 11 Wa2 W33 Wiy J
['his can be obtained from the Bach-Weyl-NUT binary for wy — oc
9 2 ) 2A 2 2 2. 9
ds® = —f(dt —wdp)” + f lrr_ (dp™ 4+ dz7) + p~de” |
) ‘ L] D L3
flps) = o laeanama
cEpTpy + Hopy
w(p,z) =
2v(r,x)

2¢c (p] —wyp — po +wo + pug — w3z — pyg +wy) + wg

5 4 4 4 4
16 C TR
12114123134 W Eg W3, W11 Wao W3z Wiy
«40>» «F» «=)r «=)» = Q>



https://arxiv.org/pdf/1906.08228.pdf

| Ehlers transformation of the C-metric ?

e Ehlers [Schwarzschild] = Taub-NUT
o Ehlers [Kerr-Newman| = Kerr-Newman-NUT [1906.08228]
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| Ehlers transformation of the C-metric ?

o Ehlers [Schwarzschild] = Taub-NUT
o Ehlers [Kerr-Newman| = Kerr-Newman-NUT [1906.08228]

e ; Ehlers [C-metric] ?
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| Ehlers transformation of the C-metric ?

o Ehlers [Schwarzschild] = Taub-NUT
o Ehlers [Kerr-Newman| = Kerr-Newman-NUT [1906.08228]

e ; Ehlers [C-metric] ?
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| Ehlers transformation of the C-metric ?

o Ehlers [Schwarzschild] = Taub-NUT
o Ehlers [Kerr-Newman| = Kerr-Newman-NUT [1906.08228]
o ; Ehlers [C-metric] ? = Accelerating Taub-NUT (Chng-Mann-Stelea 2006)
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| Ehlers transformation of the C-metric ?

o Ehlers [Schwarzschild] = Taub-NUT

o Ehlers [Kerr-Newman| = Kerr-Newman-NUT [1906.08228]

o ; Ehlers [C-metric] ? = Accelerating Taub-NUT (Chng-Mann-Stelea 2006)
(Type-I) (Podolsky - Vratny 2019)

Marco Astorino Accelerating Type-I black holes


https://arxiv.org/pdf/1906.08228.pdf

l

Ehlers transformation of the C-metric ?

o Ehlers [Schwarzschild] = Taub-NUT
o Ehlers [Kerr-Newman| = Kerr-Newman-NUT [1906.08228]

o ; Ehlers [C-metric] ? = Accelerating Taub-NUT (Chng-Mann-Stelea 2006)
(Type-I) (Podolsky - Vratny 2019)

2 dp1pop3

ds = —72[dt—c(22+p,1—u2+u3+w0)d¢:

dpg + CQ#%N:}
4po + Czy%pg 160fp,£11,u%u§(dp2 + dz2)
dpimgnz | niong3 Wi Wao Wiz Wiy
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\

Ehlers transformation of the C-metric ?

o Ehlers [Schwarzschild] = Taub-NUT

o Ehlers [Kerr-Newman| = Kerr-Newman-NUT [1906.08228]

o ; Ehlers [C-metric] ? = Accelerating Taub-NUT (Chng-Mann-Stelea 2006)
(Type-I) (Podolsky - Vratny 2019)

4
d32 = —%[dt —c(2z 4+ p1 — pg + p3 + wo)dga]Q
4 2.,2,,2
Mo + iy
4po + CQ[L%}Lg 160]0/#/%;%((1/)2 + sz) 2d 9
pde
dppop3 12123 W11 Wag Wag Wiy
This can be obtained from the Bach-Weyl-NUT binary for wy — oo
ds? = —f(dt — wdcp)Q + f_1 [62'y (dp2 + dz2) + p2dap2] . (5)
BT EL!
flp2) = —gats

cEuT g + popy
2¢ (p1 —wy — pg +wg + pg — w3 — py +wy) +wp

w(p, 2)

~ 4 4 4 4
e2v(r,x) 16 Cf H1HoH3 4

H12M14 123134 W123 W224 W11 WooW33Wyy
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L Plebanski-Demianski seed

Plebanski-Demianski seed in terms of the metric and electromagnetic potential:

2 2
2 2 1 2v(r,x) (_dr dx 2 2
ds® = —f(r,z) [dt — w(r,z)de]” + [e ’ + + p%(r,x)de” | .
(rz) [ (r,z)dg] 7o) 20 B (r,x)
~2 ~2
e Ay — Ap 1 (Arfw Ar>
r,x = —u r,x) = —log| —— s
f(r,) e YWrw) = 5 log (=g
(2)(1"2Az + IQAT) VArVAg
wir,z) = SLo2XLOr) p(r,z) = YEIVOT
Ar — @20y w02
R(r,z) \r2 + @222 Q(r, x) 1—arz ,
Ap(r) = —&)(62 + p2 + kLIJQ) + 2maor — er? + 2nhars + kaZort s
Ax(z) = —k&—2nz+ ez — 2mane® + 042421(62 + p2 + ku”;z):c4 s
- ~o 2 2
er + wpx ewrx® — pxr
A = (= S 00, SR
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| Plebanski-Demianski seed

Plebanski-Demianski seed in terms of the metric and electromagnetic potential:

2 2
2 2 1 2v(r,x) (_dr dx 2 2
ds® = —f(r,z) [dt — w(r,z)de]” + [e ’ + + p%(r,x)de” | .
(rz) [ (r,z)dg] 7o) 20 B (r,x)
~2 ~2
e Ay — Ap 1 (Arfw Ar>
r,x = —u r,x) = —log| —— s
f(r,z) 20212 y(r, ) 5 log ol
d)(r2Az + a:zAr) VArVAg
w(r,z) = ———————= plr,z) = ———
Ar — @20y w02
R(r,z) = \/r?+a2z2 Q(r,z) == 1—arz ,
Ap(r) = —&)(62 + p2 + kLIJQ) + 2maor — er? + 2nhars + kaZort s
Ax(z) = —k&—2nz+ ez — 2mane® + 042421(62 + p2 + ku”;z):c4 s
. a2 2
er + wpx ewrx® — pxr
A = (= S 00, SR

P-D seed in terms of Ernst complex gravitational and electromagnetic potentials

roAg +i{Q20[ — ikra + z(e? + p? + ke?)] + Ay}

E(r,x =
(r.2) reQ2o(—ir + Qx)

e+ ip

)= e
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~ Plebanski-Demianski with a double NUT parameter

Ehlers[Plebansky-Demianski]:

Ers) = - i[Q20(—ikre + z(e? + p? + ka?)] — ir@Ag + zAy

9211)[ —ickr® + zr(ir — zd) + c:t(62 + p2 + ktDQ)] —icr@Ayg + crAy ’
(p— ie)mrﬂ2o}
Q2LD[ —ickrd + zr(ir — zd) + C:E(62 + p2 + kd)Q)] —icr@wAyg + cxAy

®(r,z) =
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Plebanski-Demianski with a double NUT parameter

Az)] —ir0Ag + xhy

Ehlers[Plebansky-Demianski]
o) i[Q26(—ikre + w(e? +p2 + &
T = -
02 [ —ickr® + zr(ir — zd) + CZL‘(C2 + p2 + kzi)2)] —icr@Ayg + crAy
- (p— ie)mrﬂ2ziz
®(r,z) =
Q2LD[ —ickrd + zr(ir — zd) + c:t(e2 + p2 + kuDQ)] —icr@wAyg + cxAy
2 2
T dx
) + 02 (r, w)dso2}

5 1 £

ds? — _ fr z)2 [dt — & (r, x)do) >+ w 2v(rz) @
11+ icE| f(r, ) Ar(r)  Ag(x)

(r, z) function remains invariant under the Ehlers transformation, while

n QCT?)OLAT(A;I; + kQQw)

220002 (Ar — w2Ag)

i 2 12Ar(Ag + k020)? + o? Aa[Ar + 9%(q? + ka?))?
o =w(r,z)+
2r2wQ4(A7- — wQAw)
zQ(Ar — Asz)[Ar + Qw(q + ko? — 2mr)] + zro{zaldr[Agw + QQ(q + k:of)2)]}
xr2anQ? (Ar — wQAw)

+2c
The non-null component of the electromagnetic vector results

Tro) {cerwAz + cpzAr + (I)[ — zr(er + pz) + c(pgz + kerw + kpzw )1 QQ}
1+ icE|?

Ay
i erwAg + pxAyp n (er + pzd)AgAr + &)[pxdj(q2 + kd)2)Ar + kerAr]Q2
e = . c _
@20y — A zroQ2(Ar — w2Ag)
Accelerating Type-I black holes
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Removal of the Minsner string

Convenient parametrization

- a? + 02
= —
a
N E(a2 + @2)2 + am(€4 — a4)a
n
(a2 +£2)2 — 2aml(a? + 02)a + a202 (a2 + €2 4 p2 — £2)a?
N (a2 + 82)2 + 4am€(a2 + éz)a — (12(112 — 82)((12 +e2 4 p2 - 52)o¢2
€
(a2 +42)2 — 2aml(a? + €2)a + a202(a? 4 €2 + p2 — £2)a2
PN (12((12 - 62)
(a2 +42)2 — 2aml(a? + €2)a + a242(a? 4 2 + p2 — 12)a2
—m + \/'rn2 +n2 —2nl
c — .
n

To remove the discontinuity on the axis of symmetry

Aw = lim w(r,z) — lim w(r,z) =4(n—£)=0.
r—1 r——1

horizons from

Q(r)y=(r—7ry)(r—7_) [1 _ W] [1+ w} ’

a2 +g2 a2+€2

where

Fp o= mi\/m2+(n7€)27a27627p2 and Fpoi= mi\/m2+n272n€ ;
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Plebanski-Demianski NUTs family

type I [2305.03744]

Full Plebanski-
Demianski-NUTs

(LZ), e, n, k, m, a, e, p, u)

type 1

type D

Double NUT
Plebanski-Demianski
(m, a, a, e, p, £, n)

n =20
=0
type I type D
. Acceleratin
Acceleratin, g
g Kerr-Newman NUT
Kerr-Newman NUT 7é (m, a, a, e, p, £)
(m, a, a, e, p, n) (Plel)éllski-Derrliarlski)

type I

Accelerating
Kerr-Newman
(m, a, a, e, p)

Accelerating
Reissner-Nordstrom-NUT
(m, a, e, p, n)

Kerr-Newman-NUT
(m, a, ¢, p, £)

a=20 e=p=0 a=20
type D type I type D
Accelerating . . .
. . Accelerating Taub-NUT Reissner-Nordstrom-NUT
Reissner-Nordstrom
(m, @, n) (m, e, p, )
(m, a, e, p)

Marco Astorino
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\

Harrison and Ehlers transformations commute

Ehlers transformation

_ £ _ P
(IIT): E—E= - P P = -
1+ ic€ 1+ ic€
Harrison transformation
_ £ - P + af
V): E—E= —- —— ——— b= "
V) ’ 1—2a*® — aa*€&

1—2a*® — aa*&
Ehlers and Harrison transformations commute [(I1I), (V)] =0

£

E — &= -
14 ic€ — aa*& — 20*P

(ITI) o (V) =
P+ af

P — D= -
1+ ic€ — aa*& — 2a*P

PD can thus be further generalised to the presence of extra NUT and
electromagnetic field (&, ®)

—ir@Ag + 2y + O[—ikre + ) (g2 + ki?)]Q2

(c+is2)(roAg + izAy) — O[r2a + 2(ip + e)rse + ir(z?2 + ike — ks?)d + (s2 — icz)(¢? + k@2)]Q2’

—irswAg + szAp + O[(ip + e)rx + (q2 + k&)2)sz - ikTS(l)]Q2

(c+is2)(roAg + izAy) — @[r2e + 2(ip + e)rsz + ir(x2 + ikc — ks2)d + (s2 — icx)(q? + k@2)]Q2"
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Plebanski-Demianski-NUTs in electromagnetic Rindler
background

\

In metric form

52 = —F(r,x —w(r,x 2, 1 627(7"@) dr? da? 2 2)do?
as? = ~f(r,) [dt — a(r,2)dg] +f(m){ (Ar(7')+Agg(w) + R mdg?|

f
1+ (ic — s2)E — 2s®

f=
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Plebanski-Demianski-NUTs in electromagnetic Rindler
background

\
In metric form

2 _ = o 2 1 2v(r,x) dr? da? 2 2
ds” = —f(r,z) [dt — &(r, x)dp]”+ = {e (AT(T) + An(@) +p7(r,)de” | .

f(r @)
F= !
1+ (ic — s2)E — 2s®
where @(r, z) =
1
12226020 — Ar)(1 — Q)04 {CQ(Q = D[r?Ar(Az + 82012 + 2”8 (Ar + a(a? + k6%)0%) ]
xr — ' -

—2eran? [T2AT(Q — 1)(Ag + k&Q%) + 2r <m12a(Ar —0202)0% 4 esAR(Q = 1)(Ag + ksz2)>

+w< — 2020+ 0%(¢? + ko) Az Q% (27 — 2ps + 2psQ) + GAS (a;(qz T ko) (@ - 2)02

+Ag (Z(ps + z@)Q — 2ps — z@))>:| +(Q-1) [932@2 ('r4 + 4er35 + 6q27‘252 + 467’53(q2 + kd}2))AxQ4
+s4x2AzA;¢ + Ap <T4S4A% + 253 (kr25&1 — 2psr21 + (2er + q2s)z2&; + ksz2&;3)AggQ2

+r2w(4psw3 — 4]€p83$ + k254uﬁ) + a:4LZ))Q4>:| } .

Marco Astorino Accelerating Type-I black holes



Plebanski-Demianski-NUTs in electromagnetic Rindler
background

type 1 [2307.10534]

Plebanski-Demianski-NUTs in
charged accelerating background

no angular |[momentum

@

type I

type [ [2305.03744] type D

Dyonic Reissner-

Plebanski-Demianski with Nordstrom-NUT in charged

Standard Plebanski-

double NUT che S >mianski
ouble charges accelerating background Demianski
c=0
type I
Dyonic Reissner- Dyonic Reissner-Nordstrom in
Nordsrom-NUT in Rindler charged accelerating background
c=0 p=20
type D type I
Accelerating Reissner- s=0 Reissner-Nordstréom in charged
Nordstrém (charged C-metric) accelerating background
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- Summary, Conclusions & Pespectives

o Accelerating black holes describe a limit of a wider system of binary black holes
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o This picture opens to further generalisations of accelerating black holes. These
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Alekseev 2019). For instance when also the big black hole of the binary is
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