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264 The Initial Value Formulation /=0, /. . Al Tt
Thus, putting together all the results proven or outlined above, we arrive at the
following theorem.

THEOREM 10.2.2. Let 3 be a three-dimensional C* manifold, let hy, be a smooth

Riemannian metric on 3, and let K, be a smooth symmetric tensor field on .

Suppose ha and Ko, satisfy the constraint equations (10.2.28) and (10.2.30). °

Then there exists a unique C*® spacetime, (M, g,), called the maximal Cauchy
development of (2, has, K ), satisfying the following four properties: (i) (M, g.;)
is a solution of Einstein’s equation. (ii) (M, g.;) is globally hyperbolic with
Cauchy surface 2. (iii) The induced metric and extrinsic curvature of 2 are,
respectively, ha and Ky, (iv) Every other spacetime satisfying (i)~(iii) can be
mapped isometrically into a subset of (M, 8ab). Furthermore, (M, g;) satisfies
the desired domain of dependence property in the following sense. Suppose (2,
hay, Kop) and (Z', hly, KL are initial data sets with maximal developments
(M, gab) and (M', g2). Suppose there is a diffeomorphism between S C S and
S' C 3’ which carries (hy, Ku) on S into (hly, KY) on S'. Then D(S) in the
spacetime (M, 8.) is isometric to D(S") in the spacetime (M', g). Finally, the
solution g., on M depends continuously on the initial data (h,, Ks) on 2. (A
precise definition of the topologies on initial data and solutions which makes
this map continuous is given in Hawking and Ellis 1973.)
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60 Chapter 3 Constructing initial data

£ /‘*/”c‘;ff«f

Figure 3.1 Schematic embedding diagram of Schwarzschild geometry at a moment of time Symmetry with one
degree of rotational freedom suppressed (¢ = m/2). The spatial metric is given by equation (3. 19). Here a spatial

slice of Schwarzschild in the equatorial plane is embedded as a 2-dimensional surface (parabol
Euclidean 3-space.

oid)ina

The isotropic radius » corresponding to the smallest areal (or circumferential) radius R is
r = M/2, which we refer to as the black hole throat. The throat is located in the horizontal
Symmetry plane on the circle of smallest circumference in the embedding diagram® in
Figure 3.1. In Chapter 7.2 (equation 7.26) we will see that, for a single Schwarzschild
black hole, the throat coincides with both the apparent and event horizons.

The isometry (3.20) maps points on the throat into themselves, and applying the isometry
twice yields the identity transformation. We can therefore think of (3.20) as a reflection in
embedding diagram in F igure 3.1 this is a reflection across the horizontal
symmetry plane. The geometry close to the origin (r — 0) is identical to the geometry
near infinity (r — 00). We can therefore think of the geometry described by the solution
(3.19) as two Separate, identical universes, which are connected by a throat, or a so-called
Einstein—Rosen bridge. Equivalently, a time-symmetric slice of Schwarzschild as depicted
in Figure 3.1 corresponds to the v =0 (¢t = 0) hypersurface in the Kruskal-Szekeres
diagram in Figure 1.1. On this diagram the throat at areal radius R — 2M connecting the
two asymptotically flat universes is located at the origin, (u,v) = (0, 0).

So far we have only rediscovered the vacuum Schwarzschild solution, and that alone

% See, e.g., Misner of al. ¢
geometry.
10 E.g., Brill and Lindquist (1963).

973), Chapters 23.8 and 31.6 for the construction of embedding diagrams for Schwarzschild
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Figure 3.2 Schematic embedding diagram of the geometry described by metric (3.23) for two black holes at a

moment of time symmetry. This is the three-sheeted topology, which does not satisfy an isometry across each
throat,

we obtain the solution simply by adding the individual contribution of each black hole
according to

. T
velid o= (3.23)

Here r, = |x' — C!| is the (coordinate) separation from the center C., of the ath black
hole. The total mass of the spacetime is the sum of the coefficients M. However, since
the total mass will also include contributions from the black hole interactions, M,, can
be identified with the mass of the ath black hole only in the limit of large separations.

Particularly interesting astrophysically and for the generation of gravitational waves is the
case of binary black holes, in which case (3.23) reduces to

¢=1+§;+-—~. / (3.24)

This simple solution to the constraint equations for two black holes instantaneously at rest
2t 2 moment of time symmetry can be used as initial data for head-on collisions of black
ho]e;(_se_g Chapter 13.2).

We can now define mappings equivalent to (3.20), which represent reflections through
the ath throat. In general, the existence of other black holes destroys the symmetry that we

found for a single black hole. Each Einstein-Rosen bridge therefore connects to its own

asymptotically flat Universe. Drawing an embedding diagram for such a geometry yields
several different “sheets”

>, Where each sheet corresponds to one Universe. A geometry
containing N black holes may contain up to N + 1 different asymptotically flat universes
(see Figure 3.2).

If desired, however, the isometry across the throats can be restored as follows. Recall
at equation (3.16) is equivalent to the Laplace equation in electrostatics, so that we

th

Z

(/
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Figure 3.3 Schematic embedding diagram of a “symmetrized” two black hole solution. This is a two-sheeted

topology, in which two Einstein—Rosen bridges connect two identical, asymptotically flat universes.

black holes. Doing so, the solution (3.23) becomes “symmetrized” so that the reflection
through each throat is again an isometry. In other words, each Einstein—Rosen bridge
connects to the same asymptotically flat Universe, and the geometry consists of only two
asymptotically flat universes, which are connected by several Einstein—-Rosen bridges (see

For two equal-mass black holes we may also interpret this solution as a wormhole black

hole solution. To see this, consider the solution illustrated in Figure 3.3 for two throats of

with each other, effectively gluing them together. As illustrated in Figure 3.4, the two
throats now form a “wormhole” that connects to a single, asymptotically flat (but multiply
connected) Universe. Given the original isometry conditions across the throats, and given

1 See Misner (1963); Lindquist (1963).
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q* CONST.

¢ % = const. are drawn on 3 two-dimensional
section of the wormhole manifold (cf. Fig. 2(c)). i
become ares of circles.
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