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The stationarity of action is equivalent to the Hamilton canonical equations, Indeed, |
t2 ta
5S:sm afm/rg diz 153 5_[ f LG i = 5[ f (- §—H)dzdt = »!f
(9] t1 X(t) t1 %(t)
ta
3 . OH oH oH 3
= 811 - 1Y e e s g O A T : <
f j ( II-g+ ] F g A oI1 o q,a) d°z dt e
t1 5(t)
The second term we “per-partes”, already dropping the boundary term as usual (better argument is Covered
that dg is assumed to vanish at the marginal times ¢; and t2),
[ lg /h c m
ffﬂ-étjd3xdt=—jfﬂ-5qd3xdt. 5
t1 5(1) t1 (t) /A P /6/ 77
Similarly we process the last term (time integration is not important in it), ( widh
oH oH oH oH W
- ——-5-d3x=—»f(——-5)d3 +f(—_).5 d3 =f(—) -6q &%z ; L
aQJ: q" aq:i : 3 d aqsi A ¢ . aq)i J0 . ’{/ J
() (1) B(t) () S /f?r at
here the first term has dropped out, since by Gauss law it can be rewritten as an integral from % - dg »ola 'r’a'w)
over the boundary 0%(t) (which may possibly lie at infinity), where we assume dg =0,
To summarize,
7 M on oH
= OI-g—11.5g— 2% . 5, _ 91 | = . 3
és ff[l‘.[q II- §g % ] 3T 5H+(6q'3-)i ﬁq]da:dt,
t1 (1) :
from where we see that / {\
. oH : oH oM
é = = = m— = = —— e o .
S=0 s g := Lyq 50 II:= £,11 7 + (fk,r,g ),i (26.3)

26.1 Klein-Gordon field and EM field: a warm up

Before embarking on the Einstein equations, let us illustrate the Hamiltonj

atter case, we will meet the important
circumstance which later will also occur in the gravitation problem

— thanks to a gau efmedominthﬁ T %ﬁ’m"—(%!’
field variables, some of the field equations become i rmf;;{gmk £ 'i:/

Suppose, for simplicity, that we deal with a situation where Ni = 0, so, according to (25.7),
9" =diag(—N~2, hi*) The Lagrangian density’é’f the Klein-Gordon scalar field (g= 1)) then reads

| £= =3 @y + mig?) = =3 (9 + W 2.

From it, we have

—_—

"\

—98" = =

f’ ; { e
’ﬂ?):_( ,tf rét« ” S:f & { il f’fﬁ\f} d’f (g 9;;? [ /71( [] we aJL /__

7: vend 42 %
' A ywearns the M 4 5
Wit o 4;f __/.aéxﬂre ~“be c?/(ﬂ.&? s g /I___(/j}(
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71-(/;-:? /S How ft’q?) i“tfm-e‘?é'f{‘d/ 6’/r’:r) .F—;?:/

77; ry I/.r‘ﬂ I"—:?Jj

and the Hamiltonian density

y H:! = H2
TVt = - 2 (¢ ¢ i) -

I? =
= ‘"W + “—2'2 (h%?.b,ﬂ/),k + m21,b2) ;

from which we finally find evolution equations

?/J_'—a?i“'“- I IIN?
oM = " =g =~ /=5

| s E.H_ =Py s e —q hik
II= a¢+(a¢’j)’j— \/-gm¢+(\f gh’J w,k)

‘j

This result really leads to the Klein-Gordon equation,

' 3 1 1 t 1 "

LD‘KI’ = 9"y, = = (V=99"%,), = By (V=99"0,), + Ve (v—g hi ‘?!Jd)’k =
&t frelA Vel

m—;__._._(:___ Second, let us test the Hamiltonian approach on a free EM field in the Minkowski space-ti

(Guv =Ny, /=g = 1). Suppose the configuration variable is the four-potential in this case,q=A,. We

split it to time and Spatial components with respect to 3, i.e. to the “scalar” and “vector” potentials

o ¢ rj_/f‘ 1 _;Q Vi 3 Mq/ﬁz-
bi=—Amt, L= Amp, Ay =9 2 5 b €
and write down the Lagrangian density
1 l 1 e ' = = 1 — - =3
e e )T/ 1) = 2 539 e 5 i) >
b= T "B = (B -B%) = = (¥9 + 1) (V9 + J) Br (Y XAV x4,
where -£ s
E,=F,n", B, = -* wn’ (= Fyy =n,E, — B, + €uvpon’ BY)

are the electric and magnetic fields defined with respect to X;. For quantiti

e§..‘._‘1ivi_1_1§ on E;’:_\ye have
employed the three-vector notation, in particular

BE=-—9¢-4, Bmvxi

The momenta conjugated to the scalar and vector potentials come out

-

- A=g9L) i gl Lo w o B
H;.—T-—O, Il = aA_: -—Z%—(VQS-!-A)—-“Z;T-.

Here comes the issue: the first of these relations cannot be inverted, namely, it is not possible to

express from it ¢, so it is also not possible to find the Hamiltonian density = I+ 1. A— 2. s
This “accident”, related to the gauge freedom of the four-potential

» is being remedied in a simple way: 57 ‘f*’_"" ard
if IT; vanishes identically, it is clearly not appropriate to consider ¢ a dynamical variable, If dropping 7/;, rm
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¢ and only leaving 4 as confi uration variables, we may continue: we express 4 = 41T — 69& and
submit it to the “restricted” Hamiltonian-density prescription,

f = e SRcHe e e 2
!?1!=II-A—£=1'I—(41rH—V¢)-—211'1]-1'[-1—8—1?;32=2WH2-H-V¢+% e B
' 772, 2 )
The Hamilton equations yield ){ = 22U /7_ f;a;: 7 ;z V
£ 2
I —~ aH - -4 - =3 => 7’:-.)
A= — =4rill-Vp=_5_9s. -V (¢
o m ¢ “_?5_} L/_ﬁ{..—--—
o 2 = =
(i) - (%) -2 (2) -2 o
m A \o4;), 8r\o4, ’ J - yjf Ho He
The last equality of the latter equation can best be computed “in components™; Sia rgfé w Jerm
B*= B, B* - ErimA™ k04, = (07O — G70P) A™H A, ,, = A™ (Ami = Aym) ¢) s dhe
80 7[/)1, [@/’ﬂ-"’ﬁj’t
oB? 0 il T o Jie
ol [A"""I (Am, — As,m)] = ™8 ( Ay — Ay ) + A™(8,.8] - 5isg) = }W“/’éﬁ ¢
ij ]
= 2(4 — Adi) = ot &M _ g
0B? i jik e T B\ & =T
— (aA‘d)‘J=2FJ‘J=2EJ Bk’j=—2(V><B) . ?7:> vg'_?: f)
-+ L f
The first equation thus reproduces the expression of & in terms of the potentials, thanks to which (plus nisha

B = V x 4) holds the second set of Maxwell equations, ¥ x /&

The second Hamilton equation yields the Maxwell equation V x
necessary to add the equation for the derivative by non-

= —-Vh"xfi“—“ -—-§ and ﬁﬁ = (.
B=E. Finally, for consistence, it is
dynamical variable ¢,

e T LA SRS Y - L
/ elin /%/+(a¢d),j [ 9,5 ]j e .‘.L_“v =

2

26.2 Gravitational field

We will start from the Lagrangian density £, = R—2A, rewriting it to the “3+1” form, For simplicity,
we will not take into account “surface” terms - those given by divergence of some vector field (here
we have covariant divergence in mind), because such can be expressed, thanks to the Gauss law, as

integrals from the flows of the respective vector fields over the boundary of the integration regjon,
Let us emphasize, however, that we are

speaking now about the Lagrangian itself rather than about
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its variation, so we are not claiming that the “surface” terms vanish as a consequence of vanishing
of the variations on the boundary — actually, we saw in Section 23.2.6 that the “surface” parts of the
Lagrangian typically aren’t zero and depend on the geometric properties of the boundary.

Will be suitable to slightly modify the 3+1 form of the scalar curvature (25.35). If writing
(remember that K = n%.5)

K = (K = KT = () ~ K7, s
T : : : (*94' 35) i» /7. Jeve Telle (‘9-‘5 )

the Ricci scalar can be cast into the form

R-ORrid il mo 0l op gt =

fp =R K24 K, K" — 9405 4 2(KnY),, . (26.4)
g By
S Therefore, if omittin the surface terms  (given by divergences), the gravitational Lagrangian densit
_reads
)'Lz:g = OR - K2 4 K, K*" — 2A H‘ OR + Kp Ko (R5PhA — i A Y (26.5)

As configuration variables on a given Cauchy hypersurface 3, we choose the latter’s met-
ric Ry, and the lapse and shift functions N and N,. Wishing to define the respective canonical-
momentum densities as derivatives of the Lagrangian density by “velocities™

W= Wl Bihs . Nim BN = Not",  Ny:=hE£.Ns,

We must express the Ly in terms of the latter. The time derivative of Py occurs in the extrinsic curva-

ture, as we know from equation (25.14), i.e. from the formula Ky = EIN hﬁhﬁ (£thc,g — £Nhag).
Rewriting its second term as

hoag = haﬁ;gNa + Na;aha-g + No;ﬁhag = haﬁ;ahgtp + Na‘;ahg + Na;ﬁhg
= hOhSLnhas = Pslp t° + Ny + Ny, (26.6)

the extrinsic curvature assumes the form

l 1 1 /. |
I{p',b' = E\r_ hf:hg ('Eth’aﬁ 3% 'ENhaﬁ) = ‘2_.3\? (h_uu == Nu|p. = Ar;dy) P (267)
Now it is possible to define the “momenta” canonically conjugated to h,,,

\ v . A/ 5Le)

Substituting from (26.5)

b
ﬁ(va;gcg) = V=5 (5265 Ko + K80} ) (heemde - KR7) = 2y/=g (K — Khof)
ap

t

5(1/ -—gﬂg) 6Kaﬁ
_ OKap  Ohy,

¢ e 2ev
and from (26.7) %‘:—“ﬁ =55 55::5;; , we finally arrive at A L (7/"'12___“1/ é //’
e r::‘;' /‘f — }/}74 <-'J/
é I = 08 (K™ — Kh) = VR (K™ — Ki). ] = -2Vh K @63

{/r.

: , Wy i o e
il « g 7 "I:fma'ff "l is bsed as nFesrand ! skt
/! i

r“c’ﬁ/yf'a M:—n{rquycrfpmg,;.?_ /¢ %?@ = V;A//’(,?%) //{2/4 %"(4 kf/
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. The momenta conjugated with IV and N,, identically vanish, because Lagrangian does not con-
tain N and N,. In analogy with the situation occurring in electrodynamics, we interpret it in such a
way that N, Ny, in fact aren’t dynamical variables. Similarly as in the EM case, it is related to gauge
freedom: N and N,, do not describe any intrinsic properties of space-time, they are elective compo-
nents of the time vector t*. Specifically, NV tells “how far” it is from ¥4, to Xy, so it scales the time
coordinate, and N, specify the coordinates that cover the 2 hypersurfaces. In other words, the choice
of N and N, basically corresponds to the choice of coordinates and it is rather arbitrary. Hence, we
will not take these quantities into account in designing the Lagrangian, we will rather understand them
as Lagrange multipliers which will then enforce certain constraints within the Hamilton equations.
Now we have everything to find the gravitational part of the Hamiltonian density, more accu-
rately its “bulk” part (surface terms are not included, as already stressed above),

| # = mh - i, .|
= Vh (K" — KR*™)@2NKy, + N,y + N,,) — NVR (PR - K2 + K K — 24) =
= 2Vh (K" — KW*) N, + Nvh (KWK“” —K2_O®p4 2A)
Employing the formula (26.8) for momenta IT#¥ » one easily finds the relations

W™ = b (KwK*™ + K?), I := (4?2 = (-2vR K)? = 4hK?
= 2L, 1" — 1% = 2h (K, K* — K?),

thanks to which one finally arrives to

N
= 21T i w2y @R
Hg = 2I1 N#I,,+2ﬁ (200, IT* — 112) N\/H( R 2;\) ; (26.9)

Note that only the symmetric part of N, ulv matters in the first term.

26.2.1 Hamilton equations: constraints

Let us first look at how constraints arise, given by vanishing of the derivatives of Hg with respect to
the gauge-fixing variables V and N, :

et __OH oH =3 ol w2 Gp —
0(=1iy) = — +£%f):_ 2 (Wl 1) + VR (R - 24)

= I T = 2 (VR - 24) (26.10)
et 2 Wl a?{g a?{g £ oy

0(=1Tin,) = oNe © (M)h T

— I, =0. 26.11)

The shortest way how to derive the second equation is to rewrite the first term of (26.9) as
H‘”’le, = (H“"Np,)iy —I*¥ N,

and discard the first, “surface” part given by divergence.

Plugging to the above equations IT*” reveals that they represent the Hamiltonian and momen-
tum constraints, (25.40) and (25.41). We beg to point out that the constraints of course must not
be plugged back into the Hamiltonian — the Hamiltonian has to remain “off shell” (i.e. not evaluated
along the actual evolution), in order that one may compute its derivatives “in arbitrary direction”.
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26.2.2 Hamilton equations: evolutions

The main work is still to be done. The evolution uations are given by Hamilton equations

'i_-b h Oty I8 = hohS £, = 2 ity + (——-—aHg ) + (tcrms given by ile ) ;
i 15

aﬁ:ﬂ : Ohag Ohop,

Lk

Computing

o’ 0 KATTP0 K AT
—aw = a—mx—ﬁ(H II h,g‘\hm) = 26ﬁéﬁﬂ h,i,\hp'-; = 2Hhuﬁ .

we have, from (26.9),

S g N
hap = ames = 2Vials) + == (2Map — Ilhgg) , I v enilz)

which exactly “repeats” the relations (26.7) and (26.8).
The second equation is more labourious; let us treat each of the terms of (26.9) separately:

e In the last term, —N+/h ((SJR —2A), we use the knowledge from the variational derivation of
Einstein equations. We learned there — see equation (23.11) - that if dropping the surface terms
(given by behaviour of the metric derivatives on the integration-region boundary), then

1
0 [\/?g (B= 2A)] =g (R;w = §R9;w fiF Ag,mz) agh”

o

0  — 1
dghv [ —9(R- 2A)] =Aa9 (R‘.W = 'é'Rg,usu = Aguv) §
However, we would prefer to know the derivative with respect to covariant metric, which reverses

the sign, as we know from Section 23.2.1: specifically, we obtained there 0908 = —Gaugp, 09",
S0

1
SV3 (R 2] = =5 (B2 = 1R 4+ 0g) s

= Gy VIR 28] =~V (B0 1Ry 1 g).

aga,ﬁ

In the 3D analogy to this result, we can claim that

2 [\/E ((S)R . 2A)] = n ((3)3,“3 — Logpes Ah‘”ﬁ) ; (26.13)
hu,ﬂ 2

* In the middle term of (26.9), ;- (21T, I — I12), we rewrite

200, I — 12 = I (2hyeuhyy, — hierhyy)
in order to differentiate it by h,,,,,

5% (20T — T1%) = IO (2625 R, + 2 8368 — 526N, — AR
(44

= 4II° 1P h,, — OIS |
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Recalling Section 23.2.1 once again, specifically equation (23.6) for the derivative of the metric

determinant, %(g;—fl = (—g)g", we analogously take 5% = hh*? here on 3, so

s _1_) = __i__afl_ Sl hhof — .__l_hfrﬁ !
ohas \ VR 2h3/2 Ohos ~  2K3/2 2vh

Hence, in total,

0 (2L,I™ —12\
ahc&ﬁ \/E =

2 1
= — (2I* 1P h,, — I — —_ poB (9 IR 12
Vvh ( Al ) h (21, )

e Finally, in the first term of (26.9), 2[1** N
and we rewrite

1
N#Iu i h!mNﬁlv = hueN®, + = (h;w‘z\ T hr\ﬂ:v Y hw\uu) N2

(26.14)

ulv » the momenta IT#* are taken as independent of hg,

2 1
S0
p
ﬂg_r;TNLYQ = 21N’ , = I**N? , + IP*N &
af
O(2II* N,
( - i) _ (5;1“5553 + 65655 — 5355?5;) N* = I N  IPN*=qe N?
3,1

(the last forms have been claimed on the basis of the necessary symmetry of both the expressions

in & and ). Putting the two terms together, we thus have

_ 021N, L [2eIN) T
ahﬂg L

= 0¥ N' + I*N*, — IN8, ~TIP*N=,
= (H‘”*"h - DoA™ — TPH07 ) N + TN, -

) (Nﬁ,,, L M) — TP (%), — D27 —
= I%\,N* + I N, - I NP, — I N*, =

)
Lo HR'BHNL +HQ'B\/H (%) _HQUN,BJP 5l Hﬁv‘N{ﬂV =t
le

e ‘/}_]’ (h—I/ZHu,BN:,)JL — ervN,Bly ¥ H,BvNu

8.?1,&5,&

v -
Therefore, collecting the above results for the three Hamiltonian terms, we conclude that

. aH 0H,
aff ._ papf o = o B g =
1% .= heh £,11 ot (——ahm),b

~LNVE ((3)Raﬁ _ Loyppen Ahas) -
: 2 y

N s N
o _(_2Ha*nﬂ haw rm“ﬁ) F v hos (2H”_,,HW = n?) 4%

+ VR (WAIBNY, — v NS, v e

- |

JZMM&V:_ ’ (;5)4;(?{’4"”"& 62/(/}/0- ) (/TC/!/ gw;{’j
e ol egunhimg, (2842) W (B4 1) &2 K

(26.15)
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