
Šíření světelného signálu a vzhled objektů

Nulové částice.
Světočára a tečný vektor. Světočára nulové částice jako geometrická aproximace
k poli. Vlnoplocha, frekvence, vlnový vektor a vlnový 4-vektor. Přímost
nulových paprsků, afinní parametrizace, význam škály vlnového 4-vektoru.
Prostor počátečních podmínek částice.

Doplerův jev a aberace.
Speciální Doplerův jev - geometrické odvození a rozklad vlnového 4-vektoru.
Obecný Doplerův jev a aberace.

Vzhled objektů.
Relativistická změna rozměrů, retardace světelného signálu, způsob zobrazování
objektu. Pohybující se tyč, aproximace krátké tyče. Deformace obrazu
složitějších objektů - ukázky.



r.t/'a

[U*\cve casrtc?

9r*-+-,iolro L +Gn( *L-lnu'z-

,\^.**1.,^ "- ( w),* { ) dJ",{ i-k ,
\ r \ '' ( L: ,...- o1^1"=-*--': I>/. ILQ-^ M/L A-X-"\- 'r V * ' 

- 
) 

* -- "

tf : L" vn g*- --c
(.

err4r'. ^-*:" I )* l;'^-L'""'
AV"=V"V[.XO

c\d-

\,^,,1r.."- iu$', u-n

x/r;'; L, 
^.a-

. _( ', oA^' ;
^7c

1/. 3 ld,--
pr=*. "-"; q% ?.,D1

3'9or.A

fi-,o1!.o% ld""

,oL^or.l /rlL* \ ' ,nil'dh,.rJ na^ 9j''<:-.,'
l.-u^o ,[ a- l- o-o--,^ & a- M,t>t^, ^ 

X 9r-- <)

,r)C-ul^-.*- ^-Jt; 
;IJ' o-'- t^a- U'^^ "!4- L''-t? o-u/t't'4- do'^-"-:rp^!.-8,- 

{Z Ad. $-to^A;,!: 7, oK-.t rwt""-- 1r{-

f&- * leti ,9: -.0^,st"9*"; 
Ea-uo-t"'-,t- )-'u'c ig .,) 
-n 

(-

7-1

Z ("()

2 (o)

k =L)
c\a(

Y'@) = x*(Z @\)

l,t = c\x-
o\<

ny*

c-

ty*
2D,

qj:%
,l 3 =-2v-

2q



7-z

/U 1."^1I, ol^,o lr

St*,i) = S(t"i")*
S=L,r'.^*

(\
=\ JO

xq
t\--v-"w

cr(

T=VS

, (z i)L

lI^*9"-A p t:o!-p-'*'A " A'/^^-

o.$k,il) - oi 7sc." il)

o
D= 1!.

T
,!-*ourt tr-) *r9*oz L = lEl= 3

d,-rnlrJno 3 = 9. = V**f
-^)AT+ f a? =- e

[Vo At:O :) , o]:'^ 
(

1-Q-, 
o-0^a- 9,-2-^; q '!'^*)'*' *g E

:', I$ "^)z H&

a:j: cltd,

h)r
l)c

1-)

LO At + L-An'

t"LJ*;W"L

J -^ o ru&J*ri,-' o
P-u^/Yw /uL rvt't"L)1/^- lO1tfu )

U:Ld^



Y-s

AJrtr.- ' \

q-r# -:r*r*a.=I[lu*l
S(t,i) 5 9c") : Sc*n)

/,'!^\loAo Ld,*9- b'o'L'^- Jr,

S(x ) 2- Sc*, ) . ax . V3 (*, ) *.^ 3rr.l ) . 6x"f,St.:)+. .

('P"^Au\ u)^L** k
t

\,,n\rn^ -= 9t+ft= O<- 
1?" C= ,il

n'-'nl-!"4;[i! '
A r /n

ftl^"ls-U A Mo\t-/1rn O.(1 ,-

5^q ,,ra^A{ 4 - *<L-*u't- Lq^
["4 4'u{ 3-1-oo oAo- %'a'"-{ k

V ax. _c [<'-C
-\-

\k
Ws
lr"[,+ona

= 3, + V.tYn

,r^*4 L(- *A].,-
k*^= VS = [# VE]- [-f ,f]

f tu>f

L* i ?""1'= I;l
:) k o--8*1'

.a
b- u^!n r<-

ur^! o<r-<t^

,- Z

1/ ct-s--o-' ru.Aloq..- (

4*4 D

ao!,;
V lrri[

tb-tV
a. L.

n *Jnuo

=_o

"2^ 
oyl, '0 ' ^-

t--t

(
tL--

\%
,w rL*,,_

AY d"b^*' g.

rn-^"lrrvt-
,ttrt"Of



v-+

aJ *^o.* ^*J'r;e P1'',^L:

\&=^&d L' [{-o $lc**-M09,^ ,1n04^-wa-e,'( cx ^J'
k=v3 <, v:o

\"1,.,oA yo-3
A k =o
c\D(

I-.J-*JL^-.

Aq = v'Y-4 = t-v,VS = L-%V.s = L"E (T*L')'

tu *rg^J* f#f^r[ ,{L{h^r" , iu ^oun-*oi{'o
4---^"- 9x u-^rJr,"EouQu.^' Q*

UrrQ--^*) ^) ^W [o-'-'"**]f-2"-'-Ea^-c-'t I

)P(J

lg(tt"'y.,)=c
\zt-J- /

o-

*"

'JtrUT*b fr7 '''"
e< = x(&)

1"") l+,(vvuw\'r " . . \r 0.
t ^ t- Jaozu ^"^-Q,o'n * uoutr U!*Ji|



7-E

D {u t\-.^,,vv\ ; L;,t> ,Q^rou'A u 4 - ,r9lo,u-"--
JU
- rr,nul--o >rrr{^f, "Tl **^^u.- ^['*: 142*'-'7''"Da*u

A^i*r;Jhr^ /tr ,,.)r^ou &-.*- ' ,r20,*.^u7^>" 1n'*4'
, X^; *;.lt: ?- foa,-' 

d'*:r--.-' oj"1?1 o (,- b "y L]"-"-

^)-t- 
una6^ o^ lf k1o u- ' g)"^tr; * *"'

*9.<lo-Q.-*u' 
;

Q"**r'. lorJ*-i ;A pWA *#* ;;A eJL-

rl ' ' ^. .. ,rEJ**- *: A{l^-x^- kL.x.<n t\} O ,^.I J u A / nq (,

i^Q- q* "hg,*-l '*lrlJr*" ?

w*+; iJJ'...-e- LY\/Vl,r-L^"^J^i 
'

I+ -p^ ,!)Jt"*')
o -lt

U X0..... p 9,rra;t-tlzLfu

-,/\----------z'

M

*=[I"l -|ff]

*r^I *-J aJ--+ I ,--e-

il=Xi \y*,r)_ ?;*'-
V 3-,uuQ,)oz "lWtr ,.'^ Y< C

*!r,-A Q *,'u"9*o'7- L
I

*"-"-1-A) r,r, &- 10 O v\./)

tf,=laltL.l

f L,,o,,rra:2' 3-r,9*u-t^
= arw^ufZ + bUn O

\,

\L



-rb

DoF[" nJ,,v Jn,
Iab€ (r-(\ C€-

t\

. -a a\r

?

a,-y rl-!".*'

,AVU*,+1",p)

r[i:7
--ll 

-\c.v

nV/l-+ 
(̂-

,l! -Ir
: l.

V>D

Vi C

(N?
,--i
t /\)V

r-
6.+ frr-,^ Ex,- r A,v<D dZ

# Ni),' rr"n-E I

9iu- u-B*--^' g"4r-:" 
dLn,

\(
W1 O,Y-,y-tw-A

B/rr : ,,ff^*
^o) *-;!-*^

'!; t.u--...0*L&-^'
' ' nr, lJ

ErLtol a- p,yoy*"l y (8"f' 1o*u- ' rTcru'''*- t'-,.-

= A-1-U.^a-i,{-L,-- " A1-!_,,u). {r;
'/l

\!-'l^odU ^?A |̂L";'r\ ' r'

- V-',O M Q--^o-
U

(A

-Vr^ 1;

totP /rrt---r
rz

l- ^ '
t1J,21o-al}re o'\,'\- 

lO 
*" O 0^o)

y=+aP
r! nB*,t9-?-=et=M,\

[) * ,>irJr.,6. oA 3 Nr
P* l;4{^;-( LV 

^)p

t.t s-t-., o *L e^t ; q,-,;,Q ) r' i'^' *r-

4 et *-L! 
^, {y a ^A, ",H" t"l iut"l"l 

>

C+V
c-V



n ' f A ' '' 
n

51o-t-^ o^r,L----\ V""1 W, ru J /J

orVr,:tu-^! DodAQ^il-^*- *2"',o-{L, q - r,".Ar(ort <,,,-

**i 1-*-9)o, [< D ou^A 2
sh
c

krr"Azcrua^ l"r-..-t oR traa6-a14

np = or'F rx, + dF *,
€,,r = a!.F frr { d-p e,,.

fl"+ €u. = (.AP * ,Ap) (nr n e.*)

: er.P F (nu ' @,u )
Ir

loroulrtrn,r-,.1^ nr=lrt^^I lt, k

/^
I ^ )- I I"j'( hz* €uz )

k N aot*.t) P

= 3,n(n.* 
e,,.)

Vv
T-1

I zt- I

k" Ytfi, tkr{z =
c1

lL^r r{4-a^9Aoz

k = ?'*0. [-o

,{5
wr
a) L̂

&o.)dDJ-^^,-<
. cs

e'
rr

6Jz' eY 
^)e

tu 5-^ lJ;/"^ I0 q4 D o^
O J 

,--.--l--__.
k)t \i c-v t

r )- \C+rl
-z

r.l nLl rr)', v - ,.a fzr!.a!^.*( onno^ ?___ 
,1,

f 9uo



1-8

0L*1 Sa l,;,, ca^r o. "Bu, o^]-

^'18, oo ^ilor-u 
P

B\,

UN

t\t\D
Uo1Jl-r-:-t-^ ^ I n2

'zo2 
J'^ [ ^ 'Jt'1J "u-o-

N ao ^Aalu.z- ao]u,o[^ Z

I p,l
k= lz-l

It, \,^s*^,
CtL"n ^/e-r*

Jtu-)dJ.9 r" pnilr^- u!-'o,<L'o

B*= +(E E. )
bgtQ- A, y a,,^t't- lir",n1[!J, P

^J 
no^,aia-i 2 t

Vt- = V e,te

/////
-at

PEc) X-/ r-,
()e, x

IJ CiFa
[r) -,
)

_E
a?

r9
GGa.<otF,
Ee

\j

,uJL,^t;A"
A- oo^j

q^ *"9j"n"* k
t/li>

4,'t,-< l\2CIr7rt-UcJ-a-lu- |

I el,l
lc I

Ir'I
I o' 

I oou.alc,-*?

k=

3-o",*jo\-r,'<- Ar Ao^Ao"u 2 8- P

0o= {([,d,,J
9r,14 2,. ,f o-zueYl yr9,0*-[, 7
tv aa,^-,<ji,"i P /

U = - ve,,r.



7-3

rz17a k-Ao &

L-, * Lrn

l, l.
\=,=( - L?

lll*,. \: V,

Jo"-uJ e

/."t -- U-,t-, ? L

D. %Ao

(,Jr ,l^-- 0*

l' Q, - k(4-f,uoD=)nz - o\(

cor 0o : w0=-Y

uu-^..n 0o =

,tV6r'\ - o c-toaz

A-^,..02

dk-x*o=)

*{^^.',-. A, 3- r<9)o\-.L^-- tlo
-R

du, * [r,

m0,
i_ 0.

l*\L^Gt"

e^V - o* &b uoE" _ t+)2

-- * LJz A!"P t LJz &P an1,

= 6). o^. 0u

e,,r

y(4*Y*0")
= crrX (^0. -y)

t'
[-r

t,
S-D r{

lL-0,

l, -- Q"
I>-,.

o-1) a- *" ,-,-{o\-uw^ o,--+-!-

I drF -"2.f f' l
t'1c, o f.]
L

Qu
c-

t,
L?q

l,F-e I

rF
L

t?'
l Lou

Lu,,

Li'

t-?i": kpo tu. + k1

r A),Nr= c

-t
Ve

.-

.- -) tr

I ?= aV L=,, "(P 7: l-?"*rt* Lr,, 'lft I

L Ii, .]

0

"f"*; 
g"1L;. 

*ro-

aB*, u,4-P-

t



7-q

Vzhl'J " bJ uLt J,

- nL 
^neLs.,t-o 

*;*J-;Uo A-^ f;
- E [,, r"1r,> o4ry a-i,= o-?) I, n'n" 

"4 
g, *-( :

- llo *J+ "-r'^' ^u ,r,! ,.' ,ltL n (n*'u a,'{na-)
- 3D ^u,[&- N ao"-nt^* yeoroooJrl"-

J,L,

- )n*,*;r-.

1o,ron*d^.{- ;(i/ A- -l;-b-o.--
^U ,rJ a.r. I o.,-.s_-u- . t E*r9.

*J"":1' ,iJ,{^, frl dr','(i,l|,-
,{^q+ ,u,&f,ri };-Q,-^o , ,,j.a ^;"[;-r'n oE^o-J r.J*r,.^ "orlnrdr,-*io!^" 7lo*r' i" o,l"v"d*-1

_r^ ^iiU^),\nnf'l

lW rc" ^ ^-!- 
I 

1 " 0 rL^-!-*-X uu avn a-

Ar<' "; n -,vt- 1 o'l--J,^
. N :tsE 'v ()

-

,,>\ l^#Au ,',

nOrr,.ar[O.ru.[ -)
lo2r.:'zrt,ru1"t-JLz

,. / - '
Jar-r,- )-La- o -L-4 vL
I

=) ;**l-
I r t -/r " , /\/,
,oA' cta*, l-t&ao-

\o>0,? u, ;; urbrlo-^i,,)n-*
- )i,.; g*L^; Mu rW O

- ,(,in ru.oltn+ njnnz,T.-- li;* , l.]nd
rf ,4o**-,L ,#:il ly,.^1J
,rlao( J,t,r,*y," od-q p*or,o"furtl-



7-U

v;)6nslur,o^t
Rt-t-rzt\/\ ) Dfnwwp*c

t/_ u

' A /) 
^- N D 0 u-/r-l 0,rr< 

lo2 o v ui) ^lJ"-(%," tn#* N Doc\'/v

I' ct I - , | ,, I t kuA^n' ,,!oJ^' io,o l1i ,-
nn) = 

i ,? | ,(-) = 
lr*.- *l xr ,,,0u{>: !".,} ru /ya,

lb'J lo I "xre(x-,n*)

t*^r; :" )r;
W) ln". J*,19 o A

d,*')-A-< u ou^ulo-^ ('kot.,u C"L !p= Xr-X- = * = 7ff€
,.,J- ,l-**6 ."^-o , Z,J 

{; ; g/.^.-8^.-
(.,

tr, ( t, xri - ia'. *#;; ?b^IL^ ,? .bo,t,^ \, *, j^9 
"1"3% f >olznr"j*t;" Aoo o,*rj- ^) ia-<-- f

(Ztt**)- pG))'= 0 (- pd-,J^-L^ n^i{*-(-,.,-'0^u -5 il-,-

-c'(t,"r-tf + (vt**x.f + Z, :O
0 , .,2 2 a / \/v , t z' (t-[. ) tfu - l(t + $, )-r,, * r"- ry = o

(t. Yf - tt i"')(t'- U#; 
S

aa-i^-0^^" Alll--n /:& 
l0lc)\o-1,0,,1,u{ ,u. eru"!"-' i* t

I = x(t"-i*)-x(trr-; = X(-f,,*(t, tr*;)-x(\,*tr

= (v T,..f,n . 4)- (vt;- o x-) = V (t d-.. - r,.1_ )

,x-))

elnu x,\,.M-.R- 9r-;-*!r; /f ;
P-< ct* { x+&(Twt

t,,r*-t.a- N Hgl fr--r-)
0 AT iXr=0

x*x$(,fu)f.#
: ,* l,* { (,r. (4-E)(+)) 

']
Y t r-- /vv\a-Ll- ru ."!Yi "9^ d Q^;

(# [..'1 =\ I = lzQ+ X )

a
1

x

= u'(YO \C.

2

= !xU*
b' E*o*'{^9o Pa t > o

+ Ito t<D

rMrg
p {4-f'

c2

t-= -$oo

v>0
t--r -oo

l'o

liZ.)

(Y)" - (4-x:) S

l-

r\ffi
a tlC+v

IC^V

L

x

f
2



Image Shading Taking into Account
Relativistic Effects

MENG-CHOU CHANG, FEIPEI LAI and WEI-CHAO CHEN
National Taiwan University

This article is concerned with creating more realistic images of 3D scenes which are moving
relative to the viewer at such high speeds that the propagation delay of light signals and other
relativistic effects can not be neglected. Creating images of 3D scenes in relativistic motion
might have important applications to science-fiction films, computer games, and virtual
environments. We shall discuss the following problems: (1) how to determine the visual
appearance of a rapidly moving object, (2) how to determine the apparent radiance of a scene
point on a moving object, (3) how to determine the incident irradiance at a scene point coming
from a moving light source, (4) how to determine the color of a rapidly moving object, and (5)
how to generate shadows when there are relative motions between the viewer, the scenes, and
the light sources. Detailed examples are also given to show the result of shading with the
relativistic effects taken into account.

Categories and Subject Descriptors: I.3.7 [Computer Graphics]: Three-Dimensional Graph-
ics and Realism—color, shading, shadowing, and texture; J.2 [Computer Applications]:
Physical Science and Engineering—physics

General Terms: Algorithms, Theory

Additional Key Words and Phrases: Aberration of light, Doppler effect, Lorentz transforma-
tion, shading, shadow, special relativity.

1. INTRODUCTION

In traditional computer graphics, an underlying assumption is that the
speed of light is infinite or the speeds of the scenes relative to the viewer
are very small compared to that of light so that the propagation delay of
light signals and other relativistic effects can be neglected. For example, in
some science-fiction movies and computer games, an object (e.g., a space
ship) may move with a speed comparable to that of light, but nothing in its
shape, brightness, color, or shadow shows the consequences of special
relativity. Although we can not experience directly the fundamental phe-
nomena that special relativity predicts, one would like to experience the
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Fig. 9. The visual appearances of objects moving at relativistic speeds. All the objects in the
examples are moving relative to the viewer O with velocity v � (0.95c, 0, 0). The left images
(a), (c), (e) show the original shapes of the objects. The right images (b), (d), (f) show the
visual appearances of the objects for the viewer O.



Fig. 10. Visual appearance of a moving teapot. (a) The teapot is still relative to the viewer.
(b) The teapot is moving from the left to the right with a speed of 0.95c. (c) The teapot is
moving from the left to the right with a speed of 0.999c.

Fig. 12. Apparent appearance of the STREET with respect to a moving viewer. (a) The viewer is rushing
into the street with a speed of 0.99c. (b) The viewer is rushing out of the street with a speed of 0.99c.

Fig. 11. Original appearance of the STREET.



Fig. 15. Effects produced by the motion of light sources. (a) The teapot is moving relative to
the viewer with a velocity of (0.95c, 0, 0), and the light sources are at rest in the coordinate
system of the viewer. (b) The light sources are moving relative to the teapot with a velocity of
(�0.95c, 0, 0), and the viewer is still relative to the teapot.

Fig. 17. Variation in color due to the Doppler effect. The teapot is moving from the left to the
right with a speed of 0.5c, and the light sources are at rest in the coordinate system of the
teapot.

Fig. 18. Effect of generating shadows with the relativistic effects taken into account. (a) The
sphere is still relative to the viewer. (b) The sphere is moving with a velocity of (0.95c, 0, 0)
with respect to the viewer.




