
Legendreovy polynomy

Polynomy Pl(ζ) stupně l ∈ N0 definované na intervalu ζ ∈ 〈−1, 1〉.
Explicitńı vyjádřeńı:

Pl(ζ) =
∑
n∈N0
n6l

(−1)n

2n
(2l − n)!

n!(l − n)!(l − 2n)!
ζ l−2n

Rodriguesova formule:

Pl(ζ) =
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2ll!

dl

dζ l
(ζ2 − 1)l

Legendreova rovnice:

(1− ζ2)
d2Pl
dζ2

(ζ)− 2ζ
dPl
dζ

(ζ) + l(l + 1)Pl(ζ) = 0

Legendreovy polynomy jako vlastńı funkce operátoru:

− d

dζ

[
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]
Pl(ζ) = l(l + 1)Pl(ζ)

Rekurentńı vztah:

Pl(ζ) =
2l − 1

l
ζ Pl−1(ζ)− l − 1

l
Pl−2(ζ) P0(ζ) = 1 P1(ζ) = ζ

Generuj́ıćı funkce:

1√
1− 2ζt+ t2

=

∞∑
l=0

Pl(ζ) tl

Krajńı hodnoty:

Pl(±1) = (±1)l

Relace ortogonality:

1∫
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2
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π∫
0

Pl(cosϑ)Pl′(cosϑ) sinϑdϑ =
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Relace úplnosti:

∞∑
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δ(ϑ− ϑ′)

Separace úhl̊u:∫
Pl(~e · ~e1)Pl(~e · ~e2) dΩ =
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Legendreovy polynomy pro l 6 4:
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Přidružené Legendreovy polynomy

Obecná Legendreova rovnice pro přidružené Legendreovy funkce:

d
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(ζ)
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+
(
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)
Pml (ζ) = 0

Přidružené Legendreovy “polynomy” – celoč́ıselné parametry l = 0, 1, . . . , m = −l, . . . , l:

Pml (ζ) =
(−1)m

2ll!
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m
2
dl+m
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Vztah k Legandreovým polynomům:

Pml (ζ) = (−1)m(1− ζ2)
m
2
dm

dζm
Pl(ζ) m > 0 P0

l (ζ) = Pl(ζ)

Vztah pro opačné m:

P−ml (ζ) = (−1)m
(l −m)!

(l +m)!
Pml

Relace ortogonality:

1∫
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Pml (ζ)Pml′ (ζ) dζ =
2

2l + 1
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Kulové funkce (sférické harmoniky)

Parametrizace jednotkového vektoru ~e pomoćı sférických úhl̊u:

~e = cosϑ~ez + sinϑ
(
cosϑ~ex + sinϑ~ey

)
Integračńı element na jednotkové sféře:

dΩ ≡ d~e = sinϑ dϑdϕ = dζdϕ ζ = cosϑ

2D δ-funkce na jednotkové sféře:

δ(2)
(
~e |~e ′

)
=

1

sinϑ
δ(ϑ− ϑ′)δ(ϕ− ϕ′) = δ(ζ − ζ ′)δ(ϕ− ϕ′)

f(~e) =

∫
δ(2)
(
~e |~e ′

)
f(~e ′) dΩ′ =

∫
δ(ϑ− ϑ′)δ(ϕ− ϕ′) f(ϑ′, ϕ′) dϑ′dϕ′

Kulové funkce – komplexńı funkce na jednotkové sféře (l = 0, 1, . . . , m = −l, . . . , l):

Yml (~e ) ≡ Yml (ϑ, ϕ) = (−1)m

√
2l + 1

4π

(l −m)!

(l +m)!
Pml (cosϑ) exp(imϕ)

Komplexně sdružené funkce:

Yml (~e )∗ = (−1)m Y−ml (~e )

Kulové funkce jako vlastńı funkce operátor̊u:

−
[

1

sinϑ

∂

∂ϑ

[
sinϑ

∂
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]
+

1

sin2 ϑ

∂2

∂ϕ2

]]
Yml (ϑ, ϕ) = l(l + 1)Yml − i ∂

∂ϕ
Yml = mYml

Relace ortogonality a úplnosti:∫
Yml (~e )Ym

′
l′ (~e )∗ dΩ = δll′δmm′

∞∑
l=0

l∑
m=−l

Yml (~e )Yml (~e ′)∗ = δ(2)(~e |~e ′)

Rozklad Legandreova polynomu:

l∑
m=−l

Yml (~e )Yml (~e ′)∗ =
2l + 1

4π
Pl(~e · ~e ′)



Přidružené Legendreovy polynomy pro l 6 4
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Kulové funkce pro l 6 4

x = sinϑ cosϕ y = sinϑ sinϕ z = cosϑ x2 + y2 + z2 = 1
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