
Sand pile rule and Margolus 
neighbourhood

General function returning the evolution of a sand pile 
up to the time T - deterministic
In[59]:= sandPileEvol[initialState_, T_] :=

(*

input:

initialState = the 2-dimensional array of values 0, 1, or 2 for each lattice site

where 1 stands for a sand grain, 2 for a solid site and 0 for an empty site,

it is assumed that the whole boundary of the lattice is solid,

T = the time up to which to evolve the gas,

output:

latticeEvolution = the 3-dimensional array of evolution of the lattice

*)

Module{m, n, latticeEvolution, istart, jstart},

{m, n} = Dimensions[initialState, 2];

(* auxiliary array for evolution of states, *)

latticeEvolution = Table[initialState, T + 1];

Do

(* set the starting site for the first Margolus neighbourhood *)

istart = Mod[it, 2];

jstart = istart;

(* upper left corners of Margolus neighbourhoods *)

Do

latticeEvolution〚it + 1, i, j〛 = latticeEvolution〚it, i, j〛;

IflatticeEvolution〚it, i, j〛 ⩵ 1,

IflatticeEvolution〚it, i + 1, j〛 ⩵ 0

|| latticeEvolution〚it, i + 1, j + 1〛 ⩵ 0 && latticeEvolution〚it, i, j + 1〛 ≠ 1,

latticeEvolution〚it + 1, i, j〛 = 0;

,

{i, 1 + istart, m, 2}, {j, 1 + jstart, n, 2}

;

(* upper right corners of Margolus neighbourhoods *)

Do

latticeEvolution〚it + 1, i, j〛 = latticeEvolution〚it, i, j〛;

IflatticeEvolution〚it, i, j〛 ⩵ 1,

IflatticeEvolution〚it, i + 1, j〛 ⩵ 0

|| latticeEvolution〚it, i + 1, j - 1〛 ⩵ 0 && latticeEvolution〚it, i, j - 1〛 ≠ 1,

latticeEvolution〚it + 1, i, j〛 = 0;

,

{i, 1 + istart, m, 2}, {j, 1 + jstart + 1, n, 2}

;

(* lower left corners of Margolus neighbourhoods *)



Do

latticeEvolution〚it + 1, i, j〛 = latticeEvolution〚it, i, j〛;

IflatticeEvolution〚it, i, j〛 ⩵ 0,

IflatticeEvolution〚it, i - 1, j〛 ⩵ 1

|| latticeEvolution〚it, i - 1, j + 1〛 ⩵ 1 && latticeEvolution〚it, i, j + 1〛 > 0,

latticeEvolution〚it + 1, i, j〛 = 1;

,

{i, 1 + istart + 1, m, 2}, {j, 1 + jstart, n, 2}

;

(* lower right corners of Margolus neighbourhoods *)

Do

latticeEvolution〚it + 1, i, j〛 = latticeEvolution〚it, i, j〛;

IflatticeEvolution〚it, i, j〛 ⩵ 0,

IflatticeEvolution〚it, i - 1, j〛 ⩵ 1

|| latticeEvolution〚it, i - 1, j - 1〛 ⩵ 1 && latticeEvolution〚it, i, j - 1〛 > 0,

latticeEvolution〚it + 1, i, j〛 = 1;

,

{i, 1 + istart + 1, m, 2}, {j, 1 + jstart + 1, n, 2}

,

{it, 1, T}

;

Return[{latticeEvolution}]

;

Simple test sand pile 
{m, n} = {20, 20};

iniState = ConstantArray[2, {m, n}]; (* solid everywhere *)

p = 0.5;

MyRand[prob_] := If[RandomReal[] <= prob, 1, 0];

Do[

iniState〚i, j〛 = MyRand[p],

{i, 2, m - 1}, {j, 2, 10}

];

Do[

iniState〚i, j〛 = 0,

{i, 2, m - 1}, {j, 11, n - 1}

];

T = 50;

{sandEvol} = sandPileEvol[iniState, T];

Manipulate[ArrayPlot[sandEvol〚it〛], {it, 1, T + 1, 1}]
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Hourglass 
In[232]:= {m, n} = {50, 50};

iniState = ConstantArray[2, {m, n}]; (* solid everywhere *)

Do

If[i < j + 1 && i < n - j + 2, iniState〚i, j〛 = 1],

i, 2, m  2, {j, 2, n - 1}

;

Do

If[i > j - 1 && i > n - j, iniState〚i, j〛 = 0],

i, m  2, m - 1, {j, 2, n - 1}

;

T = 1000;

{evolHourglass} = sandPileEvol[iniState, T];

Manipulate[ArrayPlot[evolHourglass〚it〛], {it, 1, T + 1, 1}]

Out[238]=

it

General function returning the state of the sand pile 
after time T - probabilistic CA

Sand grain movements are driven by the probability p that a grain actually 
falls to unoccupied cell, mimicking friction in sand

In[239]:= sandPileEvolProb[initialState_, p_, T_] :=

(*
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input:

initialState = the 2-dimensional array of values 0, 1, or 2 for each lattice site

where 1 stands for a sand grain, 2 for a solid site and 0 for an empty site,

it is assumed that the whole boundary of the lattice is solid,

p = probability of sand grain falling,

T = the time up to which to evolve the gas,

output:

latticeEvolution = the 3-dimensional array of evolution of the lattice

*)

Module{m, n, latticeEvolution, istart, jstart, fall},

{m, n} = Dimensions[initialState, 2];

MyRandTrue[prob_] := If[RandomReal[] <= prob, True, False];

(* auxiliary array for evolution of states, *)

latticeEvolution = Table[initialState, T + 1];

Do

(* set the starting site for the first Margolus neighbourhood *)

istart = Mod[it, 2];

jstart = If[Mod[it, 4] < 2, 0, 1];

fall = ConstantArray[True, {m, n}];

(* upper left corners of Margolus neighbourhoods *)

Do

latticeEvolution〚it + 1, i, j〛 = latticeEvolution〚it, i, j〛;

IflatticeEvolution〚it, i, j〛 ⩵ 1,

fall〚i, j〛 = MyRandTrue[p];

IflatticeEvolution〚it, i + 1, j〛 ⩵ 0

|| latticeEvolution〚it, i + 1, j + 1〛 ⩵ 0 && latticeEvolution〚it, i, j + 1〛 ≠ 1 &&

fall〚i, j〛,

latticeEvolution〚it + 1, i, j〛 = 0;

,

{i, 1 + istart, m, 2}, {j, 1 + jstart, n, 2}

;

(* upper right corners of Margolus neighbourhoods *)

Do

latticeEvolution〚it + 1, i, j〛 = latticeEvolution〚it, i, j〛;

IflatticeEvolution〚it, i, j〛 ⩵ 1,

fall〚i, j〛 = MyRandTrue[p];

IflatticeEvolution〚it, i + 1, j〛 ⩵ 0

|| latticeEvolution〚it, i + 1, j - 1〛 ⩵ 0 && latticeEvolution〚it, i, j - 1〛 ≠ 1 &&

fall〚i, j〛,

latticeEvolution〚it + 1, i, j〛 = 0;

,

{i, 1 + istart, m, 2}, {j, 1 + jstart + 1, n, 2}

;

(* lower left corners of Margolus neighbourhoods *)

Do

latticeEvolution〚it + 1, i, j〛 = latticeEvolution〚it, i, j〛;

IflatticeEvolution〚it, i, j〛 ⩵ 0,

IflatticeEvolution〚it, i - 1, j〛 ⩵ 1 && fall〚i - 1, j〛

|| latticeEvolution〚it, i - 1, j + 1〛 ⩵ 1 && latticeEvolution〚it, i, j + 1〛 > 0 &&

latticeEvolution〚it, i - 1, j〛 ≠ 1 && fall〚i - 1, j + 1〛,

latticeEvolution〚it + 1, i, j〛 = 1;

,

{i, 1 + istart + 1, m, 2}, {j, 1 + jstart, n, 2}
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;

(* lower right corners of Margolus neighbourhoods *)

Do

latticeEvolution〚it + 1, i, j〛 = latticeEvolution〚it, i, j〛;

IflatticeEvolution〚it, i, j〛 ⩵ 0,

IflatticeEvolution〚it, i - 1, j〛 ⩵ 1 && fall〚i - 1, j〛

|| latticeEvolution〚it, i - 1, j - 1〛 ⩵ 1 && latticeEvolution〚it, i, j - 1〛 > 0 &&

latticeEvolution〚it, i - 1, j〛 ≠ 1 && fall〚i - 1, j - 1〛,

latticeEvolution〚it + 1, i, j〛 = 1;

,

{i, 1 + istart + 1, m, 2}, {j, 1 + jstart + 1, n, 2}

,

{it, 1, T}

;

Return[{latticeEvolution}]

;

Hourglass - more realistic model
In[284]:= {m, n} = {50, 50};

iniState = ConstantArray[2, {m, n}]; (* solid everywhere *)

Do

If[i < j + 1 && i < n - j + 2, iniState〚i, j〛 = 1],

i, 2, m  2, {j, 2, n - 1}

;

Do

If[i > j - 1 && i > n - j, iniState〚i, j〛 = 0],

i, m  2, m - 1, {j, 2, n - 1}

;

T = 3000;

pfall = 0.7;

{lattEvolHourglassProb} = sandPileEvolProb[iniState, pfall, T];

Manipulate[ArrayPlot[lattEvolHourglassProb〚it〛], {it, 1, T + 1, 1}]
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