Geometrical Methods of Theoretical Physics I — NTMF059 — 2023 — tutorials

Exercise: Assume a sphere S? covered by the coordinates 1 and ¢. Calculate the Lie brackets [Y, Z] and
[X, Y], where the vector fields X, Y, and Z are defined as

0 0 0 0 0
X:—Sincp%—coswcotﬁ%, Y:cos<p%—sincpcot19%, Z:%. (1)
Exercise: Assume the spherical coordinates
x =rsindcosy, y=rsindsingp, z=rcos?. (2)

Find the inverse relations and express the related coordinate basis

o o0 0 o 0 0

57%,%, in term of %7@,%. (3)

The vector 0, generates rotation around z axis. Permutation zxy — xy 2z then leads to the rotation generator
around x axis. Express such generator using {0, ,0y , 0}

Exercise: Torsion of a dyad derivative in polar coordinates. Assume the 2-dimensional Euclidean metric
g =da® +dy* = dp® + p*d¢?, (4)
and the orthonormal dyad

. 0 10
e’ =dp, e¥ = pdp, ie., ep:6—p7ecp:f—, (5)

and the associated dyad derivative de” = 0 and de® = 0.

Express the second derivative of a function 80 f and their commutator 9,0, f — 0,0, f.
Determine the torsion ¢ = Tor[0] using the above commutator.

Calculate the torsion using t/ = de’.

Find the torsion using the Lie bracket ty; = —[eg, €.

Exercise: Find an explicit form of the vector £ that is parallelly transported along a circle of constant latitude
on 52, i.e., along a line parametrized by ¥ = 99 = const and angle ¢. The metric on 52 is given by

g = ra(dv? + sin® 9dy?) , (6)

and the non-trivial components of the tensor connecting coordinate and Levi-Civita covariant derivative (Chris-
toffel’s symbols) are

Iy, =T7y=cot?, qu, = —sindYcos?. (7)
The condition for £ to be parallelly transported along a constant latitude circle is

\Y

—&=0. g

ast (8)

Find components of § using the coordinate basis dy and d,,, and the normalized dyad e; and ey, respectively,

0 0 5 5
E=tgg g, — et e ©)



Exercise: Geodesics on S?. Explicitly calculate the equations constraining z(a) to be a geodesic,

V Dz d? z¢ dzb dz°
—— =0 —+ I, ——=0. 10
da da ’ e da? " da (10)

Find the solution in the form ¥(«a) and (), or ¥(yp).

Exercise: Geometry on S%. Assume the metric
g = dx? +sin? x(dv? + sin® 9dp?) (11)

and calculate the Christoffel symbols I'¢, (i.e., components of the tensor connecting coordinate and Levi-Civita
covariant derivatives). Then calculate the divergence V,a® with « given as a 1-form

a = f(x)sin~? xdx. (12)

Exercise: Geometry of 2-dimensional surfaces. Assume an axially symmetric surface N given in terms of
3-dimensional Euclidean space

gps = dZ2 + dP? + P2d®? (13)
as

Z = z(p), P=p, b =0. (14)
Calculate the metric g restricted on such a surface, i.e., g = ggs|n. The result should be

g=(1+2")dp* + p2de?. (15)

Consider the Schwarzschild metric

9Sch = — (1 - %0) A2+ —dr? 1 (d9? + sin® 9dep?) . (16)

1_ 0
T

Find the static equatorial plane geometry, i.e., t = const and ¥ = 7, and its embedding into E3.

Assume a 2-dimensional surface N and the metric in the form
g = a*dp* + p*dy?, with a=a(p). (17)

Calculate associated Levi-Civita covariant derivative V on IV, i.e., express the Christoffel symbols I'j, deter-
mining its relation to the coordinate derivative.

Then, calculate the curvature of V on N, i.e., the Riemann tensor components Rgp.q, Ricci tensor Ricgp, and
the scalar curvature R = 2K.

Find the function « such that the curvature R will be constant.

Discuss the possible embeddings of such constant curvature geometries into the Euclidean space E3, i.e., solve
a? =1+ 2’ with respect to z(p). Various subcases have to be distinguished with respect to the values of
integration constants.

Exercise: Prove the identity

VG ™ . = (d — 3)Cot oay - (18)



Exercise: Prove the identity

bp
(p+ )P igho-bn — gholilgbi-be _ polbsgiiolgba 52 (19)

a " Vap]

and rewrite it in diagramatic notation. By expressing the first term on the right-hand side, adding this term
p-times to both sides of the new equation, and dividing by p + 1 we arrive at the decomposition

WPlg=A+S. (20)

Using diagrammatic notation prove that all terms in this equation are projectors. Note that S?=8 actually
follows also from ((1)“1“]5)2 = DlPl§. A2 = A, Ae S =0, but the exercises is to prove 8% = S directly (at
least for p = 2). [The solution is available at https://utf.mff.cuni.cz/vyuka/NTMF059/2023/poznamky/
GM-tenzory’20a%20tenzorova%20pole, page 12-13.]

Exercise: Prove that the 1-form

y x
w=-——dr— —dy (21)

p? P

is closed in E? \ {0} covered by Cartesian coordinates x, y with p? = 22 + y2. Show that w cannot be exact
in E2\ {0} by calculating d¢, where tan¢ = y/x. [The solution is available at https://utf.mff.cuni.cz/
vyuka/NTMF059/2023/poznamky/GM-vne jsi%20kalkulus, page 8.

Exercise: Consider a homogeneous metric on S2,
g =5 (A9 +sin® ¥dy?) | (22)

and calculate its curvature using the Cartan’s structure equations

de” +wf nel =0, wf=-wly,
k k k j k l (23)
Ql:dwl—i-wj/\wl, Q) =-Q'%,
where ey, is the orhtonormal vector frame and e” its dual coframe. The Riemann tensor is given by
Rabcd = Qabkleiefi . (24)

Calculate Riemann tensor with all indices down °R, the Ricci tensor Ric, and the Ricci scalar R. (It is also
instructive to find components Rmpﬁ(b and RWS%.) [The solution is available at https://utf.mff.cuni.cz/
vyuka/NTMF059/2023/poznamky/GM-vne jsi%20kalkulus, page 9-10.]

Exercise: Consider the embedding ¢ : N — M of a 2-dimensional manifold N covered by coordinates z, y
into a 3-dimensional manifold M with flat metric covered by Cartesian coordinates,

g=dXx?4+dy?+dz?. (25)
The embedding ¢ is given by
X=z, Y=y, Z=2Z(y). (26)

Calculate its differential D¢ and determine the induced metric g|y = t*g for a generic function Z(z,y). Now,
consider the half-sphere Z = y/R2 — 22 — y2 and show that the calculation can be simplified when done in
spherical coordinates. [The solution is available at https://utf.mff.cuni.cz/vyuka/NTMF059/2023/pozna
mky/GM- indukovana?,20zobrazeni , %20toky’%20a%20Lieova’,20derivace, page 11.]

Exercise: Consider the embedding ¢ : N — M of a 2-dimensional manifold N covered by coordinates z, ¢
into a 3-dimensional manifold M with flat metric covered by cylindrical coordinates,

g =dP? +dZ? + P?do>. (27)
The embedding ¢ is axially symmetric and given by

Z=z, ®d=¢,, P=P(2). (28)
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Calculate the induced metric ¢ = g|y = ¢*g. Evaluate £5_¢ and find under which conditions 8, is a Killing
vector and under which it is a conformal Killing vector. Find the flow u¢ generated by the vector field 8.,
calculate Ug . q for the above metric g with the conformal symmetry, and use it to compute £5, g from definition
of the Lie derivative. [The solution is available at https://utf.mff.cuni.cz/vyuka/NTMF059/2023/pozna
mky/GM- indukovana},20zobrazeni, %20toky’20a%20Lieova%20derivace, page 12-13.]

Exercise: Consider a homogeneous metric on S2,

g = dv” +sin® ¥dy? (29)
and show by calculating £xg, £y g, £zg that the vector fields

X = —sinpdy — cospcot V0, ,

Y = cos 8y —sinpcot 99, , (30)
Z=0,,

are the Killing vectors of g. [The solution is available at https://utf.mff.cuni.cz/vyuka/NTMF059/2023/p
oznamky/GM- indukovana20zobrazeni, %20toky%20a%20Lieova%20derivace, page 14.]

Exercise: Consider a homogeneous metric on S?,
g =12 (d¥? +sin>9dp?) | (31)

and determine the Levi-Civita tensor € from the orthonormal frame. Compute £5,€ and £5 €. Find a function
f(9) so that £5,€ = 0. (Notice that £,g =0 = £¢e = 0 but not the other way around.) [The solution is
available at https://utf.mff.cuni.cz/vyuka/NTMF059/2023/poznamky/GM-metricka/20struktura, page
12

Exercise: Consider a homogeneous metric on S?,
g =dx?+sin’x (d192 + sin? 9dp?) | (32)
and calculate € and fe. Let us now consider the 1-form

o = f(x)sin™2 ydy (33)

and find *d * . [The solution is available at https://utf.mff.cuni.cz/vyuka/NTMF059/2023/poznamky/
GM-metricka%20struktura, page 12-13.]

Exercise: Calculate the length of the pseudo-circle z(7), 7 € (0,7) in 2-dimensional Minkowski spacetime,
g = —dt* +daz?, (34)
that is parametrized by

t(r) = bsinh(7) ,

x(1) = beosh(r) . (35)

[The solution is available at https://utf.mff.cuni.cz/vyuka/NTMF059/2023/poznamky/GM-metrickay20
struktura, page 13.]

Exercise: Consider a 2-dimensional Minkowski spacetime,
g = —dt* +dz?, (36)

and find all its Killing vectors by solving £¢g = 0 directly in inertial coordinates ¢, . Show also, that the boost
Killing vector x8; + td, can be alternatively obtained by rewriting the metric to the accelerated coordinates

T P

g=—p’dr? +dp?. (37)
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Find g and € in null coordinates,

u=t—x,

38
v=t+x. ( )
and express 8,,, 8, by means of 8, 8,. [The solution is available at https://utf.mff.cuni.cz/vyuka/NT
MF059/2023/poznamky/GM-metricka%20struktura, page 14-15.]

Exercise: Consider 3-dimensional Minkowski spacetime,

g = —dt® +dz? + dy?, (39)

= —dt? + dr? + r2dy?
and determine the induced metrics at pseudospherical surfaces —t? + 2 = const < 0 and —t? + 2 = const > 0.
(They represent the hyperbolic 2-space H? and the de Sitter spacetime dS,.) Calculate the subalgebra of
S0O(2,1) group of symmetries of g, i.e., evaluate all Lie brackets of 8, 28; +t8,, y0; +td,. [The solution is
available at https://utf.mff.cuni.cz/vyuka/NTMF059/2023/poznamky/GM-metricka/20struktura, page
16.]

Exercise: An anti-symmetric 2-form F on the complexification of A2M is called (anti-)self-dual if it satisfies
*xF = FF, i.e., it is the eigenfunction of * with the eigenvalues Fi. (This is due to the fact that the Hodge

dual forms a complex unit, + = —id.) One can see that the real electromagnetic tensor F' and its dual *F
are related to the self-dual F and the anti-self-dual F via
F=1(F+F),

F=_i(F_F)

This allows us to rewrite the vacuum Maxwell’s equations, dF' = 0, d x F' = 0, together as dF = 0. Show that
the energy-momentum tensor of the electromagnetic field,

Tab = FamFong™" — $F?gar, F?*=FeF, (41)
can be written as
Top = %famﬁbngmn : (42)

[The solution is available at https://utf.mff.cuni.cz/vyuka/NTMF059/2023/poznamky/GM-podvariety
20a%20tecne%20distribucel page 12.]

Exercise: Consider a 4-dimensional Minkowski spacetime in spherical coordinates,

g = —dt® + dr® +r? (d¥* + sin® ¥dy?) | (43)
and calculate *d * F' for the electromagnetic field given by F' = dA with

A=—f(r)dt. (44)

[The solution is available at https://utf.mff.cuni.cz/vyuka/NTMF059/2023/poznamky/GM-podvariety
20a%20tecne%20distribuce, page 13.]
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