Lorentz transformation
and one-dimensional wave equation

Problems to solve

1. Determine the infinitesimal generator

. 0 : 0
of the Lorentz transformation
F=x(x—vt), t=~t—vz/?), y=+1-v2/c2. (2)

dz S -
dié_:g (l’,t>7 .Q?(O):JJ,
A (3)

express the transformation (2) using a parameter e for which the group binary operation will be ¢(e1,£2) = €1+e3.
What is the relation between this parameter ¢ and the velocity v?

3. Check that the wave equation

O*Y(x,t) 1 0%p(x,t
a:; T2 atf = (4)

is invariant under the Lorentz transformation (2). Guess (or find) other three basic symmetries of this equation.

4. Which of the symmetries found in the previous problem are also variational symmetries? The Lagrangian
corresponding to the wave equation (4) is

wo-3](52) - 2 (22 ]

Choose one of these symmetries and find the corresponding conservation law.

5. Determine the particular solution of the equation (4), which is the invariant solution under Lorentz transforma-
tion.



Solution
1. The infinitesimal Lorentz transformation can be written as
Z(x,t;v) = 2 + v€% (2, t) + O(v?),
t(z, t;0) =t +v€l(x,t) + O(v?),

where the infinitesimals £7(z,t) and £'(x,t) are given by

- _ 0x(x,t;v)
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Ot(x,t;v) x
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Thus the generator (1) is
0 x 0
2. Substituting (6) a (7) into the system (3), we get
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By taking the derivative of the first equation with respect of ¢ and substituting for the derivative dt/de from
the second equation, we obtain the ordinary differential equation

d*i(e)  #(e)

de? 2’
the general solution of which is
#(c) = AeME + BeM2€, (10)
where A o are the solutions of the characteristic equation
1 1 1
M=, thus A =—, \p=—-.
c c c
For t(e) we get
7 dz(e) Acle. B —¢/c
t(e) = — =_= - . 11
() I st —e (11)
The unknown constants A, B can be determined from the initial conditions (9). We obtain the system of
equations
- 1
Z(e=0)=A+B=z, tle=0)= fE(AfB) =1,
the solution of which is ; 4ot
qyor-c . B= ztet
2 2

By substituting for A, B into (10) and (11) and by using the definition of the hyperbolic functions, we can express
the Lorentz transformation as

Z(x,t;e) = xcosh S _ctsinh S , (12)
c c

ct(x,t;e) = —xsinh € 4 etcosh . (13)
c c

We can see that it is a ”rotation” in the 1 + 1-Minkowsky space with the coordinates (z,ct). The relation
between the new parametrization of the Lorentz transformation using € and the standard parametrization using
the velocity v can be obtained by comparison of the terms in front of x and ¢ in the equations (2) and (12) for Z

€ -
cosh—- =+, —csinh—- = —yv.
c c



Dividing them, we get

tanh - (14)
c

ol

Note that by composing two Lorentz transformations (2), or (12)—(13), the first with the parameter vy, or £1, and
the second with the parameter vg, or €5, we get again the Lorentz transformation, this time with the parameter
'Ug—w, resp. €3 =¢1 +€2,
where the first relation is the well-known formula for composition of velocities in the special theory of relativity.
We can derive it directly from the Lorentz transformation (2), or from the relation €3 = €1 + 2 by substituting

for € from (14) and using the formula

a+p
1+ap’

tanh(arctanh o + arctanh ) =

. In the following text, the partial derivatives will be written as indices with a preceding comma, for example
Vo= %, to distinguish it from other indices. The total derivative is denoted by D, where x is the independent

variable, thus
oF OF OF OF

Dy F (2, t,¢(x, 1), 2(2, 1), ¢ (2, 1) = 0 + w,x% + w,m% + w,ma—% (15)
and similarly for functions F' dependent on higher derivatives.
To check that the wave equation
VY uz — Clzw,tt =0 (16)
is invariant under the Lorentz transformation
T =X(z,t,¢;v) =y(z —vt),
t=T(x,t,;v) =~(t —vz/c?), (17)

¥ =V(z,t,P;0) =9,

where v = /1 — v2/c?, we can use three approaches.

(a) To show that the transformed solution v (z,t) is also a solution of the given equation.

(b) To change variables of the wave equation (Z,, Y = 1) and to show that the new equation has the same
form as the original one.

(¢) To extend the infinitesimal generator (8) into the space of derivatives and to use the infinitesimal criterion.

Let us show all three approaches in detail for pedagogical reasons:

(a) Let ¢ = f(z,t) be an arbitrary solution of the equation (16). Under the transformation (17), it transforms
into a new function, which is given implicitly by

and for the Lorentz transformation we get
$(#,8) = f(7(F +vi), 1 ( +0F/)) = fla,1).

If the equation (16) is to be invariant under (17), the new function (&, #) must be a solution of the equation

1
2

bas — U5 =0.



For derivatives, we get
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The last equality follows from the assumption that f(z,t) is the solution of the wave equation (16).

We showed that the function (%, %) is also the solution of the wave equation and thus this equation is
invariant under the Lorentz transformation.

and thus

(b) To write the equation (16) in new variables 7, . andw given by (17), we have to express all derivatives of
1 with respect to x and t using the derivatives of 1/} with respect to @ and £. We start with the inverse

transformations
@ = X(&,8,1; —v) = (& + vf), (18)
t =T(&,t,9; —v) =~y +vi/c?), (19)
) = W(&,1,9;—v) = ¢ (20)
and write the total differential of the function v
dy = a—wd + a—qudt (21)
ot
using (20) as
dy = D;¥di + Dy Udt, (22)

where we used the total derivatives instead of partial derivatives because the function ¥ in the equation
(20) is, in general, a function of Z,¢, and ¥ (&,t). The differentials dz and dt¢ can be expressed in a similar
way from the equations (18) and (19)

dz = Dz Xdi + D; Xdf, (23)
dt = D;TdE + D;Td# (24)

and by substituting into (21) and by comparing the expressions in front of dZ and dt¢ with those in the
equation (22) we finally get a system of equations for the derivatives of ¢ with respect to x and ¢

o oY

D; X— +D;T— =DzVU 2
7+ B 7, (25)
oY oY i

DX o + DT - = Dyl (26)

Using the Jacobian of the transformations (18)—(19)

S _ (DsX DT
-\ D;x D;T )’



~

we can find the solution of the system (25)—(26) if we know the inverse matrix J—!. For the Lorentz

transformation we get
vy/c? —vy/c?
PO el RS v/ ’
vy —vy Y

oY 81; v 0%
oy | — B - :
Bt D;¥ —y 3L 4428
In a similar way, we can find the second derivatives 1) 5, and 1 ;¢ from the transformation

Vi

and thus

~ ~ v
7

w,z = \IJZL’ (-%7 Ea l[;a l[;,iv "/},f) = ’7’@[],5&
and v 4, and 1 4 from the transformation

wvt = \I/t (£7 ga 1/;’ 12;,.”755 'IJZ){) = 71}712;7‘% + ')/'l/;){ :

Again by comparing the differentials and by solving systems similar to (25)—(26), we found the formulas

<w><3w> (w) P [Re28ba+ S0
Yat ) g;g)t - - 72 [—v

D;¥,
8%
(11[17151) _ <8t8m) _
=\ % | =
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where 9 ,; and v 4, transform in the same way, as one can expect.
Finally, by substituting for 1 ., and 4 into the wave equation (16), we get

1 ,02 B U2 1 N N 1 -
0=1taz — lel),tt =~ [(1 - 62> a5+ (C4 - CQ> w,ff:| =Yz — g¢,t’”~

Under the Lorentz transformation the wave equation (16) changes into the same equation and thus it is
invariant under this transformation.
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Because the wave equation (16) is of the second order, we need the extension of the infinitesimal generator
(8) up to the space of the second derivatives which is of the general form
O , w0 | 2 0 2_0 @ 0
+ + T + xr + )
1 81/} ! 8¢,xa¢ Tt aw,xt i 6w,tt

0 0 0
(@) gz 2 4 (1)
X éax 5 + 8¢+nz 90

where 77:5;1) and 77,51) determine the extension into the space of the first derivatives via

w 4 _w +57](1)($7t7¢7¢,m¢,t) +O(E2)7

w,t’ = ’(/)7t + 57715 (l‘, t7 ’(/)7 ’(/)wa 1b,t) + 0(52) .
and similarly 7757«), ng(gt), and ntt determine the extension into the space of the second derivatives. The
infinitesimal criterion for the wave equation (16) gives

(2)(¢ T T *¢ tt) - ngcx) 27715152) =0, (27)

which must be satisfied for each solution v (z,t) of the wave equation (16). Thus we have to determine only

ng(g,;) and n,gf ). To do that we use the general formulas

k

1, =Dan) = (De, ") s, -
k



In our case we have 11 = x, 19 = t,£% = —t,&' = —x/c?, 7 = 0 and we get

1
ﬂg(cl) = —(Du&)ps = 0*21/%,
2
ni = Danit) = (Daf ot = S,

) = —(DE" ) = P,
nt(t2) = Dtnt(l) - (Dt51)¢,tz = 2¢,xt y

By substituting for 77(232 and nt(tz ) into the condition (27), we finally obtain

1 2 2
X(2) (w,zx - ?w,tt) = Cjw,mt - 0721[],115 =0

for solutions of the wave equation (16) which is thus invariant under the Lorentz transformation.

To find at least some other point symmetries of the wave equation (16) it is not necessary to use the infinitesimal
criterion (27) with general ansatz for €2, £, and 1 nad to solve the resulting system of partial differential equations
(even though it is possible in the case).

It is enough to realize that the wave equation (16) is not explicitly dependent on the variables z, ¢, or 9, and
thus it must be invariant under translations in all these variables. Moreover, it is a homogeneous linear equation
which depends only on the second derivatives and thus it must be also invariant under scaling of the dependent
variable (¢ = a1)) and also under simultaneous scaling of the independent variables (¥ = Bz,f = St). The
infinitesimal generators corresponding to these point transformations are

X, = a%’ (28)
X = %, (29)
Xy = % (30)
Xy = Tﬁ%, (31)
X = xa% T t% . (32)

. If the point symmetry of the wave equation (16) is to be also the variational symmetry, it has to satisfy the
infinitesimal criterion of the invariance of the corresponding variational functional

XWL 4 L(D,£% + Digt) =0, (33)

where L is the Lagrangian
1 1
ol = 5 (vi - 392). (31)

and X is the first extension of the given infinitesimal generator. Without going into details (derivation of
XM is completely analogous to that in the paragraph 4c), we state that the condition (33) is satisfied for the
generators (8), (28), (29), (30), and (32). The point symmetry generated by the operator (31) is not variational

symmetry, because

0 0 0
T Vaom— T 15—

X =v 7. Ve,

and thus
XL 4 L(D€" + Dyet) = 2L #0.

We determine the conservation laws corresponding to translations of the independent variables. The general
form of the conservation law for the wave equation (16) is given by

DivP = D,P* +D,P' =0, (35)



where quantities P and P! are some functions of variables x,t,v and derivatives of 1) with respect to = and ¢.
From Noether’s theorem, we get for these quantities

oL
— (€ € = W — L7, (36)
L
P (€0 + €0 =) e — L. (37)

For the generators (28) and (29), for which £ = 1,£8 = 0,7 = 0, and £% = 0,£! = 1, = 0 respectively, we get

—vag - 16 =3 (vt 393 (39)
Pl = w,xaali = —C%w,xw,t, (39)
and
=5 sz =Y, (40)
zpt w —Let = —% (w?w - ;wi) : (41)

These quantities satisfy the equation (35) as one can easily check. Note that by collecting these quantities into

the matrix ) ) )
T <P1I Pf) B <g(¢21+c2¢2t) — VP >
CA\R R Vate  —5 (VR &V

we obtain the ”tensor of energy and momentum” know from the theory of relativity for the scalar field ¥(z,t),
for which the conservation law is usually written as

T,.,=0.

In a similar way, we could find other conservation laws for other variational symmetries.

. To find the particular solution ¢ = f(x,t) of the wave equation

1
'(/),xac - C*ﬁ/’,tt =0 (42)
invarian under the Lorentz transformation (€% = —t,£! = —x/c?,n = 0), i.e. satisfying the condition
8f of 8f z Of
X — t = ¢ = =0 43
(¥ — f(=, ))|1/;=f(z,t) n—¢&* v ot w:f(w,t) 630 2ot ) (43)

we can use two methods.

(a) Invariant-form method: we first find a general solution of the condition (43) and then we substitute this
solution into the wave equation (42) and solve the resulting equation.

(b) Method of direct substitution: we first reduce the number of independent variables in the wave equation (42)
using the condition (43), getting the ordinary differential equation, the solution of which will be dependent
on arbitrary functions of the excluded variable, these functions are then determined by substituting into
(43).

We use both methods for pedagogical reasons:

(a) Invariant-form method

The condition (43) is a linear partial differential equation and its solution can be find using the method of
characteristics. The characteristic equation



which is an ordinary differential equation, has the solution

z? — *t? = const = z,

and thus the general solution of the equation (43) is
f(l‘,t) = F(Z) = F(xQ - 62t2)a

where F' is an arbitrary function. By substituting into the wave equation (42), we get the following ordinary
differential equation for F'(z)

dj + d2l =0
Az Ca2
Its general solution (set f;zzf = G(z) and solve for G(z) first) is

F(z)=Alnz+ B,

where A and B are arbitrary constants. The invariant solution of the wave equation (42) thus is given by

Y(x,t) = Aln(z? — %) + B. (44)
Method of direct substitution
We rewrite the condition (43) as
af xz Of
=~ __ 22 45
Ox te? Ot (45)

and we take the derivative with respect to x

f 1o w F (1 at\Of a0
tc2 3¢t ) Ot t2c¢t o2

ox2 tc2 Ot tc2 Otdx

(46)

The last equality follows from the substitution for f/9z from the equation (45). By substituting into the
wave equation (42) from (46), we get

of_1of (e INOS (1 @ NOf

0x2 2otz 24 ¢2) o2 te2  t3ct) ot
In this equation, x is a parameter and we can solve it as an ordinary differential equation for f(¢;x)
parametrically dependent on z. Its solution can be found by letting df (t; 2)/0t = g(t; ) and integrating

2 2.2
re +tec* dt t
I g(t; 2) :/m? = e T,

where the integration constant can in general be an arbitrary functions of z. By letting c¢(z) = In C(x) we
get

C(x)t
gtiz) =553 -
The function f(¢;x) is then determined by another integration
C(x)

In(z? — t?¢®) + B(x) = A(x) In(2* — t3c?) + B(x)

ftz) = /g(t;x)dt: -

2¢2?

with two arbitrary functions A(z) and B(z). If the function f(x,t) is to be the invariant solution of the
wave equation (42) we must to determine A(z) and B(z) to be satisfied the condition (43). We obtain

of ~xof  dA(x) dB(z)

to- 4+ S =t In(z® — t?c?) + t———2% = 0.
Ox + c? ot dx n(z <)+ dx
This equation must be satisfied for arbitrary ¢ and thus
A B
dA@) _ - dBl) _
dx dx

We see that the functions A(z) and B(x) must be constant. Again, we get the invariant solution given by
(44).



