Point symmetries of heat equation

Run NTMF064.Package.m first!
Clear["Global %"]
= Variables and differential equations in the form R(x,u,du,...) =0

(* Independent variables x)

IndepVar = {x, t};

(» Dependent variables =x)

DepVar = {u};

(* PDEs, only the functions R(...) without "== @" %)
PDEs = {D[u[x, t], t] -D[u[x, t], X, X]}

{u®bx, t] -u®? [x, t]}

Expression to substitute for in the infinitesimal criterion of invariance, when dealing with the heat equa-
tion all time derivatives can be replaced by space derivatives

subs = {D[u[x, t], t1};
sol = Solve[PDEs == @, subs]

{{u®Y [x, t] > u®® [x, t]1}}

= Finding point symmetries by using a more and more specific ansatz

General ansatz

(» Infinitesimals for all variables =)
§[t] ==t[x, t, ufx, t11;
€[x] = =x[x, t, u[x, t1];
nlu]l =H[x, t, u[x, t]1;
(* Next expression should return zeroes
if infinitesimals give a point symmetry of PDEs =)
zero = CheckPointSymmetryOfDE [PDEs, subs, IndepVar, DepVar, &, n]
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{2u[2] u[4] 2t ®®) [x, t, u[@]] +2u[2] u[5] Ex®%) [x, t, u[@]] -
u[2]2H®%2) x, t, u[@]] +u[2]2u[5] =t®®2 [x, t, u[@]] +u[2]3=x@®%2) [x, t, u[@]] +
H®1.8 [x, £, u[0]] -u[5] 5t@L® [x, t, u[@]] -u[2] =x®L® [x, t, u[@]] +
2u[4] 2t 0% [x, t, u[0]] +2u[5] Ex®® [x, t, u[@]] -2u[2] H®%Y [x, t, u[@]] +
2u[2] u[5] 2t &Y [x, t, u[@]] +2u[2]%2=x®%Y [x, t, u[@]] -
H%9 [x, t, u[@]] +u[5] Et>%% [x, t, u[@]] +u[2] @x>®® [x, t, u[e]]}

(» Coefficients of the polynomial in u[...] should be zero x)
Column[GetConditionsForPointSymmetries [zero, Table[u[j], {j, 1, 5}]111
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Second ansatz

E[t] = c[t];

€[x] =1/2D[z[t], t] x+x[t];

nlul] = a[x, t] u[x, t] +B[x, t];

zero = CheckPointSymmetryOfDE [PDEs, subs, IndepVar, DepVar, &, n]

u[@] = ufx, tj

uf1] = u®V[x, t]
ur2] = u®® [x, t]
ur3] = u®? [x, t]
uf4] = uYix, t]

urs] = u®®[x, t]
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Column [GetConditionsForPointSymmetries[zero, Table[u[j], {Jj, ©, 5}111

“2x [t] -xt”[t] -4a®® [x, t]
2 (a®Y[x, t] -al®9 [x, t])
2 (B®Y [x, t] -B>9 [x, t])

Third ansatz

§[t] = c[t];

£[x] =1/2D[c[t], t] x+x[t];

niul = (-1/8D[c[t], t, t] x*2-1/2D[x[t], t] x+y[t]) u[x, t] +B[x, t];
zero = CheckPointSymmetryOfDE [PDEs, subs, IndepVar, DepVar, &, n]

uf@] = ulx, t]
ur1] = u®@®bx, t]
ur2] = u®® [x, t]
ur3] = u®?[x, t]
uf4] = u®Y[x, t]
urs] = u®9[x, t]
{ure] v'[t] +iu[e] T [t] - %xu[e] X" [t] —ixzu[al t®[t] + @Y [x, t] -89 [x, t1}

Column [GetConditionsForPointSymmetries [zero, Flatten[{Table[u[j], {J, @, 5}1, x}]1 11

2 (4y/[t] + 7 [t])
-4 x"[t]
-3 [t]

1

8 (Be:1 [x, t] - B9 [x, t])

The last ansatz

§[x] =c[1] +c[4] x+2c[5] t+4c[6] xt;
E[t] =c[2] +2c[4] t+4c[6] t~2;
nlul = (c[3] -c[5] x-2c[6] t-c[6] x"2) u[x, t] +B[X, t];

zero = CheckPointSymmetryOfDE [PDEs, subs, IndepVar, DepVar, &, n]

uf@] = ulx, t]

ura] = u®@®bx, t]
ur2] = u®®x, t]
ur3] = u®?[x, t]
ur4] = u®tix, t]
urs] = u®9(x, t]
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= Infinitesimal generators, point transformations and commutator table from the last ansatz

ShowPointSymmetriesAndCommutationRelations [
X, f, €, IndepVar, DepVar, &, n, ¢, 6, {B[X, t] » 0}]

Infinitesimal operators:

X[1]f[x, t, u] = F5%9 x £, u]

X[2]1F[x, t, u] = F@L9 x ¢, u]

X[3]F[x, t, u] = uf@®®Y [x ¢, u]

X[41f[x, t, u] = 2tFf@L9 [x, t, u] + x99 [x, t, u]
X[51Ff[x, t, u] = -uxf@®Y x t u] +2tf1%% [x, t, u]

X[6]F[x, t, u] = u(-2t-x*) F@OY [x, t, u] +4 2 F@19 [x, t, u] +4txF29 [x, t, u]

Solve:

Corresponding global transformations:

X[1] gives {x[e] >x+€, t[e] >t, u[e] >u}
X[2] gives {x[e] »>Xx, t[e] >t+€e, u[e] »u}
X[3] gives {x[e] - X, t[e] >t, u[e] >ue}
X[4] gives {x[e] >xe®, tle] >te’c, ule] >u}

X[5] gives {t[e] »t, x[e] »x+2te, u[e] >ue

. t X = 2 1
X[6] gives {t[e} b, X[€] 5 ————, ufe] sue e | tex |-—+de }
1-4te 1-4te t

Commutator table:

-€ (x+te) }

| 1 2 3 4 5 6
T | o ] ®  X[1] ~X[3] 2X[5]
2 | e 0 @  2X[2] 2X[1] ~2X[3] +4X[4]
3 | e 0 e o 0 0
4 | -xr13 —2X[2] e o X[5] 2X[6]
5 | X[3] -2X[1] ®  -X[5] 0 )
6 | —2x[5] 2X[3] -4X[4] @  -2X[6] ) 0



