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No surprises?
Quantum mechanics is today the basic tool in most parts of physics.
You may think that you know what it tells us, but you might surprised
how many unexpected effects it predicts

. A few examples:

Put a particle in a hard-wall tube. If the tube is bent, there are bound
states; the geometry gives rise to an effective attractive interaction
which is an effect with no classical counterpart.

Confine a particle in a two-dimensional region Ω. It is well known
that among all regions of the same area, the ground-state energy is
minimized by a disc. However, it Ω is not simply connected, a
‘ribbon’ of a fixed width and length, the ground-state is instead
maximized by a circular annulus.

Consider a Dirac particle with a singular Lorentz scalar interaction
supported by a surface Σ, i.e. H = −icα · ∇+ β

(
mc2 + τδ(x − Σ)

)
is the corresponding Hamiltonian. If τ = ±2c , the surfaces becomes
impenetrable. There is no such effect in nonrelativistic QM,

etc., etc.
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Quantum graphs

Since my time is short I will say a few more words on a single class,
quantum graphs, by which we mean situations when the configuration
space is a metric graph as in this example
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��q q q q Hamiltonian: − d2

dx2j
+ v(xj)

on graph edges,

boundary conditions at vertices

There are two reasons why this is more than a simple-minded exercise:

It is a natural model model for numerous nanostructures in which
effectively free electrons live on networks of ultrathin ‘wires’.

It provides deep insights into the structure and properties of QM itself.

One has to specify how that wave function at the vertices are coupled,
since the Hamiltonian must be a self-adjoint operator, which in physicist’s
language means that the probability current must be preserved.
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Vertex coupling

In a vertex of degree n people usually work with the so-called δ coupling,

ψj(0) = ψk(0) =: ψ(0), j , k = 1, . . . , n,
n∑

j=1

ψ′
j (0) = αψ(0)

with ‘coupling strength’ α ∈ R, in particular, α = 0 refers to the Kirchhoff
condition representing a ‘free motion’.

However, this is by far not the only possibility. Recently, in connection
with attempts to model the anomalous Hall effect it was noticed that
vertex couplings violating the time reversal invariance are of interest.

The simplest example is represented by the following conditions,

(ψj+1(0)− ψj(0)) + i
(
ψ′
j+1(0) + ψ′

j(0)
)

= 0 , j ∈ Z (mod n),

which are nontrivial for any n ≥ 3 and manifestly non-invariant w.r.t.
complex conjugation.

P.E., M. Tater: Quantum graphs with vertices of a preferred orientation, Phys. Lett. A382 (2018), 283–287.
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Properties of this vertex coupling
The most intriguing property is the dependence on the vertex parity.
If n is even, transport at high energies is possible, while for n odd we
asymptotically a full reflection.

This has numerous consequences, for instance:

The band spectra of periodic lattices with this coupling differ
significantly: for square lattices it is dominated by bands, for
hexagonal ones by gaps.

The analogous behavior is seen in chain graphs, with or without
a magnetic field

A lattice with a boundary may be conducting there and insulating
in the bulk, or vice versa, depending on the lattice ‘texture’.

Among Platonic solid graphs, only the octahedron has at high
energies eigenfunctions supported on more than a single edge.

Source: Wikipedia Commons
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And what one can do?

A natural question is how generic are the findings we made in this simple
example, and what is the source of the effects mentioned.

A class of vertex couplings which would be useful to investigate are those
invariant with respect to cyclic permutations. They may violate the time
reversal invariance, but they exhibit PT -symmetry, i.e. they are invariant
w.r.t. a combination of time reversal and parity transformation.

P.E., M. Tater: Quantum graphs: self-adjoint, and yet exhibiting a nontrivial PT -symmetry, Phys. Lett. A416 (2021),
127669

This would make a reasonable thesis topic, but we have in spare various
other problems, not only on quantum graphs.

Thank you for your attention!
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