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g. Monte Carlo Methods

Table 8.1 Monte Carlo evaluation of
using two different weight functions,

value is 0.78540.

the integral (8.4)
w(z). The exact

N g (X)

w(z)=1 w(a:)zé—(4—2x)
N [ 0'1 I U]
10 0.81491 0.04838 0.79982 0.00418
20 0.73535 0.03392 0.79071 0.00392
50  0.79606 0.02259 0.78472 0.00258
100 0.79513 0.01632 0.78838 0.00194
200 0.78677 0.01108 0.78529 0.00140
500 0.78242 0.00719 0.78428 0.00091
1000 0.78809 0.00508 0.78524 0.00064
2000 0.78790 0.00363 0.78648 0.00045
5000 _ 0.78963  0.00227 0.78530  0.00028
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FIG. 2. llustration of the walker evolution in the diffusion
Monte Carlo (DMC) method. The example shows a one-
dimensional problem in which a single particle is confined by a
potential well V(x). The initial walker distribution samples a
uniform W, As the imaginary-time propagation proceeds,
the distribution converges towards the ground state ¥. Note
the occasional disappearance of walkers in the region of high
potential energy and the proliferation around the potential
minimum.

from a uniform distribution on the interval [0,1]. From
the expression for P it is clear that in regions of high
potential energy the walkers disappear, while in regions
of low potential energy they proliferate. The branching
algorithm therefore transforms the weight accumulation
in the low-energy regions into an increase in the density
of walkers there.

The energy offset E7, which determines the overall
asymptotic renormalization [see Eq. (3.27)], is used to
control the total population of walkers. During the
propagation E is occasionally adjusted so that the over-
all number of walkers fluctuates around a desired mean
value. Typical mean values of the number of walkers
used in simulations are between 10% and 10°. Figure 2
illustrates this DMC algorithm for the case of a single
particle moving in a one-dimensional potential well.

So far we have assumed that the wave function is posi-
tive everywhere. However, the fermion antisymmetry
implies that many-fermion wave functions cannot be
positive everywhere and must take both positive and
negative values. Unfortunately. probabilistic methods
such as DMC can handle only positive distributions. A
straightforward generalization of the DMC algorithm,
such as an assignment of sign variables to walkers, while
formally correct, leads to the fermion sign problem and
an exponentially decaying signal-to-noise ratio. More
elaborate algorithms with walker signs have been suc-
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cessfully applied to small molecules, but practical appli- |

cations are restricted to few-electron systems (Diedrich
and Anderson, 1992). Nevertheless, for small enough
systems, very impressive results have been obtained. For
example, the energy surface for the reaction Ho+H has

\
|
J

been evaluated at a few thousand points with an aston- /

ishing accuracy of 0.01 kcal/mol (Wu, i(»upperr_xl@gnh,gry
Anderson, 1999), Improving existing results by an order
of magnitude. The investigation of approximation-free
algorithms for fermions is a very active area of current
research, but deeper analysis is outside the scope of this
review; we refer the reader to the literature (Hammond.
Lester. and Reynolds, 1994; Kalos and Pederiva. 1999).

2. The fixed-node approximation

Fixed-node DMC (Anderson, 1975, 1976; Moskowitz
et al, 1982; Reynolds et al., 1982) is an alternative
method for dealing with the fermion antisymmetry. Al-
though not exact, it gives ground-state energies that sat-
isfy a variational principle and are usually very accurate.
Furthermore, unlike the exact methods described above,
the fixed-node algorithm is stable in large systems. The
fixed-node approximation is therefore used in almost all
current large-scale applications of DMC. The version
described here assumes that the ground-state wave func-
tion is real and hence works only in systems with time-
reversal symmetry (i.e., a real Hamiltonian). There is,
however, a successful generalization known as the fixed-
phase approximation (Ortiz, Ceperley, and Martin,
1993) for use in systems without time-reversal symme-
try. This is particularly useful for studying interacting
electrons in an applied magnetic field or states with non-
zero angular momentum.

The basic idea behind fixed-node DMC is very simple.
A trial many-electron wave function is chosen and used
to define a trial many-electron nodal surface. In a three-
dimensional system containing N electrons, the many-
electron trial state is a function of 3N variables (the x.
y, and z coordinates of cach electron) and the trial
nodal surface is the (3N—1)-dimensional surface on
which that function is zero and across which it changes
sign. The fixed-node DMC algorithm then produces the
lowest-energy many-electron state with the given nodal
surface. Fixed-node DMC may therefore be regarded as
a variational method that gives exact results if the trial
nodal surface is exact. It differs from VMC, however, in
that no assumptions are made about the functional form
of the state between the nodes.

a. One-electron example

The fixed-node approximation is best introduced by
means of a simple example. Figure 3 illustrates the stan-
dard DMC algorithm for the case of a particle in a box.
Walkers initially distributed according to the starting
state (the broken line) diffuse randomly until they cross
one of the box walls, at which point they are removed
from the simulation. This boundary condition follows
from Eq. (3.35), which shows that the reweighting factor
P is zero where the potential is infinite.
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tained for E;=—10 meV of are given in parentheses in Table
I. We observe that the energies are shifted down by
3-7 meV and that changes in the lifetime by a factor of 2 are
easily possible. Furthermore, the lifetimes of the resonances
with a high dissociation rate are extremely sensitive to the
position of their energy relative to the top of the outer poten-
tial barrier. These resonances are not included in Table I,
since their lifetimes are not that large, with the exception of
the (J,v)=(27,0) resonance in H,™. The lifetime of this reso-
nance changed by three orders of magnitude (from
2 nsto 6 us) as a consequence of the small change in the
potential energy. The lifetime obtained with the modified po-
tential is very close to the measured value of 8.2+1.5 us.
There are no such dissociating resonances for HD™. Some
dissociating resonances in D, are similarly sensitive to
changes in the potential, but their lifetimes are not in the
microsecond range.

The potential-energy curve V,(R) for R>3a, is based on
data of Senekowitsch er al. [45] which were recently found
to be accurate within a few meV [46]. The effects of corre-
lated electron and proton motion are of similar size [46]. In
addition, there are dynamic effects of the nuclear rotation on
the electronic energies. Considering these limitations of the
model, the calculated lifetimes are in full agreement with the
measured data. We conclude, in particular, that it does not
seem necessary to invoke the existence of jh€ other elec-
tronic states of H,™ [38] for the explanation of the lifetimes
of H,™ and its isotopomers.

V. CONCLUSIONS

We have employed the projection-operator method to cal-
culate the energies and lifetimes of resonances within the
nonlocal resonance model for H,”. The method has been
applied to characterize the outer-well resonances in H,",
HD™, D,”, and T,". A comprehensive set of resonance ener-
gies and lifetimes has been calculated.

The predicted lifetimes generally are in qualitative agree-
ment with experiment [38], although the calculated lifetime
is too low by an order of magnitude for H,™. For HD", the
deviation from experiment is within a factor of 2. The calcu-
lated lifetimes of Dj are in good agreement with the three
measured lifetimes [38].

We predict the existence of many more resonances with
lifetimes below 1 s, down to the picosecond range. The
detection of these short-lived species and the accurate pre-

PHYSICAL REVIEW A 75, 1 (2007)

diction of their lifetimes represents a challenge to both ex-
periment and theory, considering the sensitivity of the life-
times to the internuclear potential and the autodetachment
width. We have shown that the deviation from experiment
can be explained by a rather small (~10 meV) modification
of the ab initio H+H™ potential. The resonances that decay
primarily by dissociation into H+H™ are particularly sensi-
tive to changes in the H+H™ potential. The lifetimes of the
resonances that decay primarily by autodetachment are much
less sensitive to details of the H,™ potential-energy function.

Furthermore we have calculated the energies and the life-
times of the T, states. It is predicted that these resonances
have lifetimes up to 0.1 s.

An issue that deserves further attention is the mechanism
of the creation of these metastable species under various con-
ditions. The creation of the metastable states in binary e~
+H, or H+H~ collisions is difficult, although cross sections
at resonance exceed 200 A2, Since the widths are of the or-
der of 107107 eV, the production rates with any realistic
experimental energy resolution would be very small. This
might explain the mixed success of the experimental efforts
to detect these species 49=494. Recent experiments [1,37]
have shown that it is possible to create metastable H,™ spe-
cies in ion collisions with hydrogen-rich surfaces. We expect
that the creation of these species may be feasible in collisions
involving molecular targets, like H +H,. It would also be
interesting to investigate the destruction mechanism of the
anions in collisions with H and H,. A better understanding of
these processes is important for the optimisation of plasma
conditions for the efficient generation of H™, D, or T~ an-
ioms.
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