Change of variables in diferential equations

Run TMF064.Package.m first!

ChangeOfVariables[{D[x[t], t, t] +w®x[t] == 0},
{t->T+B, x[t] > aX[T]},
{t}, {x},
{T}, {X},
showAll = 1

]
The highest order of derivative is 2
Jacobian (matrix A) is (1) and its inverse is (1)
Derivative of x with respect to {t}:
aX [T]
Derivative of x with respect to {t, t}:

aX”[T]

{a (W®X[T] +X7[T]) = @}

= Example of ordinary differential equation invariant under rotation

ChangeOfVariables[{ (x-y[x]) D[y[x], X] == (x+Yy[x])},
{Xx > uCos[¢] +V[u] Sin[¢], y[X] -» -uSin[¢] +Vv[u] Cos[¢d]},
{x}, {y},
{u}, {v},
showAll = 1

1

The highest order of derivative is 1

Jacobian (matrix A) is ( Cos[¢] +Sin[¢] v/[u] ) and its inverse is ( m)

Derivative of y with respect to {x}:
-Sin[¢] + Cos[¢] V' [u]
Cos[p] +Sin[d] v/ [u]

{u+v[uJ —uVv/ [u] +v[u] v/ [u]
Cos[¢] +Sin[¢] v/ [u]

e}

ChangeOfVariables[{ (x-y[x]) D[y[X], X] == (Xx+Y[X])},
{x->r[¢] Cos[¢], y[x] » r[¢] Sin[é]},
{x}, {y},
{¢}, {r},
showAll = 1
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The highest order of derivative is 1

Jacobian (matrix A) is (-r[¢] Sin[¢] +Cos[¢] r'[¢] ) and its inverse is ( . Sin[¢]1+Cos[<z>] - )

Derivative of y with respect to {x}:
Cos[¢] ri¢] +Sin[¢] r'[¢]
-r[¢] Sin[¢] + Cos[¢] r'[¢]

ri¢] (ri¢] -r'[o])
{F‘[GJ] Sin[¢] - Cos[¢] r'[¢]

0}

Example of ordinary differential equation invariant under Galilean transformation

(» in general D[y[x],X,x]==f[x, X D[Y[X],x]-y[X]] *)
ChangeOfVariables[{D[y[Xx], X, X] == f[Xx, xD[y[x], x] -y[x11},
{X > X, y[X] » Y[X] +€X},
{x}, {y},
{X}, {Y},
showAll = 1

1

The highest order of derivative is 2
Jacobian (matrix A) is (1) and its inverse is (1)
Derivative of y with respect to {x}:

€ +Y [X]

Derivative of y with respect to {x, x}:

Heat equation

ChangeOfVariables[{D[u[Xx, t], X, Xx] ==D[u[x, t], t1},
{(X>X-2Te, t> T, u[x, t] > U[X, T] Exp[Xe-Te"2]},
{x, t}, {u},

{X, T}, {U},
showAll = 1
]
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The highest order of derivative is 2

1 o

1 0)
-2¢ 1

) and its inverse is (26 1

Jacobian (matrix A) is (

Derivative of u with respect to {x}:
e X T (eU[x, T] + UL X, T])
Derivative of u with respect to {t}:
e XTI (2U[X, T] +U@Y X, T] +2eUD? X, T])
Derivative of u with respect to {t, x}:
e XTI (SU[X, T +eU@Y X, T] +3*UD X, T] +UBY (X, T] +2e U [X, T])
Derivative of u with respect to {t, t}:
e€ (X-Te)
(e*U[X, T} +2€2U®V X, T]+U®P X, T] +43 U0 (X, T] +4e UV (X, T] +42029 (X, T])
Derivative of u with respect to {x, x}:
e X T (e2u[X, T] +2e U™ X, T] + U (X, T])
Derivative of u with respect to {x, t}:

e XTI (SU[X, T +e U@V X, T] +32UBD X, T] +UBY X, T] +2e U [X, T])

{ee (X-Te) <U<e,1) (X, T] _y2.9 [X, T}) — 9}

= 3-dimensional Schrédinger equation

SchEq = Expand [ChangeOfVariables |
{‘1/2 (D[¥[x, Yy, z], X, X] +D[¥[x, Yy, z], ¥, Y] +D[¥[x, y, z], z, z]) +
VISqrt[x~2+y~2+272]] ¥[X, Yy, 2] - Energy ¥[x, y, z] = 0},
{x->rSin[©] Cos[¢], Yy » rSin[e] Sin[¢#], z » rCos[6],
¥ix, y, z] » x[r, 6, ¢] /r},
{xX, ¥, 2}, {¥},
{r, 6, ¢}, {x},

showAll = @
Csc[6]2 x (%2 [, o,
{ZEner‘gyr*X[r, O, @]—ZF‘V[MPZ}X“\, e, ¢] + sc[B]“x [r (o] .
r
Cot[o] x*2® [r, O, @20 1Py By
ot[O] x [r ¢] X [r ¢] L rx®99 (1, 0, ¢] = 0]

r r

Simplify[SchEq, Assumptions - r > 0]

{212 (Energy -V[r]) x[r, 6, ¢] +Csc[6]*x(®®?) [r, 0, ¢] +
Cot[6] x®L9 [r, 6, ¢] +Xx (@29 [r, 6, ¢] +r2x 229 [r, 6, ¢] = 0}
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= Black-Scholes PDE (from Wikipedia - Change of variables (PDE)) transforms to the heat
equation

D[V[S, t], t] +S~2D[V[S, t], S, S] /2+SD[V[S, t], S] -V[S, t] =

1
VS, t] +V@®D (S £] +SVL® (S, t] + —S2V(29 (5, t] == 0
2

ChangeOfVariables |
{prvis, t], t] +S~2D[V[S, t]1, S, S] /2+SD[V[S, t], S] - V[S, t] =@},
{s-Exp[x], t>T-21t, V[S, t] » Exp[-x/2-9t /4] u[x, ]},
{S, t}, {V},

{x, t}, {u},
showAll = 0

]

(3% (WO 1x, 1 -u [, 7)) ~ o)

= Hamiltonian of two particles in 1D expressed in the center-of-mass system

ChangeOfVariables|
{-Dl¥iXx1, X2], X1, X1] / (2 +m1) - D[¥[X1, X2], X2, X2] / (2 +m2) == @},
{X1—>XT+m2*XR/ (m1 +m2), X2 - XT-ml+XR / (m1+m2), ¥[X1, X2] > [XT, XR]},

{X1, X2}, {¥},
{XT, XR}, {2},
showAll = 0

]

{((m2+m2)? @2 [xT, XR] +mLm22>® [XT, XR] ) / (mLm2 (m1+m2)) = o}



