Point symmetries of 3D Kepler problem

Run TMF064.Package.m first!

Clear["Global %"]

= Variables and differential equations in the form R(x,u,du,...) =0

(* Independent variables x)
IndepVar = {t};

(» Dependent variables =x)

DepVar = {x, Yy, z};

(» PDE x)

VIX_, Y ,z_] =v[Sqrt[x*2+y~2+2z~2]]; (*» general spherical potentialx)
(* V[x_,y_,z_]=Z/Sqrt[x"2+y"2+z"2];(* Coulomb potential x) =)
(» VIX_,y_,2z_]1=Z/(x"2+y"2+2"2); (» Z/r"2 potential %) =)

PDEs = {mD[x[t], t, t] +D[V[x[t], y[t], z[t]], x[t]],

mD[y[t], t, t] +D[V[x[t], y[t], z[t]], y[t]],

mD[z[t], t, t] +D[V[x[t], y[t], z[t]], z[t]]}

x[t] v/ [/X[t]2+y[t]2 v 2[t]2 | J—

JX[E12+y (]2 + 2[t]2

{

2[t] v [\ x[t]12+y[t12 + 2[4]2 | +mz’[t]}

X[E12+y[t]? + 2[t]2

t] v t]12+y[t]2+2z[t]?
yIt] v [\ x[t12+y[t]12 + 2[t] .

X[E12+y[t]2 + 2[t]2

Expression to substitute for in the infinitesimal criterion of invariance

subs = {D[x[t], t, t], D[y[t], t, t], D[z[t], t, t]1};
sol = Solve [PDEs == @, subs]

X[t] v’[\/x[t}2+y[t]2+z[t]2 ]

m\/x[t]2+y[t]2+z[t]2

)

(x1t] > -

z[t] v'[\/x[t12+y[t]2+z[t12 ]
> - 1

m\/x[t]2+y[t]2+z[t]2

t] v/ t]2 t]2 t]2
R v [\x[t12+y[t12 + 2[t] | Loie

m\/x[t]2+y[t}2+z[t]2

y’[t]

= Finding point symmetries by using a more and more specific ansatz

General ansatz
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(* Infinitesimals for all variables =*)
[t] = =[t, x[t], y[t], z[t]];
nix] = a[t, x[t], y[t], z[t]];
nlyl = B[t, x[t], y[t], z[t]];
nlz] = ¥[t, x[t], y[t], z[t]];
(» Next expression should return zeroes
if infinitesimals give a point symmetry of PDEs x)
zero = CheckPointSymmetryOfDE [PDEs, subs, IndepVar, DepVar, &, n]

X[0] = x[t]
x[1] = x'[t]
x[2] = X" [t]
yle] = yl[t]
y[1] = y'[t]
yl[2] = y"[t]
z[0] = z[t]
z[1] = z'[t]
z[2] = z"[t]
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{y[eJ v[\[x[e12+ye12+2[0]% | a @210 (¢, x[0], y(o], z[eu)/

(\/x[0]2+y[0}2+z[6]2 J *

x[1] y[@] v’Nx[012+y[0]2+z[012 | =®-2-1.9 [t, x[0], y[0], z[en)/

(\/x[e]2+y[e12+z[e]2 J *

2x[0] y[1] v'Nx[e]2+y[e]2+z[0]2 | =@0%0 1t, x[0], y[0], z[en)/

Jx[e]%ym%z[e]z ) +2my[1] z[1] a®®bY [t, x[0], y[@], 2[0]] -

2mx[1] y[1] z[1] =@&LD [t, x[0],
my[1]%a®®29 [t, x[0], y[0], z[0]
mx[1] y[1]?&(®®2%9 [t, x[0], y[@], z[0]] -

x[@] v'[\/x[0]2+y[0]% + 2[0]% | a®L20 [, x[0], y[0], z[en)/

yle], z[e]] +
]

(\/x[0]2+y[0}2+z[9]2 ) "

3x[0] x[1] v'[\/x[@]2 + y[0]2+ 2[0]2 | =(®10:0) [t, x[0], y[0], z[en)/

Jx[e]%y[ewz[e]z ) +2mx[1] z[1] a‘®%%D [t, x[0], y[@], 2[O]] -

&LeY [, x[@], y[@], z[0]] +
,1,1,0) [t, x[@O], y[O], z[O]] -

2mx[1]%z[1]

[

N
E
X
=
<
=
Q
~ ° =

2mx[1] z[1] =®®%D [t, x[0], y[@], z[@]] +2my[1] @19 [t, x[0], y[@], z[0]] -
2mx[1] y[1] =®%59 [t, x[0], y[0], z[0]] +

2mx[1] a®189 1t x[0], y[0@], z[0]] -2mx[1]%2=211.9.9 [t x[0], y[0], z[0]] +
ma(»89 [t, x[@], y[0], z[@]] -mx[1] 299 [t, x[@], y[0], z[0]],

(y[eJ 2[0] v[t, x[@], y[8], z(0]] v'[\/x[@]2 +y (]2 + z[8]> ])/

(x[0]2+y[0}2+z[0]2)3/2) +

[y[e} 2(0] ¥[t, x[8], y[@], z[0] ] v’ [/x[0]2 +y[0]2 + 2[8]? ])/

1
(x[@1?+y[e]*+z[0]?) + x[@] y[@] alt, x[8], y[@], z[0]]
(x[@]12+y[0]%+2[0]2)%?

—v’[\/x[0]2+y[0]2+z[0]2 ] +\/x[0]2+y[0]2+z[9]2 v”[\/x[e12+y[e]2+z[e12 ]) +

1

Blt, x[@], y[0], z[0]]
(x[@12+y[e]2+2[0]%)%"2

(x[@1%+2z[0]?) v’[\/x[0}2+y[0]2+z[0]2 |+

y[e]12+/x[e]% +y[0]?+2[@]2 v [/x[@]12+y[8]%+2[0]> ]] -
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(z[eJ v[yx[e12+y[e]2+2[0]2 | 3@20 [t, x[0], y[0], z[en)/

(\/x[0]2+y[912+z[@]2 J &

[ym 2[0] v'[\/x[0]2 +y[0]% + 2[0]2 | =001 [t, x[0], y[0], z[en)/

(\/x[0]2+y[0}2+z[0]2 J 4

[Zy[m 2[1] v/ [[x[@]2 + y[8]% + 2[0]? | £(®001 [t, x[0], y[0], z[en)/

(Jx[e]%y[ewz[e]z +mz([1]23(®992 [t, x[@], y[@], z[08]] -
my(1] z[1]*>=®%82) [t, x[@], y[@], z[@]] -

yie] v [\/x[e12+y[e]2+z[@]2 | 5@®19) [t, x[e], y[0], z[en)/

(\/x[@]2+y[0}2+z[@]2 ] "

[sy[e} y[1] v [\/x[012 +y[@]2 + z[0]2 | =®%19) [t, x[e], y[0], z[eﬂ)/

Jx[01% cy[e]?+ z[0]?2 ) L2my[1] z[1] B%LY [t, x[0], y[8], z[0]] -

2my[1]%2z[1] @911 [t, x[@], y[@], z[@]] +my[1]%3(®®2%% [t, x[0], y[0], z[0]] -
my[1]®&©®29 [t, x[0], y[@], z[0]] -

(0,1,0,0) 1t x[0], y[0], 2[0]] )/

X
(O]
<
=
<
X
(]
N
+
<
(O]
N
+
N
(O]
N
(1]

Jx[e]%y[ewz[e]z ) +2mx[1] z[1] ‘%191 [t, x[@], y[@], 2[O]] -

1] z[1] =@%8Y 1t, x[0], y[0], z[0]] +
1] g@®LL9 1t, x[0], y[0], z[0]] -
1125119 1, x[0], y[@], z[0]] +
0209 1t, x[0], y[0], z[0]] -mx[1]?y[1] 2(®»®9 [t, x[0], y[0], z[0]] +

2y[0] v’NX[@]2+y[012+z[0]2 | =®-0.0.0) [t, x[0], y[@], Z[@]])/

+2mz[1] B%2N [t, x[@], y[@], z[0]] -

2my[1] z[1] =*%%1 [t, x[@], y[@], z[@]] +2my[1] 31-®1® [t, x[0], y[@], z[0]] -
2my[1)22®9L9 [t, x[0], y[0], z[0]] +2mx[1] 31199 [t, x[0], y[@], z[0]] -
2mx[1] y[1] &®199 ¢, x[@], y[@], z[0]] +

mp 2989 1t, x[0], y[0], z[@0]] -my[1] =>%%% [t, x[@], y[@], z[0]],

(z[e]mt, x[@], y[e], z[8]] v [/x[012 +y[0]? + z[0]2 })/

(x[0]2+y[0}2+z[9]2)3/2) +

\/x[0]2+y[0]2+z[0]2 &

[Ht, x[@], y[0], z[@]] v'[/x[0]% +y[@]2+z[0)2 }]/
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(Jx[e]%ym%z[e]z +mz[1]2y (@982 [t, x[0], y[@], 2[0]] -
mz[(1]3®=9%2 [t, x[0], y[0], z[0]] -

y[e] v/ [[x[e1% +y[0]2 + 2[0]? | v(®L9 [t, x[0], y[O], z[en)/

(\/X[O]2+y[0}2+z[0]2 ] "

[Zym z10] v/ [\/x[@12 +y (@12 +2[0]2 | =219 [t, x[0], y[0], z[en)/

(\/X[O]2+y[0}2+z[e]2 ] +

2mx[1] z[1]2=2®L%8D [t x[0], y[0], z[0]] +

2mx[1] y[1] y®529 [t, x[@], y[0], z[@]] -

2mx[1] y[1] z[1] &@®LL9 [t, x[@], y[@], z[8]] +

mx[1]2y(®2%9 [t, x[0], y[@], z[®]] -mx[1]%z[1] =(®2%® [t, x[0], y[@], z[0]] +
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(\/X[9]2+Y[0]2+Z[9]2 +2mz[1] y %21 [t, x[0], y[@], z[@]] -

2S00 g, %[0,
[1] &
(1,1,0

2mz|

1 y[@], z[@]] +2my[1]
2my|[1

1

,0,

z (1,8,1,0) 1t, x[0], y[@], z[0] ] +
Y °1t, x[0], y[0], z[0]] -2mx[1] z[1]
°1t, x[(0], y[@], z[@]] -mz[1] 2(%®%9 [¢t,

]
]
2mx[1]
my (2:0:9;

variables = Flatten[Table[Table[var([j], {j, 1, 2}], {var, DepVar}]]
Column [GetConditionsForPointSymmetries[zero, variables]] /.
{\/x[e]2 +y[0]12+2[0]% > r,
(x[01% +y[0]12 +2[0]2)*? 5 r3, x[0]% +y[0]2 + 2[0]% » r 2}

v 1:8:1.8) 1+ x[0], y[0], z[0]] -

{x[1], x[2], y[1], y[2], z[1], z[2]}

mr3 (@002 [t, x[0], y[@], z[0]]

mr33(0:0.8.2) [, x[@], y[0], z[0]]

-mr3g(0:6.8.2) (£, x[0], y[0], z[0]]

2mr3 o(9:9,1,1) (t, x[@], y[O], z[0O]]

-2mr3=(©6,1,1) [t, x[@], y[0O], z[0] ]

mr3 o(9:9,2,0) [t, x[@], y[O], z[0]]

mr3y(@..2,0) 1t x[e], y[@], z[0]]

-mr3 (06,20 [+, x[0], y[0], z[0]]

2mr3 @101 [, x[0], y[0], z[0]]

-2mr3=z©101) 1t x[0], y[0], z[0]]

2mr3y (@130 t, x[8], y[@], z[0]]

-2mpr32@LL0 1t x[0], y[@], z[0]]

mr3 3(e:2.6.0) [t, x[0], y[0], z[0]]

mr3y(@.2,0,0) [t x[e], y[@], z[0]]

-mr3=(© 2’6’0)[ > X[@], y[@], z[@]]

2r? (x[@] v/ [r] B(®281 [t, x[0], y[@], z[@]] +mraL®%1) [t, x[0], y[0], z[0]])
2r2 (y[o] v [r] 2(®%01) [t, x[0], y[@], z[0]] +mr 31021 [t, x[0], y[@], z[0]])
mr3 (y(®:0.8.2) [t, x[8], y[@], z[@]] -2=1281) [t, x[@], y[e], z[@]])

2mr3 (@010 t, x[0], y[@], z[0]] -&(1.%:%1) [t, x[0], y[0], z[@]])

2mr? (@100 [t, x[0], y[@], z[0]] -£1%81) [t, x[0], y[0], z[0]])

2r2 (x[0] v/ [r] 2(®8L0) [t, x[0], y[@], z[0]] +mra™®L0) [t, x[0], y[@], z[0]])
2r2 (z[@] v/ [r] B(®019 [t, x[0], y[@], 2[@]] +mry(L®LO [t, x[0], y[0], z[0]])
mr3 (3(e:0.2,0)[t, x[08], y[@], z[0]] - 251210 [t, x[0], y[0], z[0]])

2mr? (y@0L0 t, x[0], y[@], z[0]] -&(1.%:10 [t, x[0], y[0], z[0]])

2mr? (a®1.20 [t, x[0], y[@], z[0]] -=(1.%10 [t, x[0], y[@], z[0]])

2r2 (y[o] v'[r] 2(®1.0.0 [t, x[0], y[@], z[0]] +mr 31120 [t, x[0], y[@], z[0]])
2r2 (z[@] v/ [r] B(®1.8.9 [t , x[0], y[@], 2[0]] +mry(L120 [t, x[0], y[0], z[0]])
mr3 (a(®:2.0.9) [t, x[0], y[@], 2[0]] - 2&(1.1.%.0 [t, x[0], y[0], z[0]])

2mr? (y@L01 [t, x[0], y[@], z[0]] -&(1.1.%9 [t, x[0], y[0], z[@]])

2mr? (@120 [t, x[0], y[@], z[0]] -=(1.1.88 [t, x[0], y[0], z[0]])



z[0]%alt, x[@], y[@], z[@]] v'[r] -x[@] y[O] B[t, x[@], y[O], z[@]] V'[r] -
x[0] z[@] ¥[t, x[O], y[@], z[@]] v'[r] +rx[8]%a[t, x[@], y[@], z[@]] V'[r] +

y[@]?alt, x[08], y[@], z[@]] v'[r] +
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(0.1.,0) [t, x[0], y[@], 2[0]] +

(2,0,0,0) [t, x[@], y[0], 2[@]])

(1.0.0.971t, x[0], y[@], z[@]] +
(1.0.8.9 [t, x[0], y[@], z[@]] +
(1800 1t, x[0], y[@], z[@]] +mrx[0]2y %220 [t, x[0], y[0], z[0]] +

(0..1.9) [t, x[0], y[@], z[@]] +Xx[0] V' [r]

(0,0,0,1) [, x[@], y[@], z[0]] +

flal}
—

2mpyL900 [t, x[0], y[0], z[0]] -mr

mry[@]%y(>%%9 [t, x[0], y[0], z[@]] +mrz[0]*y %% [t, x[0], y[0], z[O]]
y[e] v'[r]

2y[@]%z[@] v'[r]
r? (3z[e] v'[r]

2x[0]%z[0] V' [r]
2z[0]13Vv [r]
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= [
y[o] v [r] (0,0,1,0) rt,
,0) [t, X[@} ,

Second ansatz

E[t] = 6x[t] x[t] +o6y[t] y[t] +6z[t] z[t] +60[t];

nix] =ay[t, x[t]]y[t] +az[t, x[t]] z[t] +a@[t, xX[t]];

nlyl = Bx[t, y[t]l] x[t] +Bz[t, y[t]] z[t] +BO[t, y[t]];

nlz] = yx[t, z[t]] x[t] +yy[t, z[t]] y[t] +vO[t, z[t]];

zero = CheckPointSymmetryOfDE [PDEs, subs, IndepVar, DepVar, &, n]

X[0] = x[t]
X[1] = x'[t]
x[2] = x”[t]
yle] = y[t]
y[1l] = y'[t]
yl[2] = y’[t]
z[@] = z[t]
z[1] = z'[t]
z[2] = Z'[t]

Vi

0}2+
\/x[0]2+y[0}2+z[@]2 ) "

y[ej2+z[e]? ]) :

(- [(y[e] ay[t, x[0]] v'[[x[0]2 +y[@]2 + z[0]> ]]/
12+2[0]? |

)/

(2[0] az[t, x[0] ] v'[\/x[0}2+y[e

1

\Jx[@]%+y[@]?+z[0]2

2x[0] v’[\/x[0]2+y[0]2+z[9]2 ] (x[1] 6x[t] +y[1] Sy[t] +z[1] 6z[t] +
1

60" [t] +x[0] &X' [t] +y[0] oy’ [t] +zZ[0] 62’[‘t}> +
(x[@12+y[0]%+2([0]2)%?

x[@] y[@] (Be[t, y[@]] +x[@] Bx[t, y[@]] +z[8] Bz[t, y[@]])
—v’[\/x[0]2+y[0}2+z[0]2 ] +\/x[e]2+y[0]2+z[e12 v“[\/x[e12+y[e]2+z[ej2 ]) &

1

(x[e]2+y[e}2+z[e]2)3“X[ e

(vert, z[e]] +x[@8] ¥x[t, z[8]] +y[@] ¥y [t, z[@]])
—v’[\/x[0]2+y[0}2+z[0]2 ] +\/x[0]2+y[0]2+z[0}2 v”[\/x[e}2+y[e]2+z[e}2 ]) +

1

(o@[t, x[@]] +y[@] ay[t, x[8]] +2z[@] az[t, x[@]])
(x[@12+y[0]%+2[0]2)%?

((y[@]2+z[0]2) v’[\/x[0}2+y[0]2+z[0]2 |+
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X[O]Z\/x[@]2+y[e}2+z[0]2 v”[\/x[0]2+y[0}2+z[0]2 ]) +

\/x[0]2+y[012+z[@]2 ) &

X[0] 6x[t] v’[\/x[0]2+y[0]2+z[0]2 })/
(y[e] syrt] v [\[x[01% +y[@1% + z[@]? })/

(2[0] 5z[t] v’[\/x[0}2+y[0]2+z[0]2 })/
2mx[1] 6x' [t] -2my[1] oy’ ' [t] -2mz[1] 6z'[t] -
moo” [t] —-mx[0] &x”[t] -my[@] Sy” [t] -mz[0Q] 62”[t}) -

X[1]

\/x[e]2+y[012+z[e]2 ) *

Vxie1?ry(e)® +ze)? | -

\/x[0]2+y[0]2+z[0}2 ] +

X[0] V’ \/x[0]2+y[0]2+z[0]2 | @@ [t, x[e}]]/

x[1] ay®Y [t, x[@]] +ay®? [t, x[@]]) +
x[1] az®@b [t, x[0]] + azT® [t, x[0] ]) +
(1

\/x[0}2+y[0]2+z[0}2 ]) +

(—( x[0] v'[\/x[012 +y[012 + z[0]2 | ay @V [t, x[eﬂ]/

m(x[1]%ay®? [t, x[0]] +2x[1] ay >V [t, x[0]] +ay®? [t, x[0] 1)] +2[0]

\/x[012+y[0]2+z[0]2 ]) &

X[0] v'[\/x[e]2+y[e12+z[a]2 | az®t [, x[O}]J/

m(x[1]20az®? [t, x[0]] +2x[1] az®Y [t, x[@]] +az®? [t, x[0O] })J,

/

[z[e} pz[t, y[0]] v/ [\/x[012 +y[0]2 + z[0]?2 })/

1

~ [ [xre1 pxrt, yre11 v/ [\/x[e12+ y[e12+z(e]? |

Jx[e12+y[e12+ z[e]?2 ]j -

\/x[0]2+y[0}2+z[@]2 ) "

\Jx[0]% +y[0]?+2[0]2

2y[0] v’[\/x[0]2+y[0]2+z[0]2 | (x[1] 6x[t] +y[1] Sy[t] +z[1] 6z[t] +
1
50’ [t] +x[8] 6X [t] +y[@] &y [t] +z[@] 62/ [t]) +
(x[@]2+y[0]%+2[0]2)%?

x[@] y[@] (a@[t, x[@]] +y[@] ay[t, x[@]] +Z[8] az[t, x[0]])
—v’[\/x[0]2+y[0]2+z[0]2 ] +\/x[0]2+y[0]2+z[0]2 v“[\/x[a}2+y[e]2+z[e}2 ]) +

- - L ylerzie
(x[@12+y[@]2+2[08]2)

(vert, z[@]] +x[@] ¥x[t, z[@]] +y[@] vy[t, z[@]])
—v’[\/x[0]2+y[0]2+z[0]2 ] +\/x[0]2+y[0]2+z[0]2 v”[\/x[e12+y[e]2+z[e12 ]) +

1

(Bo[t, y[@]] +x[@] Bx[t, y[@]] +2[0@] Bz[t, y[@]])

(x[0]2+y[0]%+2[0]2)%?

(x[@1%+2z[0]?) v’[\/x[0}2+y[0]2+z[0]2 |+

y[e]12+/x[@]% +y[0]2+2[@]2 v [/x[@]12+y[8]%+2[0]> ]] .
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v’[\/x[0]2+y[0]2+z[0]2 })/ \/x[0]2+y[0}2+z[0]2 ) +
(y[e] 6y[t1v’Nx[elhy[e]%z[eJZ})/ Jx[012+y[012+z[e]2)+

(2[0] 5z[t] v’[\/x[0}2+y[0]2+z[012 })/ \/x[0]2+y[0}2+z[0]2 ) -
2mx[1] ox'[t] -2my[1] oy [t] -2mz[1l] &6z [t] -
m&e” [t] -mx[0] X/ [t] —my[0] &y”[t] -mz[0] 62”[t}) -

( v[\/x +z[0]2}56<°:1>[t,y[0}]]/ \/x[0}2+y[0]2+z[0}2]+
2mx[1] (y[1] gx@ [t, y[@]] + px? [t, y[@]]) +
2mz[1] (y[21] Bz [ y[OH+BZ‘1’e>[t,y[0H)+

[ ]/30<“ [t, y[@]] +

1] (yI1] Be“ [t, y[@]] +pe™®Y [t, y[0]]) +
O [t, y[e ]1+x[e]

( (y 2+y[0]%2+z[0]% ] Bx (@) [t,y[m]]/

m(y[1]?px®2 [t, y[e]] +2y[1] pxPY [t, y[@]] + Bx % [t,y[e]1>]+z[e]
(

\/x[0}2+y[0]2+z[0]2 ]) +

y[e 2 yle)? +z[012}5z<0’1>[t,y[61])/

\/x[0}2+y[0]2+z[0}2 ]) &

y[1]22®2) [t, y[@]] +2y[1] Bz™Y [t, y[0]] + Bz>? [t,y[em],

x[0] vx[t, z[@]] v’ [+/x[@]2 + y (@] + 2[0]2 ]]/

Jx10]12+y[01% + z[0]?2 ]) .

[y[e} w[t,z[env'Nx[e}2+y[e]2+z[0J2})/Wx[e]%y[ewz[e]z)+
1

\Jx[@]%+y[0]?+z[0]2

22(0] v’[\/x[0]2+y[0]2+z[0]2 ] (x[1] 6x[t] +y[1] Sy[t] +z[1] 6z[t] +
1

(x[@12+y[@]2+2[0]?)
x[0] z[@] (a@[t, x[@]] +y[@] ay[t, x[@]] +Z[8] az[t, x[0]])

]

—v’[\/x[0]2+y[0]2+z[0]2]+\/x[0]2+y[0]2+z[0]2 v“[\/x[e}2+y[e]2+z[e}2])+

1

y[e
(x[@]2+y[0]%+2[0]2)%?
(Be[t,y[eﬂ+x[ ] Bx[t, y[@]] +z[0] Bz[t, y[OH)

—v’[\/x[ 0]12+y[0 \/x 12 +2[0]2 v”[\/x[e}2+y[e]2+z[e}2])+

1
(x[@]2+y[0]%+2[0]2)%?

60" [t] +x[0] &X' [t] +y[0] oy’ [t] +z[0] 62’[‘t}> +

3/2

z[0]

(vert, z[e]] +x[8] yx[t, z[@]] +y[@] yy[t, z[@]])

(x[@1%+y[0]?) v’[\/x[0}2+y[0]2+z[0]2 |+

2[0]2\/x[6]2+y[0}2+z[@]2 v”[\/x[0]2+y[0}2+z[0]2 ]] &

(x[e] 5x[t] v’[\/x[0]2+y[0]2+z[0]2 })/

z[1]

x/x[0]2+y[0}2+z[0]2 ) +
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[y[e] sy[t] v [+/x[0]2+y[0]% + z[0]?2 })/

(2[0] 5z[t] v’[\/x[012+y[e]2+z[012 })/ \/x[0]2+y[912+2[0]2 ) -

2mx[1] ox'[t] -2my[1] oy [t] -2mz[1l] &6Z'[t] -

\/x[0]2+y[6}2+z[0]2 ) &

M0 [t] —mx[0] 6x’[t] —my[0] 6y’ [t] -mz[0] 62”[t}) -

{zm v[\[x[01%+y[0]?+ 2[0]% | vo® [t, z[eﬂ]/

\/x[0}2+y[0]2+z[0}2 ] +

variables = Flatten[Table[Table[var([j], {j, 1, 2}], {var, DepVar}]]
Column [GetConditionsForPointSymmetries [zero, variables]] /.
{\/x[e]2 +y[0]12+2[0]% > r,
(x[@1% +y[0]2 +2[0]2)* 5 r3, x[0]2 +y[0]2 + 2[0]% » r 2}

{x[1], x[2], y[1], y[2], z[1], z[2]}

-2mr3 (6y'[t] -ay @b [t, x[0]])
-2mr3 (62/[t] -az@®b [t, x[0]])
-2mr3 (6x [t] - px(@M [t, y[0]])
-2mr3 (62 [t] - Bz®V [t, y[@]])
-2mr3 (6x [t] - yx@b [t, z[0]])
-2mr® (8y'[t] - yy®b [t, z[0]])
m r3 (—Zéx’[t} +00%2) [t, x[0]] +y[0] ay (@2 [t, x[0]] +2z[0] az(®:?) [t, x[@]])
mr3 (-26y [t] + 02 [t, y[0]] +x[0] Bx(®2) [t, y[@]] +z[0] Bz(®2) [t, y[@]])
mr3 (-262'[t] +¥0®2 [t, z[0]] + x[0] ¥x(®2) [t, z[0]] +y[0] yy(®? [t, z[@]])
2r2 (x[@] Sy [t] v/ [r] +mray®® [t, x[0]])
2r2 (x[0] 6z[t] v'[r] +mraz®® [t, x[0]])
2r2 (y[e] &x[t] v [r] +mrBx™L9 [t, y[0]])
2r2 (y[@] 6z[t] v'[r] +mrBz®0 [t, y[0]])
2r2 (z[@] &x[t] v/ [r] +mryx™LO [t, z[0]])
2r2 (z[@] &y [t] v/ [r] +mryy®® [t, z[0]])
r? (3x[0] OX[t] v [r] +y[0] oy[t] v [r] +2[0@] 6z[t] V' [r] -

mr &0 [t] -mrx[@] 6X”[t] -mry[@] &y”[t] -mrz[0] 627 [t] +

1
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r? (x[@] 6x[t] v'[r] +3y[@] 6y[t] v'[r] +z[0] 62[t] V'[r] -

mro@” [t] —-mrx[0] OX”’[t] -mry[0O] Oy”[t] -mrz[O] &6z [t] +

2mrge®Y [t, y[@]] +2mrx[0] fx®Y [t, y[@]] +2mrz[0] fzLV [t, y[@]])
r2 (x[@] OX[t] v [r] +y[@] oy [t] v [r] +32[0] 6z[t] v [r] -

mro0” [t] —-mrx[0] OX”’[t] -mry[0O] Oy”[t] -mrz[O] 6z [t] +

2mry@ ™Y [t, z[@]] +2mrx[@] yx L [t, z[@]] +2mry[0] yy ™Y [t, z[0]])
y[@]?o@[t, x[@]] v'[r] +2z[@]%0@[t, x[@]] V' [r] -x[@]%y[@] ay[t, x[@]] V'[Fr] -

x[@]%z[@] az[t, x[8]] v'[r] -x[@] y[@] B@[t, y[@]] v/ [r] -x[@]%y[@] BX[t, y[@]] V/[r] -
x[@] y[@] z[@] Bz[t, y[@]] Vv [r] -x[@] z[@] ¥O[t, z[0]] V'[r] -

x[@]2z[0] ¥ [t,Z[ 11 v [r] -x[@] y[@] z[@] yy[t, z[@]] v/ [r] +2x[B]3V/[r] 60" [t] +
2x[@]y[@]2Vv'[r] 60 [t] +2x[0] z[@]2 V' [r] 6@ [t] +2x[@]*V'[r] &X' [t] +
2x([@]%y[@]2Vv/[r] 6x'[t] +2x[0]22[@]2 V' [r] &X' [t] +2x[@]%y[@] V' [r] &y [t] +
2x[0] y[@]° v/ [r] 6y [t] +2x[0] y[@] z[@]?V'[r] &y [t] +2x[0]°Zz[0] V'[r] 62/ [t] +
2x[9}y[0}22[0}v[ r] 6z’ [t] +2x[0] z[0]3 Vv [r] 62/ [t] +rx[0]%a@[t, x[O]] V' [r] +
rx[@]2y[@] ay[t, x[@]] v'[r] +rx([@]%z[@] az[t, x[@]] v [r] +

rx[e] y[e] Bo[t, y[@]] v’[r] +rx[@]%y[0] Bx[t, y[@]] Vv'[r] +

rx[@] y[@] z[@] Bz[t, y[@]] v'[r] +rx[0] z[O HO[t z[@]] v”[r] +

rx[@]%z[@] yx[t, z[@]] v/[r] +rx[@] y[@] z[@] vy [t, z[@]] v'[r] -

x[0]3 Vv [r] a@®Y [t, x[0]] -x[0] y[@]2 V' [r] a@®D [t, x[0]] -

x[@] z[@]2 v/ [r] 0@®) [t, x[@]] -x[@]3y[0] V' [r] ay®V) [t, x[@]] -

x[@] y[@]3 v [r] ay@®b [t, x[@]] -x[@] y[@] z[@]>V'[r] ay ®V) [t, x[0]] -

x[0]3z[0] v [r] az®Y) [t, x[@]] -x[0] y[@]%2z[0] V' [r] az‘®D [t, x[0]] -

Xx[0] z[@]3 V' [r] oz (®:1) [t,x[@}]+mr‘x[0]2a020 [t, Xx[@]] +mry[0]2a0(%® [t, x[0]] +
mrz[0]2a0(° [t, x[0]] +mrx[0]%2y[0] ay? >[t x[ 117+mry[0]3ay [t, x[0]] +
mry[@] z[@]2ay(®® [t, x[0]] +mrx[0]%22[0] az(®>® [t, x[0]] +

mry[0]2z[0] az(®® [t, x[@]] +mrz[0]3az(®>® [t, x[0]]

-x[@] y[@] o@[t, x[@]] v'[r] -x[@] y[@]?ay[t, x[@]] V' [r] -

x[@] y[@] z[@] az[t, x[@]] v/ [r] +x[@]2pB0[t, y[@]] v/ [r] +z[@]*pO[t, y[@]] v/ [r] -
x[@] y[@]*Bx[t, y[@]] v [r] -y[@]*z[@] Bz[t, y[@]] V/[r] -

y[@e] z[@] ¥O[t, z[@]] v'[r] -x[@] y[@] z[@] ¥X[t, z[@]] V'[r] -

y[@]2z[@] yy[t, z[@]] v [r] +2x[@]%y[@] v'[r] 60 [t] +2y[@]3V'[r] 60 [t] +

2y[e] z[@]2v'[r] 60 [t] +2x[@]%y[@] V' [r] &X' [t] +2x[0@] y[@]3 V' [r] 6X [t] +
2x[@]y[@] z[@]2V/ [r] 6X'[t] +2x[0]2y[@]2V/[r] Sy [t] +

2y[0]*v/[r] oy [t] +2y[@]?z[@])2 Vv [r] Sy’ [t] +2x[@]%y[@] z[@] V' [r] 62/ [t] +
2y[0]3z[0} V' [r] 6z’ [t] +2y[0] z[@]3 Vv [r] 6z’ [t] +rXx[0O] y[@] a0 [t, x[O]] v'[r] +
rx[O}y[O}zay[t,x[e]}v (r] +rx[0]y[@] z[@] az[t, x[O]] V'[r] +

ry(e]?pe[t, y[@]]v'[r] +rx[@] y[@]2px[t, y[@]]v”[r] +

ry[@]®z[e] fz[t, y[@]] v'[r] +ry[@] z[@] ¥O[t, z[@]] V' [r] +

rx[0] y[@] z[@] yx[t, z[@]] v/ [r] +ry[@]*Z[@] yy[t, z[@]] v'[r] -

x[@]2y[@] v'[r] go(®V [t, y[@]] -y[@]3 Vv [r] p@®V [t, y[@]] -

y[@] z[@e]2 v/ [r] B0V [t, y[@]] -x[@]3y[0] v'[r] Ax®V) [t, y[@]] -

x[@] y[e]3 v [r] px@®D [t, y[@]] -x[@] y[@] z[@]>Vv'[r] BAx®V) [t, y[0]] -

x[@]%y[e] z[e] v/ [r] Bz®Y) [t, y[0]] —y[0}32[9} v [r] Bz@bY [t, y[e]] -

y[@] z[@]3 v/ [r] pz@®1 [t, y[@]] +mrx[0]% 30> [t, y[0]] +

mry[@]23e%% [t,y[e]] +mrz[0]230>% [t, y[0]] +mrx[8]3px29 [t, y[0]] +
mrx[0] y[0]2Bx®? [t, y[@]] +mrx([0] z[0]2Bx(>? [t, y[0]] +

mrx[@]2z[0] Bz>9 [t, y[@]] +mry[@]*z[0] Bz%® [t, y[0]] +mrz[0]3B3z%% [t, y[0]]
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-x[0] z[@] c@[t, x[@]] V' [r] -Xx[0] y[O] Z[@] ay[t, x[@O]] V' [r] -

x[@] z[@]?az[t, x[@]] v/ [r] -y[@] z[0] BO[t, y[B]] V/[r] -

x[@] y[@] z[@] Bx[t, y[@]] v/ [r] -y[@] z[@]2Bz[t, y[@]] V' [r] +

x[@]%2y0[t, z[B]] v/[r] +y[@]2y@[t, z[@]] V' [r] -x[0] Z[@]2 ¥x[t, Z[@]] V'[r] -
y[0] z[@]2yy[t, z[@]] V' [r] +2x[@]%2Z[@] V' [r] 60" [t] +2y[0]2z[0] v/ [r] 60" [t] +
2z[0]3Vv/ [r] 60 [t] +2x[0]32[0] V' [r] &X' [t] +2x[0] y[@]%2Z[0] V' [r] &X' [t] +
2x[0] z[@]3 Vv [r] &X' [t] +2x[0]%y[0] z[@] V' [r] &y’ [t] +

2y[@]3z[@] v'[r] &y [t] +2y[@] z[@]3V/[r] &y [t] +2x[@]%z[@]2V/[r] 62/ [t] +
2y[0]%2z[0]2Vv' [r] 6z [t] +22z[@]* V' [r] 62’ [t }+r‘x[0]z[0] o@[t, x[0]] v'[r] +
rx[@] y[e] z[@] ay[t, x[@]] v’[r] +rx[@] z[@]?az[t, x[@]] v/[r] +

ry[e] z[@] ge[t, y[@]] v’[r] +rx[0] y[@] z[0] 3 [t yl[e]]v/[r] +

ry(e] z[@]2pz[t, y[@]]v'[r] +rz[@]2y0[t, z[0]] Vv'[r] +

rx[(0] z[@]2yx[t, z[@]] v'[r] +ry[@] z[0]2Yyy[t, [ J]V [(r] -

x[@]2z[@] v'[r] y0®V [t, z[@]] -y[@]?z[@] V'[r 1 Drt, z[e]] -

z[0]3 v/ [r] y@®V [t, z[@]] -x[B]3z[0] V' [r] ¥Xx(© [t z[0]] -

x[@] y[@]?z[@] v [r] yx®Y [t, z[@]] -x[0] z[@]3 V' [r] yx(@1) [t, z[0]] -
x[@]2y[0] z[@] v/ [r] yy @b [t, z[0]] - [0132[1 “[r] vy @b [t, z[0]] -

y[@] z[@]3 v/ [r] yy @b [t, z[@]] +mrx[0]2y0(>® [t, z[0]] +
mry[0]2y0(%® [t, z[@]] +mrz[0]%2¥0(%% [t, z[0 ]]+mr‘x[0]3yx<2’e)[t,z[0}]+
mrx[0] y[@]2yx(%® [t, z[@]] +mrx[0] z[0]2yx(%® [t, z[0]] +

mrx[@]2y[0] yy®® [t, z[@]] +mry[0]°yy>? [t, z[@]] +mry[0] z[0]%yy (> [t, z[0]]

Third ansatz

ay[t, x[t]] = ay@[t] + 6y [t] x[t];
az[t, x[t]] = az@[t] + 62" [t] x[t];
Bx[t, y[t]] = Bx0[t] + 6x'[t] y[t];
Bz[t, y[t]] = BzO[t] +6Z'[t] y[t];
¥x[t, z[t]] = yx0[t] + 6x'[t] z[t];
Yy[t, z[t]] = yyo[t] + 6y’ [t] z[t];
ad[t, x[t]] =a@O[t] +a@1[t] x[t] + &X' [t] x[t] ~2;
BO[t, y[t]] =peeo[t] +pe1[t] y[t] + oy [t] y[t]"2;
YO[t, z[t]] = y@O[t] + yO1[t] z[t] +6z'[t] z[t] ~2;
E[t] = 6x[t] x[t] +6y[t] y[t] +6z[t] z[t] +60[t];

nix] =ay[t, x[t]1] y[t] +az[t, x[t]] z[t] +a@[t, xX[t]];
nlyl = Bx[t, y[t]1] x[t] + Bz[t, y[t]] z[t] +BO[t, y[t]];
nlz] = yx[t, z[t]] x[t] +yy[t, z[t]] y[t] +¥O[t, z[t]];
zero = CheckPointSymmetryOfDE [PDEs, subs, IndepVar, DepVar, &, n]
X[0] = X[t]
x[1] = X' [t]
X[2] = X’ [t]
yle] = y[t]
y[1l] = y'[t]
yl[2] = y"[t]
z[@] = z[t]
z[1] = z'[t]
z[2] = z'[t]
{- [0] a@1[t] [\/x[e}2+y[e]2+z[e}2 ])/ \/x[9]2+y[0}2+z[0]2 J) =

13
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(y ] ay@[t \/x +Z[9]2})/
(z ] azO[t \/x +z[0]2})/
3x[0] x[1] 6x[t] v'[\/x[e]2+y[a]2+z[e12 ])/

X[1] y[@] sy [t] v [\/x[@]2 +y[0]2 + z[0]2 ]]/

Jx[e12+y[e]2 +z[0]?2 ) .

\/x[0]2+y[012+z[@]2 ) &

\/x[012+y[e]2+z[a12 ] &

\/x[0}2+y[0]2+z[0}2 ) +

2x[0] y[1] 6y [t] v'Nx[e]2+y[e]2+z[e12 ]]

™~

\/x[0}2+y[0]2+z[0}2 ] +

T~

x[1] z[@] 6z [t] v’[\/x[0]2+y[0}2+z[0]2 ]]

\/x[0}2+y[@]2+z[0}2 ) +

2x[0] z[1] 5z[t]v'[\/x[e]2+y[e]2+z[e}2]J/ \/x[0}2+y[0]2+z[0}2]+
2mx[1] @1 [t] +2my[1l] ay@' [t] +2mz[1] az@ [t] +
2x[0}v'wx[e]2+y[e}2+z[e]2}5@'[t})/ \/X[O]2+y[0}2+z[0]2)+
1
(x[e)2+y[e]*+z[0]2)*?
z[@] BzO[t] +x[0] y[@] &X' [t] +y[0]> 6y [t] +y[@] z[@] 62" [t])
v [\/x 12+2[0]% | +1/x[0]2+y[0]%+2[0]? v“[\/x[e}2+y[e]2+z[e}2 ]) 5
1
(x[@]2+y[0]%+2[0]2)%?
y[@] yy@[t] +x[0] z[@] oX'[t] +y[@] z[@ ]6y'[t}+z[e]zéz'[t])

x[@] y[e] (pee[t] +y[@] BOL[t] +x[@] Bx@[t] +

x[@] z[@] (yee[t] +z[0] ¥@L[t] +x[0] yx8[t] +

—v’[\/x[ 0]12+y[0 \/x +2[0]2 v"[\/x[912+y[e]2+z[e}2])+
= (0@@[t] +x[0] c@1[t] +y[@] ay@[t] +
(X[@]2 2)3/2
z[@] az@[t] +x[0]% 56X [t] +x[0] y[@] 6y [t] +x[08] z[@] 62 [t])
((y[ v[\/x 12+2[0]% ] +
x[a]z\/x[9]2+y[0}2+z[e]2v”[\/x[0]2+y[0}2+z[0]2] +
maol0” [t] +mx[0] a@1” [t] +my[O] ay@” [t] +mz[O] az@” [t] —mXx[1] 6@ [t] +
3mx[0] x[1 ]6x [t] +mx[1]y[O] 6y” [t] +2mXx[0O] y[1] &y” [t] +
x[1] z[@] & [t]+2mx[0] z[1] 627 [t] +mx[0]%26x3) [t] +
x[0] y[@] sy® [t] +mx[0] z[0] 62 [t],

\/x +z[0]2])—
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(ymzw 52[t] v [[x[@]2 + y[0]? ]/
(2y[01 z[1] 6z [t] v'[\/x[e]2+

2my[1] BOY [t] +2mXx[1] BxO'[t] +2mz[1

] Bz
(2y[01 v'[\/x[e]2+y[a1 +2Z[ )/
1

x[0] y[0] (c@@[t] +x[0] a@1[t] +y[0] ay@[t] +

0]° +z[9}2)+

y[0]%+2[0]? ] +

2
2

12+2[0]°? ) +

(x[@]2+y[0]%+2[0]2)%?
z[@] az@[t] +x[@]% 56X [t] +x[0] y[@] 6y’ [t] +x[08] z[@] 62 [t])
v[\/x +z[0]2]+\/x[0]2+y[0]2+z[0]2 v”[\/x[e}2+y[e]2+z[a}2])+
1
(x[@]2+y[0]2+2[0]2)%?
y[0] yy0[t] +x[0] z[0] ox'[t] +y[@] z[@] oy’ [t] +Z[0]262’[t])

y[0] z[0] (y@@[t} +2[0] yO1[t] +x[0] yxO[t] +

-v[\[x[0]%+y[0]%+2[0]% | + x[e]2+y[0]2+z[0]2v"[\/x[e}2+y[e]2+z[0}2])+

1
(xre1? + [012)3" (Bee[t] +y[0] B1[t] +x[8] AxB[t] +
x[0]
z[0] 520[ ] +x[@] y[@] 6x'[t] +y[@]? Sy [t] +y[@] z[@] 62’[t])
(xre] VNX 12+2[0]2 ] +

4e

y[eJWx[e]Hy[eJHz[e]z vi[\x[e12+y[e12+z(0)? ]

0] Bx0”[t] +mz[0] Bz0” [t] —my[1] 50 [t] +

t

“[t]+2my[0] z[1] 6z7 [t] +

+my[0] z[@] 623 [t]
[0]°+yl

> o ,
x[e}2+y[e]2+z[e}2])/ J[xe2 e]2+z[e]2])—
x[0] vx0[t] v’ [\/x[0]%+ y[0]2 + 7 )/ Jxre +z[e]2)—
\/xte)2 + y(e)? )/ \xre +z[e]2)+
2x[1] z v [\/x[e] J/

X[0] z \/x ]/

y

y[0]%+2[0]2 ] +

0]° +z[9}2)+

(2y[11 \/x J/ [0]2+z[012]+
[ymzm 6y[t]v'Nx[ 0]2+y[0 ]/ o] +z[012)+
[32[0}2[11 6z[t]v’[\/x[ 012 +y[0 ] [0]2+z[0}2]+
2mz[1] y01' [t] +2mx[1] yxO' [t] +2my[1] yyOQ' [t] +
[22[0} v’[\/x[0]2+y[0} +2Z[ )/( +z[9]2J+

1

x[0] z[@] (c@O[t] +x[0] c@1[t] +y[@] ay®[t] +
(x[@]2+y[0]2+2[0]2)%?

Z[0] az@[t] + x[0]%6x [t] +x[0] y[0] 8y’ [t] +x[0] z[9] 62’[t])
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—v’[\/x[0]2+y[0]2+z[0]2 ] +\/x[0]2+y[0]2+z[0}2 v"[\/x[e}2+y[e]2+z[o}2 ]) &
1

y[@] z[@] (Bee[t] +y[@] BeL[t] +x[0] Bx@[t] +
(x[@]2+y[0]%+2[0]2)%?

z[@] BzO[t] +x[8] y[@] &X' [t] +y[@]2 Sy’ [t] +y[@] Z[@] 62’ [t])
-v/[\/x[8]2+y[0]%+2z[0]? | +\/x[0]2+y[0]2+z[0}2 v“[\/x[e}2+y[e]2+z[e}2 ]) &

1
(x[@]2+y[0]%+2[0]2)%?
y[@] vye[t] +x[0] z[8] 6x'[t] +y[@] z[@] 8y’ [t] +z[@]% 62 [t])
(x[@1%+y[0]?) v’[\/x[0}2+y[0]2+z[0]2 |+

(yee[t] +z[@] y@1[t] +x[0] ¥X8[t] +

my00” [t] +mz[0] y01” [t] +mXx[O] yx0” [t] +my[O] yy©O”[t] -mz[1] 60" [t] +
2mx[1] z[@] 6X”[t] +mx[@] z[1] &6X” [t] +

2my[1] z[@] 6y”[t] +my[@] z[1] 6y [t] +3mz[0] z[1] 6z [t] +

mx[@] z[0] 6x® [t] +my[@] z[@] 6y [t] +mz[@]? 52 [t]}

variables = Flatten[Table[Table[var[j], {j, @, 2}], {var, DepVar}]]
Column [GetConditionsForPointSymmetries[zero (x[@]% +y[@]* +z[0]?) 32 variables]] /.
{\/x[a]2 +y[0]12+2z[0]% >,
(x[@1% +y[0]2 +2[0]2)*? 5 r3, x[0]2 +y[0]2 +2[0]% » r 2}

{x[e], x[1], x[2], y[@], y[1], y[2], z[@], z[1], z[2]}
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2mray@’ [t]
2mr oz [t]
2mr 3x0’ [t]
2mr 320’ [t]
2mr yx@' [t]
2mr yyo [t]
—a@0[t] (V' [r] -rv’[r])
-Bee[t] (v [r]-rv’[r])
- (ay@[t] +px@[t]) (v [r] -rv’[r])
-y00[t] (v [r] -rv’[r])
- (az@[t] +¥x@[t]) (V' [r] -rv”[r])
- (Bz@[t] +yy@[t]) (v [r] -rv[r])
r (o@e[t] v [r] +maee” [t])
a0 [t] v [r] +mr a0 [t]
—o@1[t] V' [r] +2V/[r] 50 [t] +ra@l[t]
-BO1[t] V' [r] +2V/[r] 50 [t] +r 301[t]
-y01[t] v [r] +2Vv'[r] 80" [t] +r y01[t]
mraye” [t]
—ay@[t] v [r] -Bx0[t] v [r] +rayo[t] v’
mr aze” [t]
—az@[t] v [r] —yx0[t] vV [r] +roazO[t] v’
r (Bee[t] v’ [r] +mpBee” [t])
B0 [t] v [r] +mr 3007 [t]
—0@1[t] v [r] +2V' [r] 80 [t] +ra@l[t]
—BO1[t] V' [r] +2V/[r] 50 [t] +r B301[t]
—y@1[t] V' [r] +2V/[r] 50 [t] +ry0l1[t]
mr 3x0" [t]
—ay@[t] v [r] -Bx0[t] v [r] +ray@[t] Vv
mr (3z0” [t]
-BzO[t] v/ [r] -yy@[t] v/ [r] +rBzO[t] v’
(vee[t] v [r] +mye0” [t])
Y00 [t] V' [r] +mr 00" [t]
—o@1[t] V' [r] +2V/[r] 50 [t] +ra@l[t]
-BO1[t] V' [r] +2V/[r] 50 [t] +r 301[t]
—y@1[t] V' [Pr] +2V/[r] 50 [t] +ry0l[t]
mr yx0” [t]
—az@[t] v [r] —yx@[t] VvV [r] +razO[t] v
mryye”[t]
7620[ Tviir] —yyo[t] v [r]+r[Bz0[t] v’
r (2001 [t] - 60" [t])
r(2p01[t] - 60" [t])
r(2vye1[t] - 60" [t])
6x[ ]V r] +mr&x”[t]
2 (6x[t] v/ [r] +mrox’[t])
3 (6x[t]v/[r] +mrox’[t])
Sy[t]l v [r] +mrdy”[t]
2 (6y[t] v/ [r] +mr Sy’ [t])
3 (6y[t] v/ [r]+mrdy’[t])
Sz[t] v [r] +mrdoz”[t]
2 (6z[t] v/[r] +mr 527 [t])
3 (6z[t] v/ [r] +mr&z7[t])
r(6x [t] v/ [r] +mox3) [t])
r(8y [t] v’ [r] +moy® [t])
r(6z'[t] v’ [r] +ms&z® [t])

Fourth ansatz
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(* only for V(r) # a r*2 + b x)
ay[t, x[t]] = c[1];
az[t, x[t]] = -c[3];

Bx[t, y[t]] = -c[1];
Bz[t, y[t]] = c[2];
¥x[t, z[t]] = c[3];
yy[t, z[t]] = -c[2];

ad[t, x[t]] =a@1[t] x[t];

BO[t, y[t]] =Bo1[t] y[t];

¥O[t, z[t]] = yO1[t] z[t];

g[t] =60[t];

nix] =ay[t, x[t]]y[t] +az[t, x[t]] z[t] +a@[T, x[t]];

nlyl = Bx[t, y[t]] x[t] +Bz[t, y[t]] z[t] +BO[t, y[t]];

nlz] = yx[t, z[t]] x[t] +yy[t, z[t]]y[t] +vO[t, z[t]];

zero = CheckPointSymmetryOfDE [PDEs, subs, IndepVar, DepVar, &, n]

x[8] = x[t]
x[1] = X'[t]
x[2] = X' [t]
yl[e] = yI[t]
y[1] = y'[t]
yl2] = y”[t]
z[@] = z[t]
z[1] = Z'[t]
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{_

x[0] z[0]2y01[t] v’[\/x[012+y[0]2+z[012 })/ (x[e]2+y[012+z[e]2)3/2) +2mx[1]

001’ [t] +

2x[0] v'[\/x[e]2+y[012+z[0]2 ] 60’[1:})/

\/x[0]2+y[0}2+z[0]2 ) +

x[0] z[0]? y01[t] v”[\/x[0]2+y[0]2+z[0]2 })/ (x[@]*+y[@]*+2[0]%) +

x[0]3 a01[t]

—v’[\/x[0]2+y[0}2+z[0]2 |+

\/x[0]2+y[0]2+z[0]2 v"[\/x[e}2+y[e]2+z[e}2 ])]/

(x[@12+y[0]2+2[0]2)% 2+

x[0] y[0]2 301 [t] (—v’[\/x[0}2+y[0]2+z[9]2 |+

\/x[0]2+y[0]2+z[0]2 v"[\/x[e}2+y[e]2+z[e}2 ])]/

(x[@12+y[0]2+2[0]2)*? + mx[0] a@1” [t] -mx[1] 50" [t],

( y[0] z[0]2y01[t] v'[/x[0]2 +y[0]? + z[0]2 ])/(x[e]2+y[012+z[e]2)3“) R
2my[1] BOL [t] +

(2y[01 v'[\/x[e]2+y[a12+z[e]2 ] 60’[t1)/

|

\/x[e]2+y[912+z[@]2 J &

[0] z[0]%y@1[t] v”[\/x[0}2+y[0]2+z[0]2 })/ (x[@]%+y[@]%+z[0]%) +

<

x[0]2y[0] 0@1[t]

—v’[\/x[0]2+y[0}2+z[0]2 |+

\/x[0]2+y[0]2+z[0]2 v"[\/x[912+y[e]2+z[012 ])]/

(x[0]12+y[0]%+2[0]%)% %+ (y[0]3/301[t} —v’[\/x[0]2+y[0]2+z[0]2 | +

\/x[0]2+y[0]2+z[0]2 v"[\/x[e}2+y[e]2+z[e}2 ])]/
(x[@12+y[@]2+z[0]2)*? +my[@] SO1"[t] -my[1] 60" [t],

-( z[0]3 yo1[t] v'[\/x[e}2+y[e]2+z[e}2 })/ (x[0]2+y[0}2+z[0]2)3/2) +
2mz[1] y@1'[t] +

(22[0} v’[\/x[@]2+y[0}2+z[@]2 ] 5e'm)/ (\/x[@]2+y[0}2+z[0]2 J +

(z[@ﬁy@l[t] v”[\/x[0]2+y[0]2+z[0]2 })/ (x[@]%+y[@]%+2[08]%) +

X[0]%2[0] 0@1[t] —v’[\/x[0]2+y[012+2[0]2 |+

\/x[0]2+y[0]2+z[0]2 v"[\/x[e12+y[e]2+z[e12 ])]/

(x[0]12+y[0]%+2[0]%)% %+ (y[e]zz[e] BO1[t] (—v’[\/x[0]2+y[0]2+z[0]2 ] +

\/x[0]2+y[0]2+z[0]2 v"[\/x[912+y[e]2+z[012 ])]/

(x[0]12+y[0]%+2[0]%)* % +mz[0] ¥O1"[t] -mz[1] 50" [t] }

19
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variables = Flatten[Table[Table[var[j]l, {j, ©, 2}], {var, DepVar}]]
Column[GetConditionsForPointSymmetries[zero (x[0]% +y[0]2 +z[@0]2)*/?, variables]] /.

{\/x[e)]zafy[a]hz[a]2 >r,
(x[@1% +y[0]2 +2[0]2)*? 5 rr3, x[0]2 +y[0]2 + 2[0]% » r 2}

—o@1[t] v [r] +2V [r] 60 [t] +ra@l[t] v'[r] +mro@l” [t]
-pe1[t] v [r] +2Vv' [r] 80 [t] +rpBO1[t] V'[r] +mral” [t]
—¥01[t] V' [r] +2V [r] 6@ [t] +ry@1[t] v'[r] +mr a@l” [t]
—a@1[t] V' [r] +2V [r] 60 [t] +ro@l[t] v'[r] +mr 3017 [t]
-BOL1[t] Vv [r] +2V [r] 60 [t] +rBO1[t] V'[r] +mr (01" [t]
-y01[t] v [r] +2Vv'[r] 8@ [t] +ry@1[t] V'[r] +mr (01" [t]
—o@1[t] V' [r] +2V [r] 60 [t] +ro@l[t] v/[r] +mr y0l” [t]
-BO1[t] v [r] +2Vv [r] 80 [t] +rBOL[t] V'[r] +mr 01" [t]
-yO1[t] v [r] +2V [r] 60 [t] +ry@1[t] V'[r] +mr y0l” [t]
mr (2001 [t] - 60" [t])

mr (2301 [t] - 60" [t])

mr (2y01'[t] - 60" [t])

Fifth ansatz

(» only for V(r) # a r*2 + b x)
ay[t, x[t]] = c[1];

az[t, x[t]] = -c[3];
Bx[t, y[t]] = -c[1];
Bz[t, y[t]] = c[2];
¥x[t, z[t]] = c[3];
yy[t, z[t]] = -c[2];

a@[t, x[t]] = (602t +a0@) Xx[t];

BO[t, y[t]] = (602t +pB00) y[t];

¥O[t, z[t]] = (602t +¥00) Z[t];

E[t] = 602t~2+ 501t +500;

nix] =ay[t, x[t]]y[t] +az[t, x[t]] z[t] +a@[t, X[t]];

nlyl =Bx[t, y[t]] x[t] +Bz[t, y[t]] z[t] +BO[t, y[t]];

nlz] =yx[t, z[t]] x[t] +yy[t, z[t]] y[t] +¥O[t, z[t]];

zero = CheckPointSymmetryOfDE [PDEs, subs, IndepVar, DepVar, &, n]

X[0] = x[t]
X[1] = x'[t]
X[2] = x"[t]
yle] = y[t]
y[1] = y'[t]
yl[2] = y"[t]
z[@] = z[t]
z[1] = z'[t]
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1

{

(x[@12+y[0]%+2z[0]2)%?

x[0] | (-0@0x[0]%+3t502x[0]%-300y[0]%+3t502y[0]>-¥002[0]%+

3t5022[0]%+2601 (x[@]%+y[0]%+2[0]2)) v’[\/x[0]2+y[0]2+z[0]2 |+

\/x[0]2+y[0]2+z[0}2 (@@ x[0] +BERY[0]% + 00 Z2[0]% +

t6@2 (x[8]2+y[8]2+z[0]%)) v"[\/x[e}2+y[e]2+z[e}2 ]J

1

y[0] ((7a00x[0]2+3t602x[0}27/300y[0]2+
(x[@]2+y[0]%+2[0]2)%?

3t502y[0]°-y002[0]*+3t5022[0]%+2501 (x[0]*+y[0]%+2[0]°))
v’wx[e]2+y[0}2+z[e]2 ] +\/x[0]2+y[0j2+z[0]2
(@@ x[0]%+ 300y [0]%+ Y00 2[0]% +t 502 (x[0]%+y([0]%+2[0]?))
1

v [[x[01% +y[0]2 + 2[0]2 )
[ | (x[@]2+y[0]%+2[0]2)%?

z[@] | (-0@@ x[0]%+31502x[0]%- 300y [0]*+3t502y[0]%-¥002[0]%+

3t6022[0]%+2601 (x[0]%+y[0]%+2[0]%)) v’[\/x[0}2+y[0]2+z[0]2 ]+

\/x[0]2+y[0]2+z[012 (000 x[0]% +BEOY[0]% +y00 2[0]% +

t 502 (x[0]2+y[@]2+2[0]2)) v’ [y/x[@]2 +y[0]2 + 2[0]> ]J}

variables = Flatten[Table[Table[var[j]l, {j, @, 2}], {var, DepVar}]];
AppendTo[variables, t]

Column [GetConditionsForPointSymmetries[zero (x[@]%+y[@]* +z[0]?) 32 variables]] /.

{\/x[e]zafy[e]hz[e]2 >r,
(x[@1% +y[0]2 +2[0]2)*? 5 r3, x[0]2 +y[0]2 + 2[0]% » r 2}

{x[e], x[1], x[2], y[e], y[1], y[2], z[@], z[1], z[2], t}

502 (3v/[r] +rv”(r]
—a@O V' [r] +2801V’ [
-0V [r] +2601 V|
-Y00 V' [r] +2601Vv' |

] +rBee v’ [r]

r] +rodv’[r]
r
rl +ryeev’ir]

The last ansatz
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nc = 4;
ay[t, x[t]] = c[1];

az[t, x[t]] = -c[3];
Bx[t, y[t]] = -c[1];
Bz[t, y[t]] = c[2];
¥x[t, z[t]] = c[3];
yy[t, z[t]] = -c[2];

ad[t, x[t]] = 0;
BO[t, y[t]] =0;
¥o[t, z[t]] = O;
E[t] =c[4];

n[x]
nlyl

Point.symmetries-Classical.central.problem.in.3D.nb

ay[t, x[t]] y[t] +az[t, x[t]] z[t] +a@[t, x[t]];
Bx[t, y[t]] x[t] +Bz[t, y[t]] z[t] +BO[t, y[t]];

nlz] = yx[t, z[t]] x[t] +yy[t, z[t]] y[t] +¥O[t, z[t]];
zero = CheckPointSymmetryOfDE [PDEs, subs, IndepVar, DepVar, &, n]

x[8] = x[t]
x[1] = x'[t]
x[2] = x’[t]
y[e] = y[t]
y[1] = y'[t]
yl2] = y”[t]
z[@] = z[t]
z[1] = Z'[t]
z[2] = 2 [t]
{0, 0, 0}

(» Coulomb ansatz =x)
nc =5;

ay[t, x[t]] = c[1];
az[t, x[t]] = -c[3];
Bx[t, y[t]] = -c[1];
Bz[t, y[t]] = c[2];
¥x[t, z[t]] = c[3];
Yyl[t, z[t]] = -c[2];

o@[t, x[t]] =2/3c[5] x[t];
polt, y[t]] =2/3c[5] y[t];
¥o[t, z[t]] =2/3c[5] z[t];

Elt] =c[4] +c[5] t;

nix] =ay[t, x[t]1]1y[t] +az[t, x[t]] z[t] +a@[T, x[t]];
nlyl = Bx[t, y[t]] x[t] +Bz[t, y[t]] z[t] +BO[t, y[t]];
nlz] = yx[t, z[t]] x[t] +yy[t, z[t]] y[t] +vO[t, z[t]];
zero = CheckPointSymmetryOfDE [PDEs, subs, IndepVar, DepVar, &, n]
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x[0] = x[t]

x[1] = X' [t]

x[2] = x'[t]

y[0] = y[t]

y[1l] = y'[t]

y[2] = y’[t]

2[0] = z[t]

z[1] = Z'[t]

2[2] = z"[t]

{EC[S]X[G] 2V [\/x[0]2+y[e]2+z[012] +V Nx[e]2+y[0}2+z[e]2] P
> \Jx[e12+y(e)2+z(0)2

2 oo | 2 [\/x[@12+y[e]?+z[0]2 ] v e yie s zie17 ]|,
3 Jx[e12+y(e]2+ze]?2

2 s e |2 [\/x(012+y[0]2+2[0])? ] N NCETOEIoal |
3 Jx[e12+y(e)2+z(0]?2

(* Z/r~2 ansatz )
nc = 6;
ay[t, x[t]] = c[1];

az[t, x[t]] = -c[3];
Bx[t, y[t]] = -c[1];
Bz[t, y[t]] = c[2];
¥x[t, z[t]] = c[3];

yy[t, z[t]] = -c[2];

a@[t, x[t]] =1/2c[5] x[t] +c[6] tx[t];

BO[t, y[t]] =1/2c[5] y[t] +c[6] ty[t];

yo[t, z[t]] = 1/2c[5] z[t] +c[6] tz[t];

E[t] =c[4] +c[5] t+c[6] t"2;

nix] =ay[t, x[t]] y[t] +az[t, x[t]] z[t] +a@[t, xX[t]];

nlyl = Bx[t, y[t]] x[t] +Bz[t, y[t]] z[t] +BO[t, y[t]];

nlz] = yx[t, z[t]] x[t] +yy[t, z[t]]y[t] +yO[t, z[t]];

zero = CheckPointSymmetryOfDE [PDEs, subs, IndepVar, DepVar, &, n]
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x[8] = x[t]
x[1] = x'[t]
x[2] = x’[t]
y[e] = y[t]
y[1] = y'[t]
yl[2] = y"[t]
z[@] = z[t]
z[1] = Z'[t]
z[2] = 2 [t]

= Infinitesimal generators, point transformations and commutator table from the last ansatz

ShowPointSymmetriesAndCommutationRelations [X, f, €, IndepVar, DepVar, £, n, c, nc, {}]

Infinitesimal operators:

X[l]f[t) X, Y, 2] = _X'Fw’e’l’e) [t, X, ¥, Z] ‘*‘Y'F(a)l’a)0> (t, X, y, Z]
X[21F(t, X, y, 2] = -y f@®®V [t, x, y, z] +zFf@OLO [t, x, y, 2]
X[31F[t, X, y, z] = xf®®®V (¢, x, y, z] -z f @100 [t, x, y, 2]

X[4]f[t, X, y, z] = F2980 £ x vy, 7]

Corresponding global transformations:

X[1] gives {t[e]>t, x[e] >xCos[e] +ySin[e], y[e] >yCos[e] -xSin[e], z[e] >z}
X[2] gives {t[e]>t, x[€] >X, y[e] >yCos[e] +zSin[e], z[e] >z Cos[e] -ySin[e]}
X[3] gives {t[e] >t, x[e] »xCos[e] -zSin[e], z[e] »zCos[e] +XxSin[e], Y[€] ey}
X[4] gives {t[e] »t+e, x[e] »X, Y[e] »Y, z[€] »Z}

Commutator table:

[ 1 2 3 4
T [ o X[3] ~X[2] )
2 | -X[3] 0 X[1] 0
3 | X[2] “X[1] ) )
4 | o 0 0 0



