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Higher-dimensional black holes with multiple equal rotations
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We study a limit of the Kerr—(A)dS spacetime in a general dimension where an arbitrary number of its
rotational parameters is set equal. The resulting metric after the limit formally splits into two parts—the first
part has the form of the Kerr—-NUT—-(A)dS metric analogous to the metric of the entire spacetime, but only
for the directions not subject to the limit, and the second part can be interpreted as the Kéhler metrics.
However, this separation is not integrable, thus it does not lead to a product of independent manifolds. We
also reconstruct the original number of explicit and hidden symmetries associated with Killing vectors and
Killing tensors. Therefore, the resulting spacetime represents a special subcase of the generalized Kerr—
NUT-(A)dS metric that retains the full Killing tower of symmetries. In D = 6, we present evidence of an
enhanced symmetry structure after the limit. Namely, we find additional Killing vectors and show that one
of the Killing tensors becomes reducible as it can be decomposed into Killing vectors.
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I. INTRODUCTION

Four-dimensional black holes have been widely studied
for more than a hundred years. Nowadays, they are used as
astrophysically relevant sources which led to several
breakthrough observations in recent years. These include
the first detection of gravitational waves from a binary
black hole merger [1], the first image of the supermassive
black hole candidate in the center of the galaxy M87, made
by the Event Horizon Telescope [2,3], or the explanation of
the star motion near the black hole in the center of our
galaxy [4,5]. The standard model of the black hole used in
such astrophysical situations is the Kerr solution of the
Einstein equations in four-dimensional general relativity.

From the mathematical point of view, Kerr black holes
[6] are included in a large family of solutions known as the
Plebanski—Demianski metric [7]. This metric represents
spacetimes of algebraic type D that solve the vacuum
Einstein equations with the cosmological constant, and it is
characterized by seven arbitrary parameters, which can be
interpreted as the cosmological constant, mass, NUT
parameter, rotation, acceleration, electric and magnetic
charge. It contains many well-known spacetimes as special
cases—apart from the Kerr metric, which describes an
axially symmetric rotating black hole, it also includes for
example the Taub—-NUT (Newman—Unti—-Tamburino) sol-
ution [8,9] with one NUT parameter as well as accelerating
black holes represented by the C-metric [10].
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Unlike the Kerr spacetime, the Taub—-NUT metric does
not have such a clear physical interpretation—the presence
of a NUT parameter in a four-dimensional spacetime leads
to pathologies such as the existence of closed timelike
curves [11]. However, some of these pathologies can be
regarded as an unphysical feature of the idealized inner
solution, which disappears when a realistic matter source
for the outer solution is introduced.

In this work, we study generalization of these black holes
to higher dimensions. The motivation for studying higher-
dimensional metrics in general is their connection with
string theory, the AdS/CFT correspondence and brane-
world models. Moreover, the perspective of a general
dimension may deepen the understanding of studied
solutions. Last but not least, they are interesting from
the mathematical point of view. An extensive review of
higher-dimensional black hole solutions can be found
in [12].

One of the interesting higher-dimensional solutions,
which generalizes the black hole solutions known in four
dimensions, is called the Kerr—NUT—(A)dS metric [13]. Itis
characterized by the cosmological constant, mass, rotational
and NUT parameters, however, it does not include accel-
eration and electric/magnetic charge. Therefore, a generali-
zation of the Plebanski—-Demiafiski metric to higher
dimensions is yet to be discovered. The Kerr—NUT—(A)
dS metric can describe various geometries of both the
Euclidean and the Lorentzian signature, such as maximally
symmetric spaces, so-called Euclidean instantons, and black
holes. It also includes well-known higher-dimensional
solutions as special cases, for example the Myers—Perry
black hole [14] (generalization of the Kerr black hole), the
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Kerr—(A)dS metric [15,16] (generally rotating black hole in
an asymptotically (anti)-de Sitter spacetime) and the higher-
dimensional Taub—-NUT—(A)dS metric [17,18].

Higher-dimensional rotating black holes display many
similar properties to their four-dimensional counterparts.
This is caused by the fact that these spacetimes admit a
special geometrical object, which we refer to as the
principal tensor [19-22]. It is defined as a nondegenerate
closed conformal Killing—Yano tensor.

The very existence of the principal tensor significantly
restricts the geometry—the most general geometry con-
sistent with the existence of this tensor is the off-shell Kerr—
NUT-(A)dS geometry. Here, the attribute “off-shell” refers
to a general form of the metric that does not require the
vacuum Einstein equations. The principal tensor generates
a rich symmetry structure called the Killing tower [23,24],
which includes Killing vectors and Killing tensors asso-
ciated with explicit and hidden symmetries of the
spacetime.

Moreover, it uniquely determines canonical coordinates
in which the Hamilton—Jacobi [25] and the Klein—Gordon
equations [26-28] as well as the Dirac [29-31] and the
Maxwell equations [32-35] are fully separable, and the
geodesic motion is completely integrable [23,36,37].
Separability has been demonstrated also for higher-form
fields [38]. As one can see, the principal tensor indeed plays
a very important role in higher-dimensional black hole
physics. For an extensive review of the role of the principal
tensor and other properties of the Kerr—NUT—(A)dS geom-
etry, see [39].

Apart from the Kerr—NUT-(A)dS spacetime and its
properties, several limit cases of the general metric were
also studied, such as the near-horizon limits [40-43].
Furthermore, the limit where some of the black hole’s
rotations are switched off was investigated [44]. Such a
limit leads to warped spaces deformed and twisted by the
NUT parameters, which thus do not maintain their unphys-
ical properties when present in a space with the Euclidean
signature. Another limit case where particular roots of the
metric functions degenerate was studied [45], which results
in geometries such as the Taub—NUT—(A)dS metric and the
extreme near-horizon geometry.

These papers have thus demonstrated that not only can
performing various limits of the general metric shed light
on the role of various metric parameters, but it can also lead
to new interesting geometries. Moreover, the resulting
spacetimes are expected to possess an enhanced symmetry
structure after the limit, which is manifested in the presence
of additional Killing vectors and also in the reducibility of
Killing tensors that can be decomposed into Killing
vectors. Reducibility properties of Killing tensors were
also studied in four dimensions for near-horizon geom-
etries [46,47].

However, performing a limiting procedure is not in
general a trivial task since certain regions of the spacetime

can shrink or expand during the limit and become degen-
erate. Therefore, it is usually necessary to accompany the
limiting procedure by a suitable rescaling of coordinates
and parameters.

This work is focused on a particular limit case of the
general Kerr—NUT—(A)dS metric, namely, the equal-spin
limit. It is the limit where an arbitrary number of rotational
parameters of the spacetime coincides.

The paper is organized as follows. In Sec. II, which is an
overview of already known results, we introduce the Kerr—
NUT-(A)dS spacetime and summarize its properties. The
next two sections are dedicated to a general equal-spin
limit. Namely, in Sec. III we introduce the parametrization
of the limit and apply it to the metric, while Section IV
discusses the limit form of the principal tensor, Killing
vectors and Killing tensors. Section V presents explicit
examples of the general results obtained in Secs. III and IV
—it focuses on black holes with all the rotational param-
eters set equal. Additional technical results and detailed
calculations are provided in the appendixes. Appendix A
summarizes definitions and useful identities concerning
auxiliary functions that appear in the metric before the
limit. Appendix B provides the limit form of these auxiliary
functions.

II. KERR-NUT—(A)DS GEOMETRY

A. Canonical form of the metric

The off-shell Kerr—-NUT—(A)dS metric in D = 2N
dimensions,' which is consistent with the existence of
the principal tensor, can be written in the form [39]

U X J, (a2 2
g = Z[X—:dxf,+7’;<z A’;(Z)dqﬁy) ] (2.1)
2 v vy

with Greek indices® going over the range
(2.2)
The metric functions X, should be arbitrary functions of

a single coordinate x,,, X, = X,,(x,). The metric functions
U, and J,(a}) are polynomials in all coordinates x,

U =[I2-2).  Ju@) =[[02-ad).

v K
v#EU KFp

(2.3)

'For simplicity, we restrict ourselves to even dimensions. The
generalization to odd dimensions is possible—a corresponding
term must be added to the metric and other related quantities.
Otherwise, the analysis remains the same for both cases.

The Einstein summation convention is not used for these
indices. Also, we do not indicate their ranges explicitly in sums or
products, unless they differ from the default above.
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and the functions U/, of the metric parameters a,
defined similarly to U,, only with x, replaced by a,.

When the A-vacuum Einstein equations are imposed, we
obtain the on-shell Kerr—-NUT—(A)dS geometry. The metric
functions X, must be polynomials in the form

are

X” = ﬂj(x/%) — Zbﬂxﬂ, (2.4)
where J (x;) reads
J2) =[J(a2 - x2) (2.5)

The complete list of metric functions as well as important
relations between them can be found in Appendix A.

It is useful to introduce the following orthogonal frames
of 1-forms

el = <%)§€” = <%)7dxﬂ9
u u

X, \? X, \ix—J,(a?)
o — (£ ) e = (£ S| 2.6
¢ <U>€ (U,)z;ﬂayuy b (26)

H

where {e, e/} is normalized and {e€*,é"} is not normal-
ized. Similarly, dual orthogonal frames of vectors read

(XN (X,)\: 0
“=\u,)* \u,) ox,

3 L 2
&, = (ﬂ)‘éﬂ _ <ﬂ> ZM 0

X, P U, op,

(2.7)

Using these frames, the metric can be written simply as

U X
= elet + etet) = —HLetet + Lerer ). (2.8
- Siew o= ((pee o). o

I

The coordinates we used are divided into two sets, x,, and
¢,- Since the metric functions are independent of ¢, they
are the Killing coordinates. Their corresponding Killing
vectors have fixed points and thus define the axes of
rotational symmetry [48]. In the black hole case (i.e., for the
Lorentzian signature), they are also related to the temporal
coordinate. The coordinates x, represent radius and lat-
itudinal angles.

Alternatively, the metric can be expressed using another
set of angular coordinates y;, k =0, ..., N — 1, instead of
¢, The coordinates y; are suitable for constructing the
Killing tower and studying explicit and hidden symmetries.
However, ¢, are better suited for the physical interpretation
of the metric. An explicit definition of v, coordinates and
the corresponding form of the metric can be found, e.g.,
in [39].

The on-shell metric is described by the parameters a,,, b,

and A, where 1 is related to the cosmological constant A as

A=02N-1)(N-1)A. (2.9)
In general, the parameters a,, are related to rotations and the
parameters b, encode mass and NUT charges. However,
when the NUT charges are nonvanishing, the interpretation
of parameters is not so straightforward [39,48].

B. Black hole

The general metric (2.1) can have both the Euclidean and
the Lorentzian signature, depending on our choice of the
coordinate ranges and values of the parameters. Detailed
discussion of geometries with the Euclidean signature, such
as maximally symmetric spaces and Euclidean instantons,
can be found in [39].

The Lorentzian signature can be obtained by Wick-
rotating the following coordinates and parameters

XN = ir, ¢N = ﬂaNt, bN = lM, (210)
where 1, r, and M acquire real values. Moreover, we use a
one-parametric gauge freedom in rescaling the parameters
and set

1

ax = - (2.11)

We also assume that a; are ordered as
O<a <..<ay_ <ay, (2.12)

where barred indices go over the range
v, ...=1,...,N, (2.13)
N=N-1 (2.14)

The coordinate x; acquires values between the roots of the
metric functions X, see [39] for details.

In case of vanishing NUT charges and nonzero mass, i.e.,

b;, = 0, the coordinate ranges reduce to

Az < Xz < ag, (2.15)

with the exception of —a; < x; < a;. In this case, we can

introduce N + 1 coordinates g, y; instead of N coordi-
nates x; using the Jacobi transformation in the form’

*Barred metric functions are defined in the same way as their
unbarred counterparts, only with modified sets of coordinates and
parameters (i.e., without xy and ay).
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J(a2) J(0) AW
g = D_ N 2 —_ = = — = 216
/’tv _a%ui/ /’lO (O) .A(N) ( )
which satisfy the constraint
N
> k= (2.17)

=0

The set {z, r, uo, 4y, ¢} is also known as the Myers—Perry
coordinates. The Kerr—(A)dS metric in these coordinates is
then [15,16]

g =—(1-2R*)ds
LM
: [d + Z
2

+A—dr2+r2du%+Zf 2 (42 + p2ag2)

2
d¢,, la;dt)}

y) 2
+1——/W( Od”0+zl+,1 zﬂy zz)v (2.18)

where

1 —AR? = (1-Ar?
( r <ﬂ0+zl+/1a->

A, =(1-ar )H(r +a2) —2Mr,

z_<uo+z s >Hr +a2).  (2.19)

Finally, for zero NUT charges b; = 0, the parameters a;
can be directly identified with the rotational parameters of
the black hole.

C. Explicit and hidden symmetries

The Kerr—NUT—(A)dS spacetime possesses symmetries
of two kinds—explicit symmetries, which are represented
by Killing vector fields, and hidden symmetries, which in
our case will be described by Killing tensors. There exists
an object behind the symmetry structure—the principal
tensor. It is a crucial object that does not only uniquely
determine the canonical form of the metric [13], but it also
generates the entire tower of Killing vectors and Killing
tensors.

The principal tensor is defined as a closed conformal
Killing—Yano 2-form that is also nondegenerate (it
has functionally independent nonconstant eigenvalues).
In terms of the coordinates introduced above, it can be
written as

(2.20)

h = Zxﬂe" A et
"

using the orthonormal frame {e*,é"} (2.6).

The Killing tower of explicit and hidden symmetries can
be constructed from the principal tensor either directly
[23,24,49] or using generating functions [39]. In this work,
we will use the method of generating functions.

This method introduces auxiliary p-dependent Killing
tensors and Killing vectors such that regular Killing tensors
and Killing vectors form coefficients in the f-expansion of
these generating functions.

Let us first define a p-dependent conformal Killing
tensor as

q(p) =g+ p*0, (2.21)

where f is a real parameter and Q” = h_h"¢ is the first
conformal Killing tensor. We also define a scalar function

det q

A(p) = detg

Il(l ﬂZ 2

(2.22)

Using these definitions, we can introduce generating
functions for Killing tensors and Killing vectors, respec-
tively, in the form

(2.23)

Here, € is a special Killing vector given by the divergence
of h,

1
V-h
2N -1

£= (2.24)

The p-expansion of these functions can be written as

N N

=> Phgy. 1B =Dy

k=0 k=0

k(p) (2.25)

thus generating Killing tensors k) and Killing vectors /)

Similarly, the function A(/3) generates the polynomials A ()

N

- Zﬂ%A(k)

k=0

A(p) (2.26)

For a fixed parameter f3, k(f3) is a linear combination of
Killing tensors, therefore, k(f) itself is a Killing tensor.
Likewise, I(f) is a Killing vector.

Apart from ), we also define alternative Killing vectors
S(u)s which are, up to normalization, the coordinate vectors,
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0 J,(d2) .
S = Ay 5= > ( ”)ey. (2.27)
H v H

Since the unnormalized orthogonal frame of vectors
{€,.€,} (2.7) is suitable for performing the limit, let us
provide explicit forms of Killing vectors and Killing
tensors using this frame. For Killing vectors ;) we have”

k k) A
Ly =Y Als =Y Ale,. (2.28)
H H

The Killing vector € reduces to

E=loy=D &= S
“ U

(2.29)

The corresponding generating function reads
1B) = AB)syy =Y _AuB)é,.  (2.30)
H H

where the functions A, (/) generate the polynomials A,(,k)

and can be expressed in several ways

Aﬂ(ﬁ) = ZﬂZkA,(lk) = H(l _|_ﬁ2x12/) _ A(ﬂ)

=——-, (2.31)
% ; 1+ fx;
VU

with A(f) given by (2.22). Analogous expressions can be
written for A, (f) and A(f).

Motivated by the structure of Killing vectors, we also
introduce a new set of Killing tensors r(,),

J,(a)
=D
v H

where 7, denote “frame” 2-tensors appearing explicitly in
the metric, cf. (2.8),

(2.32)

(2.33)

Tensors r(,) form a base of Killing tensors alternative to k)
introduced above. Their equivalence can be observed from

the relations analogous to (2.28)

k k
ki = Alry=>"alz,. (234
H Iz

“Latin indices, unless explicitly indicated otherwise, go over
the range k,/,... =0, ..., N — 1, and we do not use the Einstein
summation convention for them.

We see that k) are linear combinations with constant
coefficients of tensors r(,).

The generating function for Killing tensors k() adopts
the form

k(B) =Y ABryy =D APm,. (235

III. EQUAL-SPIN LIMIT

In this section, we introduce an appropriate parametri-
zation of the limit, which includes modifying the index
notation used throughout Sec. II, and apply the limiting
procedure to the general metric. We also study the limit
case of a black hole using the Myers—Perry coordinate
system. We will restrict our analysis to the case of
vanishing NUT parameters and nonzero mass, i.e.,
b; = 0, since it is the most relevant case from the physical
point of view.

Let us emphasize that any limit of spacetime always
strongly depends on the choice of the limiting procedure
and used parametrization; see the classical work of Geroch
[50] and an illustration in, e.g., [SI]. One has to always
carefully choose a limit interesting from the physical point
of view. Different choices of the limiting procedure might
focus on different aspects and thus would lead to different
spacetimes after the limit. For example, one can zoom in on
the regions near the black hole horizon by including a
suitable rescaling during the limit, which would result in a
near-horizon limit [40-43,45], or rescale asymptotic
regions, which could reveal the asymptotic structure of
spacetime. Our limiting procedure preserves (and possibly
enhances) the symmetry structure of the spacetime.
Moreover, all the outer regions of the black hole remain
nondegenerate after the limit.

A. Preliminaries

In order to perform the limit, it will be convenient to
modify the indexing of parameters and coordinates to
reflect the structure that will emerge after the limit.
Namely, assuming that the rotational parameters a, are
ordered, we group them into N “equal-spin” blocks so that
within each block all the rotations approach the same value.
This means that instead of using a single Greek index u (or
v,K, ...), it will be more natural to use two Greek indices—
one from the beginning of the alphabet a (3, y, ...)" to label
the block of equal rotations and the second from the latter

5Strictly speaking, we should be using tilded indices @
(.7, ...) to label the blocks of equal rotations in order to clearly
distinguish between indices and quantities before and after the
limit. However, for the sake of simplicity and better readability,
we will use tildes only over the names of the relevant quantities
after the limit, e.g., X, d,-
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21,0 T11 T1,2 L1IN La,0 La,l Ta,2 Lo, eN TN ,0

| L N l l l l l l l |

| T I I I I I I cc I 1
—aio 0 a1o Qi1 AaA12 ... A1 1N Qo0 Aa,1 A2 ... Qi N ay o

Block 1 Block «
FIG. 1. New indexing and grouping of the rotational parameters {a, g, a(,‘ﬂ} into blocks that have equal spin once the limit a, , — a,
has been performed. The coordinates {x,,x,,} remain restricted by the rotational parameters as in (3.4).
parts of the alphabet p (0,7, ...) to distinguish between the Ayo = g Xy = Koo Duo = (;sa,
rotations inside the block. . a . » o
The first rotation in a block is labeled as a,q. It will ap = dq T apE, Xap = la T "XpEs Pap = bp:

remain unchanged after the limit and all the other rotations (3.5)

in the block, denoted by a,, ,, will approach a, o as shown in
Fig. 1. The indices go over the ranges

p.o,...=1,...,°N. (3.1

N is the number of blocks, and therefore the number of
distinct rotational parameters remaining in the spacetime
after the limit, while N is the number of parameters in the
block a subject to the limit, and thus the number of
additional rotations approaching the value a,,. These
numbers satisfy

N+ *N=N. (3.2)
In the Lorentzian case we assume
NN = 0. (3.3)

This means that the last block, which is related to the Wick-
rotated radial coordinate, contains only a single parameter
ay o not subject to the limit. This will allow us to obtain the
Lorentzian metric using the Wick rotation in the same way
as in (2.10).

All the other quantities such as coordinates and metric
functions will be indexed in the same way.

The ranges of the coordinates {x,.x,,} are

Ay jaiy < Xgo < Qgor  opo1 < Xgp < dqp  (3.4)

with the only exception being x|y € (—a; o, a;).

When performing the limit a,, — a,, the rotational
parameters a,, and the ranges of the coordinates x,,
degenerate. Therefore, we will rescale them using the
following parametrization

where € is a small limiting parameter, ¢ < 1. We have
denoted the quantities that do not change in the limit using
tildes and we will refer to the corresponding directions as
primary coordinate directions. We have also introduced
new rescaled parameters “a, and coordinates “x,, which
remain well-defined after the limit, and we will refer to the
corresponding directions as secondary coordinate direc-
tions. Within one block, “x, are ordered as

0< "xl < aal < a)C2 < “az <... < a.szN < "’aaN. (36)

As was mentioned earlier, the last block can be Wick-
rotated to obtain the Lorentzian signature, cf. (2.10) and (2.11),

Xy =ir, ¢y =Aagt, by =iM, (3.7)
and
) 1

B. Limiting procedure

Our goal is to perform the limit of the metric. For that we
need to introduce two types of metric functions corre-
sponding to the two sets of directions: tilded functions
include only coordinates and parameters in the primary
directions, and functions with an upper left index are
constructed using only variables in the secondary direc-
tions. They are defined in a similar manner to the metric
functions before the limit, only the sets of coordinates and
parameters are modified, for example®

®We introduced a notation for sums (and products) of
quantities in the secondary directions using an upper left index

Do)

p
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Jay=1]G5-a). “(a,)="T[(%~a,).

p c

(3.9)

An important difference is that the functions in the
secondary directions, i.e., those including the rescaled
variables “x, and “a,, are not defined using squares, but
only first powers.

Since we set b; = 0, the on-shell metric functions after

the limit are defined as

2(1 (lj((l ) (3. 10)
and VX P does not exist in the Lorentzian case since there is
no p in the last block. Barred indices are used in the same
way as before, namely, to skip the Lorentzian sector, i.e.,
they go over the ranges

ap....=1,....N, (3.11)
(3.12)

Now we can expand the unnormalized orthogonal frame
of 1-forms (2.6) in the limiting parameter ¢

€0 r g2, é*0 g%,
T(72
ea.p ~ e {16'/), é‘,a,/) ~ 1 J(Cla) (lé:/) (313)
e2xazU,

Here, ~ denotes equality in the leading order in ¢. The 1-
forms defined using the rescaled quantities on the right-
hand sides of the equations read

AT

€* = dx,, e = — s

5(0) 45 ,y(“a,)
%P — d* , app — P da_a daa
e X, 3 27(0) ¢ ; U ?

(3.14)

We have written €% so that they have a similar form to é*
before the limit in (2.6), only instead of simple gradients
d¢, we had to introduce 1-forms @ given by

5 a B aj(a
a J(O) d¢a _az ~ ( aﬂ) da¢p' (315)

—27(0) C— “a,"U,

In Sec. IV, we will show that they are Kihler potentials.
The dual unnormalized orthogonal frame of vectors (2.7)
becomes

/1a27/{
N 8

a %€
T ag)

(3.16)

P

where the frame vectors defined in terms of the rescaled
quantities after the limit are

T (=2
é“:a%a’ éazgjﬂﬁ(ja) 3
., 0
€, = 6“,,’
@ " I(%) 0 Z" %,"T o("x,) 0

/) - (IU/) 0 ¢a - aU/) o ¢H .

(3.17)

Here, the vectors @, read

3 ) 0
(I):ﬂ‘u — e . 318
\ aa(a¢a+ pza%p) (3.18)

It turns out that they are Killing vectors, as will be shown in
Sec. IV. Notice that éa resemble €, in (2.7).

The orthogonal frame after the limit separates into two
sets: the primary frame directions {€,€*}, and the
secondary frame directions {%?", %€’ }.7 This separation is
valid only in the sense of tangent spaces since these
directions do not correspond directly to the primary and
the secondary coordinate directions—the hatted 1-forms é*
and %’ contain angular coordinates in both primary and
secondary coordinate directions. Moreover, primary and
secondary frame directions are not integrable distributions
of subspaces in the tangent spaces.

The splitting is respected by the duality relations
between the frame of vectors and the frame of 1-forms

é(l'éﬂzég’ éa'éﬂzﬁgv

_ A pro
%, - Pe” = 5,555, %, - Pe” = 5,559,

(3.19)

with all the other products being zero. The frames of the
primary directions {&¢%, €%} and in the individual blocks of
the secondary directions {%”,%”} become independent
orthogonal frames.

"The index notation in the secondary frame directions is as
follows. The left index (indicating which block a direction
belongs to) is always placed at the top, whereas the position
of the right index (distinguishing between the directions inside
the block) reveals in a standard manner whether the concerned
object is a form or a vector.
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The metric after the limit becomes

J(az)
N F — L_ag 3.20
] Za w2, © (3:20)
where
7 Xy an

— T guga 4 2 gag® 3.21
& a < a U ) ( )

) ) gUp &X ~ -
ay @ Agpagp el %P , No — 0. (3.22
o Eﬂ ("‘Xp e’ + —L Up % €) g ( )

The inverse metric in its limit form can be written as

21612?/[

-1 N 1 T a dag-l 3.23
with

X Uy »
51 _ ~_aéa~a+~_aéaéa>’ 3.24
oY (g o2
) (X o Uy o V-
ag=l — Z(#"ep‘lep—l—ﬁ“ep"ep), Ng7'=0. (3.25)

P ’ ’

Note, that tensors (3.24) and (3.25) are individually
inverse to the metrics (3.21) and (3.22) on the respective
subspaces spanned on the primary and the secondary frame
directions, as can be seen using the duality relations (3.19).
Combined together, it gives that g~! is indeed the inverse
of g.

More details of the limiting procedure applied to
functions that appear in the metric are provided in
Appendix B.

C. Relation to generalized Kerr—-NUT-(A)dS
spacetimes

It turns out that the metric (3.20) is a special case of a
more general metric described by Houri et al. in [52]. In
this paper, the authors study the generalized Kerr—NUT—
(A)dS metric, which possesses the principal tensor k& with
both nonconstant and constant eigenvalues, thus the tensor
is not necessarily nondegenerate.

In our case, the principal tensor before the limit has
nonconstant and functionally independent eigenvalues x,
[22]. However, after employing the limiting procedure,
some of these eigenvalues become constant. Namely, all the
eigenvalues x,, , from the secondary blocks degenerate into
the respective constant values @, after the limit, while X, in
the primary directions remain nonconstant. Therefore, the
geometry obtained by applying the equal-spin limiting

procedure is indeed a subcase of the results published in
[52]. This also confirms the results of QOota and
Yasui [53].

The number of nonconstant and distinct constant non-
zero eigenvalues is the same in our case and it corresponds
to NV in our notation. Our metrics % in the secondary blocks
differ from the tensors that the authors of [52] call Kdhler
metrics only by a constant factor. Therefore, we will refer to
% as Kihler metrics as well. The Kéhler potentials
identified in [52] correspond to the 1-forms ®* defined
in (3.15).

Furthermore, the metric g defined in (3.21) has the form
of the Kerr—-NUT—(A)dS metric analogous to the metric
of the entire spacetime (2.8) but for the primary directions
only. Thus we shall refer to it as the Kerr—-NUT—(A)dS part.

However, we should emphasize that % represent the
Kihler metrics only formally as there seems to be no
decomposition of the original Kerr—NUT—(A)dS manifold
into a direct product of the Kerr—-NUT—(A)dS part and the
Kihler manifolds. As was already mentioned, the primary
and the secondary directions form only subspaces of
tangent spaces. Metrics “g act on these secondary subspaces
of the tangent space, but these subspaces are not integrable
to form independent Kihler manifolds.

D. Black hole

When applying the limiting procedure to the Jacobi
transformation that introduces the Myers—Perry coordi-
nates, it turns out that we can define analogous trans-
formations for the primary and the secondary directions
separately. Indeed, the limit form of (2.16) reads

Hao B3 W5, MR, ARG Wy, g~ Hg, (3.26)
where we have denoted®
= ~ = = i]
i@ L d) AW
:ua —~gi[-’ /’LO = 0 :(ﬁ)’
azlis JO) A
) J(“a,) ) 5’](0) A (N
a,,2 14
2 = ,2 - (3.27)
" =ta, U, o 7(0) Tyl

The advantage of defining the two sets of Myers—
Perry coordinates in this way is that a constraint similar
to (2.17) holds for the primary and all secondary sets
independently

f:

=0

a

/J%ZI.

wl\)
M2

(3.28)

hS)

The metric after the limit in these coordinates reads

8Functions decorated with both a bar and a tilde are defined
analogously to barred functions in Sec. II, i.e., without X5 and é.
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g~ —(1-IR*)dr* +

2
az

1+2

—dr + rdji2 +Z

where %gp, denote (2 ®N + 2)-dimensional Euclidean
metrics in the multipolar coordinates

"G = %5 + poddy + Z d%; + %upd®¢7).  (3.30)

and

1-2R*=(1 ,1r2)<y0+21+/1)
A, =(01-a7 )H( 2MrH az)~"m,

( +Z ri )H P+ @),

(3.31)

Notice that these expressions are similar to (2.19) before
the limit—except for the second term of A,, which is
multiplied by an additional factor emerging from applying
the limit on quantities in the secondary directions. The
1-forms @ in these coordinates read

T = {lﬂ%d¢(z + Z(lﬂ/%d(l¢/) (332)

As one can see, the secondary blocks become spherically
symmetric after the limit. In particular, they can be viewed
as (2 °N + 2)-dimensional spheres given by the constraints
(3.28), embedded in (2 °N + 2)-dimensional flat spaces,
described by the metrics %y, (3.30). Moreover, in the full
spacetime metric (3.29), each sphere is coupled solely to
the coordinate fi; in the corresponding primary direction.
The full metric after the limit thus has a similar form to the
metric (2.18) before the limit, only 2-forms d¢? have been
replaced with the spheres %p,;. The only other occurrence
of the secondary directions is in the 1-forms @7, which play
the role of Kéhler potentials as is discussed in the next
section.

Notice that the metric in the Myers—Perry coordinates no
longer clearly separates into the Kerr—-NUT—(A)dS part g
and the Kihler metrics %, but they are rather combined
together.

(r +~2 _N {dl—i—z aﬂa

d~2 =+ lu{l gEucl)

2
~ & - ﬂfl&dl)
1+ a2

yi 2 _ 2
WQ llodﬂo—i‘z:l_i_/1 2ﬂad ) . (329)

IV. RECONSTRUCTING ORIGINAL
SYMMETRIES

This section focuses on explicit and hidden symmetries
of the resulting spacetime after the limit a,, — a,( has
been performed. We reconstruct the original number of
Killing vectors and Killing tensors, thus showing that the
symmetry group has not been reduced during the limiting
procedure. We expect the symmetry group to be enhanced,
however, this will be shown explicitly only in the case of
six dimensions, which is discussed in Sec. V.

A. Principal tensor

Let us first discuss the limit form of the principal tensor.
Applying the limiting procedure as before, the principal
tensor (2.20) becomes

s, J(@2)
D TN - e Aty 4.1
Z[ 22,0, i
where w® are defined as
o =" "% A%, oV =0 (4.2)

p

Similarly to the metric, we have obtained the principal
tensor in the form that represents a special case of the
results published in [52]. Our tensors w® differ from the
tensors that the authors of [52] call the Kihler forms
corresponding to the Kihler metrics only by a constant
factor. Therefore, @w* formally represent the Kéhler forms.

According to its general definition, a Kihler form is
closed. It can be shown that dw* = 0, thus in our case this
requirement is indeed satisfied. Moreover, there exists a
Kihler potential, which is in our case represented by ®*
defined earlier in (3.15). Namely, the following equality
holds

0® = dd°. (4.3)

B. Killing vectors

A straightforward way to obtain the limit of Killing
vectors is to focus on the Killing vectors associated with the
coordinates ¢,. The limit of their rescaled version s, in
the new indexing scheme, is
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S(a’()) ~ §<a), S(a’p) ~ aS(p), (44)
with §,) and %, defined similarly to (2.27),
o 0

§(1 :Aaa#, a o =/151a—. 4.5

(@ o, ) zg, 4

We have thus obtained N Killing vectors § («) 10 the primary
directions and ), “N Killing vectors %/, in the secondary
directions, which gives in total N explicit symmetries—the
same number as before the limit.

The Killing vectors (i)a introduced in (3.18) can now be

rewritten as
D, =50 + 7D ()
P

Inspired by the first equality in (2.28), we can also
introduce Killing vectors i(,) and “, as linear combina-
tions of the coordinate Killing vectors §,) and %, in the
Kerr—-NUT—(A)dS part g and the Kihler parts % of the
metric, respectively

=> A5

(4.6)

Up) :aZaA/()p)as p :aZaAﬁ)p)aép' (4.7)
p p
Here, the indices r and p go over the ranges
r=0,....N-1, (4.8)
p=0,....,°N—-1, (4.9)

and the functions .,zl((,r), ”’A},ﬂ " and ”’A;,” ) are as in (B34).
Similarly to (2.29), we also introduce the special Killing
vectors & and %

E=lo =) S
E="U0) =" %, = Ze (4.10)
P
Notice, that we have not listed relations between i<, and 2‘0,

similar to the second equality in (2.28). Indeed, such relations
do not exist. It turns out that the Killing vectors i(,) and § )
need to be “improved” in order to fulfill such relations.

To show this, let us approach the limit from a different
direction. We perform the limit of the generating function
for Killing vectors (2.30). Using an expression analogous
to (2.31) for A,(f) and (4.6), we obtain

1) ~ [ [(1+ &) VL(p),

14

(4.11)

with

=> Ap)® (4.12)
a

Realizing that the multiplicative prefactor [, (1 + pa;)™

in (4.11) is constant on the manifold, we can understand

L(B) also as a generating function for Killing vectors.

Namely, it will be the generating function for new Killing

vectors f,(,),

L(p)

— Zﬁzri‘(}')

r

(4.13)

Comparing (4.13) with (4.12) and using the relation (3.17)
between @, and €,, we find I:(r) to be fully analogous to
(2.28)

Ly =Y AVd, =Y AVE,. (4.14)

The special Killing vector £ associated with I:(r) reads
=2 =D

The generating function L() thus provides us with the
Killing vectors i,(,) or ®,, which “improve” the Killing

E=L (4.15)

vectors i(,) and §(,) in such a way that (4.14) holds. Of
course, any of these sets of Killing vectors can be used
since they carry the same information. Indeed, the
“improved” Killing vectors are related to the previously
defined Killing vectors as

Ly =Tp+ D _ADE (4.16)
(I)(l = §((1) + ag (417)

and
E=E+) % (4.18)

C. Killing tensors

To calculate the limit of Killing tensors, we shall proceed
in a similar manner to Killing vectors and apply the limiting
procedure to the Killing tensors r(,), cf. (2.32).

As a preliminary, we consider the limit of 7, defined in
(2.33)

202U,

Koo & Ry, (4.19)

Here, the tensors 7, and "n/, are
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a a

2 2 a, _ /’(1 a /)a an
€aas 71'/, - aU /’ 6"/’ + (lX /7 €

(4.20)

P

We also define auxiliary tensors l}(,)
analogous to (2.34),

and F 4) using relations

(4.21)

k(0> = g—l. (422)

It should be emphasized that the tensors l}(,) and F, are
not, in general, Killing tensors.

The leading term in the expansion of the Killing tensors
r(,) now becomes

YT 2,
8"((1.0) ~ — anr@), 6"‘(,1,[,) ~ W“r(p), (423)
4 4 (4
where ),
. a aJo‘ ((za ) "
Ir(p) g Z 4(11/{/) P 71,'0_, (424)

are independent Killing tensors after the limit associated
with the secondary directions. Again, in analogy with
(2.34) we also introduce Killing tensors "k(p) as

a a a g ( a ap(Pa
iy = DAL ) = YA,

P P

(4.25)

In this case, both “k(,,> and %, are Killing tensors: o)
have been obtained as a limit of Killing tensors and %, are
just linear combinations of “r, with constant coefficients.
The Killing tensors %,y and “(,) are directly related to
the Kéhler parts of the metric %g. For p = 0 we even have
ak(0> = ag—l (426)
thus the Kihler metrics are Killing tensors as well.
Inspecting the first expansion in (4.23), we see that the
limiting procedure for r,) extracts only the Killing tensors
%, in the secondary directions. It does not provide any
additional information about the primary directions.
Therefore, we need a different approach to obtain
Killing tensors related to the primary directions.
Similarly to Killing vectors, let us apply the limiting
procedure to the generating function k(f3) for Killing tensors
(2.35). Using (2.31) and the limit form of z,, (4.19), we obtain

k(p) ~ []1

14

+ pa2)NK(p). (4.27)

Since k() and K(p) differ only by a constant factor, K ()
also generates Killing tensors. We use this generating function
to generate Killing tensors associated with the primary
directions after the limit.

Using (4.26), K(f3) can be written in the form

= Zﬁer ﬂZNZ 2Aa(lu(l a —1’

1+ pa

where we also separated the first N powers of 4 from the
remaining ones. Because of the higher powers of Z in the
second sum, K(f) is no longer a direct analogue of its
before-the-limit counterpart k() in (2.25). Nevertheless,
extra Killing tensors corresponding to these higher powers
of 4% are rather trivial—they are just linear combinations of
the Killing tensors %! with constant coefficients. The
more interesting part of K(f) is given by the first N powers
of #% contained in the first sum. The coefficients define new
Killing tensors K (r)» Which are given by

(4.28)

i y aif
=k ZB a )“ -l (4.29)
with functions B(") defined as
B((a2) = A" (-a*)- (4.30)
n=0

Since these are nontrivial functions on spacetime, the linear
combination of the Killing tensors %~ in (4.29) does not
have constant coefficients and, therefore, INc(r) cannot be
expected to be Killing tensors.

For r =0 we get

K(O) %g_l (431)

Finally, we can introduce another set of Killing tensors
INQ(G), again using a formula analogous to (2.34)

(4.32)

With the help of an expression for ;l((f) analogous to (A8),
(4.29), and (4.21) as well as some algebra, it can be shown

that ﬁ(a) read

T(52
R<>=7(>+Z 220 Uy I (&)
#—@u J(ap)
pha
—2%azy (x—ad)t g (4.33)
s

To summarize, we have obtained N Killing tensors K "
in the primary directions and ) _, “N Killing tensors % p) 0
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the secondary directions, thus reconstructing the original
number of N hidden symmetries. Alternatively, we can use
equivalent sets of Killing tensors R(,,) in the primary
directions and “r, in the secondary directions.

V. EQUALLY SPINNING BLACK HOLES

This section includes two explicit examples of the
general results obtained in Secs. Il and IV that are
interesting from the physical point of view. Namely, we
consider metrics with the Lorentzian signature describing
higher-dimensional black holes, and we set all their rota-
tional parameters equal. We present examples of black
holes in D = 2N and in six dimensions.

A. D=2N

Setting all the rotational parameters equal in the
Lorentzian case means that there are only two equal-spin
blocks @ € {1, N}, with the latter being reserved for the
Wick rotation. Therefore, only the secondary directions
within the first block are subject to the limiting procedure,
and their number is !N = N — 2. The limit in this case is
characterized by a, , — a; o, where the index labeling the
secondary directions acquires the values

(5.1)

unless indicated otherwise. The parametrization (3.5) thus
adopts the form

arg = ay, X0 = Xp, b0 =1,

ay, =a; + la e X1, =a; + 1Xp8, h1,= 1¢p,

ayo = ag. Xy = Xy, byo =i
(5.2)

We shall proceed from the generally spinning metric
after the limit and use its form (3.29) in the Myers—Perry
coordinates {t, r., fig. fi1. 1. 'po. ‘1. ', }. Since the equally
spinning black hole retains only a single rotational param-
eter after the limit, let us write

a=a. (5.3)
Moreover, the second limiting block is related just to the
Lorentzian sector and it is renamed in the Wick rotation
(3.7) and by imposing the gauge condition (3.8). Thus only
a single primary direction and the corresponding block of
secondary directions remain. Therefore, we shall further
simplify the notation by dropping the index “1” labeling the
only limiting block

7

b =9 (5:4)

o =po. W, =, (5.5)

As in the general case, the coordinates {fiy, ji;} in the
primary directions and {4, u, } in the secondary directions
are not independent—they are constrained by the conditions

N-2
Z,u/% =1.

=0

o+ =1, (5.6)

S

The metric of an equally-spinning black hole then becomes

g~—(1—-R?*)d¢s

2Mr ”2

< (P a) [dt+ = (@ - /ladt)]z
2 ~2

) B r a
+A_,dr2 + r’dpg + T (dii} + fiigruc)

A o r* 4+ a? 2
+ Y2 (rzﬂodﬂo + nyy Qﬂldﬂl) )

(5.7)

where

O =0 = y3dg + Z,“/%d(pp’ (5.8)

and gg, denotes a (2N — 2)-dimensional Euclidean metric
in the multipolar coordinates

Lrue = i + p3dd? + Z A + 12dg?).  (5.9)
The metric functions adopt the form
2 iy
1-AR?=(1-2
(1=4r%) ( 1+ 42 )
A, = (1 =) (r* + a®) = 2Mr(r* + a*)*V,
S =+ a2 (5.10)

We see that the secondary directions enter the full metric
only through the terms gg, and ®.

Remembering that the coordinates are restricted by the
constraint (5.6), we conclude that the secondary block
essentially obtains the geometry of a (2N — 3)-dimensional
sphere. Indeed, it can be viewed as the sphere given by the
constraint (5.6) embedded in a (2N — 2)-dimensional flat
space described by the metric (5.9). Similarly to the general
case, this sphere is coupled only to the primary coordinate ji;.

Besides this metric piece, the secondary directions enter
the full metric also in time-related terms through the Kéhler
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potential @. It is related to the common rotation of the
secondary directions.

B. Myers—Perry black hole in D=6

In this section, we simplify the situation even more and
study the equal-spin limit of a rotating black hole in
vacuum—also called a Myers—Perry black hole—in six
dimensions. This was also discussed by Ortaggio [54].
Such a simplification proves useful as we are able to find
additional Killing vectors that emerge after the limit, thus
providing evidence of an enhanced symmetry structure of
the resulting spacetime. We expect the symmetry group to
become enlarged also in the general limit case.

We focus on a vacuum case, i.e., we set 1 = 0. Moreover,
there are only two equal-spin blocks @ € {1, N}, and since
in six dimensions a black hole described by the Lorentzian
metric has only two rotational parameters, the first block
has !N = 1 parameter subject to the limit. Therefore, the
limiting procedure in this case is characterized by
ay; = ayp. Since this is a special case of the limit
discussed in the previous subsection, we shall use the
parametrization (5.2) with the conventions (5.3) and (5.4)

ap=a, X0 =X, h1o=¢,
a, | =a+ ae, X; 1 =a-+ xe, h11 =9,
ayo = ay, Xyo =Xy, o= by, (5.11)

where we have also dropped the index p = 1. Moreover, Xy
and (,7)1;, are Wick-rotated as in (3.7), where we must

perform the limit 4 — 0 assuming the gauge condition
(3.8) for ag.

1. Metric
Employing these parametrizations, the metric (3.20)

becomes
~2 ta2 (fdé_x_ad¢>:| 2
a a a

2M
gr—dr’ + Zr [dt—x

+Edr2—i+i~czdfc2
, X*—-a
(rP+a®)(¥-a*) [ dx? X - X—a . .,
a {4x(x—a) a ¢ +7d¢ ]’
(5.12)

A~ (r? + &z)ﬁr = (r +a*)? -2Mr,

Tr (P +ad)E = (P4 a) (P + ), (5.13)

and Ar with ¥ are as in (3.31), which confirms the results of
[54]. This is the metric expressed in the generalized Boyer—

Lindquist coordinates {z, r, X, ¢ x, ¢}, which are suitable
for performing the limiting procedure. However, consid-
ering the physical interpretation of the resulting spacetime,
another set of coordinates proves more useful.

2. Spherical-like coordinates

Instead of {X,x} we introduce new angular coordinates
{8, x}, which are better suited for analyzing physical
properties of the resulting black hole spacetime. Namely,
let us define

¥ =acosd, x = acos’y. (5.14)
Moreover, let us rename the angular coordinates {¢, ¢} as
follows
(5.15)

b=pi. b=

The metric (5.12) then becomes
2M
g~ —dr* + ?r [df + asin’>d(cos’ydg, + sin’ydg,)]?

p
+ A—dr2 + (r* + @*cos*9)d9?
+ (r* + @*)sin®9dS;, (5.16)
where dS; denotes the metric of a 3-sphere, which can be
expressed as’

dS; = dy? + cos’ydg? + sin?ydg3. (5.17)
The metric functions are
A, ~ (r? +a*)? - 2Mr,
T (r? 4+ a*)(r* + a*cos?9). (5.18)

Notice that the metric (5.16) no longer contains the
parameter a from the secondary block. This parameter
controls how fast a; ; approaches a; o. In case the limit is
applied to a single rotational parameter, however, such a
scale is irrelevant.

The inverse metric can be written as

O 0\? 2Mr(rr+a*)*[o a o o0
g5 ) - - —t—
ot z A, ot r»+a*\op, oy,

IR CA I B AT
> \or r2+a%cos?9 \ 09

1
oy
(r*+a2)sin®9

ds;', (5.19)
with the inverse metric of a 3-sphere given simply by

°The coordinates in which the metric of a 3-sphere has this
particular form are called the Hopf coordinates.
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N2 1 /N2 1 [a\2
as:! = (< Y () 520
’ (0)() ooy <6¢1> %y <0¢2) (5:20)

3. Killing vectors

Before the limit, the Myers—Perry black hole in six
dimensions has three explicit symmetries associated with
the following Killing vectors

0
§*&7

lfo o L (sa) se
s+ =3 5 + 5 Y — + D R

2 agol a§02 2/1 a ar

. 1 0 0 . 1 S(l) S(z)
~ " 2\0¢, 0p,)  22\a, a )
where € is the special Killing vector (2.24). Note that s, and
s_ are simply linear combinations of the vectors s(;) and s )
defined in (2.27).10 However, they form nice commutation
relations with new Killing vectors, which we will iden-

tify next.

The most important result of this section is that the

metric after the limit has additional Killing vectors.
Namely, we found two new vectors

(5.21)

= {COS( (P1)

o
—sin(¢g <tan)(a—l+cot)(a )]
)2

V= {Sm((ﬂz — @

NS

0 0
+ cos(gpy — @) (tan)(—+ coty ﬂ (5.22)
0y

09,
|

These vectors are independent of the original Killing
vectors (5.21) and they Lie-preserve the full spacetime
metric (5.16). Furthermore, it can be shown that they are
Killing vectors of a 3-sphere represented by the met-
ric (5.17).

Let us now discuss how the symmetry group changes
after applying the limiting procedure. Before the limit, the
spacetime symmetries form a R x U(1) x U(1) group as
there exist three commuting Killing vectors &, s, and s_.
However, the algebraic structure emerging after the limit
indicates that the symmetry of the resulting spacetime is
indeed further enhanced. In fact, the vectors s_, u and v
generate the algebra of an SO(3) group and the vectors &
and s, commute with all the other vectors as can be seen
from their Lie brackets''

Therefore, the symmetry group of the spacetime decouples
and is enhanced from the original R x U(1) x U(1) to R x
U(1) x SO(3) after the limit.

4. Killing tensors

Another proof of an enhanced symmetry structure after
performing the equal-spin limit can be found when study-
ing the limit form of Killing tensors. In six dimensions, the
Myers—Perry black hole after the limit has three Killing
tensors defined in (4.29) and (4.25). In the spherical-like
coordinates, they obtain the form'

i .0 2+~ 6\/ 0 N 0 2Mr [(r? + @*)a cos 9)?
) ot ot \op,  0p, b A,
0

A 2 1 0\2 2+ asin2d
(Y e — A R )
or ( :

)]

r2 + @2cos?9 \ 09

0 2+ . 0 ) o
—_— any —— — CO
oy o0~ "% o,

0o a 0o n o 2
dt r2 =+ 512 a(ﬂl 0402
r? + @*)sin*8

(5.24)

"Let us note that the factor 1 /4 in the expressions for s, in terms of s; ;) does not present a problem in the limit 4 — 0 since it is

compensated by A in the definition (2.27).

"'Commutation relations with € are trivial since all the other Killing vectors are time-independent.
“Here, avpf = af + pa is a normalized symmetric tensor product analogous to the antisymmetric wedge operation.
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where 'g~! is the Kihler part of the full spacetime metric g.
It turns out that 1k(0) decouples into a sum of direct products
of Killing vectors in the following manner

k(o) = 2(un +vv+s_s_ —s.5,), (5.25)

thus the Killing tensor 1k(0) becomes reducible. Therefore,
the corresponding hidden symmetry splits into a combi-
nation of explicit symmetries characterized by the Killing
vectors s, S_, u, and v.

VI. SUMMARY

This work is devoted to a limit of the Kerr—-NUT—(A)dS
spacetime, in which an arbitrary number of its rotational
parameters coincides. The importance of the Kerr—-NUT-
(A)dS spacetime lies in the fact that it is the most general
solution to the vacuum FEinstein equations in higher
dimensions with the cosmological constant that also
possesses the principal tensor. Therefore, it has a rich
symmetry structure demonstrated by the existence of the
Killing tower of Killing vectors and Killing tensors. The
limiting spacetime inherits this symmetry structure. The
symmetry is even enhanced since some of the hidden
symmetries represented by Killing tensors factorize, which
leads to a higher number of explicit symmetries represented
by Killing vectors.

Section III describes the equal-spin limit of the Kerr—(A)
dS metric. Although the limiting procedure is not trivial
since some of the parameters and the coordinate ranges
become degenerate, we managed to find a suitable para-
metrization of the limit, in which the metric remains
regular. We defined primary and secondary coordinate
directions, which refer to the coordinates (and the param-
eters) that do not change after the limit and to those subject
to the limit, respectively. We then applied the limiting
procedure to the orthogonal frame {e#,é"} and found out
that after the limit this orthogonal frame separates into two
independent sets {&é%, €} and {%”, %"}, which we referred
to as primary and secondary frame directions, respectively.

This structure corresponds to the expected form of the
generalized Kerr—NUT—(A)dS spacetimes [52], where
spacetimes with the principal tensor that has constant
eigenvalues have been discussed. In [52], the most general
metric allowing such a principal tensor has been identified.
It was shown that certain parts of the metric have formal
properties of the Kihler metrics, which we confirmed in our
limit. We thus kept the terminology of [52].

However, the orthogonal separation of the metric is only
valid on the level of tangent spaces and is not integrable.
Thus the resulting geometry cannot be understood as a
product of independent manifolds and one cannot talk
about true Kéhler submanifolds. The resulting geometry is
a certain kind of multiwarped product.

Applying the limit we discovered that the metric g splits
into two parts—the primary Kerr—NUT—(A)dS part g and
the secondary Kihler metrics “%g. The Kerr—NUT—-(A)dS
part has the form analogous to the Kerr—NUT—(A)dS metric
of the entire spacetime but only in the primary directions,
while the Kihler metrics describe special parts of the
geometry that emerged in the limiting procedure.
However, both pieces are interlaced together because of
the fine inner structure of the primary and secondary
orthogonal frames. Thus, we repeat once more, that the
secondary metrics “g can be called Kahler metrics only
formally since they do not live on independent
submanifolds.

As a particular case we studied the limit of a black hole
geometry with the explicit Lorentzian signature. In this
case, the interlacing of the primary Kerr—NUT—(A)dS block
and the secondary Kéhler blocks can be demonstrated in an
explicit form. It turns out that after the limit the secondary
blocks simplify to spatial spheres, and each sphere is
coupled to the coordinate in the corresponding primary
direction. Additionally, the secondary blocks are coupled to
the primary metric in the rotational term linear in dr
through the Kihler potentials.

In Sec. IV, we discussed the equal-spin limit of the
Killing tower. We were able to obtain the same number of
Killing vectors and Killing tensors as before the limit, thus
having reconstructed the original explicit and hidden
symmetries.

Therefore, the metric we obtained represents a particu-
larly interesting subcase of general spacetimes discussed in
[52]. We showed that it retains the full tower of explicit and
hidden symmetries, thus inheriting the complete integra-
bility of the geodesic particle motion from the original
geometry—unlike the generalized Kerr—NUT—(A)dS met-
rics, which do not necessarily admit the full Killing tower
and they possess much less symmetries.

In general, we expect that the limiting metric has even
enhanced symmetry structure, i.e., that it possesses more
explicit symmetries, making some of the hidden sym-
metries reducible.

In Sec. V, we presented two examples of the general
results. We studied the metric of a black hole with all its
rotational parameters set equal in a general (even) dimen-
sion and, in particular, in six dimensions. In the six-
dimensional case, we found an enhanced symmetry struc-
ture after the limit. Namely, we discovered two additional
Killing vectors that emerge after performing the limiting
procedure. These new vectors are independent of the
original Killing vectors and they Lie-preserve the full
spacetime metric. Moreover, combined with the original
Killing vectors they generate the algebra of an SO(3)
group. Therefore, the symmetry group of the spacetime is
enhanced from the original R x U(1) x U(1) to R x
U(1) x SO(3) after the limit. It also turns out that one
of the Killing tensors becomes reducible as it decouples
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into a sum of products of Killing vectors, therefore, the
associated hidden symmetry splits into a combination of
explicit symmetries.

Let us conclude with several open problems concerning
the equal-spin limit of the Kerr—-NUT—(A)dS spacetime.

We expect the symmetry group to become enlarged in
the general limit case. Namely, we expect that after the limit
the symmetries of spherically symmetric spatial parts
emerge on the level of the full spacetime metric. This
should be possible to prove using a higher-dimensional
generalization of the spherical-like coordinates (5.14).
While the task is rather simple when the secondary block
contains a single coordinate, with more coordinates the
complexity of the expressions grows considerably.

In our work, we mostly assumed vanishing NUT charges
for simplicity. Some of the results could be generalized to
the case of nonvanishing NUT charges, but it would require
much more careful fine-tuning of the metric parameters and
the coordinate ranges and one would need to investigate the
relation of the resulting symmetry structure with the NUT-
related singular structure of the axes.
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APPENDIX A: METRIC FUNCTIONS

In Sec. II, we have introduced several auxiliary functions
related to symmetric polynomials that are then often used in
the metric and other quantities before the limit, and with
some modifications also after the limit (see Appendix B).
These functions are polynomials either in the coordinates
x, (denoted by J, A, U) or in the parameters a, (denoted by
j A, U). They are defined as"’

Considering these definitions, it follows that

PLet us recall that indices in sums and products go over the
“default” ranges unless indicated otherwise explicitly, i.e.,

N-1

k=0

(A2)

E 2
Cl,/l k'

Similarly, we define functions with the uth variable
omitted as

k —1-
Ju@) =T]02 - a?) = >l (=a?)¥1+,
Y k
v

U
= (@ -2) = 3 AP (=214, (A3)
7 k
v#p

where
k
=Y 2.ak, AY= Y @.a. (Ad)
) L
ViFp ViFH
We set
A =AD =1 A0 =AY =1 (A5

and we also assume that the functions A,(,k)

e.g., AE,N)

vanish if the
index k “overflows,” = 0; the same applies to the

functions Aflk). Finally, we define

-2
viu

u}l = ju(az) = H(azzz - a/%) (A6)
v
These functions satisfy
J(x)=0.  J(a)=0
Ju(x 2) =0, Jula;) =0, if u#v. (A7)

If Afp is understood as an N x N matrix, it is possible to
write down its inverse

_ —1-k
ZA x” = 6 (A8)
p (231
> oAl = 6u- (A9)
"
They are also related to the polynomials A®) as
(k) (k)
A A
Y A= (A10)
U, A
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The functions A% and A ® satisfy analogous identities T (x2)
with x, and U, replaced by a, and U, respectively. ZJ x(ai)J «(a}) U -/ (a;%)uuém- (A13)
Fmally, the followmg onhogonahty relations are satis- . )
fied
T (a2) T o(x2) APPENDIX B: EQUAL-SPIN LIMIT OF METRIC
D =6 (Al1) FUNCTIONS

When employing the limiting procedure introduced in
Sec. III, first we rewrite the metric functions using the

T, (a®)J,(a?) U double indexing described in Sec. III A, and then apply the
Z =25, (A12)  parametrization (3.5). The functions J and U along with
K J(ax)Uy j(xﬂ) their counterparts 7 and U can be written as'

j(xi,o) = H(aio - xi,o) ’ HYH(G%,T - x§.0)7 (B1)
j(x(%./)) = H(a a/) : HYH a /, (BZ)

14

Ja,O(a/Zi,()) = H H H - “/}0 (B3)

#a
Ja,O(a/zi,a) = H H}'H - aﬂa (B4)
7#a
Ja,/)(a/zi.o) = H(x - HVH - a/} 0 H('x(zl,‘[ - a/23,0)7 (BS)
v y#a #p
Japla},) =[] H H H(x?,,f - az,), (B6)
4 y#a #p
Tpolxag) = [ (2o =x20) - [T T1(ahe = 220), (B7)
y;yéﬂ ror
jﬂv”('xle,()) = H(a?,o - xi.o) : HyH(a%r - x(21.0) ‘ﬁH(a/zJ,T - x(21,0)’ (B8)
! V;Eﬂ ‘ who
jﬁ,O (th.p) = H(a;%,o - xlzl,p) : HyH(a}%fr - xé,p)’ (B9)
}’;ﬁ ror
jﬂ,a(xczz,/)) = H(a;%,() - xo2t,/)) : H},H(a - x%zp ﬂH xap (BlO)
! i who

"*Let us remind the reader that indices introduced in Section III A go over the “default” ranges unless indicated otherwise explicitly in
the sum or product, i.e.,

N

N
[I=1I.  “II-
a a=1 P p=1
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rha o
Uap H yO xap HH H(ng xép)’
ra wp
Ugo = H a,, 30) ’ HJ/H (10)
rha o
uap H aap H _aap H(agr agp)

After the limit, these functions become

T2~ T@)] @ - 2™,

14

j( ap) ~ ua x/}aj(a /))(Zaag zN+1H VN’

7#(1

Jao(ajo) & ( )PJ(0)(2aze) NH a; —ag)™,

Juol@,) % To(@3)P I (Pa,)(2ae) NH :

J (@) _ 2 v
Tup(@ho) % =25 10)ape) N[ [ @ - @)™, a#p,
a p v
r#p
2 j(&lzf) B ~ \/N ~2 _ ~D2\IN
Jap( B )NZZ2— 2 J( aﬁ)(zaﬁ‘g) H(ay_aﬂ) ’ (Z?éﬂ,
y#b
ap(@0) R T(@2)"7,(0)(2a,e) '] [ (a3 — a2)™,
r#a
apl@g) 2 J(@2) 0, (“a,) (2a,e)" '] [ (@7 — a2)™,
réa

a

jﬁ,O(“‘%{,p) ~ 512 _aaz axpa (axp)<2(~1a€)"N+l H(El}% - Zla)wa a ?é ﬂ,
p v
Veald
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U 0 -
Tpol0tg) s 0,87 () (2age) ™ [[ (@ = @2V, # . (B26)
a [)’ 4
r#a
T a0(x2,) UT (%) 2a,e) V| [ (@ - a2)™, (B27)
r#a
jao—(xa/)) —Z/{ Xp '-7 ( Xp 2aa€ NH(“ (BZS)
réa
Ugo = Ua] [ (@ - 53)" (B29)
14
U, 2 J(@2)*U,(2a,e) ™~ IH a—a)™, (B30)
V;éa
Uy 2 ULT(0)(2a,e 'NH a2 —az)N, (B31)
7#(1
a/) ~ ua a ~118)HNH(51}% (B32)
14
y#a
|
The functions after the limit, such as 7, A, U and @/, A, U~ A{) = Z X5 .. Xp ag(P) — Z Ny s
are defined similarly to the functions before the limit in b1 br L
Appendix A, only the sets of coordinates and parameters ﬂlﬁi;;ﬂ' P
they include are restricted to X,, a, and “x,, “a,, respec- ~(r) P (»)
tively. Moreover, the latter are defined using first powers of Aa” = Z ag,...ag., Ay = Z “ag, ... "a,,, (B34)
: : : BloBr Op0nsp
variables instead of their squares. For example, the defi- Bren <y o1<-.<op
nitions (A3) and (A4) are modified as bi#a P

T(@) =] -a) =

pea ’

“J,(%a) = T] (%, - %a) = Y4y (=a)™1-,
op g

ja(%z):Haﬂ_x Z‘A Nlr
ﬁ#a

) = [ [(“a, — %) = Z AP (—2)N-1=r | (B33)

o#p

where

(B35)

The other definitions are modified accordingly. These
functions also satisfy analogous identities and orthogon-
ality relations to (A8)—(A13). Furthermore, we define
“J(“a) =1 and “7(%) =1 if °N =0. In particular, in
the Lorentzian case we have

(B36)
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