University of Alberta

Relationships between Scalar Field and Relativistic Particle Quantizations by Pavel Krtouš

Department of Physics Fall 1997

Abstract

The main goal of this work is an investigation of relationships between the quantum theory of a scalar field and the quantum mechanics of a relativistic particle in a general spacetime.

Quantum field theory of a scalar field on a time-bounded domain is formulated using canonical quantization. Special attention is paid to boundary conditions and their implication for the interpretation of the theory. The relationship between configuration, particle and holomorphic representations is found. It is shown that all important structures can be reconstructed from knowledge of Green functions satisfying certain conditions. Transition amplitudes are expressed using such Green functions, and their structure is discussed.

The field theory is also reformulated using boundary quantum mechanics in which initial and final conditions play equivalent roles. This formulation is more suitable for the path integral approach and for the Euclidian version of the theory in which there is no preferred time flow. Also a derivation of transition amplitudes is much more straightforward in this formalism.

Next the quantum mechanics of a relativistic particle is formulated using the sum-over-histories approach. The theory is again investigated in a time-bounded domain, and boundary conditions are discussed. It is shown that the quantum mechanics of a relativistic particle leads to a many-particle theory and that transition amplitudes have the same structure as in the QFT of a scalar field. This connection allows one to identify these two theories. The relationship between boundary conditions needed for QM of a relativistic particle and the particle interpretation of QFT of a scalar field is investigated.

To Simona

Contents

Contents i Introduction 1 Motivations and plan of the work are sketched.

Motivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 Plan of the work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

I Classical Theory 4 In this part the classical theory is investigated. The phase space formalism is formulated and a 3 + 1 splitting of field theory in curved spacetime is reviewed. Next the boundary conditions and self-adjoint extensions for Laplace-like operators are studied.

1 Boundary, canonical and covariant phase spaces . . . . . . . . . . . . . . . . . . . . . 5 A general theory on a spacetime domain described by an action is investigated. Boundary and canonical phase spaces are defined using structures on the boundary of the domain. The symplectic structure is given by the Wronskian of the second variation of the action. Finally the covariant phase space structure is given for the space of solutions of classical equations of motion. Relations between these phase spaces are discussed.

The space of histories and the action . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 The equation of motion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 Boundary phase space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 Lagrangian density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 Space of boundary values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 Causal structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 Covariant phase space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 Poisson brackets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2 Scalar field theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 The formalism introduced in the previous chapter is applied to scalar field theory. Additionally the standard 3 + 1 splitting of spacetime is reviewed.

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 Space of histories and the action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 Phase spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 Green functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 Space of boundary values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 3 + 1 splitting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 3 Boundary conditions and extensions of Laplace-like operators . . . . . . . . . . . . . . 20 Self-adjoint extensions of Laplace-like operators and their relation to boundary conditions are discussed. A wide class of extensions are introduced which will have an application in the quantum theory in the next parts. The self-adjoint extensions of the

i operator are handled using distributional terms localized on a boundary of the domain under investigation. Different Green functions are introduced and their relationship is discussed.

Generalized boundary value . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 Space of boundary values . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 Spaces of sources . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 Feynman Green function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 Extension of the field operator on the space P . . . . . . . . . . . . . . . . . . . . . . 25 Green functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 The structure of the boundary phase space . . . . . . . . . . . . . . . . . . . . . . . . 28 4 Complex boundary conditions and complex structure . . . . . . . . . . . . . . . . . . 29 Complex structure on a linear symplectic space is studied. It is shown it can be used for identification od complex boundary conditions of Laplac-like operator.

Complex structure on a linear phase space . . . . . . . . . . . . . . . . . . . . . . . . 29 Characterization using value and momentum . . . . . . . . . . . . . . . . . . . . . . . 31 Complex boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 Dependence on the orientation of the hypersurface . . . . . . . . . . . . . . . . . . . . 34

II QFT — Canonical Quantization 35 General ideas of canonical quantization of the theory with the phase space realized as a cotangent bundle are presented. Next the quantum field theory of a scalar field is built using canonical quantization of the covariant phase space. Special attention is paid to the definition of the particle interpretation and the holomorphic representation of the theory. The connection with boundary conditions is established. Most of this formalism can be applied to any theory with a linear phase space. Finally, the formalism is generalized to the quantum field interacting with an external source.

5 Configuration quantization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 Ideas of canonical quantization over a phase space realized on a cotangent bundle are reviewed. Application to scalar field is sketched.

Ideas of quantization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 Algebra of observables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 Position representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 Phase fixing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 Uniqueness of the quantization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 Relation between different orderings . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 Observables quadratic in momentum . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 Scalar field theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 6 Particle representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 The notion of the particle interpretation of QFT is introduced. It is essentially a choice of a Fock base. Particle interpretations are classified using a complex structure on covariant phase space. It is shown that this complex structure is equivalent to the Hadamard Green function. The complex structure preferred by a given Hamiltonian is constructed. The relationship between particle and value representation is found.

Quantization of the covariant phase space . . . . . . . . . . . . . . . . . . . . . . . . . 44 Infinite dimensional phase space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 Particles and field . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 Fock structure of the quantum space H . . . . . . . . . . . . . . . . . . . . . . . . . . 46 Green functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 Total particle-number observable . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 Diagonalization of Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 Connection with value representation . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 7 Holomorphic representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

Contents iii

The coherent states connected with the particle representations are introduced and a covariant formulation of the holomorphic representation is developed. The relationship between particle and holomorphic bases is found.

Coherent states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 Holomorphic representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 p-normal ordering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 Relation between holomorphic and particle representations . . . . . . . . . . . . . . . 58 8 Transition amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 A relationship of two particle interpretations is investigated. The Bogoljubov operator — the covariant equivalent of the Bogoljubov coefficients — is introduced. It is shown that both particle interpretations are possible to reconstruct from a in-out Green function. The characteristic properties of this Green function are found. Finally the transition amplitudes are derived.

Two particle interpretations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 Green functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 Reconstruction of initial and final particle interpretations . . . . . . . . . . . . . . . . 62 Elementary transition amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 S-matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69 In-out holomorphic representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71 Transition amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72 Feynman Green function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 9 Interaction with an external source . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76 In this chapter the formalism is generalized to the case of non-zero external source J. The specific choice of the relative phase between initial and final states is done. The transition amplitudes are computed.

Quantization of a non-linear phase space . . . . . . . . . . . . . . . . . . . . . . . . . 76 Vacuum-vacuum amplitude and the phase fixing . . . . . . . . . . . . . . . . . . . . . 77 Transition amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

III QFT — Boundary Quantum Mechanics 82 The theory is reformulated using time-symmetric quantum mechanics in which initial and final conditions play equivalent roles. This formulation is more suitable for the path integral approach and for the Euclidian version of the theory in which there is no preferred time flow.

10 General formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 Time-symmetric quantum mechanics, or quantum mechanics on a boundary, is developed. The basic idea is to treat observables on initial and final hypersurfaces as independent and commuting. It allows one to handle the entire boundary of a spacetime domain. The physical correlations between initial and final observations are hidden in the notion of a physical state. Essentially, the dynamics of a system determines such a state. An experiment then corresponds to a quantum measurement of both initial and final observables performed on this physical state.

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83 Construction of the boundary quantum space . . . . . . . . . . . . . . . . . . . . . . 83 Dynamics in the boundary quantum space . . . . . . . . . . . . . . . . . . . . . . . . 85 Boundary quantum mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 Path integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 11 Configuration and holomorphic representations . . . . . . . . . . . . . . . . . . . . . . 88 Boundary QM is applied to the QFT of a scalar field. The states defined in the previous part are used in this framework. Separate structures on initial and final hypersurfaces from the previous part are now treated as a common structure on whole boundary. (For example a particle interpretation of the boundary QM corresponds to a choice of initial and final particle interpretations of standard QFT.) Transition amplitudes are computed using boundary QM. Their relationship to Green functions and specific boundary conditions is much more clear in this formulation.

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 Quantization of the boundary phase space . . . . . . . . . . . . . . . . . . . . . . . . 88 Generalized holomorphic representation . . . . . . . . . . . . . . . . . . . . . . . . . . 90 Specially related boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 The physical state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 Relation to usual quantum mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

IV Sum-over-Histories Formulation of a Particle-like Theory 95 The quantum mechanics of a relativistic particle is formulated using the sum-over-histories approach. The theory is again investigated in a time-bounded domain and boundary condition are discussed. It is shown that the QM of a relativistic particle leads to a many-particle theory and that transition amplitudes have the same structure as in the QFT of a scalar field. This connection allows us to identify these two theories.

12 General principles of the sum-over-histories quantum mechanics . . . . . . . . . . . . 96 The general principles of the sum-over-histories formulation of quantum mechanics are reviewed. The advantages and disadvantages of this approach and its relationship to generalized quantum mechanics are discussed.

Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 Space of histories and probabilistic interpretation . . . . . . . . . . . . . . . . . . . . 96 Quantum amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97 Relation to a generalized quantum mechanics . . . . . . . . . . . . . . . . . . . . . . . 98 13 Particle in a curved space without boundary . . . . . . . . . . . . . . . . . . . . . . . 100 SOH quantization of particle-like theory in curved space is reviewed. It is proved that the propagator satisfies the Schrödinger equation with a Laplace-like operator. The exact dependence of the operator on the choice of measure is found. Finally interaction theory is introduced and the origin of the potential is investigated.

Space of histories and action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100 Amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 Propagator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 Composition law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102 Short time amplitude . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103 Short time behavior of the heat kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . 106 Interacting theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 Dynamical origin of the potential . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107 Feynman Green Function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109 Boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110 14 Particle in a curved space with boundary . . . . . . . . . . . . . . . . . . . . . . . . . 111 Modifications needed for a manifold with a boundary are introduced, and the exact form of the heat equation for the propagator is derived. It is shown that the Laplace-like operator in this equation contains some distributional terms localized on the boundary. These terms induce proper boundary conditions for the propagator. The interaction with sources inside of the domain is discussed and sources on the boundary is introduced. They are interpreted as an outcomes of the measurement on the boundary.

General consideration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111 Restriction to a domain — naive approach . . . . . . . . . . . . . . . . . . . . . . . . 111 Boundary correction term . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 Short time behavior of the heat kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . 114 Green function . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 Amplitude of particles emitted by a source . . . . . . . . . . . . . . . . . . . . . . . . 116 Emission from the boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116 15 Many-particle theory and transition amplitudes . . . . . . . . . . . . . . . . . . . . . 119

Many-particle version of the theory is investigated. Different kinds of transition amplitudes are introduced. It is shown that different boundary conditions can be interpreted using an additional interaction on the boundary.

Multi-particle histories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119 Diagrammatic dictionary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120 Interaction with the boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124 Interaction of boundary sources . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126 Other boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129 16 Comparison with scalar field theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 The amplitudes computed using SOH formulation of relativistic particle theory and using the scalar field theory are compared. It is shown that transition amplitudes between boundary sources have the same structure and values as amplitudes of particle states defined on the boundary in scalar field theory.

Translation between theories . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 Transition amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

Conclusion 133 The relation between the QFT of a scalar field and SOH quantization of a relativistic particle is summarized. The main result is correspondence between coherent and configuration states of QFT and boundary sources of the quantum particle theory.

Recapitulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134 Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135 Open problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 136

Appendices 137 A Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 Notation used in this thesis is reviewed. Sign and other conventions are listed here. Also notation for distributions and operators is discussed.

Vector spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 Tensor bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138 Functional spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139 Differential operators and quadratic forms . . . . . . . . . . . . . . . . . . . . . . . . 139 Delta distributions localized on a submanifold . . . . . . . . . . . . . . . . . . . . . . 140 Lorentzian signature convention . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141 Abstract indices dictionary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141 B Symplectic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142 Geometry of the symplectic space is reviewed.

C Tangent and cotangent bundle geometry . . . . . . . . . . . . . . . . . . . . . . . . . 143 Geometry of the tangent and cotangent bundle is studied. Covariant “canonical coordinates” on the cotangent bundle are introduced that depend on a choice of a connection.

D Euclidian and physical versions of the theory . . . . . . . . . . . . . . . . . . . . . . . 145 The signature convention and relation between Euclidian and physical versions of the theory are discussed.

Euclidian theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145 Special Wick rotation in curved space . . . . . . . . . . . . . . . . . . . . . . . . . . . 146 Metric dependent quantities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146 Action dependent quantities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147 Scalar field theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148 E S-matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 150 The explicit form of the S-matrix is derived.

F Asymptotic expansion of the leading term in the heat kernel . . . . . . . . . . . . . . 152

An asymptotic expansion of the leading term of the short time amplitude is computed for flat and curved spaces, both with and without a boundary.

Vector space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152 Manifold without a boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153 Half line . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153 Manifold with boundary — no reflection contribution . . . . . . . . . . . . . . . . . . 157 Manifold with boundary — reflection contribution . . . . . . . . . . . . . . . . . . . . 161 G Geodesic theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163 Geodesic theory necessary for the calculations in the last part is summarized.

Basic definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163 Coincidence limits and covariant expansions . . . . . . . . . . . . . . . . . . . . . . . 164 (d − 1) + 1 splitting near a boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . 167 Geodesic theory near a boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168 Reflection on the boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170 Covariant expansions near boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 172 H Special functions R_ν . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174 The properties of special functions Rν are summarized.

I Diagrammatic notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176 Diagrammatic notation for tensor algebra is reviewed.

Notes 179

Bibliography 183

Introduction

Motivations

One of the main goals of this work is to investigate a relationship between scalar field theory in curved spacetime and quantization of a relativistic particle using the sum-over-histories approach. We have the following motivations to do such a study.

Quantum scalar field theory is widely understood as the theory describing a multi-particle system. Yet, it is a quantization of a completely different system — a quantization of a continuous field on spacetime. It is true that we can identify some states of such system as particle states — states with some properties of particles. But is there any other way to make a connection to the particle theory? Is it possible to quantize a classical relativistic particle, and does it gives predictions equivalent to predictions of quantum scalar field theory?

There exists a candidate for the direct quantization of a particle theory — quantization using the sum-over-histories approach. In this approach the transition amplitudes associated with the chosen criteria are computed by summing over amplitudes of all possible multi-particle histories which meet the criteria. It is known that some of these amplitudes (e.g. the propagator) lead in special cases (e.g., in flat spacetime) to quantities which can also be obtained from scalar field theory. The goal of this work is to investigate this correspondence in more detail. We will find in what exact sense we can identify these two theories.

Let us note that there are more reasons for studying relativistic particle theory. One of the attempts to understand the quantization of the gravitational field coupled to matter is to reduce the full gravitation theory to a system with a finite number of degrees of freedom and try to quantize this simplified system. These reduced theories are called minisuperspace models. It is well known that this reduced system is essentially equivalent to a particle theory in a Lorentzian space with (usually) a complicated potential. A common method for the quantization of minisuperspace models is the sum-over-histories approach. A connection of such a method to the better known and thoroughly understood theory — canonical quantized scalar field — could bring a better understanding for of quantization of minisuperspace models.

Another reason for the investigation of scalar field theory in curved spacetime is an interest in the knowledge of the exact dependence of the theory on the spacetime domain in which we study the system. The usual approach is a bit generous on this question — the theory is usually formulated on the whole spacetime with not always clearly formulated special behavior at infinities. In flat spacetime such an approach is justifiable because there exists a preferred behavior at infinities, but in a general curved spacetime we have to be more careful. This problem is usually solved by a choice of positive-negative frequency splitting for particle modes. The aim of this work is to formulate this choice in a covariant way and identify exactly the freedom which we have in the choice of boundary conditions and what is their interpretation.

A similar comment applies to the sum-over-histories approach. The question of boundary conditions is usually completely ignored in the definition of the path integral. We try to formulate the theory in a more careful way and identify its boundary-condition dependence.

Another reason for the necessity of a better understanding of boundary conditions of a theory based on the summation of amplitudes is a better understanding of the definition of the decoherence functional of generalized quantum mechanics. At this moment we lack an exact understanding of the dependence of the decoherence functional on the spacetime domain on which we study the system, its composition properties when we join two domains, etc.. One of the main difficulties are boundary terms in the decoherence functional representing initial and final states, which are not well understood. We hope that the investigation of the sum-over-histories approach to the quantization of relativistic particle, as a representative example of a wide class of theories, could clarify this problem.

Finally, one of the “by-products” of our study will be a reformulation of the theory in a way which does not distinguish between the past and the future. This has great importance for theories where we can have a problem with the identification of time — for example in quantum gravity or a Euclidian version of the theory.

Plan of the work

The plan of our work is the following. In the first three parts we will investigate mostly scalar field theory, and in the last part we will study the sum-over-histories approach to the quantization of a relativistic particle. Besides these main tasks, in the introductory chapters to each part we will present a general framework for the material to be discussed.

The first part reviews the classical formalism on a general level and its application to scalar field theory. Special attention is paid to boundary conditions of the equation of motion.

In the second part we will discuss canonical quantization. The general quantization of the phase space with a cotangent bundle structure will be discussed. Scalar field theory will be quantized using the notion of a particle interpretation. There will be developed a rich covariant formalism for the description of quantum scalar field with emphasis on the dependence on boundary conditions. The main goal will be to compute transition amplitudes between particle states.

In the third part boundary quantum mechanics will be introduced. It is quantum mechanics based on quantization of the boundary phase space. It describes measurements at the initial and final time as experiments on independent systems. The relations of initial and final physical quantities are hidden in a special physical state. The equation for such a state is the dynamical equation of boundary quantum mechanics.

The last part deals with the quantization of a relativistic particle using the sum-over-histories approach. First, the general ideas of such an approach will be discussed. Next, the propagator in a space with boundary will be computed and multi-particle amplitudes will be derived. The discussion of a possible interaction of particles with devices on the boundary of the domain will be carried out.

Finally, we compare both theories.

Part I

Classical Theory

1 Boundary, canonical and covariant phase spaces

The space of histories and the action

In this chapter we will develop a classical formalism for a wide class of physical theories. We will not need this formalism in the following chapters in full generality, but it helps us to see some structures we will use for scalar field theory and for a relativistic particle in a more general context. We will also refer to this chapter in the overview of quantization procedures in chapter 5 and in the introduction to boundary quantum mechanics in chapter 10. The formalism developed here is mainly inspired by [1].

A physical theory can be specified by a space of elementary histories H and a dynamical structure on it. Elementary histories represent a wide class of potentially imaginable evolutions of the system, not necessarily realized in the nature. Examples of the spaces of histories are all possible trajectories in the spacetime (the theory of a relativistic particle) or all possible field configuration on the spacetime (a matter field theory) or all possible connections on a spacetime (a gauge theory), etc..

We restrict ourself to theories which are local on some inner manifold M and we pay an attention to this dependence. Histories of the local theories can be represented as sections of some fibre bundle over the inner manifold. We use x, y, . . . as tensor indices for objects from tangent spaces T H and the dot • for contraction in these spaces. It contains, of course, the integration over the inner manifold.

Almost all known theories can be reformulated in this way. For example elementary histories of a particle theory can be viewed as mapping from one dimensional inner manifold M (here the space of a parameter that increases along the particle trajectory) to a target manifold T , i.e. as sections of the trivial fibre bundle M × T (e.g., spacetime) over M. The realization of field theory is even more straightforward — the inner manifold M is spacetime, and histories are sections of some bundle over it. We assume that we are able to restrict the theory to any domain in the inner manifold M. I.e., we are able to speak about space of histories H[Ω] on a domain Ω. We will see that the domain of dependence will play an important role in the dynamics.

On the general level we admit any sufficiently bounded domain Ω with a smooth boundary ∂Ω. We need to deal with a bounded domain to assure that the action functional is well defined on a sufficiently wide set of histories. Generally if the domain is compact, the action is defined for all smooth histories. But we allow also domains which do not have to be compact “in some insignificant directions”. A typical example is a sandwich domain in a globally hyperbolic spacetime between two non-intersecting non-compact Cauchy surfaces. This section is unbounded in space, and this fact will have to be compensated by a restriction of the set of histories to those which fall off sufficiently fast at spatial infinity. We cannot do the same thing in the time direction because we would exclude physically interesting histories — specifically the solutions of the classical equations of motion.

The localization of histories on the domain Ω gives us also a localization of elements of the tangent spaces T H, i.e., we can speak about a space T H[Ω]. We will call tangent vectors linearized histories. Tangent spaces at some history h can be represented as vector bundles over the inner manifold or the domain Ω. Therefore we can speak about distributions (T_h H)^′ and (T_h H[Ω])^′. Let us note that by distributions (T_h H[Ω])^′ we mean distributions in the sense of (T_h H)^′ with a support on

Ω. See more in appendix A.

The dynamics of the system is given by a domain-dependent action S[Ω]

S[Ω] : H → R . (1.1)

Let us note that we cannot generalize the action to a functional on the whole inner manifold S[M] — it would be infinite for some physically interesting histories.

The action is local and additive under smooth joining of domains, i.e.

S[Ω](h_1) = S[Ω](h_2) for h_1 = h_2 on Ω and for all Ω , S[Ω](h) = S[(Ω_1](h) + S[Ω_2](h) ,

(1.2)

where Ω = Ω_1 ∪ Ω_2 is a domain and Ω_1 ∩ Ω_2 is a submanifold without boundary which is subset of both ∂Ω_1 and ∂Ω_2.

The equation of motion

In general we work with smooth histories and smooth domains with a boundary, unless stated otherwise. We assume sufficient smoothness of the action, but we skip the discussion of this question.

But we explicitly assume that the action is essentially of first-order. In short this means the action leads to second-order equations of motion. On a general level this can be formulated by the condition that the variation of the action (keeping the domain Ω fixed) can be written in the following way dS[Ω](h) = χ[Ω]δS(h) − P[∂Ω](h) , (1.3)

This relation represents a usual “integration by parts” in the variation of the action.

δS represents the variation of the action on the whole inner manifold. It is a form on the space of histories and we require that δS(h) contain at most second-order inner space derivatives of the history h and be smooth in the variational argument. Thanks to this smoothness the multiplication by χ[Ω] is well defined. χ[Ω] is the characteristic function of the domain Ω (eq. (A.12)). The distribution χ[Ω]δS(h) is not smooth in the variational argument on the whole inner manifold (more precisely as a distribution (T_h H)^′), but it is a smooth distribution from the space (T_h H[Ω])^′.

P[∂Ω] is the momentum on the boundary ∂Ω. It is localized on the boundary in both its history dependence and in the variational argument (i.e. as a distribution from T_h^0_1 H^′). We require that it can contain at most the first derivative in the direction normal to the boundary and cannot contain any normal derivatives in the variational argument. I.e., it can be represented as a distribution on boundary values of the linearized histories.

The classical equations of motion are given by the condition

δS(h) = 0 , (1.4)

and we denote by S the space of their solutions — the space of classical solutions.

The linearized equation of motion selects the linearized histories tangent to S. It has the form ⇝ δ^2S(h) • δh = 0 , (1.5)

where δh is a linearized history (tangent vector to H) at a classical history h and the second variation of the action^⇝δ^2S,_⇝ δ^2S(h)^⊤ =

⇝

δ^2S(h) = DδS(h) (1.6)

is a derivative of the form δS using an ultralocal connection D. It is easy to check that, thanks to (1.4), for a classical history the second variation of the action^⇝δ^2S(h) does not depend on a choice of the connection D. We denote ⇝ δ^2S[Ω] = (χ[Ω]δ) •^⇝δ^2S ,

⇝

δ^2S[Ω] =^⇝δ^2S[Ω]^⊤ . (1.7)

We assume that the equation of motion has a well-defined boundary problem on the domain Ω — there is a unique solution in S with a given restriction to the boundary. Moreover we assume that the linearized equation of motion has a well-formulated Dirichlet and Neumann boundary problem, i.e., there is a unique solution of the linearized equation of motion for a given linearized value on the boundary or linearized momentum on the boundary. This requires some genericity of the action — for example we exclude a massless scalar field. More serious is the restriction that we must also exclude theories with local symmetries — see [1] for some details on this case.

If we work only with the manifold S, we use A, B, . . . for tangent tensors and the dot ∘ for the contraction in these spaces.

Boundary phase space

Next we define the boundary symplectic structure dP[∂Ω] as the external derivative of the P[∂Ω] form, which turns out to be the Wronskian of the second variation of the action,

dP[∂Ω] =

⇝

δ^2S[Ω] −^⇝δ^2S[Ω] . (1.8)

We say that two histories are canonically equivalent on the boundary if they have the same restriction on the boundary and the same momentum P. We call the quotient of the space H with this equivalence the boundary phase space B[∂Ω]. We use A, B, . . . as tensor indices for tensors from the tangent spaces T B[∂Ω] and the dot ⋄ for contraction in these spaces.

It is straightforward to check that vectors tangent to the orbits of the equivalence are degenerate directions of the boundary symplectic form dP[∂Ω], and therefore we can define its action on the space B[∂Ω]. We will require that the form dP[∂Ω] is non-degenerate on the boundary phase space. Because the external derivative of this form is zero, it is really a symplectic form in the sense of appendix B, and it gives a symplectic space structure to the space B[∂Ω], thus justifying the name boundary phase space.

The space S gives us a submanifold of the space B[∂Ω] which we denote by the same letter.

Lagrangian density

Until now we have developed the formalism on a very general level. For simplicity in the following we restrict to theories with the action given as an integral of the a Lagrangian density ultralocally dependent on “values” and “velocities” of the history.

The formalism developed above is more general — it covers for example the case of the Einstein- Hilbert action for gravity (except for problems with diffeomorphism symmetry) for which the Lagrangian density contains second spacetime derivatives of the metric. But this dependence is degenerate, and it is possible to satisfy the conditions above if a proper boundary term is chosen.

We now require that the action have the form

S[Ω](h) = ∫ Ω L(h, Dh) , (1.9)

where L is the Lagrangian density — a density on the inner manifold M ultralocally dependent on a value of the history and inner space derivatives^1 (see Notes near the end of the theses) of the history.

The variation of the action and an integration by parts gives us the decomposition in (1.3)

δS(h) = DL ∂h (h, Dh) − ( D ∂L ∂Dh ) (h, Dh) , (1.10)

P[∂Ω](h) = ∂L ∂D_αh (h, Dh) δ_α[∂Ω] , (1.11)

where δ_α[∂Ω] is defined in equation (A.13).

Space of boundary values

We call the restriction of the history to the boundary the boundary value of the history, and we denote by V[∂Ω] the space of all boundary values. (The boundary values do not include any normal derivatives of the histories.) It can be represented as a fibre bundle with the boundary as the base manifold. We use x, y, . . . as tensor indices for tensors from the tangent spaces T V[∂Ω] and the dot ▪ for contraction in these spaces. It contains, of course, the integration over the boundary.

We denote by x[∂Ω] the projection from H to V[∂Ω]. The conditions on the momentum allow us to represent it as P_x[∂Ω] = p_x[∂Ω] D^xx[∂Ω] (1.12)

with p[∂Ω](h) from the cotangent bundle T^⋆_{x(h)}V[∂Ω]. Here Dx[∂Ω] is the differential of the map x[∂Ω]. In the following we drop the boundary dependence of x and p.

Next we define the classical history h̄(x) with given boundary value x

δS(h̄(x)) = 0 ∧ x(h̄(x)) = x (1.13)

and the classical action S̄[Ω](x) = S[Ω](h̄(x)) . (1.14)

The space S can be characterized using the condition

p = −dS̄(x) , (1.15)

which follows from

d_xS̄ = D^xh̄ d_x(h̄) = D^xh̄ ( δS_x[Ω](h̄) − P_x[∂Ω](h̄) ) = = −D^xh̄ D^y_xx(h̄) p_y(h̄) = −p_x(h̄) .

(1.16)

We use x and p also for induced maps from the boundary phase space B[∂Ω] to the spaces V[∂Ω] and T^⋆ V[∂Ω]. This suggests that we can represent the boundary phase space as a cotangent bundle T^⋆ V[∂Ω]. And really the canonical symplectic structure of the cotangent bundle (C.7) does coincide with dP[∂Ω]:

∇_A p_x ∧ D^x_B x = d_A(p_xD^x_B x) = d_A P_B . (1.17)

The linearization of eq. (1.15) gives

D^A_xh̄ =

∇^A_x ∂x − ( ∇_xd_yS̄

) ∂^A ∂p_y

. (1.18)

Causal structure

Until now we have not needed any time flow in the underlying inner manifold M. It could be spacetime, but the formalism works in a more general situation. We can use it, for example, for the Euclidian form of the theory. In the following we will assume some additional causal structure which allows us to define concepts such as canonical and covariant phase spaces.

Let assume that the boundary of the domain can be split into two disjunct parts without bound- ary ∂Ω = ∂Ω_f ∪ ∂Ω_i = −Σ_f ∪ Σ_i , ∂Ω_f = −Σ_f , ∂Ω_i = Σ_i .

(1.19)

Here the minus sign suggests an opposite choice of the orientation of the normal direction for one part of the boundary. Clearly we have in mind two Cauchy hypersurfaces which define a sandwich domain in a globally hyperbolic spacetime. The decomposition in (1.19) allows us to write

V[∂Ω] = V[Σ_f ] × V[Σ_i] , B[∂Ω] = −B[Σ_f ] ⊕ B[Σ_i] , T V[∂Ω] = T V[Σ_f ] ⊕ T V[Σ_i] ,

(1.20)

and we will use shorthands V, V_f , V_i and B, B_f , B_i.

We require that both parts contain a full set of boundary data — there should exist a unique classical history for given element from B_f or B_i.

Thanks to locality we can decompose the symplectic structure dP[∂Ω] as

dP[∂Ω] = −dP[Σ_f ] + dP[Σ_i] . (1.21)

dP[Σ_f ] and dP[Σ_i] play the role of the symplectic structure on B_f and B_i. We will call these spaces canonical phase spaces. The minus sign in the relations (1.20) reflects the relation of these spaces as symplectic spaces.

The canonical phase spaces can be again represented as cotangent bundles T V_f and T V_i through the maps x_f , p_f and x_i, p_i. Let us note that p_f takes in account the opposite orientation of the normal direction to Σ_f and ∂Ω_f , so p = −p_f ⊕ p_i . (1.22)

Covariant phase space

Finally we can give a phase space structure also to the space of classical histories S. First we note that for solutions of linearized equations of motion ξ_1, ξ_2 ∈ T S

ξ_1 • dP[∂Ω] • ξ_2 = ξ_1 • (

⇝

δ^2S[Ω] −^⇝δ^2S[Ω]) • ξ_2 = 0 . (1.23)

dP[Σ_f ] and dP[Σ_i] have the same restriction^↭ω on the space S.

ξ_1 ∘^↭ω ∘ ξ_2 = ξ_1 • dP[Σ_f ] • ξ_2 = ξ_1 • dP[Σ_i] • ξ_2 . (1.24)

In the same way we check that the same expression for^↭ω holds for any future oriented Cauchy hypersurface Σ. It means that we have equipped the space of classical histories S with a symplectic structure. We will call this space the covariant phase space. We use indices A, B, . . . for tensor indices and the dot ∘ for contraction in T S. Clearly the V_{f,i} and T^⋆ V_{f,i}-valued observables x_{f,i} and p_{f,i} are canonically conjugate on this space, so

↭ω_{AB} = ∇_Ap_{fx} ∧ D^x_B x_f = ∇_Ap_{ix} ∧ D^x_B x_i . (1.25)

We can invert the symplectic form^↭ω to get^↭ω^{-1}:

↭ω^{-1} ∘^↭ω =^↭ω ∘^↭ω^{-1} = −δ_S . (1.26)

The tensor tangent to S as a subspace of the boundary phase space B[∂Ω] has to be expressible as

↭ω^{-1} = Dh̄ ▪ g_c ▪ Dh̄ (1.27)

with an antisymmetric tensor g_c ∈ T^2 V[∂Ω]. Using (1.18), (1.26) and (1.25) we get

g_c ▪ (d_f d_iS̄ − d_id_fS̄) = δ_V . (1.28)

This means that g_c = g_{if} − g_fi , g_{if} = g^⊤_fi , g_{if} ▪ d_f d_iS̄ = δ_{V i} , g_fi ▪ d_id_fS̄ = δ_{V f} ,

(1.29)

and we get

↭ω^{-1} = ( ∇_x ∂x − ∂ ∂p_u

(∇_ud_xS̄) ) g^{xy}_c (∇_y ∂x − (∇_yd_vS̄) ∂ ∂p_v ) = = ( ∂ ∂p_{fu}

∇_u ∂x_f − ∇_u ∂x_f ∂ ∂p_{fu} ) + ( ∂ ∂p_{iu}

∇_u ∂x_i − ∇_u ∂x_i ∂ ∂p_{iu} ) + + ( ∇_x ∂x g^{xy}_c

∇_y ∂x ) + + ( ∂ ∂p_{fx} ( (∇_{fx}d_{fu}S̄)g^{uv}_fi (∇_{iv}d_{iy}S̄) − d_{fx}d_{iy}S̄ ) ∂ ∂p_{iy}

(1.30) − ∂ ∂p_{ix} ( (∇_{ix}d_{iu}S̄)g^{uv}_{if} (∇_{fv}d_{fy}S̄) − d_{ix}d_{fy}S̄ ) ∂ ∂p_{fy} ) + + ( ∇_x ∂x_i g^{xy}_{if} (∇_{fy}d_{fu}S̄) ∂ ∂p_{fu} − ∂ ∂p_{fu}

(∇_{fu}d_{fy}S̄)g^{yx}_fi

∇_x ∂x_i ) + + ( ∇_x ∂x_f g^{xy}_fi (∇_{iy}d_{iu}S̄) ∂ ∂p_{iu} − ∂ ∂p_{iu}

(∇_{iu}d_{iy}S̄)g^{yx}_{if}

∇_x ∂x_f ) , where we view S as the subspace of the boundary phase space B[∂Ω] (i.e.^↭ω^{-1} is a tangent tensor from T^2 B[∂Ω]).

Or, if we view S as a subspace of the space of histories H we can understand^↭ω^{-1} as a tangent tensor from T^2 H which satisfies the linear equation of motion in both indices. We call this representation the causal Green function G_c

G^{xy}_c = D^xh̄ g^{xy}_c D^yh̄ . (1.31)

In the space T H equation (1.26) takes the form

G_c • dP[Σ] = −D_C [Σ] , (1.32)

where D_C [Σ] is a Cauchy projector of a history on the linearized classical history with the same value and momentum on the surface Σ. It is, of course, the identity on T S.

Poisson brackets

The Poisson brackets of two observables on a phase space are defined by (B.5). We can compare now Poisson brackets in the sense of different phase spaces. Clearly any observable on H generates an observable on S, and we can define

{A, B}_S = d_xA G^{xy}_c d_y B on S . (1.33)

For observables depending only on the boundary values and momenta — i.e. observables on B[∂Ω] we can define Poisson brackets in the sense of the boundary phase space

{A, B}_B = d_A A dP^{-1 AB} d_BB = ∂A ∂x_x

∇_xB ∂x − ∇_xA ∂x ∂B ∂x_x

. (1.34)

The covariant Poisson brackets for such observables are given by

{A, B}_S = d_A A^↭ω^{-1 AB} d_B B = = ( ∂A ∂p_{fu}

∇_uB ∂x_f − ∇_uA ∂x_f ∂A ∂p_{fu} ) + ( ∂A ∂p_{iu}

∇_uB ∂x_i − ∇_uA ∂x_i ∂B ∂p_{iu} ) +

+ ( ∇_xA ∂x g^{xy}_c

∇_yB ∂x ) + + ( ∂A ∂p_{fx} ( (∇_{fx}d_{fu}S̄)g^{uv}_fi (∇_{iv}d_{iy}S̄) − d_{fx}d_{iy}S̄ ) ∂B ∂p_{iy} − ∂A ∂p_{ix} ( (∇_{ix}d_{iu}S̄)g^{uv}_{if} (∇_{fv}d_{fy}S̄) − d_{ix}d_{fy}S̄ ) ∂B ∂p_{fy} ) + (1.35)

+ ( ∇_xA ∂x_i g^{xy}_{if} (∇_{fy}d_{fu}S̄) ∂B ∂p_{fu} − ∂A ∂p_{fu}

(∇_{fu}d_{fy}S̄)g^{yx}_fi

∇_xB ∂x_i ) + + ( ∇_xA ∂x_f g^{xy}_fi (∇_{iy}d_{iu}S̄) ∂B ∂p_{iu} − ∂A ∂p_{iu}

(∇_{iu}d_{iy}S̄)g^{yx}_{if}

∇_xB ∂x_f ) . Moreover, for observables localized only on Σ_f or Σ_i we have

{A_f , B_f }_{Bf} = −{A_f , B_f }_B = {A_f , B_f }_S , {A_i, B_i}_{Bi} = {A_i, B_i}_B = {A_i, B_i}_S .

(1.36)

During the quantization of the theory we will be interested in special kind of observables on the boundary phase space (or in general, on any phase space which has the structure of a cotangent bundle). We will investigate observables dependent only on the value and observables linear in the momentum. We define the following observables for a function f and a vector field a on V

F_f = f(x) , (1.37) G_a = a^x(x) p_x . (1.38)

The Poisson brackets of these observables are^2

{F_{f1} , F_{f2} }_B = 0 , {F_f , G_a}_B = −F_a▪_{df} , {G_{a1} , G_{a2} }_B = G_{[a1,a2]} .

(1.39)

In the sense of the covariant phase space we have

{F_{f1} , F_{f2} }_S = F_{df1} ▪_{gc}▪_{df2} on S (1.40) and G_a = F_{a▪d}¯_S on S . (1.41)

Summary

Canonical phase spaces or covariant phase space are commonly used phase spaces of the classical theory. The dynamical evolution is described as a canonical transformation of B_i to B_f (a Schrödinger picture of the classical theory) or as an evolution of observables on S (Heisenberg picture on the classical level).

But if we could only use experimental devices localized on the boundary of the investigated domain (i.e. in the case of a sandwich domain in a globally hyperbolic spacetime we could perform experiments only at initial and final moments of time), the space B would be sufficient for the description of our system. It is enough to investigate observables defined using canonical variables at the beginning and at the end. The dynamics of the system is hidden in the definition of a special subspace — the physical phase space S which tell us the relation between the initial value and momentum and the final value and momentum for a physical solution of the equation of motion. In other words the space B represents all possible values of canonical observables at the initial and the final time without knowledge of equations of motion. The subspace S represents values of canonical observables correlated by dynamical development of the system. An advantage of the B is that we do not need any causal structure for it. I.e. we can construct it even for the Euclidian theory. And this advantage will be even more appealing in the quantum case.

2 Scalar field theory

Introduction

In the first three parts we will mainly investigate the non-interacting scalar field in a general spacetime. By non-interacting we mean a theory without self-interaction, i.e. it can interact with an external sources or fields (specifically, with the gravitational field). It can also contain an external potential interaction (spacetime-dependent mass term), which is not counted as a self-interaction. Indeed, such a nonzero potential is needed in order that the Neumann boundary problem be well formulated, as was discussed above. We will call a theory without external sources free theory.

In this chapter we will apply the previously developed formalism to the scalar field theory. It will take a much simpler form because of the linearity of the space of histories. We also review the 3 + 1 splitting of the spacetime and the scalar field theory.

Space of histories and the action

The space of histories P is composed of all possible field configurations which can be represented as (smooth) real functions on a spacetime manifold M, i.e P = F M. The space P is a linear space, and this simplifies all considerations. The vector indices can be identified with points in the spacetime manifold, and the contraction is essentially the integration over the spacetime. In general we do not have to distinguish between the elements of the space P and its tangent spaces. We have also a natural linear connection on P. We define a basic field observable

Φ^x(ϕ) = ϕ(x) (2.1)

which gives a value of the field at chosen spacetime point. It can be also understood as an identical P-valued observable on P.

The spacetime is equipped with a fixed gravitational field g (a metric on M), a scalar potential V (a function on M) and possibly an external source J (a density on M). We use the indices α, β, . . . for tensor indices of the tangent spaces or the dot · for contraction in these spaces. We also use the dot • for integration over spacetime, i.e for the contraction in the space P.

We are interested mainly in globally hyperbolic Lorentzian manifolds, but to a great extent the formalism can be applied also to a Euclidian manifold. In the former case, we will study the theory usually on a sandwich domain Ω = ⟨Σ_f , Σ_i⟩ between two Cauchy hypersurfaces Σ_f and Σ_i. In the latter case we will study the theory on a compact domain Ω. Let us note that when we speak about a boundary or its parts we always assume that an orientation of the normal direction is associated with it. For the boundary of a domain we assume an inside-oriented normal direction. We use the Lorentzian convention for all quantities in the sense of appendix D.

The dynamics is given by the action

S[Ω](ϕ) = − 1 2 ϕ • F_d [Ω] • ϕ + J[Ω] • ϕ , (2.2)

where the wave operator (or, more precisely, quadratic form)

F_d[Ω] =

⇝

d_α • (χ[Ω]g^{-1 αβ} G) •^⇝d_β + (χ[Ω] V G) , (2.3) is a symmetric bi-distribution with support on the domain Ω and

J[Ω] = χ[Ω]J . (2.4)

The bi-distributions ( fG ) ,

⇝

d and^⇝d are defined in appendix A (equations (A.6), (A.7)). The first variation of the action is

dS[Ω](ϕ) = −F_d[Ω] • ϕ + J[Ω] = χ[Ω]δS −^⇝dF_d[∂Ω] • ϕ , (2.5)

where

δS(ϕ) = −^⇝F • ϕ + J , (2.6) ⇝ F = −^⇝d_α • g^{-1 αβ}g^{12 ⇝}d_β + (V G) ,

⇝

F =^⇝F^⊤ , (2.7) ⇝ F[Ω] = χ[Ω]^⇝F ,

⇝

F[Ω] =

⇝

Fχ[Ω] , (2.8) ⇝ dF_d [∂Ω] = (−g^{12} δ_α[∂Ω] g^{-1 αβ⇝}d_β) ,

⇝

dF_d [∂Ω] =^⇝dF_d [∂Ω]^⊤ , (2.9)

F_d[Ω] =^⇝F[Ω] +^⇝dF_d [∂Ω] =

⇝

F[Ω] +

⇝

dF_d[∂Ω] . (2.10)

Eq. (2.5) represents a formal integration by parts in the variation of the action, and^⇝dF_d[∂Ω] • ϕ is a boundary term representing the momentum. We assume that all fields fall off sufficiently fast at spatial infinity (if the domain Ω is not compact) so we can ignore boundary terms there. δS plays a role of a variation of the action on the full spacetime M. But it is not a gradient of any finite functional (in contrast to dS[Ω]).

The boundary term^⇝dF_d [Σ] can be generalized for any oriented hypersurface Σ. It is sensitive to the orientation of the hypersurface through the delta-function δ_α[Σ]. In the Lorentzian spacetime, if the normal direction to Σ is time-like, we can choose a normal vector ⃗n normalized to −1 oriented in the sense of the hypersurface, and we can write ⇝ dF_d[Σ] = (g^{12} δ_{⃗n}[Σ] ⃗n^{α⇝}d_α) , (2.11)

where δ_{⃗n}[Σ], defined in (A.13). It acts in the following way

φ •^⇝dF_d[Σ] • ψ = ∫ Σ φq^{12} ⃗n^αd_αψ . (2.12)

Here q^{12} is the volume element (2.51) of the metric restricted on the submanifold Σ.

Phase spaces

The equation of motion is δS(ϕ) = 0 . (2.13)

We call the space of solutions a covariant phase space S_J and in the case of the free theory S = S_0. Its tangent space T S_J is formed by solutions of the linearized equation of motion ⇝ F • ψ = 0 . (2.14)

The space S_J is generally nonlinear because of the source term. Thanks to the linearity of the space of histories we can identify the tangent vectors with the space of histories itself. Clearly, the solution of the linearized equation of motion (2.14), i.e. vectors from tangent vector spaces T S_J , all lie in the same vector space S in this identification. The dot ∘ will represent contraction in this space^3.

The boundary symplectic form (1.8) reduces to the Klein-Gordon form ∂F[∂Ω]

dP = ∂F[∂Ω]^{def}=^⇝F[Ω] −

⇝

F[Ω] =

⇝

dF_d[∂Ω] −^⇝dF_d [∂Ω] = =

⇝

d_α(−g^{-1 αβ}g^{12} δ_β[∂Ω]) − (−g^{12} δ_α[∂Ω] g^{-1 αβ})^⇝d_β .

(2.15)

From the definition we immediately get

ϕ_1 • ∂F[∂Ω] • ϕ_2 = 0 for ϕ_1, ϕ_2 ∈ S . (2.16)

The boundary phase space B[∂Ω] is defined as the space of classes of field configurations with the same value and normal derivative on the boundary ∂Ω. The Klein-Gordon form plays the role of the symplectic structure on this space.

In the case of the sandwich domain Ω = ⟨Σ_f , Σ_i⟩ in a globally hyperbolic manifold we can split the Klein-Gordon form to two pieces localized on the initial and final hypersurfaces

∂F[∂Ω] = −∂F[Σ_f ] + ∂F[Σ_i] , (2.17)

where we assume an oposite orientation of the normal for the final hypersurface Σ_f and the boundary ∂Ω. As discussed in the previous chapter, ∂F[Σ_f ] and ∂F[Σ_i] are symplectic structures on the canonical phase spaces B[Σ_f ] and B[Σ_i].

In general, we can define a phase space B[Σ] on any oriented hypersurface Σ. We use the dot ⋄ for the contraction in these spaces. We also define the natural projection ∂Φ[Σ] from P to B[Σ] and the identical basic observable ∂Φ[Σ] on B[Σ], similar to Φ on P.

The Poisson brackets of two observables are

{A, B}_B = d A ⋄ G_c ⋄ d B . (2.18)

Applied to the basic variable ∂Φ we get

{Φ, Φ}_B = ∂F[Σ]^{-1} . (2.19)

Moreover the forms ∂F[Σ] generate a symplectic form^↭ω on the space S independent of the choice of the hypersurface. Its action is given by well-known Klein-Gordon product

ϕ_1 ∘^↭ω ∘ ϕ_2 = ϕ_1 • ∂F[Σ] • ϕ_2 = ∫ Σ ( (⃗n^αd_αϕ_1)ϕ_2 − ϕ_1(⃗n^αd_αϕ_2) ) q^{12} . (2.20)

computed on any Cauchy hypersurface Σ with the future oriented normalized normal vector ⃗n.

We can define its inversion — causal Green function —

G_c ∈ S^2 , G^⊤_c = −G_c , G_c ∘^↭ω =^↭ω ∘ G_c = −δ_S ,

(2.21)

or, formulated in the space of histories P,

G_c ∈ P^2 ,^⇝F • G_c = G_c •

⇝

F = 0 , G^⊤_c = −G_c , G_c • ∂F[Σ] = ∂F[Σ] • G_c = −D_C [Σ] .

(2.22)

Here D_C [Σ] propagates Cauchy data on a hypersurface Σ to a solution of the linearized equation of motion (2.14). It is a projection from P to S using the Cauchy data on Σ.

The Poisson bracket of two observables A, B ∈ F S is given by

{A, B}_S = d A ∘ G_c ∘ d B . (2.23)

Applied to the basic variable Φ^x we get

{Φ^x, Φ^y }_S = G^{xy}_c , (2.24)

or, if we define a linear observable on S labeled by an element ϕ ∈ S

L_ϕ = ϕ ∘^↭ω ∘ Φ (2.25)

(any linear observable on S can be written in this way thanks to non-degeneracy of the symplectic form^↭ω ), the Poisson brackets of such observables are

{L_{ϕ1} , L_{ϕ2} }_S = ϕ_1 ∘^↭ω ∘ ϕ_2 . (2.26)

Green functions

G_c is called the causal Green function. We can introduce also other natural Green functions. For a smooth source J on the domain Ω = ⟨Σ_f , Σ_i⟩ (i.e. with support in Ω and smooth up to the boundary) we define retarded and advanced solutions of the equation of motion ⇝ F • ϕ̄_{adv}(J) = J , D_C [Σ_f ] • ϕ̄_{adv}(J) = 0 , ⇝ F • ϕ̄_{ret}(J) = J , D_C [Σ_i] • ϕ̄_{ret}(J) = 0 ,

(2.27)

ϕ̄_{sym}(J) = 1 2 (ϕ̄_{adv}(J) + ϕ̄_{ret}(J)) , (2.28)

and coresponding Green functions — bi-forms on smooth sources —

ϕ̄_{adv}(J) = G_{adv •} J , ϕ̄_{ret}(J) = G_{ret •} J , ϕ̄_{sym}(J) = G_{sym •} J , (2.29)

G_{sym} = 1 2 (G_{ret} + G_{adv}) . (2.30)

Let us note that the solutions given by (2.29) satisfy the relations (2.28) only for the source with support in the domain Ω.

If we denote ϕ_c(J) = G_c • J , (2.31)

we find ⇝ F • (¯ ϕ_{adv}(J) + ϕ_c(J) ) = J , D_C [Σ_i] • (¯ ϕ_{adv}(J) + ϕ_c(J) ) = −G_c • ∂F[Σ_f ] • (¯ ϕ_{adv}(J) + ϕ_c(J) ) = = −G_c • ∂F[Σ_f ] • (¯ ϕ_{adv}(J) + ϕ_c(J) ) − G_c • (⇝ F[Ω] −

⇝

F[Ω]

)_• (¯ ϕ_{adv}(J) + ϕ_c(J) ) = = D_C [Σ_f ] • G_c • J − G_c • J = 0 .

(2.32)

This means ϕ_c(J) = ϕ̄_{ret}(J) − ϕ̄_{adv}(J) ,

G_c = G_{ret} − G_{adv} .

(2.33)

Space of boundary values

For any hypersurface Σ we can define a space of boundary values V[Σ]. A boundary value of the field can be represented as a function on Σ, i.e V[Σ] = F Σ. We denote by Ṽ[Σ] = F̃ Σ the space of densities on Σ. We use the dot ▪ for contraction between an element in V[Σ] and an element in Ṽ[Σ] (integration over boundary). We define V[Σ] and Ṽ[Σ]-valued observables φ[Σ] and π[Σ] on the space of histories called value and momentum as φ[Σ](ϕ) = ϕ|_Σ , π[Σ](ϕ) = −q^{12} n_αg^{-1 αβ}d_βϕ|_Σ . (2.34)

Here n is the normalized normal form on Σ with the same orientation as the hypersurface and q^{12} is the volume element of the restricted metric on the Σ (see (2.50) and (2.51)). The momentum observable depends on the orientation of the normal vector. Both observables are linear and can be generated by V[Σ] and Ṽ[Σ]-valued forms φ[Σ] and π[Σ] on the space P φ[Σ](ϕ) = φ[Σ] • ϕ , π[Σ](ϕ) = π[Σ] • ϕ . (2.35) The momentum observable satisfies ⇝ dF_d[Σ] = φ[Σ] ▪ π[Σ] , (2.36) and therefore we get ∂F[Σ] = π[Σ] ▪ φ[Σ] − φ[Σ] ▪ π[Σ] , (2.37) (2.38) We can pull back the value and momentum observables on the boundary phase space localized on the hypersurface Σ, and equations (2.37) tells us that they are canonically conjugate in the sense of the symplectic structure ∂F[Σ].

Now let us investigate the value and momentum on the boundary of the domain Ω. As in the general case discussed in the previous chapter, we restrict ourselves only to the case when either value or momentum on the whole boundary represents sufficient boundary data. Therefore we can express the momentum of a solution of the homogenous field equation (2.14) in terms its boundary value. We define a quadratic form γ[∂Ω] on V[∂Ω] as π[∂Ω] • ϕ = γ[∂Ω] ▪ φ[∂Ω] • ϕ for ϕ ∈ S . (2.39) Using (2.37) and (2.16) we find that γ[∂Ω] is symmetric γ[∂Ω]^⊤ = γ[∂Ω] . (2.40) Next we define an “inversion” D[Ω] of the form φ[∂Ω] in S, D[∂Ω] : V[∂Ω] → S , φ[∂Ω] • D[∂Ω] = δ_{V[∂Ω]} , (2.41) which creates a solution of the homogenous field equation with given the value on the boundary, ⇝ F • ϕ = 0 ∧ φ[∂Ω] • ϕ = φ ⇔ ϕ = D[∂Ω] ▪ φ . (2.42) We also define the projectors D_D [∂Ω] and D_N [∂Ω] from P to S which map a field to the solution with the same value or momentum on the boundary ∂Ω D_D [∂Ω] = D[∂Ω] ▪ φ[∂Ω] , D_N [∂Ω] = D[∂Ω] ▪ γ[∂Ω]^{-1} ▪ π[∂Ω] .

(2.43)

We can also define a generator of the phase space ϑ[∂Ω]

ϑ[∂Ω] : P → Ṽ[∂Ω] , ϑ[∂Ω] = −D[∂Ω] • ∂F[∂Ω] = π[∂Ω] − γ[∂Ω] ▪ φ[∂Ω] . (2.44)

It is easy to check that ϑ[∂Ω] • ϕ[∂Ω] = 0 ⇔ ϕ ∈ S , (2.45) ∂F[∂Ω] = ϑ[∂Ω] ▪ φ[∂Ω] − φ[∂Ω] ▪ ϑ[∂Ω] . (2.46) Finally we define the restriction of a smooth source J to the boundary ϑ[Ω] : P̃[Ω] → Ṽ[∂Ω] , ϑ[Ω](J) = −J • D[∂Ω] . (2.47)

3 + 1 splitting

Let us assume we are working in a globally hyperbolic spacetime. A 3 + 1 splitting of a spacetime [2] is defined using a time coordinate t and a time flow vector ⃗t^α ∈ T M consistent with the time coordinate:

⃗t^αd_αt = 1 . (2.48) “Space at moment t” is a hypersurface Σ_t of constant time t. We assume it is a Cauchy hypersurface. The time flow vector gives us a diffeomorphism between these hypersurfaces. All “spacetime” quantities can be expressed using “space” quantities in the standard way: ⃗t^α = N⃗n^α + ⃗N^α , N d_αt = n_α , (2.49) ⃗n^α g_{αβ} ⃗n^β = −1 , ⃗n^αn_α = 1 , q_{αβ} = (g|_Σ)_{αβ} , (2.50) g^{12} = N dt q^{12} , q^{12} = (Det q_{αβ})^{12} , (2.51) j = Jq^{12} /g^{12} , j̃ = Nj . (2.52) Here q_{αβ} is the space part of the metric g_{αβ}, the normal vector ⃗n and the hypersurface Σ_t are future oriented, and N and ⃗N^α are the lapse and the shift^4.

For each hypersurface Σ_t we can construct the boundary value space V[Σ_t] and define the value observable φ[Σ_t]. For simplicity of the notation we we drop the hypersurface dependence in the rest of this section. The diffeomorphism between hypersurfaces allows us to define the time derivative φ^′ = (⃗t^αd_α Φ)|_{Σt} = N(⃗n^αd_αΦ)|_{Σt} + ⃗N^αd_αφ . (2.53) The action can be written using the Lagrangian

S[⟨Σ_{tf} |Σ_{ti} ⟩] =

t_f∫

t_i

L(φ, φ^′ ) dt , (2.54)

L(φ, φ^′ ) = ∫ Σ_t ([ 1 2 1 N φ^{′ 2} − φ^′ ⃗N^αd_αφ

− 1 2 N ( (d_αφ)(q^{-1 αβ} − ⃗N^α 1 N^2

⃗N^β)(d_β φ) + V φ^2 ) ] q^{12} + Njφ ) . (2.55)

As we expect the momentum observable defined in the Hamiltonian formalism coincides with the definition (2.34) above: π = ∂L ∂φ^′ = q^{12} 1 N (φ^′ − ⃗N^αd_αφ) = q^{12} (⃗n^αd_αΦ)|_{Σt} ,

φ^′ = Nq^{12 −} 1 2 π + ⃗N^αd_αφ = q̃^{−1} ▪ π + p ▪ φ .

(2.56)

The Hamiltonian is H[Σ_t,⃗t] = H(φ, π) = ∫ Σ_t N [ 1 2 π^2q^{12 −} 1 2 + π ⃗N^αd_αφ

+ 1 2 ( (d_αφ)(q^{-1 αβ} − ⃗N^α 1 N^2

⃗N^β)(d_β φ) + V φ^2 ) q^{12} − jφ ] = = 1 2 ( π ▪ q̃^{−1} ▪ π + π ▪ p ▪ φ + φ ▪ p ▪ π + φ ▪ v ▪ φ ) −j̃ ▪ φ , (2.57)

where^5 q̃ = ( 1 N q^{12} δ) = 1 N q , p = ⃗N^{α⇝}d_α , v =

⇝

d_α ▪ (Nq^{-1 αβ} − 1 N ⃗N^α ⃗N^β)q ▪^⇝d_β + NV q .

(2.58)

The Hamiltonian H[Σ,⃗t] as an observable on the space P can be defined for any hypersurface Σ equipped with a non-tangential non-degenerate vector field ⃗t. It is a quadratic observable (in the sense of P), and it has support on the hypersurface Σ. It can be written as H[Σ,⃗t](ϕ) = 1 2 ϕ • H[Σ,⃗t] • ϕ − J [Σ,⃗t] • ϕ , (2.59) where

H = π ▪ q̃^{−1} ▪ π + π ▪ p ▪ φ + φ ▪ p ▪ π + φ ▪ v ▪ φ , (2.60) J = Jδ_{⃗t}[Σ] = j̃ ▪ φ . (2.61)

This is also a well-defined observable on the boundary phase space B[Σ].

3 Boundary conditions and extensions of Laplace-like operators

Generalized boundary value

In this chapter we will investigate the question of boundary conditions. In the previous chapter we have seen that the phase space can also be parametrized using values of the field on the boundary ∂Ω of the spacetime domain Ω. Now we would like to introduce a more general notion of the boundary values.

Most objects introduced in this chapter should carry an argument with the specification of the spacetime domain Ω (e.g.^⇝F[Ω]) or the boundary ∂Ω (e.g. ∂F[∂Ω]). Because we will work with one fixed domain Ω, we will drop the domain argument here to simplify the notation.

We can characterize a generalized boundary value by fixing a complementary vector space P_B to the space S in the space of all histories P, i.e. the space which satisfies

P = P_B ⊕ S , P_B ∩ S = {0} . (3.1)

Let D_B and Δ_B be projectors onto S and P_B

D_B • ϕ = ϕ ⇔ ϕ ∈ S , Δ_B • ϕ = ϕ ⇔ ϕ ∈ P_B D_B • D_B = D_B , Δ_B • Δ_B = Δ_B (3.2) D_B • Δ_B = Δ_B • D_B = 0 , D_B + Δ_B = δ_P .

Using the definition of S and (2.16) we get ⇝ F • D_B = 0 , (3.3) D_B • ∂F • D_B = 0 (3.4)

The space P_B can be interpreted as a space of histories with zero generalized B-value. The projector D_B is an operator which acting on a history gives a solution of the free equation of motion with “the same B-value”.

The reason for the necessity to investigate boundary conditions is that the field operator^⇝F is degenerate and non-symmetric on the space P. We choose a space P_B in such way that it is the maximal space of smooth field configurations on which the operator^⇝F is non-degenerate. The maximality is expressed by condition (3.1). Of course, the choice of the space P_B is not unique — we can have different boundary conditions.

It could seem that there are more unique choices of a subspace of P on which the operator^⇝F is non-degenerate — for example the space P_o of all histories with support in the interior of the domain Ω. But such a space is too small. In general, there is no solution in P_o of equation (2.13) with a non-zero source J. On the other hand, the operator F_o (the restriction of^⇝F on P_o) is symmetric on P_o. We would like to impose the same condition on the space P_B . In other words, we are looking for a self-adjoint extension of the operator F_o which coincides with^⇝F on the space P_B . The symmetry condition

ϕ_1, ϕ_2 ∈ P_B ⇒ ϕ_1 •^⇝F • ϕ_2 = ϕ_2 •^⇝F • ϕ_1 (3.5)

can be formulated in terms of a projector Δ_B

Δ_B • ∂F • Δ_B = 0 . (3.6)

To conclude the definition of generalized boundary value we need to add a condition of localization on the boundary ∂Ω. If we view the projector D_B^x_y as a bi-distribution (with one functional and one density argument), we will require that it has support on ∂Ω in the density argument. More precisely, any distribution obtained by smoothing D_B with a smooth source j ∈ P̃ has a support in ∂Ω supp ( j • D_B ) ⊂ ∂Ω . (3.7)

Finally we pick up two special cases. We use the indices D and N for Dirichlet and Neumann boundary conditions. It means that P_D is the space of fields with zero value on the boundary and P_N is the space of fields with zero momentum.

Space of boundary values

The conditions on the projectors D_B and Δ_B restrict the character of the generalized boundary value. We will prove that the generalized boundary value depends only on the value and momentum on the boundary.

First we introduce a notion similar to the form φ for the generalized boundary value. We use again the fact that the value of the solution of the homogenous field equation on the whole boundary is sufficient to determine the solution. Therefore we can define the form of generalized boundary value φ_B which assigns to a field ϕ the boundary value of the solution from S with the same B-value, i.e.

φ_B : P → V , φ_B = φ • D_B . (3.8)

Clearly

φ_B • ϕ = 0 ⇔ ϕ ∈ P_B , φ_B = φ_B • D_B , (3.9) φ_B ▪ D = δ_V , D_B = D ▪ φ_B (3.10)

and_⇝ F • ϕ = 0 ∧ φ_B • ϕ = φ ⇔ ϕ = D ▪ φ . (3.11)

Using the localization condition (3.7) we know that D_B and therefore also φ_B can be sensitive only to the value and (multiple) normal derivatives on the boundary. If we denote by φ^{(k)} the form which gives the k-th normal derivative on the boundary, we can write

φ_B = γ^{−1} ▪ λ_B ▪ φ + κ_B ▪ π + ∑ k=2,3,... ϵ^k_B ▪ φ^{(k)} , (3.12)

where λ_B , κ_B and ϵ^k_B are linear coefficients (bi-density, bi-vector and operators on V). We have used φ and π instead of φ^{(0)} and φ^{(1)}, and we have scaled the zero-th coefficient by the quadratic form γ defined in (2.39) for convenience.

The condition (3.6) together with (3.4) is equivalent to

∂F = ∂F • D_B + D_B • ∂F . (3.13)

Substituting expressions (2.37), (2.39), (3.8) and (3.12) and comparing coefficients of terms with the same order of normal derivatives, we get conditions

κ^⊤_B = κ_B , λ^⊤_B = λ_B , (3.14)

κ_B ▪ γ + γ^{−1} ▪ λ_B = δ_V , (3.15)

ϵ^k_B = 0 for n = 2, 3, . . . . (3.16)

It is straightforward to check that other conditions on D_B do not provide additional conditions on the coefficients λ_B and κ_B . We see that the choice of the boundary conditions can be characterized by the choice of a quadratic form κ_B on Ṽ

D_B = D ▪ (γ^{−1} ▪ λ_B ▪ φ + κ_B ▪ π) , (3.17)

where λ_B is given by normalization (3.15). It means that a field with a zero B-value (i.e. from the space P_B ) has a value proportional to a momentum on the boundary with coefficients given by κ_B and λ_B . Similarly to (2.46) we also have

∂F = ϑ ▪ φ_B − φ_B ▪ ϑ . (3.18)

The fact that it is possible to characterize the generalized boundary conditions we are interested in by using the value and the momentum on the boundary allows us to restrict to the boundary phase space B. The boundary phase space inherits structures from the space of all field configurations P. We can define an equivalent of the phase space S (we use the same letter S to denote it) and spaces B_B as an equivalent of spaces P_B . They are linear subspaces of the space B. We can also project objects D_B , Δ_B , ∂F and φ, π, ϑ, φ_B , π_B on the space P to the space B using ∂Φ and we use the same letter for them. The subspace S of the space B is characterized by the condition

ϕ ∈ S ⇔ ϑ ⋄ ϕ = (π − γ ▪ φ) ⋄ ϕ = 0 . (3.19)

Similarly ϕ ∈ B_B ⇔ φ_B ⋄ ϕ = (κ_B ▪ π + γ^{−1} ▪ λ_B ▪ φ) ⋄ ϕ = 0 . (3.20)

Thanks to (3.18) we see that observables generated by forms φ, ϑ or φ_B , ϑ are canonically conjugate in the sense of the boundary phase space. A generalization of the momentum π which is canonically conjugate to a generalized boundary value φ_B will be introduced later.

Spaces of sources

The space of smooth sources P̃ is the space of smooth densities on Ω. It is clearly a subspace of the distributional sources P̃^′ = P^⋆.

In the previous section we have imposed the condition that the support of the projector D_B in the density argument is localized on the boundary ∂Ω. It suggests that we should work with a class of sources broader than the smooth sources P̃. We should include sources with support on the boundary. For our purposes a sufficiently wide set of sources is the class of sources which are sensitive to some kind of B-value localized on the boundary. We have seen that such sources can be sensitive only to a value and a normal derivative of the field on the boundary. Therefore these sources can be defined as following ∂J̃ = { J : ∃ ϕ ∈ P J = ∂F • ϕ } . (3.21) By J̃ we denote the class of all generalized sources

J̃ = ∂J̃ ⊕ P̃ . (3.22)

It will be useful to introduce subsets of these spaces Ĩ = { J : ∃ ϕ ∈ P J = ϕ_•^⇝F } , (3.23) ∂Ĩ = { J : ∃ ϕ ∈ S J = ∂F • ϕ } = = { J : J ∈ ∂J̃ ∧ ∀ ϕ ∈ S J • ϕ = 0 } = (3.24) = ∂J̃ ∩ Ĩ . The class J̃ is the set of all generalized sources sensitive to any generalized value. Next we introduce the sets of sources connected with fixed choice of the boundary value. The space of all distributional sources ∂J̃_B which are localized on Ω and sensitive only to the B-value is ∂J̃_B = { J : J ∈ ∂J̃ ∧ ∀ ϕ ∈ P_B J • ϕ = 0 } = = { J : ∃ j ∈ P̃ J = j • D_B } .

(3.25)

Similarly we define the space Ĩ_B = { J : ∃ ϕ ∈ P_B J = ϕ_•^⇝F } =

= { J : ∃ j ∈ P̃ J = j • Δ_B }

(3.26) and J̃_B = ∂J̃_B ⊕ P̃ = ∂J̃_B ⊕ Ĩ_B . (3.27)

Feynman Green function

We defineF_B as a projection of^⇝F on P_B , i.e. F_B = Δ_B •^⇝F =

⇝

F • Δ_B . (3.28) Using this definition and the relations above we immediately get F_B =^⇝F − D_B • ∂F =^⇝F + φ_B ▪ ϑ . (3.29) F_B is a degenerate symmetric quadratic form on P which coincides with^⇝F on P_B in the sense of quadratic forms ϕ_1 •F_B • ϕ_2 = ϕ_1 •^⇝F • ϕ_2 = ϕ_1 •

⇝

F • ϕ_2 for ϕ_1, ϕ_2 ∈ P_B , (3.30) F_B • ϕ = 0 ⇔ ϕ ∈ S . (3.31) We can understandF_B also as an operator from the space P to the space of generalized sources J̃ . Using the definitions (3.26) and (3.28), we see that the range of such an operator is Ĩ_B = { J : ∃ ϕ ∈ P J = ϕ_•F_B } . (3.32) The smallest space of sources which contains all smooth sources and sources generated byF_B is the space J̃_B .

We can define an inverseG_B of the quadratic formF_B as a bi-form on J̃_B . More preciselyF_B is non-degenerate on P_B and zero on S.G_B is the inverse of the non-degenerate part ofF_B and is annihilated by the projection on S.

G_B •F_B = Δ_B , D_B •G_B = 0 ,G^⊤_B =G_B . (3.33)

Finally, we call the Feynman Green function G^F_B the restriction ofG_B to the space of smooth sources P̃ G^F_B =G_B |_{P̃×P̃} . (3.34)

It can be also viewed as an operator from the space of smooth sources P̃ to the distributions. It is well known that the range of such an operator lies in the space of smooth fields P. Therefore we can give meaning to expressions such as J • (G^F_B • j) with j ∈ P̃ and general J ∈ J̃ . For example we have D_B • (G^F_B • j) = D_B •G_B • j = 0 for j ∈ P̃ . (3.35)

This means that G^F_B • j ∈ P_B for j ∈ P̃. In the next chapter we will evaluate an action of other sources localized on the boundary on the smoothed Feynman Green function, and we discuss why we cannot consistently extend the Feynman Green function to the whole space J̃ in both arguments. Let us note that this is the place where we have to be more careful about associativity and domain dependence.

Let us look for a smooth solution with zero B-value ϕ ∈ P_B of the equation

F_B • ϕ =J_B , (3.36)

whereJ_B ∈ Ĩ_B and therefore has the form

J_B = J • Δ_B for some J ∈ P̃ . (3.37)

UsingG_B we can write the solution explicitly as

ϕ =G_B •J_B =G_B • J = ϕ̄_B (J) , (3.38)

where ϕ̄_B (J) = G^F_{B •} J for J ∈ P̃ . (3.39)

Now, equation (3.36) is possible to rewrite, using (3.29) and (2.47), as ⇝ F • ϕ̄_B (J) − J = φ_B ▪ ( ϑ(J) − ϑ • ϕ̄_B (J) ) . (3.40)

The left side of this equation is a smooth density, and the right side is a source with support localized on the boundary. Therefore both sides have to vanish separately. ⇝ F • ϕ̄_B (J) = J , (3.41) ϑ • ϕ̄_B (J) = ϑ(J) . (3.42)

This means that ϕ̄_B (J) is the solution of the equation of motion with zero B-value on the boundary. It is easy to check that (3.42) is a consequence of (3.41), and it represents the “restriction” of the equation of motion to the observables on the boundary.

We can also write down a solution of the equation of motion with given non-zero B-value on the boundary ⇝ F • ϕ = J φ_B • ϕ = φ where J ∈ P̃, φ ∈ V ⇔ ϕ = ϕ̄_B (J, φ)^{def}= G^F_B • J + D ▪ φ . (3.43)

Extension of the field operator on the space P

The quadratic formF_B is non-degenerate on P_B , and it represents the “wave operator” for field configurations with zero B-value on the boundary. Now we would like to find a generalization of the quadratic form F_d from the action for a general boundary conditions. Such form has to be nondegenerate on all smooth histories, even on histories from the phase space S. Therefore we need to investigate a further extension ofF_B to a quadratic form F_b non-degenerate on the whole space P. It will be necessary to introduce an additional structure which, as we will see later, corresponds in the quantum case to the fixing of relative phases for some quantum states.

We will assume that F_b preserves the decomposition P = P_B ⊕ S, and we change the formF_B only on the phase space S. I.e. we define

F_b =F_B + F̄_b , (3.44)

where F̄^⊤_b = F̄_b , Δ_{B •} F̄_b = 0 , D_{B •} F̄_b = F̄_b . (3.45)

The index b “includes” the index B and information about an additional structure. F̄_b is the quadratic form of the classical action — it gives a value of the action on classical solutions of the equation of motion. We assume that F̄_b is non-degenerate on S.

Next we describe a specific construction of the quadratic forms F_b and F̄_b which will be useful in the quantum theory. We show that F_b is possible to fix by a choice of generalized momentum canonically conjugate with the generalized boundary value.

The generalized B^′ -momentum can be characterized in the same way as a B-value by projectors D_B′ and Δ_B′ on spaces P_B′ and S which satisfy the same conditions listed in the section above. The spaces P_B and P_B′ have to be canonically conjugate, i.e. it has to be possible to write the symplectic form ∂F as ∂F =

⇝

dF_{BB}′ −^⇝dF_{BB}′ , (3.46)

where_⇝ dF_{BB}′ = D_B •^⇝dF_{BB}′ =^⇝dF_{BB}′ • D_B′ ,

Δ_B •^⇝dF_{BB}′ = 0 ,^⇝dF_{BB}′ • Δ_B′ = 0 ,

⇝

dF_{BB}′ =^⇝dF^⊤_{BB}′ .

(3.47)

Clearly_⇝ dF_{BB}′ +

⇝

dF_B′_B = 0 . (3.48)

For simplicity we will use a cumulative index b for an ordered pair of indices which characterize generalized value and momentum (we write e.g. b = BB^′). We use the notation ∼b = B2 B1 if b = B1 B2 . If some quantity is characterized by a single index of a generalized value but carries a cumulative index, it is sensitive to the first index in the pair (i.e. φ_b = φ_{B1} if b = B1 B2 ). Also the b-value means the B1 -value and the b-momentum means the B2 -momentum for b = B1 B2 . We fix the meaning of indices d and n as d = DN , n = ND , d = ∼n . (3.49)

The meaning of the canonically conjugate spaces will be more clear if we introduce a form of generalized momentum — a mapping from P onto the space Ṽ of densities on the boundary

π_{BB}′ : P → Ṽ , π_{BB}′ = D •^⇝dF_{BB}′ . (3.50)

We have π_b • D_{∼b} = π_b , π_b • Δ_{∼b} = 0 , (3.51) so π_b is equivalent to the map φ_{∼b} for the ∼b-value, except it maps to the space of densities. From (3.46) and (3.10) follows

∂F = π_b ▪ φ_b − φ_b ▪ π_b , (3.52) ⇝ dF_b = φ_b ▪ π_b ,

⇝

dF_b = π_b ▪ φ_b , (3.53)

i.e. linear observables generated by φ_b and π_b are canonically conjugate in the sense of the boundary phase space B.

We can classify all possible momenta canonically conjugate with a generalized B-value. Similar to φ_b we know that π_b has to be a linear combination of the forms φ and π and therefore also a linear combination of φ_b and ϑ, so we can write

π_b = γ_b ▪ φ_b + ϑ = γ_b ▪ ( γ^{−1} ▪ (λ_b − γ ▪ γ^{−1}_b ▪ γ) ▪ φ + (κ_b + γ^{−1}_b ) ▪ π ) , (3.54)

with a non-degenerate symmetric quadratic form γ_b as a coefficient. The symmetry of γ_b and the choice of the trivial coefficient in front of ϑ follows from the conditions (3.52) and (3.18), and non-degeneracy follows from the condition (3.1) for the momentum space P_{∼b}. It means that all generalized B^′ -momentum canonically conjugate with a generalized B-value can be characterized by a choice of a quadratic form γ_{BB}′ on the space V.

We said that the form π_b plays the role of the form φ_{∼b} except for the normalization. The right normalization is given by (3.15), so we obtain

φ_{∼b} = φ_b + γ^{−1}_b ▪ ϑ = γ^{−1} ▪ (λ_b − γ ▪ γ^{−1}_b ▪ γ) ▪ φ + (κ_b + γ^{−1}_b ) ▪ π , (3.55)

i.e.

κ_{∼b} = κ_b + γ^{−1}_b , λ_{∼b} = λ_b − γ ▪ γ^{−1}_b ▪ γ . (3.56)

We also see that π_b = γ_b ▪ φ_{∼b} , π_b ▪ D = γ_b (3.57) and γ_b + γ_{∼b} = 0 . (3.58)

Finally we can define the quadratic form F̄_b

F̄_b =^⇝dF_{b •} D_b = D_{b •}

⇝

dF_b . (3.59)

The definition is consistent thanks to equations (3.4) and (3.46). I.e. the form F̄_b is symmetric. We can also express F̄_b using quantities on the space V. Using (3.53), (3.54), (3.10) and (3.57) we get

F̄_b = φ_b ▪ γ_b ▪ φ_b . (3.60)

As we expected, it is clear from this expression that the quadratic form F̄_b is degenerate on P_b and non-degenerate on S.

From the definition of F_b follows that

F_b =F_b + F̄_b =^⇝F +^⇝dF_b =

⇝

F +

⇝

dF_b . (3.61)

Green functions

Now we will introduce new Green functions connected with the structure discussed in the previous chapter. Similar toG_B we can define inverses of the quadratic forms F_b and F̄_b by

Ḡ_{b •} F̄_b = D_b , Ḡ^⊤_b = Ḡ_b , Δ_{b •} Ḡ_b = 0 , (3.62)

G_b • F_b = δ , G^⊤_b = G_b , G_b =G_b + Ḡ_b . (3.63)

Here G_b, Ḡ_b andG_b can be viewed as quadratic forms on the space of sources J̃_b or as bi-vectors on the space P or as operators from J̃_b to P.

Because Ḡ_b as the inverse of F̄_b on S is a solution of the homogenous equation of motion in both arguments, we can write it as Ḡ_b = D ▪ γ^{−1}_b ▪ D . (3.64) From this follows φ_b • Ḡ_b • φ_b = γ^{−1}_b , φ_b • Ḡ_b • π_b = δ_V , π_b • Ḡ_b • π_b = γ_b , Ḡ_{b •}

⇝

dF_b = D_b , Ḡ_b •

⇝

dF_{∼b} = −D_{∼b} , Ḡ_b • ∂F = D_b − D_{∼b} .

(3.65)

For a smooth source J ∈ P̃ we have π_{∼b} • G_b • J = −D • J = ϑ(J) (3.66) and π_b • G_b • J = (γ_b ▪ φ_b + ϑ) •G_b • J + π_b • Ḡ_b • J = = ϑ •G_b • J + D • J = ϑ • ϕ̄_b(J) − ϑ(J) = 0 .

(3.67)

This means that G_{BB}′ • J ∈ P_B′ for J ∈ P̃ . (3.68) Further,_⇝ F • G_b • J = −^⇝dF_b • G_b • J + F_b • G_b • J = J . (3.69) Comparing with (3.41) we see that ϕ̄_{∼b}(J) = G_{b •} J for J ∈ P̃ . (3.70) This also means that G_{∼b} acting on smooth sources coincides with the Feynman Green function G^F_b G^F_b = G_{∼b}|_{P̃×P̃} . (3.71) We have different extensionsG_B and G_B′_B of the Feynman Green function G^F_B on the spaces J̃_B and J̃_B′ which allow us to compute the action of sources localized on the boundary which have a form j ▪ φ_B or j ▪ φ_B′ with j ∈ Ṽ on the smoothed Feynman Green function. For J ∈ P̃ we have (j ▪ φ_B ) • (G^F_B • J) = j ▪ φ_B •G_B • J = 0 , (j ▪ φ_B′ ) • (G^F_B • J) = j ▪ φ_B′ • G_B′_B • J = −j ▪ γ^{−1}_B′_B ▪ ϑ(J) .

(3.72)

But we cannot consistently define an action of the Feynman Green function on the sources localized on the boundary in both arguments because of problems with an associativity φ_B • (G^F_B • φ_B′ )^{def}≈ φ_B • G_B′_B • φ_B′ = γ^{−1}_B′_B , (φ_B • G^F_B ) • φ_B′^{def}≈ φ_B •G_B • φ_B′ = 0 .

(3.73)

We can give a sense only to the action of the Feynman Green function on the special sources both from the space ∂J̃_B or both from the space ∂J̃_B′ . Such sources can be written as j ▪ φ_B or j ▪ φ_B′ with j ∈ Ṽ. We can write (j_1 ▪ φ_B ) • G^F_B • (φ_B ▪ j_2)^{def}= (j_1 ▪ φ_B ) •G_B • (φ_B ▪ j_2) = 0 , (j_1 ▪ φ_B′ ) • G^F_B • (φ_B′ ▪ j_2)^{def}= (j_1 ▪ φ_B′ ) • G_B′_B • (φ_B′ ▪ j_2) = j_1 ▪ γ^{−1}_B′_B ▪ j_2 .

(3.74)

Specifically, we write down the following applications J • G^F_b • ∂F = J • G^F_b •

⇝

dF_b = −J • D_b , J • G^F_b •^⇝dF_b = 0 , (3.75) ⇝ dF_b • G^F_b •

⇝

dF_b = −F̄_b ,

⇝

dF_b • G^F_b •^⇝dF_b = 0 . (3.76)

The structure of the boundary phase space

It can be instructive to investigate the projection of the introduced objects on the boundary phase space B. For objects which depends only on the generalized boundary values, as F̄_b, φ_b or π_b, we do not lose any information, and it is possible to reconstruct fully the original objects on P from their equivalents on B.

Let P_B and P_B′ be canonically conjugate subspaces of P and let B_B and B_B′ be their projections on B. We can write B = B_B ⊕ B_B′ . (3.77) Let P^−_{BB}′ , P^+_{BB}′ be projectors on B_B , and B_B′ . It is straightforward to check that

P^+_b ⋄ Δ_b = 0 , P^+_b ⋄ D_b = P^+_b , P^−_b ⋄ Δ_{∼b} = 0 , P^−_b ⋄ D_{∼b} = P^−_b ,

(3.78)

⇝

dF_b = P^−_b ⋄ ∂F ⋄ P^+_b ,^⇝dF_b = −P^+_b ⋄ ∂F ⋄ P^−_b , (3.79) ∂F = P^+_b ⋄ ∂F ⋄ P^−_b + P^−_b ⋄ ∂F ⋄ P^+_b . (3.80)

Projectors P^±_b can be represented as

P^+_b = P_b ▪ φ_b where φ_b ▪ P_b = δ_V , π_b ▪ P_b = 0 , P^−_b = P̃_b ▪ π_b where π_b ▪ P̃_b = δ_V , φ_b ▪ P̃_b = 0 .

(3.81)

It is straightforward to check that P_b = (P ▪ κ_{∼b} − P̃ ▪ λ_{∼b} ▪ γ^{−1}) ▪ γ_b ,

P̃_b = P ▪ κ_b − P̃ ▪ λ_b ▪ γ^{−1} ,

(3.82)

where P = P_d , P̃ = P̃_d (3.83) are generators of elements of B with given value and zero momentum and vice versa.

The pair of spaces B_B and B_B′ can be characterized by a choice of a square root of the unity operator, I_{BB}′ = P^+_{BB}′ − P^−_{BB}′ . (3.84) Such an operator satisfies the conditions I_b ⋄ I_b = δ_B , I_b ⋄ ∂F ⋄ I_b = −∂F . (3.85) We can define iΔF_b = ∂F ⋄ I_b , (3.86) and it is easy to check that

iΔF_b =

⇝

dF_b +^⇝dF_b =^⇝dF_b −^⇝dF_{∼b} = F_b − F_{∼b} . (3.87) So the quadratic form ΔF_b is defined also on P, and we see that

F_b =^↭F + 1 2 iΔF_b , F_{∼b} =^↭F − 1 2 iΔF_b , (3.88)

where_↭ F = 1 2 (

⇝

F +^⇝F) = 1 2 (F_b + F_{∼b}) . (3.89)

4 Complex boundary conditions and complex structure

Complex structure on a linear phase space

In the previous sections we have studied a wide class of boundary conditions of a Laplace-like operator. They can be characterized by subspaces P_B in the boundary phase space P. Thanks to the linearity of this space we can introduce a complex variant of the boundary condition described by subspaces in the complexified space P^C .

The complex boundary conditions will play a key role in the definition of Fock quantization of the scalar field. They provide us with a general positive-negative frequency splitting. Because the frequency splitting and the Fock quantization is not necessarily connected with the scalar field, we define these notions for a general linear symplectic space. We will return to the realization on the boundary phase space in the next sections.

To define a general positive-negative frequency splitting we use a complex analog of the objects described in the previous section. We introduce the complex structure J_p and projectors P^±_p as an equivalent of the unity operator I_b and the projectors P^±_b . We will look at this analogy in more detail later.

So, let us assume that we have a vector space G with a symplectic structure^↭ω . We denote by ∘ the contraction over vector indices. (In the next chapters (G,^↭ω , ∘) will be realized as both the boundary phase space (B, ∂F, ⋄) and the covariant phase space (S,^↭ω , ∘).) First we turn the space G to a complex space. It will be the same as the real vector space but we define additionally a multiplication ⋆ by a complex number inside of G

i ⋆ ϕ = J_p ∘ ϕ . (4.1)

Here J_p is an operator on G which satisfies

J_p ∘ J_p = −δ_G . (4.2)

Such operator is called a complex structure on the vector space G. There exist a lot of different complex structures on G, and we will discuss their relation in chapter 8. At this moment we pick up one and we use the index p for all quantities which depend on this complex structure. If we want to stress the additional complex structure of the phase space we denote it as G_p.

Next we define a positive definite product on G_p. This is possible to do if we assume that J_p possesses the following properties:

J_p ∘^↭ω ∘ J_p =^↭ω or J_p ∘^↭ω = −^↭ω ∘ J_p , (4.3) ω̄_p = J_p ∘^↭ω is positive definite . (4.4)

The first property is called compatibility of J_p with the symplectic structure^↭ω . Let’s note that if J_p is compatible with^↭ω , the bi-form ω̄_p is automatically symmetric

ω̄_p = ω̄^⊤_p . (4.5)

Let assume that J_p satisfies both conditions (4.3) and (4.4). Now we can define a scalar product on G by ⟨ϕ_1, ϕ_2⟩_p = ϕ_1 ∘ 1 2 (ω̄_p − i^↭ω ) ∘ ϕ_2 . (4.6) It is linear in the second argument, antilinear in the first argument, and positive definite.

⟨i ⋆ ϕ_1, ϕ_2⟩_p = −i⟨ϕ_1, ϕ_2⟩_p , ⟨ϕ_1, i ⋆ ϕ_2⟩_p = i⟨ϕ_1, ϕ_2⟩_p , (4.7) ⟨ϕ, ϕ⟩_p = 1 2 ϕ ∘ ω̄_p ∘ ϕ > 0 for ϕ ≠ 0 . (4.8)

The introduced complex structure allows us to define a positive-negative frequency splitting of an element from G. J_p as the operator on G does not have eigenvectors in G, but it has eigenvectors in the complexification G^C = C ⊗ G of the phase space. Its eigenvalues are ±i (because squares of them have to be −1), and we can explicitly write projectors on subspaces G^±_p of G^C with these eigenvalues P^±_p = 1 2 (δ_G ∓ iJ_p) . (4.9) They have the properties

J_p ∘ P^+_p = iP^+_p , J_p ∘ P^−_p = −iP^−_p , P^±_p ∘ P^±_p = P^±_p , P^±_p ∘ P^∓_p = 0 , P^±_p^∗ = P^∓_p , (4.10) P^+_p + P^−_p = δ_G , i(P^+_p − P^−_p ) = J_p .

The compatibility (4.3) of J_p and^↭ω is possible to reformulate as

P^±_p ∘^↭ω =^↭ω ∘ P^∓_p (4.11) or P^±_p ∘^↭ω ∘ P^±_p = 0 ,^↭ω = P^−_p ∘^↭ω ∘ P^+_p + P^+_p ∘^↭ω ∘ P^−_p . (4.12) Similarly P^±_p ∘ ω̄_p ∘ P^±_p = 0 , ω̄_p = P^−_p ∘ ω̄_p ∘ P^+_p + P^+_p ∘ ω̄_p ∘ P^−_p , (4.13) We will call the positive or negative frequency part, respectively, of the element ϕ of the phase space G the complex vector ϕ^+_p or ϕ^−_p defined by

ϕ^±_p = P^±_p ∘ ϕ . (4.14)

We have ϕ = ϕ^+_p + ϕ^−_p , J_p ∘ ϕ = i(ϕ^+_p − ϕ^−_p ) , ϕ^±_p^∗ = ϕ^∓_p . (4.15) The scalar product is possible to write as

⟨ϕ_1, ϕ_2⟩_p = ϕ_1^−_p ∘ ω̄_p ∘ ϕ_2^+_p = −i ϕ_1^−_p ∘^↭ω ∘ ϕ_2^+_p (4.16)

Note that not all linear operators on G are also p-linear on G_p. p-linearity of an operator L means that L is linear with respect of multiplication ⋆. Therefore it has to commute with multiplication by the imaginary unity which is given by the action of the complex structure J_p, i.e.

L ∘ J_p = J_p ∘ L (4.17)

or equivalently L ∘ P^±_p = P^±_p ∘ L ⇔ L = P^−_p ∘ L ∘ P^−_p + P^+_p ∘ L ∘ P^+_p . (4.18)

Similarly p-antilinearity of an operator A is equivalent to A ∘ J_p = −J_p ∘ A (4.19) or A ∘ P^±_p = P^∓_p ∘ A ⇔ A = P^−_p ∘ A ∘ P^+_p + P^−_p ∘ A ∘ P^+_p . (4.20) We introduce the hermitian conjugation L^{⟨†⟩} of a p-linear operator L defined by ⟨ϕ_1 ∘ L^{⟨†⟩}, ϕ_2⟩_p = ⟨ϕ_1, L ∘ ϕ_2⟩_p . (4.21) It can be written explicitly as (remember^↭ω^{−1} ∘^↭ω = −δ_G) L^{⟨†⟩} = −^↭ω^{−1} ∘ L ∘^↭ω , (4.22) and we see that it depends on the choice of J_p only through the p-linearity condition on L. Similarly we can define the transposition A^{⟨⊤⟩} for a p-antilinear operator A by ⟨ϕ_1 ∘ A^{⟨⊤⟩}, ϕ_2⟩^∗_p = ⟨ϕ_1, A ∘ ϕ_2⟩_p (4.23) or A^{⟨⊤⟩} =^↭ω^{−1} ∘ A ∘^↭ω . (4.24) Both these operator are particular cases of the transposition O^{Tp} of any operator O on G defined using the bi-form ω̄_p:

O^{Tp} = ω̄^{−1}_p ∘ O ∘ ω̄_p , (4.25) L^{⟨†⟩} = L^{Tp} for L p-linear , A^{⟨⊤⟩} = A^{Tp} for A p-antilinear .

(4.26)

This operation depends on the choice of J_p explicitly.

Let us note that we can choose a p-orthonormal C -base u = {u_k; k ∈ I} in G_p where k is an index from some, for simplicity discrete, set I. p-orthonormality means ⟨u_k, u_l⟩_p = δ_{kl} . (4.27) The C -base is a set u that is complete in the Hilbert space G_p, i.e. in the vector space with multiplication ⋆. The set {u_k^+_p , u_k^−_p ; k ∈ I} of positive and negative frequency parts of vectors u_k forms a complete set in G^C with the properties u_k^±_p ∘^↭ω ∘ u_l^±_p = 0 , − iu_k^−_p ∘^↭ω ∘ u_l^+_p = δ_{kl} , u_k^±_p^∗ = u_l^∓_p .

(4.28)

Characterization using value and momentum

Let us assume that we have defined a value and a momentum in our phase space G — i.e we have a canonically conjugate pair of subspaces G_D , G_N generated by a V-valued form φ and a Ṽ-valued form π which satisfy_↭ ω = π ▪ φ − φ ▪ π . (4.29) As before we can define the generator P of vectors with given value and zero momentum and the generator P̃ of vectors with given momentum and zero value (see (3.83)). We can decompose the complex structure to objects acting on the value space V. Using properties (4.2) and (4.3) we get J_p = P ▪ A_p ▪ φ − P ▪ B_p ▪ π + P̃ ▪ C_p ▪ φ − P̃ ▪ A_p ▪ π , (4.30) where A_p is an operator on V, B_p and C_p are non-degenerate symmetric quadratic forms on Ṽ and V which satisfy B_p = B^⊤_p , C_p = C^⊤_p , A_p ▪ B_p = B_p ▪ A_p , A_p ▪ C_p = C_p ▪ A_p ,

B_p ▪ C_p = C_p ▪ B_p = δ_V + A_p ▪ A_p .

(4.31)

Now we can get

↭ω = iψ^−_p ▪ 2B^{-1}_p ▪ ψ^+_p − iψ^+_p ▪ 2B^{-1}_p ▪ ψ^−_p , ω̄_p = φ ▪ C_p ▪ φ − π ▪ A_p ▪ φ − φ ▪ A_p ▪ π + π ▪ B_p ▪ π = = ψ^−_p ▪ 2B^{-1}_p ▪ ψ^+_p + ψ^+_p ▪ 2B^{-1}_p ▪ ψ^−_p ,

(4.32)

P^+_p = 1 2 (P + iP̃ ▪ θ_p)^∗ ▪ B_p ▪ (θ_p ▪ φ + iπ) = (P + iP̃ ▪ θ_p)^∗ ▪ ψ^+_p , (4.33) 1 2 (ω̄ − i^↭ω ) = 1 2 (φ ▪ θ_p + iπ)^∗ ▪ B_p ▪ (θ_p ▪ φ + iπ) = ψ^−_p ▪ 2B^{−1}_p ▪ ψ^+_p , (4.34)

where θ_p is a complex symmetric non-degenerate quadratic form on V defined as

θ_p = B^{−1}_p ▪ (δ_V − iA_p) = C_p ▪ (δ_V + iA_p)^{−1} (4.35) and ψ^+_p = φ ∘ P^+_p = 1 2 B_p ▪ (θ_p ▪ φ + iπ) ,

ψ^−_p = φ ∘ P^−_p = 1 2 B_p ▪ (θ^∗_p ▪ φ − iπ) . (4.36)

The forms ψ^+_p and ψ^−_p gives the value of the positive and negative frequency parts. We can also write conditions on the spaces G^+_p , G^−_p in terms of the value and momentum

ϕ ∈ G^−_p ⇔ (θ_p ▪ φ + iπ) ∘ ϕ = 0 , ϕ ∈ G^+_p ⇔ (θ^∗_p ▪ φ − iπ) ∘ ϕ = 0 ,

(4.37)

which can be interpreted in the case of the covariant phase space S as complex boundary conditions for positive and negative frequency solutions.

Complex boundary conditions

Now we apply the formalism of positive-negative frequency splitting in the case of the boundary phase space B. There the complex structure J_p defines complex subspaces B^+_p , B^−_p of B^C with projectors P^+_p , P^−_p . These can be also characterized using quantities on the value space V.

We have mentioned that the complex structure J_p is an analog of the unity operator I_b. We can define such an operator for p-boundary conditions

iI_p = J_p . (4.38)

So we can speak about subspaces of zero p-value or zero p-momentum which turn out to be exactly subspaces of negative or positive frequency parts, i.e. B^−_p = B_p and B^+_p = B_{∼p}. The difference is that now the spaces B_p and B_{∼p} are subspaces of the complexification B^C and they are not chosen independently — they are complex conjugate. We have compensated the expansion to B^C by imposing the reality condition which can be expressed as

J^∗_p = J_p or I^∗_p = −I_p or P^+_p^∗ = P^−_p . (4.39)

In the boundary phase space B we have additionally the subspace of physical solutions S characterized, for example, by the quadratic form γ via (3.19). We can check that S^C and B^+_p or B^−_p do not have common elements. For example an element of B^−_p has the form ϕ = (P + iP̃ ▪ θ_p) ▪ ψ for some ψ ∈ V (see (4.33)) and therefore ϑ ⋄ ϕ = (iB^{−1}_p + B^{−1}_p ▪ A_p − γ) ▪ ψ ≠ 0 , (4.40) thanks to the non-degeneracy of B_p. So we can define projectors Δ_p = Δ^−_p , D_p = D^−_p on subspaces B_p = B^−_p , S^C and Δ_{∼p} = Δ^+_p , D_{∼p} = D^+_p on subspaces B_{∼p} = B^+_p and lift their action to the complexified space of field configurations P^C .

One thus defines canonically conjugate subspaces P_p = P^−_p and P_{∼p} = P^+_p in P^C , and all objects we have introduced for canonically conjugate pair of real subspaces P_b, P_{∼b} can be also defined for the pair of complex subspaces P_p, P_{∼p} . Specifically we define^⇝dF_p ,

⇝

dF_p , ΔF_p, F̄_p,F_p, F_p andG_p, Ḡ_p, G^F_p and φ_p, λ_p , κ_p, γ_p.

In the case of the boundary phase space we use the brackets ( , ) for the scalar product (4.6), and we define a similar operation for the real b-boundary condition (but it is not a scalar product on G in the real case):

(ϕ_1, ϕ_2)_m = −iϕ_1 ⋄

⇝

dF_m ⋄ ϕ_2 = ϕ_1 ⋄ 1 2 (J_m ⋄ ∂F − i∂F) ⋄ ϕ_2 , (4.41)

where m can be a b or p-like index.

Let us note that the spaces P^±_p contain histories with positive or negative frequency parts on the boundary — we have defined the complex structure J_p in the boundary phase space.

Only properties of objects dependent on real or complex boundary conditions which can differ are properties based on the complex conjugation. The main differences can be found in the following list.

b-conditions p-conditions J^∗_b = −J_b , I^∗_b = I_b J^∗_p = J_p , I^∗_p = −I_p = I_{∼p} P^{±∗}_b = P^±_b P^{±∗}_p = P^∓_p = P^±_{∼p} ⇝ dF_b^∗ =^⇝dF_b ,

⇝

dF_b^∗ =

⇝

dF_b^⇝dF_p^∗ = −

⇝

dF_p =^⇝dF_{∼p} ΔF^∗_b = −ΔF_b ΔF^∗_p = ΔF_p = −ΔF_{∼p} (4.42) F^∗_b = F_b F^∗_p = F_{∼p}

Re F_p =^↭F , Im F_p = 1 2 ΔF_p = 1 2 J_p ⋄ ∂F F̄_b^∗ = F̄_b ,F_b^∗ =F_b F̄_p^∗ = F̄_{∼p} ,F_p^∗ =F_{∼p} (ϕ_2, ϕ_1)_b = −(ϕ_2, ϕ_1)^∗_b = (ϕ_1, ϕ_2)^∗_{∼b} (ϕ_2, ϕ_1)_p = (ϕ_1, ϕ_2)^∗_p = −(ϕ_2, ϕ_1)^∗_{∼p}

Finally, we express the coefficients λ_p , κ_p using the complex structure. Clearly the forms ψ^+_p and ψ^−_p are operator-proportional to φ_p and φ_{∼p}. The right normalization given by (3.15) implies

κ_p = (γ − iθ_p)^{−1} , λ_p = (γ^{−1} + iθ^{−1}_p )^{−1} , κ_{∼p} = (γ + iθ^∗_p)^{−1} , λ_{∼p} = (γ^{−1} − iθ^{∗−1}_p )^{−1}

(4.43)

and the relation (3.56) gives

γ_p = −γ_{∼p} = 1 2 i (C_p + γ ▪ B_p ▪ γ − γ ▪ A_p − A_p ▪ γ) = = 1 2 i (γ + iθ^∗_p) • B_p • (γ − iθ_p) .

(4.44)

Dependence on the orientation of the hypersurface

Now we will investigate a dependence on the orientation of the boundary. Or more generally, let’s assume we are working on a phase space B[Σ] over some oriented hypersurface (not necessary a whole boundary), and we choose a complex structure J_p consistent with the symplectic structure ∂F[Σ]. If we change the orientation of the hypersurface, the complex structure J_p is not consistent with ∂F[Σ] any more because of the non-positivity of J_p ⋄ ∂F[Σ]. But clearly the complex structure

J_{∼p} = −J_p , (4.45)

which we already have used above, is consistent with ∂F[−Σ].

Moreover, we define φ[Σ], π[Σ], and we find

π[−Σ] = −π[Σ] , A_{∼p}[−Σ] = −A_p[Σ] , B_{∼p}[−Σ] = B_p[Σ] , C_{∼p}[−Σ] = C_p[Σ] ,

θ_{∼p}[−Σ] = C_p[Σ]^∗ , ψ^±_{∼p}[−Σ] = ψ^∓_p [Σ]^∗ .

(4.46)

In the case where the domain on which we are working is a sandwich-like region of a globally hyperbolic spacetime, we can represent the boundary phase space as a direct sum of initial and final canonical phase spaces B_f and B_i with symplectic structures ∂F_f and ∂F_i. We will be mainly interested in the complex structures J_p which do not mix these subspaces. I.e., we can write such a complex structure as J_p = −J_{pf} + J_{pi} , (4.47)

with J_{pf} an operator on B_f , and J_{pi} an operator on B_i. The minus sign in front of J_{pf} is necessary due to the different choices of the orientation of the final hypersurface in the case of final canonical phase space B_f and in the case of the boundary phase space B.

Therefore the notion of the positive frequency part in the boundary phase space is equivalent to the notion of the positive frequency part on the initial hypersurface and the negative frequency part on the final hypersurface. This explains also a possible confusion that the space of complex solutions S^C and the space of positive frequency parts (in the sense of the boundary phase space) do not have common elements.

Part II

QFT — Canonical Quantization

5 Configuration quantization

Ideas of quantization

Quantization is a heuristic procedure of a construction of a quantum theory for a given classical theory. Let us have a classical system described by a phase space G and symplectic structure^↭ω . Observables are functions on G, and the Poisson brackets are given by (B.5). Quantization tells us to assign to (at least some) classical observables quantum observables — operators on a quantum Hilbert space H. We will use letters with a hat to denote quantum observables, and we denote O the algebra which they obey. They should satisfy the same algebraic relations as the classical observables and the commutation relations generated by Poisson brackets. Specifically, if the quantum versions of classical observables A, B and C = {A, B} are Â, B̂, Ĉ, they should be related by

[Â, B̂]^{def}= ÂB̂ − B̂Â = −iĈ . (5.1)

It is well known that the procedure described above cannot be carried out for all classical observables. Because quantum observables do not commute we have an “ordering problem” for observables given by a product of non-commuting observables.

The usual quantization procedure tries to quantize some specific class of classical observables and construct the physically interesting observables from them. Even in this case the operator ordering ambiguity is encountered. But we have to expect this — a quantum theory is not fully determined by the classical counterpart.

We will demonstrate quantization for a general example of a classical theory given on a phase space G which has a cotangent bundle structure T^⋆ V as we discussed in chapter 1. The mathematical structure of such a phase space is reviewed in appendix C. Afterwards we apply this method briefly to scalar field theory. But we do not attempt to solve the dynamics of the theory here. We will leave this question for the following chapters.

Let us note that the procedure described below has a well-defined sense for a finite-dimensional configuration space V. Of course, this is not the case for the scalar field, where the configuration space is V[Σ] as defined in chapter 2 — the space of functions on the manifold Σ. The technical problems with generalization to infinite dimensional spaces is one of the reasons why we will not primarily use this type of quantization for a scalar field. But we will apply the formalism to a scalar field, which is, with some effort, possible to do, thanks mainly to linearity of the configuration space V. But it leads to problems with the definition of a “constant measure” on infinite-dimensional spaces which we do not want to investigate.

Algebra of observables

At the end of chapter 1 we have introduced special kinds of observables on the phase space with a cotangent bundle structure. We have defined the observables F_f depending only on “position” (eq. (1.37)) and the observables G_a linear in momentum (eq. (1.38)). Their Poisson brackets are given in (1.39). Now, we will quantize these observables. First we formulate more carefully what conditions we are imposing on the quantum versions of these observables.

We are looking for maps F̂ and Ĝ from the test functions and test vector fields on the configuration space V to the space of quantum observables O F̂_f ∈ O for f ∈ F V , Ĝ_a ∈ O for a ∈ T V ,

(5.2)

which should be hermitian (for real f and a) F̂^†_f = F̂_f , Ĝ^†_a = Ĝ_a , (5.3)

and should satisfy commutation relations motivated by Poisson brackets (1.39)

[F̂_{f1} , F̂_{f2} ] = 0 , (5.4) [F̂_f , Ĝ_a] = iF̂_a▪_{df} , (5.5) [Ĝ_{a1} , Ĝ_{a2} ] = −iĜ_{[a1,a2 ]} . (5.6) Next we have to formulate the condition that the quantum observables satisfy “the same algebraic relations as the classical ones”. For the observables F̂_f it is straightforward because they commute — we require that we can take out any algebraic operation g in the argument to the same operation on the observable F̂_{g(f1 ,f2,... )} = g(F̂_{f1} , F̂_{f2} , . . . ) . (5.7) For the Ĝ_a we have to be more careful — they do not commute with each other and with the F̂_f observables. But we are interested in observables linear in momentum, so we need to investigate only the vector-field dependence of the Ĝ_a. We require Ĝ_{a1 +αa2} = Ĝ_{a1} + αĜ_{a2} for α ∈ R , (5.8) Ĝ_{f a} = F̂_{f 12 −iγ} Ĝ_aF̂_{f 12 +iγ} for γ ∈ R . (5.9)

The last condition is an equivalent of the classical expression G_{f a} = F_f G_a, but it specifies the ordering of the quantum theory. We have chosen the exponent of the f function in the special form (^1_2 − iγ) and (^1_2 + iγ) to satisfy the hermiticity condition (5.3) with a real constant γ. The ordering condition can be rewritten as Ĝ_{f a} = ( 1 2 − iγ) F̂_f Ĝ_a + ( 1 2 + iγ) Ĝ_aF̂_f = 1 2 (F̂_f Ĝ_a + Ĝ_aF̂_f ) + γ F̂_a▪_{df} . (5.10)

Finally we require that the position observables F̂_f form a complete set of commuting observables

∀f [F̂_f , Â] = 0 ⇒ ∃ g Â = F̂_g . (5.11) Let us note that from these conditions follows F̂_α = α^11 for α ∈ R , (5.12) ∀f, a [F̂_f , Â] = 0 [Ĝ_a, Â] = 0 ⇒ ∃ α ∈ R Â = α^11 . (5.13)

Position representation

Next we construct a position base in H on which the action of the operators F̂_f and Ĝ_a is very simple. Or, in other words, we find a realization of the operators F̂_f and Ĝ_a, which satisfy the conditions formulated above, as operators on a space of densities on the configuration manifold V.

We have, of course, immediately a candidate for such base. The observables F̂_f form a complete set of commuting observables, so there exists a base of eigenvectors labeled by position in the configuration space V such that F̂_f |pos : x⟩ = f(x)|pos : x⟩ . (5.14) Strictly speaking, |pos : x⟩ are not vectors from the Hilbert space H but generalized vectors which can be defined, for example, by the conditions that the projectors on them form an operator-valued density on the configuration space. It will be convenient later to give a character of a density of some weight^6 α ∈ C to this vectors. I.e., we assume |pos : x⟩ ∈ H ⊗ C̃^α_x V . (5.15) The base of eigenvectors is orthogonal, but to write down a normalization condition we need to be careful. Because of the distributional character of the vectors we can normalize them only to a delta-distribution. And to get the right normalization we need to choose a volume element μ on the value space. With such a volume element we can write the orthonormality relation^6 ⟨pos : x|pos : y⟩ = (μ^{2 Re α−1}δ)(x|y) . (5.16) The completeness relation is ^11 = ∫ V |pos : .⟩⟨pos : .| μ^{1−2 Re α} . (5.17)

Let us note that conditions above do not fix the base |pos : x⟩ uniquely — they fix the base up to an x-dependent phase factor. We will deal with this ambiguity below.

For any vector |state⟩ ∈ H we can define a wave function — a density of the weight α^∗ on the configuration space V Ψ_{|state⟩}(x) = ⟨pos : x|state⟩ . (5.18) The density μ defines the scalar product on this space which is an isomorphism to the product on the quantum space ⟨st1|st2⟩ = (Ψ_{|st1⟩}, Ψ_{|st2⟩})_μ = ∫ V Ψ^∗_{|st1⟩}Ψ_{|st2⟩} μ^{1−2 Re α} , (5.19)

and it induces the hermitian conjugation on operators of densities of weight α (A^‡ψ_1, ψ_2)_μ = (ψ_1, Aψ_2)_μ . (5.20) We define the position representation of a quantum observable Â as an operator Ǎ on wave functions Ǎ Ψ_{|state⟩} = Ψ_{Â|state⟩} . (5.21) Clearly F̌_f = fδ , (5.22) which can be also written as F̂_f = ∫ V f |pos : .⟩⟨pos : .| μ^{1−2 Re α} . (5.23)

Phase fixing

Now we proceed to find the position representation of the momentum observables Ĝ_a. In this section we show that there exists a unique choice of the weight α = (^1_2 − iγ) and the phase of the base |pos : x⟩ for which Ǧ_a = −i^⇝L_a , (5.24)

where^⇝L_a is Lie derivative along the vector field a acting to the right.

First we define the position shift operator along a vector field a on the configuration space V as Û_a(ϵ) = exp(−iϵĜ_a) . (5.25)

The commutation relation (5.5) gives us

Û_aF̂_f Û^{-1}_a = F̂_{u⋆af} . (5.26)

Here u_a(ϵ) is a diffeomorphism on V induced by the vector field a d dϵ u_a = a , u_a(ϵ_1 + ϵ_2) = u_a(ϵ_1) u_a(ϵ_2) , (5.27)

and u^⋆_a is a map induced by the diffeomorphism on objects defined on the configuration space. The equation (5.26) gives us

F̂_f Û_a|pos : x⟩ = Û_aF̂_{u⋆ -1a f} |pos : x⟩ = f(u_ax) Û_a|pos : x⟩ ⇒

⇒ Û_a|pos : x⟩ is proportional to |pos : u_ax⟩ .

(5.28)

Here we have to be careful about the proportionality coefficient because vectors |pos : x⟩ and |pos : u_ax⟩ are also densities in different points x and u_ax. Because Û_a(ϵ) forms a commuting one-dimensional group for ϵ ∈ R we can write the proportionality relation as follows

u^⋆_a ( Û_aΨ_a(x)|pos : x⟩ ) = Ψ_a(u_ax)|pos : u_ax⟩ , (5.29)

where Ψ_a is a function or density on V which is defined up to a function or density invariant under the action of the diffeomorphism u_a.

Next we prove that Ψ_a can be chosen as a density of weight (^1_2 − α) in the form

Ψ_a = μ^{12 −α} exp(−iϕ_a) , (5.30)

where ϕ_a is a real function on V defined up to a function constant on the orbits of u_a.

Thanks to the freedom in the choice of Ψ_a, we can write it as a density of the weight (^1_2 − α) in the form Ψ_a = μ^{12 −α}ρ_a exp(−iϕ_a) , (5.31) with ρ_a, ϕ_a real functions. The differential form of equation (5.29) gives

Ĝ_a ( μ^{12 −α}ρ_a exp(−iϕ_a)|pos : .⟩ ) = iL_a ( μ^{12 −α}ρ_a exp(−iϕ_a)|pos : .⟩ ) . (5.32)

From this follows the position representation of the Ĝ_a observables:

Ǧ_a = −i^⇝L_a − i ( ( 1 2 − α^∗) 1 μ L_aμ + 1 ρ_a L_aρ_a + ia ▪ dϕ_a ) δ . (5.33)

The definition (5.20) gives us ⇝ L_a^‡ = −^⇝L_a + (2 Re α − 1) 1 μ ( L_aμ ) δ . (5.34)

The hermiticity (5.3) implies Ǧ_a = Ǧ^‡_a. Substituting to this condition we obtain 1 ρ_a L_aρ_a = 0 , (5.35)

which means we can choose ρ_a = 1, and we have proved statement (5.30).

Finally we show that the function ϕ_a in equation (5.30) has the form

ϕ_a = φ + ϕ̃_a ,

ϕ̃_a(u_a(ϵ)x) − ϕ̃_a(x) = γ ϵ∫ 0 1 μ ( L_aμ ) dϵ , (5.36)

for a real function φ independent of the vector field a.

Let us define a function λ_a = a ▪ dϕ_a − γ 1 μ L_aμ . (5.37)

This allows us to write Ǧ_a as

Ǧ_a = Ǧ^′_a + λ_aδ , (5.38)

Ǧ^′_a = −i^⇝L_a − i( 1 2 + iγ − α^∗) 1 μ ( L_aμ ) δ . (5.39)

It is easy to check that the operators Ǧ^′_a have the same properties as the operators Ǧ_a. Using the consequences of the properties (5.8), (5.9) and (5.6), we get conditions on λ_a:

λ_{a1 +f a2} = λ_{a1} + fλ_{a2} , λ_{[a1 ,a2]} = a ▪ dλ_{a2} − a_2 ▪ dλ_{a1} .

(5.40)

The first condition implies that λ_a = a ▪ λ for some form λ on the configuration space V, and the second condition implies that this form is closed: dλ = 0. So, if we ignore topological problems (see some comments below), we can rewrite (5.37) as a ▪ dϕ_a = a ▪ dφ + γ 1 μ L_aμ (5.41)

for some real function φ. Integrating along orbits of u_a, we get the desired (5.36).

If we redefine our position base by the phase factor exp(−iφ), we obtain the position representation for the momentum observables Ǧ_a in the form (5.39). We see that if we choose the density weight of our position base as α = 1 2 − iγ , (5.42)

the position representation reduces to the simple form (5.24). This also allows us to write the action of Ĝ_a in the position base: Ĝ_a|pos : .⟩ = iL_a|pos : .⟩ . (5.43) Let us note that for this choice of α we do not need any volume element on V because the normalization and completeness conditions (5.16) and (5.17) reduce to ⟨pos : x|pos : y⟩ = δ(x|y) , ^11 = ∫ V |pos : .⟩⟨pos : .| . (5.44)

Uniqueness of the quantization

Now we ask the question whether all realizations of our quantization of the basic observables F_f and G_a are unitarily equivalent. Let assume we have two quantum versions of the basic observables F̂_f , Ĝ_a and F̂′_f , Ĝ′_a which both satisfy all the conditions formulated above. Clearly we can construct the unitary operator which maps the position base of the first pair to the position base of the second pair, except that we do not require a proper phase fixing. Such a unitary operator essentially identifies the position observables but not necessarily the momentum observables.

Therefore we will investigate the relation between the observables Ĝ_a and Ĝ^′_a which both, together with common position observables F̂_f , satisfy all the conditions above. The commutation relation (5.5) together with completness (5.11) gives

Ĝ^′_a − Ĝ_a = F̂_{λa} (5.45)

for some a-dependent real function λ_a. The linearity (5.8) and the ordering condition (5.9) together with (5.7) gives λ_{a1 +f a2} = λ_{a1} + fλ_{a2} ⇒ λ_a = λ ▪ a (5.46)

for some form λ on V. The commutation relation (5.6) implies

[a_1, a_2] ▪ λ = a_1 ▪ d(a_2 ▪ λ) − a_2 ▪ d(a_1 ▪ λ) ⇒ dλ = 0 . (5.47)

If the configuration space V is sufficiently topologically trivial (precisely, if the first cohomology group is trivial), from the last equation it follows that the form λ is a gradient of some function φ. In this case we can write Ĝ^′_a = exp(−iF̂_φ)Ĝ_a exp(iF̂_φ) , (5.48)

and we see that Ĝ^′_a and Ĝ_a are unitary equivalent. If the configuration space is not topologically trivial and closed forms are not the same as exact forms, we can have unitarily inequivalent realizations of the basic quantum variables. We have ignored this possibility in the construction of the position base, and we will not investigate it further here.

Relation between different orderings

Here we will investigate a relation of two different ordering of the momentum observables. Let us assume that^{γ1}Ĝ and^{γ2}Ĝ together with position observables F̂_f satisfy the conditions above with parameter γ_1 or γ_2 in the ordering condition (5.9). Similar to the previous discussion we get

γ_1Ĝ

a −^{γ2}Ĝ_a = F̂_{λ̃a} , (5.49) λ̃_{a1+αa2} = λ̃_{a1} + αλ̃_{a2} for α ∈ R , (5.50)

λ̃_{f a} = fλ̃_a + (γ_1 − γ_2)a ▪ df . (5.51)

If we write the function λ̃_a using a density μ on V as

λ̃_a = (γ_1 − γ_2) 1 μ L_aμ + λ_a , (5.52)

we find that λ_a satisfies the same properties as in the previous section, i.e. it represents the freedom of the quantization of G_a with the given ordering parameter. Because we have discussed it already, we ignore it now. So we have found that different orderings of the momentum observable can be written in the form_γ Ĝ_a =^0Ĝ_a + γ F̂_{μ-1Laμ} . (5.53)

It is easy to check that the μ dependence for fixed γ is of the form discussed in the previous section.

Observables quadratic in momentum

Until now we have discussed only the quantization of observables independent of momentum and linear in momentum. We have seen that these observables are sufficient for the construction of the natural base in the quantum Hilbert space H. But they are not usually sufficient for the construction of the dynamics of the theory. A typical Hamiltonian is quadratic in momenta. Therefore it is necessary to address the question of the quantization of such observables. I.e., we want to quantize classical observables of the form K_k(x, p) = p ▪ k^{-1}(x) ▪ p , (5.54)

where k is a metric on V, and we have restricted ourself to the case of a non-degenerate k.

We can formulate the conditions similar to those above for F̂_f and Ĝ_a. With a suitable choice of a requirement of simplicity and covariance requirements it is possible to show that there is a onedimensional freedom in the ordering for the quadratic observables (labeled by a parameter ξ ∈ R) and that the position representation Ǩ_k of the quadratic observable is

Ǩ_k = L_k + ξR_k , (5.55)

where L_k and R_k are the Laplace operator and scalar curvature of the metric k. But we will not need this in our work, and therefore we will not discuss it in more detail here.

Scalar field theory

In the case of the scalar field theory we want to apply the previously developed formalism to the quantization of the phase space B[Σ] with Σ a Cauchy hypersurface or the whole boundary of a domain Ω. The space B[Σ] has the structure of a cotangent bundle T^⋆ V[Σ]. This brings good and bad news. The value space V[Σ] is linear, but it is infinite-dimensional. Let’s ignore the infinite dimension and do some formal manipulation first.

Linearity allows us to define observables of value and momentum φ̂ and π̂ (roughly speaking operators x̂ and p̂ in the previous notations). These are, of course, not well defined objects in the general case but in the case of a linear space V it is possible to define them as objects from the spaces V ⊗ O and Ṽ ⊗ O. They are connected with general observables F̂_f , Ĝ_a from the previous chapters as F̂_f = f(φ̂) ,

Ĝ_a = ( 1 2 − iγ) a(φ̂) ▪ π̂ + ( 1 2 + iγ) π̂ ▪ a(φ̂) , (5.56)

where we have used a natural identification of the tangent spaces T V with V itself. The value and momentum observables satisfy the canonical commutation relations

[φ̂, π̂] = iδ_V ^11 . (5.57)

We can construct the value base normalized to a “constant measure” Q on the configuration space V φ̂|val : φ⟩ = φ|val : φ⟩ for φ ∈ V , π̂|val : φ⟩ = i d|val : φ⟩ , ⟨val : φ_1|val : φ_2⟩ = (Q^{-1}δ)(φ_1|φ_2) ,

^11 = ∫ φ∈V Q |val : φ⟩⟨val : φ| . (5.58)

The wave functional for a state |state⟩ has the form Ψ_{|state⟩}(φ) = ⟨val : φ|state⟩ , (5.59) the scalar product on wave functions is ⟨st1|st2⟩ = ∫ V Ψ^∗_{|st1⟩}Ψ_{|st2⟩} Q , (5.60)

and the value representation of the observables φ̂ and π̂ are φ̌ Ψ_{|state⟩}(φ) = φΨ_{|state⟩}(φ) , π̌ Ψ_{|state⟩}(φ) = −i dΨ_{|state⟩}(φ) . (5.61)

The problem is that there is no such thing as a “constant measure” Q on the space V, and we do not have a Hilbert space generated by a scalar product on wave functions. The solution of these technical difficulties lies in a restriction of the possible wave functions to those which are sufficiently falling off so the functional integral (5.60) has a sense even if the measure Q itself does not have. We will see in the next chapter that it is possible to construct such wave functions — they will be suppressed by a Gaussian exponent — so the integral (5.60) turns into a Gaussian integration which is well defined even for infinite-dimensional spaces.

We stop at this point with the study of the value representation, and we turn to a slightly different way of quantizing the scalar field. We will return to the quantization discussed in this chapter in the beginning of the next part and in the discussion of the quantum mechanics on the boundary for the scalar field.

6 Particle representation

Quantization of the covariant phase space

In this chapter we will quantize the free non-interacting scalar field theory based on the covariant phase formulation. Most of the formalism can be applied to any linear phase space, and we will use this fact in the next part.

But at this moment we want to find a quantum equivalent of observables on the covariant phase space S — the subspace of the space of all field configurations P which contains solutions of the free equations of motion (see 2). The situation is simplified by the fact that the space S is linear. It allows one, similarly to the previous chapter, to quantize first a special kind of observables — observables linear on the space S. It is equivalent to quantization of the basic scalar field observable Φ which can be viewed as a trivial S-valued (or P-valued) function. The quantum version Φ̂ of this observable belongs to the space S ⊗ O. We require it to satisfy the quantum variant of the Poisson brackets (2.24) [Φ̂, Φ̂] = −iG_c ^11 , (6.1)

where we have used the fact that the causal Green function is constant on the covariant phase space S, so its quantum version is proportional to the unity operator, and we do not have to face any ordering problem yet. The same is true for the quantum versions of the linear observables L_ϕ defined in (2.25)

L̂_ϕ = ϕ_∘^↭ω_∘ Φ̂ , (6.2)

[L̂_{ϕ1} , L̂_{ϕ2} ] = −iϕ_1 ∘^↭ω ∘ ϕ_2 ^11 . (6.3)

If we realize the space S as a subspace of the space P, we have additionally the condition ⇝ F • Φ̂ = 0 . (6.4)

Let us note that the quantum variable Φ̂ is not a simple operator-valued solution of the equation of motion (as an element of S ⊗ O) but is rather a distributional object which could be defined, for example, by its smoothed version (6.2).

For quadratic observables

A(Φ) = 1 2 Φ ∘ a ∘ Φ , (6.5)

with a a quadratic form on S, we have an ambiguity in the ordering of two Φ̂ observables. However, because the commutator of two observables Φ̂ is proportional to the unit operator, any quantum version of A(Φ) can be written as

Â = 1 2 Φ̂_∘ a_∘ Φ̂ + α^11 , (6.6)

where the number factor α (maybe infinite) is given by a particular choice of an operator ordering.

Infinite dimensional phase space

Next we want to realize the quantum observables Φ̂ (or more precisely L̂_ϕ) defined by the properties above as operators on a space H which we would ideally like to be a Hilbert space. But first we make a comment about the infinite dimension of the covariant phase space of the scalar field and consequences for the quantum theory. For a finite dimensional phase space a realization of the algebra of linear observables described above would be unique up to unitary equivalence. But there exist unitarily inequivalent representations of the quantum algebra on H in the case of an infinite dimensional phase space S, and so H cannot be a Hilbert space.

We will not try to be technically precise in dealing with inequivalent representations, and we will adopt the following intuitive point of view. We will look on H as a vector space which includes all pure states (i.e. all states from different representations of algebra of observable), with a “scalar product” between any two states (vectors). There exist sets of these states that each forms a Hilbert space, but there are no well-defined unitary operators in the entire space H which relates one set to another set. We will use formal expressions between states from different sets, but such expressions may not have a well-defined mathematical meaning (e.g., an infinite sum can be divergent).

A mathematically precise approach to this question is algebraic quantization. In this approach the space of states (not necessarily only pure states) is realized as a suitable restriction of the dual of the appropriate algebra of quantum observables. This space contains all possible states and cannot be wholly realized as density matrices on a Hilbert space on which the algebra of observables would be also represented. But we can identify subspaces (called folia) which can be represented as density matrices on a Hilbert space. Pure states from such a folium correspond to the set with well-defined scalar product discussed in the previous paragraph. The difference between different folia means essentially that some states are “too different” to be in the same Hilbert space.

However it is useful keep formally all pure states together in one quantum space H. But we have to be beware of the possibility that some expressions can give ill-defined results — e.g. some expectation values can be infinite. Intuitively, the sets mentioned above represent different “phases” of the same physical system. Physically, for example, a vacuum of one phase contains an infinite mean number of particles of another phase.

For a complete discussion of inequivalent representation see [3, 4].

Particles and field

Now we want to find out more about the structure of the space H. To motivate the following construction of the quantum space we will mention a couple of words about the notion of particles.

For the interpretation of a theory we usually need to pick up quantities which are measurable in a physical experiment. This means one needs to find quantities to which a realistic detector coupled to the field is sensitive. But we need even more for understanding a theory. We would like to have an intuitive picture, a more descriptive way how to speak about our quantum system.

A very useful way to describe a quantum field is the language of particles. It is possible to construct special states representing “definite numbers of quanta of field”, and the structure of the theory becomes often much simpler when it is expressed in terms of these states. Particle states do not have to be always straightforwardly measurable quantities — only in special situations it is possible to construct a simple detector sensitive exactly to some particle states. But even in situations when it is not simple to prepare the system in a particle state, it can be useful to use such states for a description of physical processes.

First we have to define what particles are. Here is a short list of some elementary properties of particles:

- discrete nature of particles - particles as quanta of energy - definiteness of position or momenta of particles

- measurability by a detector - a connection with quantization of a relativistic particle

The first property is the property we will use the most in this part. Particles can be counted; they have a piece-like character. We speak about photons because we are able to detect discrete hits on a screen when we illuminate it by a weak electromagnetic field. We speak about quanta of energy in the case of a hydrogen atom because the atom can emit the energy in discrete pieces.

A discrete nature is only one of many properties of classical particles. But we are not speaking about classical particles. We want to construct a useful notion of particles for quantum field theory. And the notion of discrete pieces gives us the weakest sense of the word particle. Or, maybe, it would be better to speak about quanta of the field.

Of course, we can be more restrictive about the notion of particles. As the second item in our list suggests, we could require that particles are quanta of energy - i.e. that some particle states are eigenstates of a Hamiltonian of our system. We will discuss this condition later. Let us only say that this condition picks up a unique notion of particles but, unfortunately, in a general situation we do not have a unique notion of energy.

Similarly, it is difficult to give a well defined sense to the position or momentum of a particle in a general spacetime. Only in the case when our spacetime is sufficiently special we can introduce some generalized momentum operator or find a simple detector sensitive exactly to some kind of particles [5, 6]. Localizability is an even more subtle issue.

There exists a completely different way how to construct quantum field theory [7, 8] which we will investigate in the last part. It is possible to quantize a relativistic particle using a sum overhistories-approach and to find that transition amplitudes calculated in this way are exactly the same as amplitudes between some particle states of the scalar field theory. This gives us another interesting meaning to particle states.

But in the following construction we will use the notion of particles in the weakest sense of discrete pieces. It is, essentially, only a particular way of construction of a realization of the H based on a special base which we will call a particle base. However, the only formal meaning of this name is that it has the structure of a Fock base.

Fock structure of the quantum space H

Let us concentrate on the basic particle property — the discrete nature of particles. We would like to speak about a state with no particles, about states with one particle, two particles and so on. The representation of this structure in quantum mechanics is well known. We want to find a Fock structure in our quantum space H which divides H into subspaces with a vacuum state, one, two and more particle states. As known, the Fock structure can be generated by creation and annihilation operators â^†_k and â_k which satisfy the commutation relations

[â_k, â_l] = 0 , [â^†_k, â^†_k] = 0 , [â_k, â^†_l ] = α_{kl} ^11 , (6.7)

where indices k, l label one-particle states and α_{kl} is a transition amplitude between two one-particle states labeled by k and l. So, to find a particle interpretation of the free scalar field theory we need to construct such creation and annihilation operators from our basic observable Φ̂. The construction which we will describe below is motivated by [9].

First we describe the way in which we will label one-particle states. Particles used for the description of a scalar field are scalar particles without any inner degrees of freedom. This means that on the classical level the position and momenta at one time are sufficient for the determination of the state of one particle. Therefore the quantum space H_1 of one-particle states should be “∞^3” dimensional (one vector of a base for each space point) as a complex vector space (let’s denote it C -dimensionality). It means that as a real vector space it has “the same” R-dimension as the phase space S of the scalar field — “2∞^3”. These formal considerations suggest the use of the space S for labeling of one-particle states. More precisely, we would like to find a one-to-one map between spaces H_1 and S.

This presents us with a problem. Some vectors in H_1 are related only by a phase and essentially represent the same physical state. But their images (labels) in S are different. We would like to know how these different labels are related. This means that we need to introduce a structure of a Hilbert space to the phase space S in such way that our mapping between S and H_1 will be an isomorphism of Hilbert spaces. But we already described such a structure at the end of the chapter (4) — we are looking for a complex structure J_p on the phase space S which turns it into the Hilbert space S_p.

Now we can proceed and define creation and annihilation operators acting on H which are labeled by vectors from S: â_p[ϕ] = ⟨ϕ, Φ̂⟩_p ,

â_p[ϕ]^† = ⟨Φ̂, ϕ⟩_p

(6.8)

for any ϕ ∈ S. We can also express creation and annihilation operators using P^±_p

â_p[ϕ] = −i ϕ^−_p ∘^↭ω ∘ Φ̂ = −i ϕ ∘^↭ω ∘ Φ̂^+_p ,

â_p[ϕ]^† = i ϕ^+_p ∘^↭ω ∘ Φ̂ = i ϕ ∘^↭ω ∘ Φ̂^−_p .

(6.9)

This means that the positive (or negative) frequency part of the field operator Φ̂ is composed only from annihilation (or creation) operators and vice versa. Using these expressions we can compute the commutation relations of the introduced operators. For example, [ â_p[ϕ_1], â_p[ϕ_2]^† ] = −i ϕ_1 ∘ P^−_p ∘^↭ω ∘ [^ Φ, Φ̂ ]_{∘ ↭} ω^⊤ ∘ P^+_p ∘ ϕ_2 i =

= ϕ_1 ∘ P^−_p ∘^↭ω ∘ iG_c ∘^↭ω ∘ P^+_p ∘ ϕ_2 ^11 = −i ϕ_1 ∘ P^−_p ∘^↭ω ∘ P^+_p ∘ ϕ_2 ^11 =

= ⟨ϕ_1, ϕ_2⟩_p ^11 .

(6.10)

Similarly we get the complete set of commutation relations: [ â_p[ϕ_1], â_p[ϕ_2] ] = 0 , [ â_p[ϕ_1]^†, â_p[ϕ_2]^† ] = 0 , [ â_p[ϕ_1], â_p[ϕ_2]^† ] = ⟨ϕ_1, ϕ_2⟩_p ^11 .

(6.11)

We see that these are really the commutation relations of creation and annihilation operators.

We can define a vacuum state by the condition

â_p[ϕ]|p : vac⟩ = 0 for each ϕ ∈ S , ⟨p : vac|p : vac⟩ = 1 (6.12)

and multiple particle states by â_p[ϕ_1]^†â_p[ϕ_2]^† . . . |p : vac⟩ . (6.13)

The mapping between the phase space S_p and the one-particle space H_1 is given by

ϕ ↔ â_p[ϕ]^†|p : vac⟩ (6.14)

and is really an isomorphism of Hilbert spaces

⟨p : vac|â_p[ϕ_1]â_p[ϕ_2]^†|p : vac⟩ = ⟨p : vac|[â_p[ϕ_1], â_p[ϕ_2]^†]|p : vac⟩ = ⟨ϕ_1, ϕ_2⟩_p , (6.15) i ⋆ ϕ ↔ â_p[i ⋆ ϕ]^† |p : vac⟩ = iâ_p[ϕ]^† |p : vac⟩ . (6.16) We implicitly assumed that condition (6.12) selects a unique vacuum state (up to a phase) and creation operators acting on the vacuum state generate a complete set of vectors in H. This assumption corresponds to the assumption that the set of observables Φ̂ (or L̂_ϕ) is a sufficient set of observables for the description of our system, i.e. that we do not have any other degrees of freedom which are not reflected in the field observables Φ̂. In the opposite case we should use another kind of field.

Finally we can write the linear observables L̂_ϕ using annihilation and creation operators as

L̂_ϕ = i(â_p[ϕ] − â_p[ϕ]^†) = â_p[−J_{p ∘} ϕ] + â_p[−J_pϕ]^†) . (6.17)

We have successfully found a Fock structure in our quantum space H with one-particle states labeled by vectors from the classical phase space of the scalar field S. Or, in other words, we have constructed a particular representation of the quantum algebra of observables generated by L̂_ϕ on a Hilbert space given by the Fock space based on one-particle space isomorphic with S_p. We will call such construction a particle interpretation of the scalar field theory. For this construction we have used a new element — the complex structure J_p. We can expect that different complex structures can give us different Fock structures in H, and we will investigate their relations in chapter 8.

To conclude, we show a connection to the usual mode decomposition. We choose a p-orthonormal C -base u = {u_k; k ∈ I} in S_p with, for simplicity a discrete, index set I, as was discussed before. It satisfies (4.27) and (4.28). These are standard properties [6] of modes which are used for the expansion of a field operator. We can decompose Φ̂ using the base {u_k^+_p , u_k^−_p ; k ∈ I}

Φ̂ = ∑ k∈I ( â_ku_k^+_p + â^†_ku_k^−_p ) , (6.18)

where operator valued coefficients can be found using the relations (4.28)

â_k = −i u_k^−_p ∘^↭ω ∘ Φ̂ = â_p[u_k] ,

â^†_k = −i Φ̂ ∘^↭ω ∘ u_k^+_p = â_p[u_k]^† .

(6.19)

We see that the usual mode expansion gives nothing other than our creation and annihilation operators for a chosen base u in the phase space S. This connection also justifies using the words positive and negative frequency part respectively for vectors from spaces S^±_p .

Green functions

We can ask whether the construction of the Fock structure in H using the complex structure is not artificial. Does J_p have any physical meaning? Is it connected with any interesting physical quantity? The answer is yes. The complex structure has a rather simple interpretation. To show it we have to introduce Green functions associated with a particular choice of vacuum state. They are tensor objects from S^2_0 which we represents, similarly to the causal Green function, as objects from P^2_0 which satisfy free equation of motion in both indices.

The Wightman functions are defined by G^+_p^{xy} = ⟨p : vac|Φ̂^xΦ̂^y |p : vac⟩ , G^−_p^{xy} = ⟨p : vac|Φ̂^yΦ̂^x|p : vac⟩ . (6.20)

The Hadamard Green function is

G^H_p^{xy} = ⟨p : vac|Φ̂^xΦ̂^y + Φ̂^yΦ̂^x|p : vac⟩ . (6.21)

The causal Green function can be written as

−iG^{xy}_c = ⟨p : vac|Φ̂^xΦ̂^y − Φ̂^yΦ̂^x|p : vac⟩ . (6.22)

Relations among these Green functions are G^H_p = G^+_p + G^−_p , G_c = i(G^+_p − G^−_p ) , (6.23) G^+_p = 1 2 (G^H_p − iG_c) , G^−_p = 1 2 (G^H_p + iG_c) , (6.24) G^+_p^⊤ = G^−_p , G^H_p^⊤ = G^H_p , G_c^⊤ = −G_c , (6.25) G^+_p^∗ = G^−_p , G^H_p^∗ = G^H_p , G_c^∗ = G_c . (6.26) Let’s note that the causal Green function G_c is independent of the choice of the complex structure J_p, but the Green functions G^+_p , G^−_p and G^H_p depend of the choice of the vacuum state and therefore on the choice of the particle interpretation.

Using the definition of the vacuum state (6.12) and equations (6.9) we can write G^+_p = ⟨p : vac|(Φ̂^+_p + Φ̂^−_p )(Φ̂^+_p + Φ̂^−_p )|p : vac⟩ = ⟨p : vac|Φ̂^+_p Φ̂^−_p |p : vac⟩ . (6.27) This means that G^+_p = P^+_p ∘ G^+_p ∘ P^−_p , G^−_p = P^−_p ∘ G^−_p ∘ P^+_p . (6.28) Using equations (6.23), (4.12) and (4.10) we find G^±_p = ∓i P^±_p ∘ G_c ∘ P^∓_p = ∓i P^±_p ∘ G_c , (6.29) G^H_p = −i (P^+_p − P^−_p ) ∘ G_c = −J_p ∘ G_c = ω̄^{−1}_p (6.30) or P^±_p = ∓i G^±_p ∘^↭ω , (6.31) J_p = G^H_p ∘^↭ω . (6.32) This means that the complex structure J_p is essentially the Hadamard Green function. Or, more precisely, the action of J_p on a solution ϕ ∈ S is given by the Klein-Gordon product of the Hadamard Green function with the solution ϕ. Wightman functions are in similar relation to the projection operators P^±_p .

We can use this relation to derive compositions laws for Green functions. The translation of equations (4.10), (4.2) to the language of Green functions gives us G^±_p ∘^↭ω ∘ G^±_p = ±i G^±_p , G^±_p ∘^↭ω ∘ G^∓_p = 0 , (6.33) G^H_p ∘^↭ω ∘ G^H_p = G_c . (6.34)

We have seen that Green functions G^±_p , G^H_p , G^F_p are associated with each particle interpretation. The Green functions of the same kind for different particle interpretations satisfy the same equations and symmetry conditions. They differ by boundary conditions. If we choose a Cauchy hypersurface Σ, we can define the value and the momentum forms φ[Σ] and π[Σ]. In chapter 4 we have found that the complex structure can be written in the form (4.30), and the positive and negative frequency parts are given by conditions (4.37). So, thanks to (6.28), we can write the conditions on the Wightman Green functions using quantities on the hypersurface Σ, (θ^∗_p ▪ φ − iπ) ∘ G^+_p = 0 , G^+_p ∘ (φ ▪ θ_p + iπ) = 0 , (θ_p ▪ φ + iπ) ∘ G^−_p = 0 , G^−_p ∘ (φ ▪ θ^∗_p − iπ) = 0 .

(6.35)

If the complex structure J_p is chosen using some physical structure on the hypersurface Σ (as in the case of the complex structure obtained by diagonalization of the Hamiltonian as will be defined below), these equations gives the meaningful boundary conditions for Wightman Green functions.

Total particle-number observable

We can define a quantum observable of the number of particles in a state labeled by a solution ϕ:

n̂_p[ϕ] = â_p[ϕ]^†â_p[ϕ] ⟨ϕ, ϕ⟩_p . (6.36)

It satisfies n̂_p[ϕ] â_p[ϕ]^{† m}|p : vac⟩ = m â_p[ϕ]^{† m}|p : vac⟩ . (6.37)

Let’s choose again a p-orthonormal C -base u = {u_k; k ∈ I} in S_p. It generates an orthonormal base in the quantum space H composed of particle states |p u : m⟩ = 1 √ m! â_p[u]^{† m}|p : vac⟩ . (6.38)

Here m = {m_k; k ∈ I} is a multi-index and we are using the shorthand

m! = ∏ k∈I m_k! , â[u]^{† m} = ∏ k∈I â_p[u_k]^{† mk} = ∏ k∈I â^{† mk}_k , (6.39)

where creation operators â_k are defined by equation (6.19). The combinatoric factor is chosen so that states are normalized:

⟨p u : m|p u : m^′⟩ = δ_{mm}′ . (6.40)

m is also called the occupation number, and ⟨p u : m|state⟩ and ⟨p u : m|Â|p u : n⟩ are called the occupation number representation or the particle representation of a state |state⟩ and an operator Â. The observable of the number of particles in a mode u_k is

n̂_{p k} = n̂_p[u_k] = â^†_kâ_k , (6.41)

and it satisfies n̂_{p k}|p u : m⟩ = m_k|p u : m⟩ . (6.42)

Now we can define the observable of the total number of p-particles

N̂_p = ∑ k∈I n̂_{p k} . (6.43)

Using definitions (6.19) of creation and annihilation operators and orthonormality of the base u we get N̂_p = ∑ k∈I â_p[u_k]^†â_p[u_k] = ∑ k∈I ⟨Φ̂, u_k⟩_p⟨u_k, Φ̂⟩_p = ⟨Φ̂, Φ̂⟩_p . (6.44)

We see that N̂_p is independent of the choice of the base u but it depends on the complex structure J_p through the scalar product and therefore it depends on the particle interpretation. It will be useful to write down also another representation of N̂_p. First let’s note that using the commutator relation (6.1), antisymmetry of the symplectic form and definition of causal Green function (2.21) we can get Φ̂_∘^↭ω_∘ Φ̂ = −i( 1 2 tr_S δ_S ) ^11 = −i ( tr_{Sp} δ_{Sp} ) ^11 . (6.45) So N̂_p = ⟨Φ̂, Φ̂⟩_p = 1 2 Φ̂_∘ (ω̄_p − i^↭ω )_∘ Φ̂ = = 1 2 Φ̂_∘ ω̄_{p ∘} Φ̂ − 1 2 ( tr_{Sp} δ_{Sp} ) ^11 .

(6.46)

Here the trace of the unit operator on S is, of course, infinite; but it does not change the following reasoning.

We see that N̂_p is a quantum version of a classical quadratic observable

N_p = 1 2 Φ ∘ ω̄_p ∘ Φ (6.47)

with a special operator ordering. This operator ordering is called p-normal ordering and is defined by the condition that in any product of operators all p-creation operators are on the left of all p-annihilation operators. We denote a quantum version of a classical observable F (Φ) in p-normal ordering by F̂ = :F (Φ̂):_p . (6.48)

It can be written more explicitly for any quadratic observable defined using a symmetric bi-form k ∈ S^0_2 K(Φ) = 1 2 Φ ∘ k ∘ Φ = 1 2 Φ^+_p ∘ k ∘ Φ^+_p + 1 2 Φ^−_p ∘ k ∘ Φ^−_p + Φ^−_p ∘ k ∘ Φ^+_p , (6.49)

for which the p-normal ordered quantum version is

K̂ = :K(Φ̂):_p = 1 2 Φ̂^+_{p ∘} k_∘ Φ̂^+_p + 1 2 Φ̂^−_{p ∘} k_∘ Φ̂^−_p + Φ̂^−_{p ∘} k_∘ Φ̂^+_p . (6.50)

For the observable N_p(Φ) using (4.13) we get

N̂_p = Φ̂^−_{p ∘} ω̄_{p ∘} Φ̂^+_p = :N_p(Φ̂):_p . (6.51)

We will discuss p-normal ordering in more detail in connection with the holomorphic representation.

Diagonalization of Hamiltonian

Let’s assume that a classical quadratic positive definite Hamiltonian is given,

H(Φ) = 1 2 Φ ∘ H ∘ Φ , (6.52)

where H is a positive definite symmetric bi-form from S^0_2 given, for example, by equation (2.60). We can ask whether there exists a particle interpretation such that particle states have definite energy and the energy is additive with respect to the number of particles. More precisely, we will look for such a complex structure J_h and h-orthonormal base u = {u_k; k ∈ I} which satisfy

Ĥ |h u : m⟩ = (∑ k∈I ω_km_k ) |h u : m⟩ , (6.53)

where ω_k ∈ R^+ is the energy of the one-particle state â^†_k |h : vac⟩

Ĥ â^†_k |h : vac⟩ = ω_k â^†_k |h : vac⟩ . (6.54)

This requirement is equivalent to the requirement that the Hamiltonian have the form

Ĥ = ∑ k∈I ω_kn̂_{h k} . (6.55)

Using the definition of n̂_{h k} (6.41) and the orthonormality of the base u, we get

Ĥ = ∑ k∈I ⟨Φ̂, u_k⟩_hω_k⟨u_k, Φ̂⟩_h = ⟨Φ̂, Ω ∘ Φ̂⟩_h = :Φ̂ ∘ ω̄_h ∘ Ω ∘ Φ̂:_h , (6.56) where Ω is a h-linear hermitian positive definite operator on S_h given by

Ω ∘ u_k = ω_k u_k . (6.57)

h-linearity gives us the condition [ Ω, J_h ] = 0 . (6.58)

Hermicity Ω^{⟨†⟩} = Ω (following from ω_k ∈ R^+ ) gives

↭ω ∘ Ω = Ω ∘^↭ω ⇔ ω̄_h ∘ Ω = Ω ∘ ω̄_h . (6.59)

The quantum observable Ĥ should be a quantum version of the classical observable H(Φ) in some operator ordering. As we have discussed, any two quantum versions of H(Φ) defined using two different operator orderings can differ only by multiple of the unit operator. Therefore we can write

Ĥ = :H(Φ̂):_h + α^11 = :Φ̂_∘ H_∘ Φ̂:_h + α^11 . (6.60)

From a comparison with equation (6.56) we see that we need to satisfy

H = ω̄_h ∘ Ω , (6.61)

which is equivalent to G_c ∘ H = J_h ∘ Ω . (6.62) Let’s summarize. We are looking for a complex structure J_h and a positive definite operator Ω which satisfy conditions (4.3), (4.4), (6.58), (6.59) and (6.62). We can get such a J_h and Ω using a polar decomposition^7 of the operator (G_c ∘ H). For a polar decomposition we need a transposition of operators. Let us use the transposition defined using a positive definite symmetric bi-form H

A^T = H^{−1} ∘ A ∘ H for any operator A on S . (6.63)

Because (G_c ∘ H)^T = −(G_c ∘ H) , (6.64) left and right polar decompositions of (G_c ∘ H) coincide and we can define Ω = |G_c ∘ H| = ( (G_c ∘ H)^T ∘ (G_c ∘ H)

) 1_2 = ( (G_c ∘ H) ∘ (G_c ∘ H)^T

) 1_2 , (6.65) J_h = sign ( G_c ∘ H ) = (G_c ∘ H) ∘ Ω^{−1} = Ω^{−1} ∘ (G_c ∘ H) , (6.66)

G_c ∘ H = J_h ∘ Ω = Ω ∘ J_h . (6.67) It is straightforward to check all conditions on J_h and Ω. Positive definiteness and symmetry (Ω^T = Ω) of Ω follows from the definition of square root, the compatibility of J_h and^↭ω follows from (6.66) and symmetry of Ω, positive definiteness of ω̄_h follows from (6.66) and positive definiteness of Ω, (6.58) and (6.62) are the same as equation (6.67).

We have finally proved that the positive quadratic classical Hamiltonian H(Φ) picks up uniquely the particle interpretation in which it is possible to diagonalize the quantum Hamiltonian, i.e. to write Ĥ = :H(Φ̂):_h = ∑ k∈I ω_kn̂_{h k} , (6.68)

where n̂_{h k} are observables of number of particle in modes u_k which are eigenvectors of the operator Ω with eigenvalues ω_k. A similar result can be found in [9, 10].

Unfortunately we do not have a preferred 3 + 1 splitting in a general spacetime, and for a general 3 + 1 splitting the Hamiltonian is time dependent. This means that the diagonalization criterion picks up different particle interpretations at different times. This reflects the fact that in a general spacetime we do not have a preferred particle interpretation, and if we decide to choose particle interpretations, connected with the Hamiltonian of some 3 + 1 decomposition, we have to expect particle creation as will be described in chapter 8.

Connection with value representation

Now we turn to investigate the connection of the introduced particle base with the value representation defined in the previous chapter. We will find the wave functional of the vacuum and one particle states.

As we already mentioned, we can define V and Ṽ-valued forms φ and π on the phase space S and using them we can express the quantum version of the value and momentum observables as

φ̂[Σ] = φ[Σ] ∘ Φ̂ , π̂[Σ] = π[Σ] ∘ Φ̂ . (6.69)

They satisfy the commutation relation (5.57), and we can construct the value base |val : φ⟩ as defined in (5.58).

We express the creation and annihilation operators using φ̂ and π̂ as

â_p[ϕ] = ⟨ϕ, Φ̂⟩_p = ψ^−_p [ϕ] ▪ (θ_p ▪ φ̂ + i π̂) ,

â_p[ϕ]^† = ⟨Φ̂, ϕ⟩_p = (φ̂ ▪ θ^∗_p − iπ̂) ▪ ψ^+_p [ϕ] .

(6.70)

The condition on the vacuum state (6.12) gives 0 = ⟨val : φ|(θ_p ▪ φ̂ + iπ̂)|p : vac⟩ = (θ_p ▪ φ + d)⟨val : φ|p : vac⟩ . (6.71) The solution of this variation equation is Ψ_{|p:vac⟩}(φ) = ⟨val : φ|p : vac⟩ = const exp ( − 1 2 φ ▪ θ_p ▪ φ ) . (6.72)

Normalization gives us the prefactor: 1 = ⟨p : vac|p : vac⟩ = ∫ φ∈V Q ⟨p : vac|val : φ⟩⟨val : φ|p : vac⟩ =

= ∫ φ∈V Q |const|^2 exp ( − 1 2 φ ▪ (θ_p + θ^∗_p) ▪ φ ) = ∫ φ∈V Q |const|^2 exp ( −φ ▪ B^{-1}_p ▪ φ ) =

= Q |const|^2 ( Det πB_p ) 1_2 .

(6.73)

Finally, the wave functional of the vacuum state is, dropping an arbitrary phase factor,

Ψ_{|p:vac⟩}(φ) = Q^{− 12} ( Det πB_p )_− 1_4 exp ( − 1 2 φ ▪ θ_p ▪ φ ) . (6.74)

The action of the creation operator gives the wave functional of one particle states Ψ_{âp[ϕ]}†_{|p:vac⟩}(φ) = ψ^+_p [ϕ] ▪ ⟨val : φ|(θ^∗_p ▪ φ̂ − i π̂)|p : vac⟩ = = ψ^+_p [ϕ] ▪ (θ^∗_p ▪ φ − d)⟨val : φ|p : vac⟩ = = ( 2ψ_p[ϕ] ▪ θ_p ▪ φ ) Ψ_{|p:vac⟩}(φ) , (6.75)

and similarly for the wave functional of multiple particle states.

We have found that the wave functional of particle states is given by a Gaussian exponent Ψ_{|p:vac⟩}(φ) multiplied by a polynomial expression in φ. For such a wave functional the integral (5.60) makes sense, as we promised above.

7 Holomorphic representation

Coherent states

In the previous chapter we have defined the particle states depending on the choice of the particle representation. It is useful to introduce other states connected with the particle interpretation, the so-called coherent states. They allow us to skip making a particular choice of a base of modes to form particle states and skip unpleasant expressions with sums over occupation numbers. Instead we will be able to define a holomorphic representation of the quantum space H. We will be very formal in our considerations, and basically we will ignore the infinite dimensional nature of our phase space S. Coherent states associated with the particle representation are defined by |p coh : ϕ⟩ = exp ( 1 2 ⟨ϕ, ϕ⟩_p )^ W[ϕ] |p : vac⟩ (7.1) for any ϕ ∈ S. Here the displacement operator Ŵ[ϕ] is defined by

Ŵ[ϕ] = exp(i ϕ_∘^↭ω_∘ Φ̂) = exp(iL̂_ϕ) . (7.2)

It is a unitary operator, and the name displacement operator is justified by the property

Ŵ[ϕ]^† Φ̂ Ŵ[ϕ] = Φ̂ + ϕ ^11 . (7.3)

Using the known identity exp (^ A + B̂ ) = exp ( − 1 2 [Â, B̂] ) exp(Â) exp(B̂)

for Â, B̂ satisfying [^ A, [Â, B̂] ] = 0 and [^ B, [Â, B̂] ] = 0 ,

(7.4)

we can write exponential versions of the commutation relations (6.1) and (6.11)

Ŵ[ϕ_1]Ŵ[ϕ_2] = exp(i ϕ_{1 ∘}^↭ω_∘ ϕ_2)Ŵ[ϕ_2]Ŵ[ϕ_1] , (7.5) exp ( â_p[ϕ_1] ) exp ( â_p[ϕ_2]^† ) = exp ( ⟨ϕ_1, ϕ_2⟩_p ) exp ( â_p[ϕ_2]^† ) exp ( â_p[ϕ_1] ) , (7.6)

p-normal ordering of the displacement operator and an additivity property

Ŵ[ϕ] = exp(â_p[ϕ]^† − â_p[ϕ]) = exp(− 1 2 ⟨ϕ, ϕ⟩_p ) exp ( â_p[ϕ]^† ) exp ( −â_p[ϕ] ) , (7.7)

Ŵ[ϕ_1]Ŵ[ϕ_2] = exp(i 1 2 ϕ_1 ∘^↭ω ∘ ϕ_2 )^ W[ϕ_1 + ϕ_2] . (7.8)

Using this relation we get |p coh : ϕ⟩ = exp ( â_p[ϕ]^† ) |p : vac⟩ . (7.9) Here we have used exp ( â_p[ϕ] ) |p : vac⟩ = (^∞∑ n=0 1 n! â_p[ϕ]^n ) |p : vac⟩ = |p : vac⟩ . (7.10)

We see that a coherent state |p coh : ϕ⟩ contains only particles in the ϕ mode. It is a superposition of particle states with any number of particles, and the mean value of particles in the mode ϕ_1 is given by ⟨p coh : ϕ|n̂_p[ϕ_1]|p coh : ϕ⟩ = ⟨ϕ, ϕ_1⟩_p⟨ϕ_1, ϕ⟩_p ⟨ϕ_1, ϕ_1⟩_p

. (7.11)

The scalar product of two coherent states is (using equations (7.9), (7.6), (7.10)) ⟨p coh : ϕ_1|p coh : ϕ_2⟩ = exp ( ⟨ϕ_1, ϕ_2⟩_p ) (7.12)

This means that coherent states are not orthogonal. However, coherent states form a overcomplete set in the quantum space H. This can be seen from the important completeness relation

^11 = ∫ ϕ∈S H_p(ϕ) |p coh : ϕ⟩⟨p coh : ϕ| , (7.13)

where the measure H_p on the phase space S is given by

H_p(ϕ) = exp ( −⟨ϕ, ϕ⟩_p ) dΓ . (7.14)

and dΓ is the canonical measure (B.8) on phase space S

dΓ = ( Det ↭ω 2π ) 1_2 = ( Det ω̄_p 2π ) 1_2

. (7.15)

We will prove the identity (7.13) later (see equation (7.34)).

Finally, the coherent states are eigenvectors of the annihilation operators

â_p[ϕ_1] |p coh : ϕ⟩ =

= const ⟨ϕ_1, Φ̂⟩_p Ŵ[ϕ] |p : vac⟩ = const Ŵ[ϕ] ( ⟨ϕ_1, Φ̂⟩_p + ⟨ϕ_1, ϕ⟩_p ^11 ) |p : vac⟩ = = ⟨ϕ_1, ϕ⟩_p |p coh : ϕ⟩ , (7.16)

where we have used equation (7.3). The action of a creation operator on a coherent state is given by â_p[ϕ_1]^† |p coh : ϕ⟩ = = ( â_p[ϕ_1]^† exp ( â_p[ϕ]^† )) |p : vac⟩ = ( ϕ_1 ∘ d exp ( â_p[ϕ]^† )) |p : vac⟩ = = ϕ_1 ∘ d |p coh : ϕ⟩ . (7.17)

Holomorphic representation

First we recall the definition of a holomorphic function on complex vector spaces. A function F : V → C on a complex vector space V is holomorphic or antiholomorphic respectively, if for any vector ϕ ∈ V a function F (zϕ) is holomorphic or antiholomorphic in the complex variable z.

We will call a function F : S → C on the phase space S p-holomorphic or p-antiholomorphic respectivelly if it is holomorphic or antiholomorphic on the complex space S_p with the multiplication ⋆, i.e. if for any ϕ ∈ S a function F (z ⋆ ϕ) is holomorphic or antiholomorphic in complex variable z.

A function F : S → C is called analytical on S if it is possible to extend it to a holomorphic function on S^C (holomorphic in the sense of S^C ). This extension is called the analytical extension of F , and we will use the same letter F for it.

Using relations valid for any ϕ ∈ S (see eq. (4.10)),

P^+_p ∘ (z ⋆ ϕ) = zϕ^+_p , P^−_p ∘ (z ⋆ ϕ) = z^∗ϕ^−_p , (7.18) we can find that an analytical function F on S is p-holomorphic or p-antiholomorphic respectively, if and only if its analytical extension on S^C depends only on the p-positive or p-negative frequency part of its argument

F is p-holomorphic ⇔ F (ϕ) = F (ϕ^+_p ) ,

F is p-antiholomorphic ⇔ F (ϕ) = F (ϕ^−_p ) .

(7.19)

Now we will introduce the holomorphic representation of quantum space H. Any state |state⟩ can be represented by p-antiholomorphic function f_p [|state⟩] : S → C on the phase space f_p [|state⟩](ϕ) = ⟨p coh : ϕ|state⟩ = ⟨p : vac| exp ( â_p[ϕ] ) |state⟩ . (7.20) Similarly we introduce p-holomorphic function f_p [⟨state|] : S → C for a covector ⟨state| and the

function f_p [ Â ] : S×S → C p-antiholomorphic in the first and p-holomorphic in the second argument

for an operator Â f_p [⟨state|](ϕ) = ⟨state|p coh : ϕ⟩ = f_p [|state⟩](ϕ)^∗ , (7.21) f_p [ Â ] (ϕ_1, ϕ_2) = ⟨p coh : ϕ_1|Â|p coh : ϕ_2⟩ . (7.22)

Using the completeness relation (7.13) it is trivial to prove the compositions laws ⟨state1|state2⟩ = ∫ ϕ∈S H_p(ϕ) f_p [⟨state1|](ϕ) f_p [|state2⟩](ϕ) ,

f_p [ Â|state⟩ ] (ϕ) = ∫ ϕ^′∈S H_p(ϕ^′) f_p [ Â ] (ϕ, ϕ^′) f_p [|state⟩](ϕ^′) ,

f_p [ ÂB̂ ] (ϕ_1, ϕ_2) = ∫ ϕ∈S H_p(ϕ) f_p [ Â ] (ϕ_1, ϕ) f_p [ B̂ ] (ϕ, ϕ_2) ,

Tr Â = ∫ ϕ∈S H_p(ϕ) f_p [ Â ] (ϕ, ϕ) .

(7.23)

Next we will find the action of annihilation and creation operators. Using equations (7.16), (7.17) we obtain f_p [ â_p[ϕ]^†|state⟩ ] (ϕ_1) = ⟨ϕ_1, ϕ⟩_p f_p [|state⟩](ϕ_1) ,

f_p [ â_p[ϕ]^†Â ] (ϕ_1, ϕ_2) = ⟨ϕ_1, ϕ⟩_p f_p [ Â ] (ϕ_1, ϕ_2) ,

f_p [â_p[ϕ]|state⟩](ϕ_1) = ϕ ∘ ( d f_p [|state⟩] ) (ϕ_1) ,

f_p [ â_p[ϕ]Â ] (ϕ_1, ϕ_2) = ϕ ∘ ( d_l f_p [ Â ]) (ϕ_1, ϕ_2) .

(7.24)

Here d_l is the variation with respect to the left argument. Similar relations hold for f_p [⟨state|â_p[ϕ]],

f_p [ Ââ_p[ϕ] ] and so on.

Let us list the holomorphic representations of some states and operators:

f_p [|p : vac⟩](ϕ) = 1 , (7.25)

f_p [ â_p[ϕ]^{† n}|p : vac⟩ ] (ϕ_1) = ⟨ϕ_1, ϕ⟩_p^n , (7.26)

f_p [|p coh : ϕ⟩](ϕ_1) = exp ( ⟨ϕ_1, ϕ⟩_p ) , (7.27) f_p [|p : vac⟩⟨p : vac|](ϕ_1, ϕ_2) = 1 , (7.28) f_p [^ 11 ] (ϕ_1, ϕ_2) = exp ( ⟨ϕ_1, ϕ_2⟩_p ) , (7.29)

f_p [n̂_p[ϕ]](ϕ_1, ϕ_2) = ⟨ϕ_1, ϕ⟩_p⟨ϕ_,ϕ_2⟩_p ⟨ϕ, ϕ⟩_p exp ( ⟨ϕ_1, ϕ_2⟩_p ) , (7.30)

f_p [ N̂_p ] (ϕ_1, ϕ_2) = ⟨ϕ_1, ϕ_2⟩_p exp ( ⟨ϕ_1, ϕ_2⟩_p ) , (7.31) f_p [|p coh : ϕ⟩⟨p coh : ϕ|](ϕ_1, ϕ_2) = exp ( ⟨ϕ_1, ϕ⟩_p + ⟨ϕ, ϕ_2⟩_p ) , (7.32)

f_p [ Ŵ[ϕ] ] (ϕ_1, ϕ_2) = exp ( − 1 2 ⟨ϕ, ϕ⟩_p + ⟨ϕ_1, ϕ⟩_p − ⟨ϕ, ϕ_2⟩_p + ⟨ϕ_1, ϕ_2⟩_p ) . (7.33)

To conclude, we will prove the completeness relation (7.13):

f_p [ ∫ ϕ∈S H(ϕ) |p coh : ϕ⟩⟨p coh : ϕ| ] (ϕ_1, ϕ_2) =

= ∫ ϕ∈S dΓ exp ( −⟨ϕ, ϕ⟩_p + ⟨ϕ_1, ϕ⟩_p + ⟨ϕ, ϕ_2⟩_p ) =

= ∫ ϕ∈S dΓ exp ( − 1 2 ϕ ∘ ω̄_p ∘ ϕ + ϕ ∘ ω̄_p ∘ (ϕ_1^−_p + ϕ_2^+_p ) ) =

= exp ( 1 2 (ϕ_1^−_p + ϕ_2^+_p ) ∘ ω̄_p ∘ (ϕ_1^−_p + ϕ_2^+_p ) ) = = exp ( ⟨ϕ_1, ϕ_2⟩_p ) ,

(7.34)

where we used equations (7.32), (7.15) and Gaussian integration. Comparing with equation (7.29) we get exactly the completeness relation (7.13).

p-normal ordering

Holomorphic representation of operators on H is closely related with p-normal ordering of the operators. We will investigate this connection now. Let’s choose again a p-orthonormal C -base u = {u_k; k ∈ I} in S_p. It generates the particle base (6.38) in H |p u : m⟩ = 1 √ m! â_p[u]^{† m}|p : vac⟩ . (7.35)

We are using the shorthands (6.39). Any operator Â generated analytically by Φ̂ (i.e. defined by a sum of products, maybe infinite, of Φ̂) can be expressed in p-normal ordered form

Â = ∑ m,n a_{m,n} â_p[u]^{† m}â_p[u]^n , (7.36)

where a_{m,n} are some complex valued coefficients. If we introduce the generating function f̃_p [ Â ] (ϕ_1, ϕ_2)

by^8 f̃_p [ Â ] (ϕ_1, ϕ_2) = ∑ m,n a_{m,n} ⟨ϕ_1, u⟩^m_p ⟨u, ϕ_2⟩^n_p (7.37)

we can write Â = :f̃_p [ Â ] (Φ̂, Φ̂):_p = :f̃_p [ Â ] (Φ̂^−_p , Φ̂^+_p ):_p . (7.38)

The generating function is given by the previous equation uniquely. More precisely, if an operator Â can be written as Â = :F (Φ̂^−_p , Φ̂^+_p ):_p , (7.39) where F (ϕ_1, ϕ_2) is a holomorphic function on S^C in both arguments, than the function F restricted on S is the generating function of the operator Â

F (ϕ_1, ϕ_2) = f̃_p [ Â ] (ϕ_1, ϕ_2) . (7.40)

The generating function is independent of the choice of base u as can be seen from the following.

We will find a relation between the generating function f̃_p [ Â ] and the holomorphic representation

f_p [ Â ] of an operator Â. Using equations (7.36), (7.16), (7.37) we get

f_p [ Â ] (ϕ_1, ϕ_2) = ⟨p coh : ϕ_1|Â|p coh : ϕ_2⟩ = = ∑ m,n ⟨p coh : ϕ_1|a_{m,n} â_p[u]^{† m}â_p[u]^n|p coh : ϕ_2⟩ = = ∑ m,n a_{m,n} ⟨ϕ_1, u⟩^m_p ⟨u, ϕ_2⟩^n_p ⟨p coh : ϕ_1|p coh : ϕ_2⟩ = = exp ( ⟨ϕ_1, ϕ_2⟩_p )~ f_p [ Â ] (ϕ_1, ϕ_2) .

(7.41)

This means Â = : exp(−⟨Φ̂, Φ̂⟩_p) f_p [ Â ] (Φ̂, Φ̂):_p . (7.42)

As useful examples we can find (using equations (7.28), (7.32)) p-normal ordered expressions for projectors on the vacuum state and on a coherent state |p : vac⟩⟨p : vac| = : exp ( −⟨Φ̂, Φ̂⟩_p ) :_p , (7.43) |p coh : ϕ⟩⟨p coh : ϕ| = : exp ( −⟨Φ̂ − ϕ^11, Φ̂ − ϕ^11⟩_p + ⟨ϕ, ϕ⟩_p ^11 ) :_p . (7.44)

Relation between holomorphic and particle representations

Finally we derive a relation between the holomorphic representation and the occupation number representation of an operator. Using the base |p u : m⟩ we can write

Â = ∑ m,n |p u : m⟩⟨p u : m|Â|p u : n⟩⟨p u : n| = = ∑ m,n 1 √ m!n! ⟨p u : m|Â|p u : n⟩ â_p[u]^{† m}|p : vac⟩⟨p : vac|â_p[u]^n = = ∑ m,n 1 √ m!n! ⟨p u : m|Â|p u : n⟩ :⟨Φ̂, u⟩^m_p exp ( −⟨Φ̂, Φ̂⟩_p ) ⟨u, Φ̂⟩^n_p :_p .

(7.45)

We have expressed the operator Â in the form (7.39); therefore, we can use equation (7.40)

f̃_p [ Â ] (ϕ_1, ϕ_2) = (∑ m,n 1 √ m!n! ⟨p u : m|Â|p u : n⟩⟨ϕ_1, u⟩^m_p ⟨u, ϕ_2⟩^n_p ) exp ( −⟨ϕ_1, ϕ_2⟩_p ) (7.46)

and finally we get expression for the holomorphic representation f_p [ Â ] in terms of the occupation

number representation ⟨p u : m|Â|p u : n⟩

f_p [ Â ] (ϕ_1, ϕ_2) = ∑ m,n 1 √ m!n! ⟨p u : m|Â|p u : n⟩⟨ϕ_1, u⟩^m_p ⟨u, ϕ_2⟩^n_p . (7.47)

Inverse relations can be obtained by repeated variation and setting arguments to zero at the end^8 ⟨p u : m|Â|p u : n⟩ = 1 √ m!n! ([ u ∘ d_l ]_m [ u ∘ d_r ]_n f_p [ Â ]) (0, 0) . (7.48)

We could have found relation (7.47) faster — using (6.8), (7.9) and an expansion to the base we get |p coh : ϕ⟩ = ∑ m 1 √ m! ⟨u, ϕ⟩^m_p |p u : m⟩ . (7.49)

Substituting to the definition of the holomorphic representation (7.22) we immediately get (7.47) and similary also f_p [|st⟩](ϕ) = ∑ m 1 √ m! ⟨ϕ, u⟩^m_p ⟨p u : m|st⟩ . (7.50) The inverse relation is ⟨p u : m|st⟩ = 1 √ m! ([ u ∘ d ]_m f_p [|st⟩] ) (0) . (7.51)

8 Transition amplitudes

Two particle interpretations

Until now we have not addressed dynamical questions in the quantum theory. We have found several methods for identifying some special observables or states in our quantum system, but we have not studied their development. Because covariant phase space quantization is essentially in the Heisenberg picture, the dynamics should be formulated as finding the time evolution of the quantum observables. If we restrict to the situation in which we perform experiments only at the beginning and at the end, we want to find relations between “the same kind” of observables defined at the initial and final times.

In the previous chapter we have investigated a single particle interpretation of the scalar field theory. But there exist a lot of different particle interpretations, each corresponding to a different complex structure on the phase space, and in a general situation none of them has a preferred status. However in most physical situations, we are dealing with a spacetime which has special properties at least in the remote past and future. For example, the spacetime may be static in these regions. This gives us usually the possibility to choose a preferred notion of particles in the past and in the future. These particle interpretations are not generally the same. And their relation is exactly the sort of dynamical question which we want to investigate. The dynamical information is hidden in the comparison of objects built using these two particle interpretations — as particle or coherent states, observables of number of particles, etc..

Therefore we need to investigate the relation between two different particle interpretations. This problem is usually described in terms of Bogoljubov coefficients. We will reformulate the theory using quantities independent of the choice of modes, and we will also find connections among different inout Green functions and find their geometrical interpretation, similar to the interpretation of Green functions associated with the one particle interpretation. We will also find that given a Green function with certain properties, we are able to reconstruct two different particle interpretations for which the Green function is an in-out Green function.

Green functions

Let us choose two particle interpretations given by two complex structures J_i and J_f . We will change the letter p to the letters i and f in all quantities defined in the previous chapter. This means that we have two, generally different, vacuum states |i : vac⟩, |f : vac⟩, two sets of creation and annihilation operators etc..

We can define new Green functions, beside G^H_i , G^±_i , G^H_f , G^±_f . Let’s define the in-out Hadamard Green function G^H_{f i}^{xy} = ⟨f : vac|Φ̂^xΦ̂^y + Φ̂^yΦ̂^x|i : vac⟩ ⟨f : vac|i : vac⟩ , (8.1) and Wightman functions G^+_{f i}^{xy} = ⟨f : vac|Φ̂^xΦ̂^y|i : vac⟩ ⟨f : vac|i : vac⟩ , G^−_{f i}^{xy} = ⟨f : vac|Φ̂^yΦ̂^x|i : vac⟩ ⟨f : vac|i : vac⟩ . (8.2)

For simplicity of the notation in the rest of this chapter we will skip the index fi which these functions and related objects defined below should carry.

Relations similar to equations (6.23), (6.24) and (6.25) hold: G^H = G^+ + G^− , G_c = i(G^+ − G^−) , (8.3) G^+ = 1 2 (G^H − iG_c) , G^− = 1 2 (G^H + iG_c) , (8.4) G^{+⊤} = G^− , G^{H ⊤} = G^H , G_c^⊤ = −G_c . (8.5) These Green functions are again elements from S^2_0 ⊂ P^2_0, i.e as bi-scalars they satisfy homogeneous equations of motion in both arguments.

Let us define operators J and P^± on S^C using equations similar to equations (6.31), (6.32): P^± = ∓i G^± ∘^↭ω , (8.6) J = G^H ∘^↭ω = i (P^+ − P^−) . (8.7) Using the properties of the f and i vacuum states we get G^+ = P^+_f ∘ G^+ = G^+ ∘ P^−_i , G^− = P^−_i ∘ G^− = G^− ∘ P^+_f .

(8.8)

From this follows P^+ = P^+_f ∘ P^+ = P^+ ∘ P^+_i , 0 = P^−_f ∘ P^+ = P^+ ∘ P^−_i , P^− = P^−_i ∘ P^− = P^− ∘ P^−_f , 0 = P^+_i ∘ P^− = P^− ∘ P^+_f ,

(8.9)

P^± ∘ P^∓ = 0 , G^± ∘^↭ω ∘ G^∓ = 0 . (8.10) From equation (8.3) we get P^+ + P^− = δ_S , (8.11) and it, together with the previous equations, give P^± ∘ P^± = P^± , G^± ∘^↭ω ∘ G^± = ±i G^± , (8.12) J ∘ J = −δ_S , G^H ∘^↭ω ∘ G^H = G_c . (8.13) We can further show P^± ∘^↭ω ∘ P^± = 0 , ↭ω = P^+ ∘^↭ω ∘ P^− + P^− ∘^↭ω ∘ P^+ ,

(8.14)

J ∘^↭ω = −^↭ω ∘ J . (8.15) We see that J is a complex structure compatible with^↭ω , and P^± are its eigenspace projectors.

However, there is a difference from the complex structures J_i or J_f — the complex structure J does not act on the space S but on the complexified space S^C . More precisely, in general J^∗ ≠ J, G^{H ∗} ≠ G^H , P^{±∗} ≠ P^∓, G^{±∗} ≠ G^∓. Therefore the complex structure J does not define a particle interpretation (except, of course, in the degenerate case J_f = J_i = J).

We can define real and imaginary parts of the complex structure J by

J = M + iN ,

M = Re J = 1 2 (J + J^∗) , N = Im J = −i 1 2 (J − J^∗) .

(8.16)

Using equations (8.11), (8.9) and their complex conjugates and previous definitions we get

M = i (P^+ − P^{−∗}) = i (P^{−∗} − P^−) , N = P^+ + P^{+∗} − δ_S = δ_S − P^− − P^{−∗} ,

(8.17) and −J_f ∘ M = −M ∘ J_i = δ_S + N , − M ∘ J_f = −J_i ∘ M = δ_S − N . (8.18) This gives us the important relation [ − 1 2 (J_i + J_f ) ]_∘ M = M ∘ [ − 1 2 (J_i + J_f ) ] = δ_S (8.19) or 1 2 (G^H + G^{H ∗}) = [1 2 (ω̄_i + ω̄_f ) ]_{−1} = − G_c ∘ [ 1 2 (G^H_i + G^H_f ) ]_{−1 ∘} G_c . (8.20)

We will define a real symmetric bi-form ω̄

ω̄ = [ Re G^H ]_{−1} = [1 2 (G^H + G^{H ∗}) ]_{−1} =^↭ω ∘ M^{−1} . (8.21)

Using the previous identity we get ω̄ = 1 2 (ω̄_i + ω̄_f ) . (8.22)

This means that ω̄, and therefore also Re G^H , are positive definite.

The relations among the projectors P^±, P^±_i , P^±_f and the operator J can be translated into composition laws among Green function. Beside equations (8.12), (8.13) we have, for example (using equation (8.8)), G^+_f ∘^↭ω ∘ G^+ = i G^+ , G^+ ∘^↭ω ∘ G^+_i = iG^+ . (8.23)

Reconstruction of initial and final particle interpretations

We have found that the Hadamard Green function G^H defined by equation (8.1) satisfies ⇝ F • G^H = 0 , G^{H ⊤} = G^H , (8.24) G^H ∘^↭ω ∘ G^H = G_c , (8.25) ω̄ = [ Re G^H ]_{−1} is positive definite . (8.26)

Now we will show the opposite — that any Green function which satisfies these conditions can be written in the form (8.1). This means that for given a Green function G^H which satisfies the conditions above, it is possible to find particle interpretations given by complex structures J_i, J_f such that G^{H xy} = ⟨f : vac|Φ̂^xΦ̂^y + Φ̂^yΦ̂^x|i : vac⟩ ⟨f : vac|i : vac⟩ . (8.27)

Starting from G^H we will define operators J, M, N, ω̄ in the same way as in the previous section and operators P^± as projectors on eigenspaces of J. From conditions (8.24), (8.25) follow equations (8.13), (8.15), (8.17) and

M ∘^↭ω = −^↭ω ∘ M , N ∘^↭ω = −^↭ω ∘ N . (8.28)

Using equation (8.13) we get −δ_S = M ∘ M − N ∘ N + i(M ∘ N + N ∘ M) (8.29) or N ∘ N = δ_S + M ∘ M , (8.30) M ∘ N = −N ∘ M . (8.31)

It will be helpful in the following derivation to define a real scalar product on the phase space S and a corresponding transposition using the bi-form ω̄

(ϕ_1, ϕ_2) = ϕ^T_1 ∘ ϕ_2 = ϕ_1 ∘ ω̄ ∘ ϕ_2 for ϕ_1, ϕ_2 ∈ S , A^T = ω̄^{−1} ∘ A ∘ ω̄ for A ∈ S^1 .

(8.32)

It is straightforward to show N^T = N , M^T = −M . (8.33) If we define the absolute value |M| and signum σ of the operator M as^7

|M| = (M^T ∘ M)^{12} = (−M ∘ M)^{12} , (8.34) σ = sign M = M ∘ |M|^{−1} = |M|^{−1} ∘ M , (8.35) M = σ ∘ |M| = |M| ∘ σ (8.36) we find

σ^T = σ^{−1} , σ^∗ = σ , (8.37) σ ∘^↭ω = −^↭ω ∘ σ , (8.38) σ ∘ σ = −δ_S , (8.39) σ ∘^↭ω is positive definite , (8.40) σ ∘ N = −N ∘ σ (8.41) and |M|^T = |M| , |M|^∗ = |M| , (8.42) |M| ∘^↭ω =^↭ω ∘ |M| , (8.43) [ |M| , N ] = 0 . (8.44)

Therefore |M| and N have common eigenvectors and can be written as functions of a single operator. We can find these operators by solving equation (8.30): N = thX , |M| = [ chX ]_{−1} . (8.45)

The operator X satisfies [ N, X ] = 0 , [ |M| , X ] = 0 , (8.46) X^T = X , X^∗ = X , (8.47) X ∘^↭ω = −^↭ω ∘ X , (8.48) X ∘ σ = −σ ∘ X . (8.49)

The Green function G^H can be written using the operators X and σ as G^H ∘^↭ω = σ ∘ [ chX ]_{−1} + ithX . (8.50)

We will see below that the operator X is closely connected with the Bogoljubov transformation and we will call it the Bogoljubov operator.

Finally we can define initial and final complex structures

J_i = exp(−X ) ∘ σ = σ ∘ exp(X ) , J_f = exp(X ) ∘ σ = σ ∘ exp(−X ) .

(8.51)

Clearly, they are real complex structures. Compatibility with the symplectic structure follows from equations (8.38), (8.48) and positive definiteness from equation (8.40) and positivity of the exponential function. Therefore J_i and J_f define particle interpretations. Next we have to check equation (8.27). But it is straightforward to show that the real and imaginary parts M, N of the given Green function G^H are the same as the real and imaginary parts of^{⟨f :vac|(Φ̂Φ̂)+(Φ̂Φ̂)⊤|i:vac⟩}_{⟨f :vac|i:vac⟩} constructed using equations (8.19) and (8.18). For example for the operator M, − 1 2 (J_i + J_f ) = − 1 2 ( exp(X ) + exp(−X ) )_∘ σ = σ^{−1} ∘ chX = M^{−1} , (8.52)

which is we wanted to prove.

We have proved that if a Green function G^H satisfying conditions (8.24), (8.25) and (8.24) is given, it is possible to find initial and final particle interpretations defined by equations (8.51) for which the Green function G^H is given by equation (8.27). Similar result can be found in [11].

Additionally, we can prove new properties of the operator X . Using the relations (8.51) and properties of X (8.48), and (8.49), we find that X is i-antilinear, f-antilinear and symmetric:

X ∘ J_i = −J_i ∘ X , X ∘ J_f = −J_f ∘ X , X^{⟨⊤⟩} = X . (8.53)

Bogoljubov operators

We have studied the relation of two particle interpretations from the point of view of Green functions. Now we will compare initial and final creation and annihilation operators.

Because the particle states defined using initial and final particle interpretations are generated by creation and annihilation operators which satisfy the same commutation relations, we can expect that they are related by a unitary transformation. In other words, for any experiment formulated using the initial notion of particles, we can construct an experiment formulated in the same way using the final notion of particles. These experiments will be generally different, but their description should be related by a unitary transformation.

However this “translation” of the initial experiment to the final one is not unique. We have to specify which initial and final states correspond to each other, which states have “the same physical meaning” at the beginning and at the end. We have to specify, for example, how we change modes which we use for labeling of one-particle states.

More precisely, we write a relation of initial and final particle states in following way |f : vac⟩ = Ŝ^† |i : vac⟩ , (8.54) â_f [s ∘ ϕ]^†|f : vac⟩ = Ŝ^† â_i[ϕ]^†|i : vac⟩ , (8.55)

where Ŝ is a unitary operator on the quantum space H called the S-matrix,

Ŝ^† = Ŝ^{−1} (8.56) and s is a transition operator on the phase space S which “translates” initial modes to final modes as we discussed above. This means that an initial one-particle state labeled by a mode ϕ is related by a unitary transformation given by the S-matrix with a final one-particle state labeled by the mode s ∘ ϕ. Of course, the S-matrix depends on a choice of the operator s.

The relation (8.54), (8.55) are equivalent to

â_f [s ∘ ϕ] = Ŝ^†â_i[ϕ]Ŝ , â_f [s ∘ ϕ]^† = Ŝ^†â_i[ϕ]^†Ŝ .

(8.57)

Using the commutation relation (6.11) and unitarity of the S-matrix we get a condition on the operator s, ⟨s ∘ ϕ_1, s ∘ ϕ_2⟩_f = ⟨ϕ_1, ϕ_2⟩_i . (8.58) The operator s changes the initial scalar product on the phase space S to the final one. This is a natural condition which expresses a meaning of the transition operator s — this operator translates the initial labeling of one-particle states to the final one, and therefore it has to map all initial structures on the phase space to the final ones. Consequences of the last equation are

s ∘ ω̄_f ∘ s = ω̄_i , (8.59) s ∘^↭ω ∘ s =^↭ω , (8.60) J_f ∘ s = s ∘ J_i . (8.61)

Using these relations and equation (8.57) we can get another relation between the S-matrix and the operator s, s ∘ Φ̂ = Ŝ Φ̂ Ŝ^† . (8.62) The transition operator s is closely related to Bogoljubov coefficients between initial and final bases of modes. It can be seen from a decomposition of s to i-linear and i-antilinear parts (see equations (4.17), (4.19))

s = α + β , (8.63) α ∘ J_i = J_i ∘ α , β ∘ J_i = −J_i ∘ β . (8.64)

Explicitly, α = 1 2 (s − J_i ∘ s ∘ J_i) = P^+_i ∘ s ∘ P^+_i + P^−_i ∘ s ∘ P^−_i , β = 1 2 (s + J_i ∘ s ∘ J_i) = P^+_i ∘ s ∘ P^−_i + P^−_i ∘ s ∘ P^+_i .

(8.65)

This allows us to write relations of initial and final positive and negative frequency projectors,

P^+_f ∘ s = P^+_i ∘ α + P^−_i ∘ β , P^−_f ∘ s = P^−_i ∘ α + P^+_i ∘ β

(8.66)

and relations of initial and final creation and annihilation operators,

â_f [s ∘ ϕ] = â_i[α ∘ ϕ] − â_i[β ∘ ϕ]^† , â_f [s ∘ ϕ]^† = â_i[α ∘ ϕ]^† − â_i[β ∘ ϕ] .

(8.67)

This expresses the final creation and annihilation operators as a mixture of both initial creation and annihilation operators. It shows explicitly that the initial and final notion of particles are really different for β ≠ 0. The relations (8.67) are a base-independent definition of the Bogoljubov transformation, and we will call the operators α, β also Bogoljubov operators.

Now we will investigate properties of Bogoljubov operators. It is straightforward to show (see equations (4.22), (4.24) and (4.25) for definitions of the operations used) that

s^{−1} = −J_i ∘ s^{Ti} ∘ J_i = α^{⟨†⟩} − β^{⟨⊤⟩} , (8.68) s ∘ s^{Ti} = −J_f ∘ J_i . (8.69)

Substituting this and equation (8.63) into δ_S = s ∘ s^{−1} = s^{−1} ∘ s and taking i-linear and i-antilinear parts, we get identities α ∘ α^{⟨†⟩} − β ∘ β^{⟨⊤⟩} = δ_S , α^{⟨†⟩} ∘ α − β^{⟨⊤⟩} ∘ β = δ_S , (8.70) β ∘ α^{⟨†⟩} = α ∘ β^{⟨⊤⟩} , α^{⟨†⟩} ∘ β = β^{⟨⊤⟩} ∘ α , (8.71) and their consequences

α^{−1 ⟨†⟩} = α − β ∘ α^{−1} ∘ β , (8.72) β ∘ α^{−1} = [ β ∘ α^{−1} ]_{⟨⊤⟩} , α^{−1} ∘ β = [ α^{−1} ∘ β ]_{⟨⊤⟩} . (8.73)

The transition operator s is not fixed by equation (8.58) uniquely; we have some freedom in the selection of this operator. It corresponds to the freedom in the labeling of our one-particle states. We can change the labeling of initial one-particle states by an i-unitary transformation of the phase space without changing the initial notion of particles and similarly with the final particles. If we have two different transition operators s_a and s_b for translation of initial modes to final modes, they both have to satisfy equation (8.58), and we easily see that they have to be related by

s_a = s_b ∘ u_i = u_f ∘ s_b , (8.74)

where u_i (u_f respectively) is an i-linear and i-unitary (f-linear and f-unitary respectively) operator on the phase space S (see equations (4.17), (4.22))

u_i ∘ J_i = J_i ∘ u_i , u^{⟨†⟩}_i = u^{−1}_i , u_f ∘ J_f = J_f ∘ u_f , u^{⟨†⟩}_f = u^{−1}_f .

(8.75)

All these equations can be simplified if we choose a special transition operator s. The operator

s_o = exp X = −σ ∘ J_i = −J_f ∘ σ = [ −J_f ∘ J_i

] 1_2 (8.76)

satisfies conditions (8.60) and (8.61) and therefore also the condition (8.58), and so we can use it as a special transition operator for the translation of initial to final modes. We will call this choice canonical. We can define canonical Bogoljubov operators α_o, β_o by equation (8.65), and than by using equation (8.59), we get

s_o = exp(X ) = α_o + β_o , s^{−1}_o = exp(−X ) = α_o − β_o , α_o = chX , β_o = shX , α_o ∘ J_{i,f} = J_{i,f} ∘ α_o , β_o ∘ J_{i,f} = −J_{i,f} ∘ β_o ,

(8.77)

s^{Ti}_o = s_o , s^{Tf}o = s_o , α^{⟨†⟩}_o = α_o , β^{⟨⊤⟩}_o = β_o .

(8.78)

We also see that the operators α_o and −β_o play the role of inverse canonical Bogoljubov operators for the transformation from final to initial particle states.

A weaker version of these relations can be derived for general Bogoljubov operators α, β. Using eqs. (8.68), (8.74) and (8.77) we find

s = exp(X ) ∘ u_i = α + β , s^{-1 Ti} = exp(−X ) ∘ u_i = α − β .

(8.79)

This immediately gives α = chX ∘ u_i , β = shX ∘ u_i ,

β ∘ α^{-1} = thX .

(8.80)

Now we will show a connection with standard Bogoljubov coefficients. Let’s assume that iorthonormal and f-orthonormal bases u = {u_k; k ∈ I} and v = {v_k; k ∈ I}, respectively, for the description of initial and final modes, are chosen. These define the transition operator s by the conditions v_k = s ∘ u_k , J_f ∘ v_k = s ∘ J_i ∘ u_k (8.81)

for all k ∈ I. The Bogoljubov coefficients α_{kl}, β_{kl} are defined by equations [7]

v_k^+_f = ∑ k∈I ( u_l^+_i α_{lk} + u_l^−_i β_{lk} ) . (8.82)

Using equation (8.66) we see

α_{kl} = ⟨u_k, α ∘ u_l⟩_i , β_{kl} = ⟨u_k, β ∘ u_l⟩_i , (8.83)

i.e., the Bogoljubov coefficients are matrix elements of the Bogoljubov operators in a chosen base.

We can use eigenvectors of the operator X to define special bases of initial and final modes — so called canonical bases [12]. Because the operator X is i-symmetric it has a complete set of eigenvectors. From i-antilinearity follows that for each eigenvector u the vector J_i ∘ u is also an eigenvector with the opposite sign of the eigenvalue. Therefore we can choose an R-base {u_k, J_i ∘ u_k; k ∈ I} such that X ∘ u_k = χ_k u_k , χ_k ⩾ 0 , X ∘ J_i ∘ u_k = −χ_k J_i ∘ u_k .

(8.84)

The base can be chosen orthonormal with respect to the real scalar product defined by the bi-form ω̄_i, u_k ∘ ω̄_i ∘ u_l = δ_{kl} , u_k ∘ ω̄_i ∘ J_i ∘ u_l = 0 . (8.85)

If the operator X is non-degenerate with different eigenvalues, the base is fixed uniquely. The subset {u_k; k ∈ I} of this R-base forms the i-orthonormal C -base. It will be used for labeling of initial particles. The final f-orthonormal C -base {v_k; k ∈ I} will be generated by the canonical transition operator s_o, v_k = s_o ∘ u_k = exp(χ_k) u_k . (8.86)

The Bogoljubov transformation between these two bases is

v_k^+_f = u_k^+_i ch(χ_k) + u_k^−_i sh(χ_k) , (8.87)

and the final and initial creation and annihilation operators are related by

â_f [v_k] = â_i[u_k]ch(χ_k) − â_i[u_k]^†sh(χ_k) , â_f [v_k]^† = â_i[u_k]^†ch(χ_k) − â_i[u_k]sh(χ_k) .

(8.88)

Elementary transition amplitudes

Now we are prepared to calculate in-out transition amplitudes, i.e., amplitudes between initial and final particle states. In the next section we show (see also [7]) that amplitudes between many-particle states can be reduced to one-particle transition amplitudes. Therefore we will calculate only these simple amplitudes. First, using equation (8.67) and its inverse, we get the identities

â_i[ϕ]^† = â_f [s ∘ α^{−1} ∘ ϕ]^† + â_i[β ∘ α^{−1} ∘ ϕ] , â_f [ϕ] = â_i[s^{−1} ∘ α^{−1 ⟨†⟩} ∘ ϕ] − â_f [β^{⟨⊤⟩} ∘ α^{−1 ⟨†⟩} ∘ ϕ]^† .

(8.89)

Now it is easy to check that vacuum – one-particle transition amplitudes vanish ⟨f : vac|â_i[ϕ]^†|i : vac⟩ = ⟨f : vac| ( â_f [s ∘ α^{−1} ∘ ϕ]^† + â_i[β ∘ α^{−1}] ) |i : vac⟩ = 0 , ⟨f : vac|â_f [ϕ]|i : vac⟩ = 0 . (8.90)

The one-particle to one-particle transition amplitude is

⟨f : vac|â_f [s ∘ ϕ_1]â_i[ϕ_2]^†|i : vac⟩ ⟨f : vac|i : vac⟩ = = ⟨f : vac|â_f [s ∘ ϕ_1] ( â_f [s ∘ α^{−1} ∘ ϕ_2]^† + â_i[β ∘ α^{−1} ∘ ϕ_2] ) |i : vac⟩ ⟨f : vac|i : vac⟩ = = ⟨s ∘ ϕ_1, s ∘ α^{−1} ∘ ϕ_2⟩_f = ⟨ϕ_1, α^{−1} ∘ ϕ_2⟩_i ,

(8.91)

where we have used the commutation relation (6.11). Vacuum to two-particle transition amplitudes are ⟨f : vac|â_i[ϕ_1]^†â_i[ϕ_2]^†|i : vac⟩ ⟨f : vac|i : vac⟩ = = ⟨f : vac| ( â_f [s ∘ α^{−1} ∘ ϕ_1]^† + â_i[β ∘ α^{−1} ∘ ϕ_1] ) â_i[ϕ_2]^†|i : vac⟩ ⟨f : vac|i : vac⟩ = = ⟨β ∘ α^{−1} ∘ ϕ_1, ϕ_2⟩_i ,

(8.92)

⟨f : vac|â_f [s ∘ ϕ_1]â_f [s ∘ ϕ_2]|i : vac⟩ ⟨f : vac|i : vac⟩ = −⟨ϕ_1, α^{−1} ∘ β ∘ ϕ_2⟩_i . (8.93)

These expressions are connected more closely with initial modes — we have used a transition operator s to generate final modes. It is also possible to obtain translation amplitudes without this asymmetry. Simply choosing the canonical operator s_o and doing some algebra, we can get

ϕ_1 ∘ I ∘ ϕ_2^{def}=

⟨f : vac|â_f [ϕ_1]â_i[ϕ_2]^†|i : vac⟩ ⟨f : vac|i : vac⟩ = = ⟨(δ_S − thX ) ∘ ϕ_1, ϕ_2⟩_i = ⟨ϕ_1, (δ_S + thX ) ∘ ϕ_2⟩_f = = −ϕ_1 ∘^↭ω ∘ G^+ ∘^↭ω ∘ ϕ_2 ,

(8.94)

ϕ_1 ∘ Λ ∘ ϕ_2^{def}=

⟨f : vac|â_i[ϕ_1]^†â_i[ϕ_2]^†|i : vac⟩ ⟨f : vac|i : vac⟩ = = ⟨th(X ) ∘ ϕ_1, ϕ_2⟩_i = 1 2 ϕ_1 ∘ P^+_i ∘^↭ω ∘ G^H ∘^↭ω ∘ P^+_i ∘ ϕ_2 ,

(8.95)

ϕ_1 ∘ V ∘ ϕ_2^{def}=

⟨f : vac|â_f [ϕ_1]â_f [ϕ_2]|i : vac⟩ ⟨f : vac|i : vac⟩ = = −⟨ϕ_1, th(X ) ∘ ϕ_2⟩_f = 1 2 ϕ_1 ∘ P^−_f ∘^↭ω ∘ G^H ∘^↭ω ∘ P^−_f ∘ ϕ_2 .

(8.96)

We have thus calculated the in-out one-particle transition amplitudes, except for calculating the normalization factor ⟨f : vac|i : vac⟩. We will derive it in the next section — see equation (8.110).

Other interesting physical quantities are the mean number of final particles in the initial vacuum. Using the identities (8.67) we get ⟨i : vac|n̂_f [s_o ∘ ϕ]|i : vac⟩ = = ⟨i : vac|â_f [s_o ∘ ϕ]^†â_i[s_o ∘ ϕ]|i : vac⟩ ⟨ϕ, ϕ⟩_i = = ⟨i : vac| ( â_i[α_o ∘ ϕ]^† − â_i[β_o ∘ ϕ] )( â_i[α_o ∘ ϕ] − â_i[β_o ∘ ϕ]^† ) |i : vac⟩ ⟨ϕ, ϕ⟩_i = = ⟨β_o ∘ ϕ, β_o ∘ ϕ⟩_i ⟨ϕ, ϕ⟩_i = ⟨sh(X ) ∘ ϕ, sh(X ) ∘ ϕ⟩_i ⟨ϕ, ϕ⟩_i .

(8.97)

This means ⟨i : vac|n̂_f [ϕ]|i : vac⟩ = ⟨sh(X ) ∘ ϕ, sh(X ) ∘ ϕ⟩_f ⟨ϕ, ϕ⟩_f , (8.98)

and similarly ⟨f : vac|n̂_i[ϕ]|f : vac⟩ = ⟨sh(X ) ∘ ϕ, sh(X ) ∘ ϕ⟩_i ⟨ϕ, ϕ⟩_i . (8.99)

The mean total number of particles is ⟨i : vac|N̂_f |i : vac⟩ = ∑ k∈I ⟨i : vac|n̂_f [v_k]|i : vac⟩ = ∑ k∈I ⟨v_k, (shX )^2 ∘ v_k⟩_f (8.100)

for some f-orthonormal C -base, i.e.

⟨i : vac|N̂_f |i : vac⟩ = tr_{Sf} (shX )^2 = ∑ k∈I (shχ_k)^2 (8.101)

and similarly ⟨f : vac|N̂_i|f : vac⟩ = tr_{Si} (shX )^2 = ∑ k∈I (shχ_k)^2 . (8.102)

When this quantity is finite, one has a unitary equivalence of the initial and final particle representations of the quantum algebra and regularity of the vacuum – vacuum amplitude (8.110) (see [3,4]).

S-matrix

After computing the elementary transition amplitudes we turn to investigate the S-matrix in more detail, and we derive the structure of multiple-particle transition amplitudes. We will compute the S-matrix using the holomorphic representation to show the advantages of this method. We can write, combining equations (8.57) and (8.67),

Ŝ (â_i[α_∘ ϕ] − â_i[β_∘ ϕ]^†) = â_i[ϕ] Ŝ ,

Ŝ (â_i[α_∘ ϕ]^† − â_i[β_∘ ϕ]) = â_i[ϕ]^† Ŝ .

(8.103)

The holomorphic representation of these equations using the action of the annihilation and creation operators (7.24) is ([ ⟨α ∘ ϕ, ϕ_2⟩_i − ϕ ∘ β ∘ d_r ] f_i [ Ŝ ]) (ϕ_1, ϕ_2) = ϕ ∘ ( d_lf_i [ Ŝ ]) (ϕ_1, ϕ_2) , ([ ϕ ∘ α ∘ d_r − ⟨β ∘ ϕ, ϕ_2⟩_i ] f_i [ Ŝ ]) (ϕ_1, ϕ_2) = ⟨ϕ_1, ϕ⟩_i f_i [ Ŝ ] (ϕ_1, ϕ_2) .

(8.104)

Solving the latter equation with respect to the variation term, substituting it into the former and using identity (8.72), we get

ϕ ∘ d_l f_i [ Ŝ ] = ( ⟨ϕ, α^{−1} ∘ ϕ_2⟩_i − ⟨ϕ_1, α^{−1} ∘ β ∘ ϕ⟩_i ) f_i [ Ŝ ] , ϕ ∘ d_r f_i [ Ŝ ] = ( ⟨ϕ_1, α^{−1} ∘ ϕ⟩_i + ⟨β ∘ α^{−1} ∘ ϕ, ϕ_2⟩_i ) f_i [ Ŝ ] . (8.105)

The solution to these variation equations is

f_i [ Ŝ ] (ϕ_1, ϕ_2) =

= o exp ( − 1 2 ⟨ϕ_1, α^{−1} ∘ β ∘ ϕ_1⟩_i + 1 2 ⟨β ∘ α^{−1} ∘ ϕ_2, ϕ_2⟩_i + ⟨ϕ_1, α^{−1} ∘ ϕ_2⟩_i ) , (8.106)

where we have used definitions (8.94-8.96) and the symmetry of V and Λ. The prefactor o can be obtained from the unitarity of the S-matrix,

Ŝ^†Ŝ = ^11 . (8.107)

The holomorphic representation of this condition leads to a Gaussian integral which can be done explicitly, giving the prefactor (with the simplest choice of the phase) o = ( det_S chX

)_− 1_4 = ( det_{Si} chX

)_− 1_2 = (∏ k∈I chχ_k

)_− 1_2 . (8.108)

Note that this is nonzero if and only if the mean number of particles, given by (8.102) is finite, i.e., if and only if there is a unitary equivalence between the initial and final particle representations. If o = 0, the equations of this section are merely formal.

From the holomorphic representation of the S-matrix, we can get a normal-ordered form of the S-matrix using equation (7.42):

Ŝ = o : exp (1 2 ⟨β ∘ α^{−1} ∘ Φ̂, Φ̂⟩_i − 1 2 ⟨Φ̂, α^{−1} ∘ β ∘ Φ̂⟩_i + ⟨Φ̂, α^{−1} ∘ Φ̂⟩_i − ⟨Φ̂, Φ̂⟩_i ) :_i (8.109)

Now we can find a meaning of the prefactor o: ⟨f : vac|i : vac⟩ = ⟨i : vac|Ŝ|i : vac⟩ = o = ( det_{Si} chX

)_− 1_2 . (8.110)

We can also express the final vacuum using initial particle states |f : vac⟩ = ⟨i : vac|f : vac⟩ exp ( 1 2 Φ̂_∘ Λ^∗_∘ Φ̂)|i : vac⟩ . (8.111)

It is possible to find an explicit expression for the S-matrix without normal ordering. A derivation in appendix E gives the S-matrix associated with a transition operator s as

Ŝ = exp ( −i⟨Φ̂, ψ ∘ Φ̂⟩_i ) exp ( 1 2 ⟨X ∘ Φ̂, Φ̂⟩_i − 1 2 ⟨Φ̂, X ∘ Φ̂⟩_i ) , (8.112)

where ψ is an i-linear i-hermitian operator on the phase space S defined by

s = s_o ∘ u_i = s_o ∘ exp ( J_i ∘ ψ ) , ψ ∘ J_i = J_i ∘ ψ , ψ^{⟨†⟩} = ψ .

(8.113)

In-out holomorphic representation

The S-matrix formalism has a disadvantage of introducing an additional structure — the transition operator s. If we are interested in transition amplitudes of the type (8.94-8.96), we do not need to choose the transition operator. Therefore we introduce an in-out holomorphic representation which will be a better tool for the computation of general transition amplitudes between independently described initial and final states.

The in-out holomorphic representation can be introduced if we have two particle interpretations given by complex structures J_f , J_i. It is a mixture of the final and initial holomorphic representations — vectors from the quantum space are represented using the f-representation and covectors are represented using the i-holomorphic representation: f [|st⟩](ϕ) = ⟨f coh : ϕ|st⟩ , f [⟨st|](ϕ) = ⟨st|i coh : ϕ⟩ , f [ Â ] (ϕ_f , ϕ_i) = ⟨f coh : ϕ_f |Â|i coh : ϕ_i⟩ .

(8.114)

It has properties similar to (7.24): f [ â_f [ϕ]^†|st⟩ ] (ϕ_f ) = ⟨ϕ_f , ϕ⟩_f f [|st⟩](ϕ_f ) ,

f [â_f [ϕ]|st⟩](ϕ_f ) = ϕ ∘ ( d f [|st⟩] ) (ϕ_f ) , f [⟨st|â_i[ϕ]](ϕ_i) = ⟨ϕ, ϕ_i⟩_i f [⟨st|](ϕ_i) , f [ ⟨st|â_i[ϕ]^† ] (ϕ_i) = ϕ ∘ ( d f [⟨st|] ) (ϕ_i) .

(8.115)

We can also find equivalents to expressions (7.25-7.28):

f [|f : vac⟩](ϕ) = 1 , f [⟨i : vac|](ϕ) = 1 , (8.116) f [ â_f [ϕ]^{† n}|f : vac⟩ ] (ϕ_f ) = ⟨ϕ_f , ϕ⟩_f^n , f [⟨i : vac|â_i[ϕ]^n](ϕ_i) = ⟨ϕ, ϕ_i⟩_i^n , (8.117) f [|f coh : ϕ⟩](ϕ_f ) = exp ( ⟨ϕ_f , ϕ⟩_f ) , f [⟨i coh : ϕ|](ϕ_i) = exp ( ⟨ϕ, ϕ_i⟩_i ) , (8.118) f [|f : vac⟩⟨i : vac|](ϕ_f , ϕ_i) = 1 . (8.119)

We can formulate the following “trace-composition law”: Tr (^ A^†_1Â_2) = ∫ ϕ_f ix,ϕ_i∈S H_f (ϕ_f )H_i(ϕ_i) f [ Â_1 ] (ϕ_f , ϕ_i)^∗ f [ Â_2 ] (ϕ_f , ϕ_i)^∗ , (8.120)

which is a consequence of (7.23). But it is not straightforward to find composition laws more similar to (7.23).

Now we compute the in-out holomorphic representation of the unit operator. From eq. (8.55) follows ⟨f coh : ϕ| = ⟨i coh : s^{-1} ∘ ϕ| Ŝ , (8.121) and therefore, using (8.109) and definitions (8.94-8.96) of I, V, Λ, we get ⟨f coh : ϕ_f |i coh : ϕ_i⟩ = f [ ^11 ] (ϕ_f , ϕ_i) = f_i [ Ŝ ] (s^{-1} ∘ ϕ_f , ϕ_i) =

= o exp ( 1 2 ϕ_f ∘ V ∘ ϕ_f + 1 2 ϕ_i ∘ Λ ∘ ϕ_i + ϕ_f ∘ I ∘ ϕ_i ) . (8.122)

As we will see in the next section, this is a generating function for the multiple-particle amplitudes.

Next we can find the in-out holomorphic representation of the displacement operator. Using again the definition of coherent states, the additivity property of the displacement operator (7.8) and properties of the amplitudes I, V and Λ, we obtain ⟨f coh : ϕ_f |Ŵ[ϕ]|i coh : ϕ_i⟩ = ⟨f : vac|Ŵ[ϕ]|i : vac⟩^× × exp ( 1 2 ϕ_f ∘ V ∘ ϕ_f + 1 2 ϕ_i ∘ Λ ∘ ϕ_i + ϕ_f ∘ I ∘ ϕ_i + ϕ_f ∘ I ∘ ϕ − ϕ ∘ I ∘ ϕ_i ) . (8.123)

A similar calculation shows ⟨f : vac|Ŵ[ϕ]|i : vac⟩ = o exp ( −ϕ ∘ I ∘ ϕ ) . (8.124)

A slightly different calculation leads to the mean value of the field ⟨f coh : ϕ_f |Φ̂|i coh : ϕ_i⟩ ⟨f coh : ϕ_f |i coh : ϕ_i⟩ = ⟨f coh : ϕ_f | (^ Φ^+_i + Φ̂^−_i ) |i coh : ϕ_i⟩ ⟨f coh : ϕ_f |i coh : ϕ_i⟩ = = ϕ_i^+_i + G^−_i ∘ ( d_r ln f [^ 11 ]) (ϕ_f , ϕ_i) = ϕ_i^+_i + G^−_i ∘ Λ ∘ ϕ_i + ϕ_f ∘ I ∘ G^+_i = = −i ( −G^− ∘^↭ω ∘ ϕ_f + G^+ ∘^↭ω ∘ ϕ_i ) . (8.125)

Here we have used properties of coherent states under the action of annihilation and creation operators (positive and negative frequancy parts of the field operator), the amplitude (8.122) and properties of Green functions and amplitudes Λ and I. See the end of this chapter (eq. (8.142)) for further possible simplification of this expression.

Finally we write down the relation of the in-out holomorphic representation to the particle representation. Let v = {v_k; k ∈ I_f } and u = {u_k; k ∈ I_i} be f and i-orthonormal bases in S. Using (7.49) we obtain f [ Â ] (ϕ_f , ϕ_i) = ∑ m,n 1 √ m!n! ⟨f u : m|Â|i u : n⟩⟨ϕ_f , u⟩^m_f ⟨u, ϕ_i⟩^n_i , ⟨f u : m|Â|i u : n⟩ = 1 √ m!n! ([ u ∘ d_l ]_m [ u ∘ d_r ]_n f [ Â ]) (0, 0) .

(8.126)

Transition amplitudes

If we apply the last equation on the unit operator we get the multiple-particle transition amplitudes we are looking for: ⟨f v : m|i u : n⟩ = 1 √ m!n! ([ v ∘ d_l ]_m [ u ∘ d_r ]_n f [^ 11 ]) (0, 0) , (8.127)

where f [^ 11 ] is given by (8.122). It is a variation of the exponential function with a quadratic exponent. It is easy to check that the result is given by all possible pairings of the bi-form in the exponent. It can be suggestively represented in a diagrammatical form.

We will use the following dictionary between algebraic and diagrammatical forms^9 ⟨f : vac|i : vac⟩ = o ↔ , (8.128)

⟨f : vac|â_f [v_k]â_f [v_l]|i : vac⟩ ⟨f : vac|i : vac⟩ = v_k ∘ V ∘ v_l ↔

v_k v_l , (8.129)

⟨f : vac|â_i[u_k]^†â_i[u_l]^†|i : vac⟩ ⟨f : vac|i : vac⟩ = u_k ∘ Λ ∘ u_l ↔

u_k u_l , (8.130)

⟨f : vac|â_f [v_k]â_i[u_l]^†|i : vac⟩ ⟨f : vac|i : vac⟩ = v_k ∘ I ∘ u_l ↔

v_k

u_l , (8.131)

⟨f : vac|â_f [v]^mâ_i[u]^{† n}|i : vac⟩ = √ m!n! ⟨f v : m|i u : n⟩ ↔ m × v

n × u . (8.132)

Here n × u symbolically represents a sequence of u modes in which a mode u_k is repeated n_k times. Multiplication will be represented simply by composition of diagrams.

The result for a general transition amplitude in the diagrammatical form is m × v

n × u = m × v

n × u + m × v

n × u + m × v

n × u + . . . , (8.133)

where the sum is over all possible connections of n × u initial particle states and m × v final particle states with three basic propagators (8.129), (8.130) and (8.131).

Feynman Green function

Until now in this part, we have worked mainly on the covariant phase space. It will be useful to introduce some related objects living in different spaces.

First we return to the note mentioned at the end of chapter 4. Using two complex structures J_f and J_i on the covariant phase space we can construct a complex structure J_q on the boundary phase space. We have natural isomorphisms ∂Φ_f and ∂Φ_i of the covariant phase space with the final and initial canonical phase spaces B_f and B_i, and the boundary phase space B is direct sum of these two. So, we can construct the complex structure on B as

J_q = −J_f + J_i , (8.134) where J_f is acting on B_f and J_i is acting on B_i. As we discussed, the notion of q-positive frequencies is equivalent to f-negative frequencies on Σ_f and i-positive frequencies on Σ_i.

The complex structure J_q allows us to introduce a notion of q-complex boundary conditions and associated objects as the wave operator F_q, projector D_q or the Feynman Green function G^F_q . Now we prove that G^F_q = i 1 2 G^H_q + G_{sym} = iG^+_q + G_{adv} = iG^−_q + G_{ret} . (8.135)

Here G^H_q = G^H_{f i} is the in-out Hadamard Green function (8.1) associated with the complex structures J_f , and J_i and similarly for Wightman functions. The last two equalities follow from the first one using the relations (8.4) and (2.33), (2.30). So we shall prove the first one.

Feynman Green functions, similar to retarded and advanced Green functions, are defined by their actions on the smooth sources. Therefore we will prove the smoothed version of the statement. Clearly, for a smooth source J we have ⇝ F • (i 1 2 G^H_q + G_{sym}) • J =^⇝F • G_{sym} • J = J . (8.136)

Next we want to prove the boundary conditions

ψ^+_q [∂Ω] • (i 1 2 G^H_q + G_{sym}) • J =

= ψ^−_f [Σ_f ] • (i 1 2 G^H_q + G_{sym} − G_{adv}) • J + ψ^+_i [Σ_i] • (i 1 2 G^H_q + G_{sym} − G_{ret}) • J =

= iψ^−_f [Σ_f ] • G^+_q • J + iψ^+_i [Σ_i] • G^−_q • J =

= iψ^−_f ∘ G^+_q • J + iψ^+_i ∘ G^−_q • J = 0 ,

(8.137)

where we used a decomposition of the form ψ^+_q [∂Ω] into parts on the final and initial hypersurfaces, added retarded and advanced Green functions (which do not contribute thanks to their boundary conditions), and used (8.8). Therefore we have proved (i 1 2 G^H_q + G_{sym}) • J ∈ P_q = P^−_q , (8.138)

which, together with (3.43), proves equations (8.135).

From these relations we get

−iG^F_q^{xy} = G^+_q^{xy} for x after y , G^−_q^{xy} for x befor y , G^+_q^{xy} = G^−_q^{xy} =^1_2 G^H_q^{xy} for x, y space-like separated .

(8.139)

This means that the Feynman Green function is in-out vacuum mean value of the two time-ordered field observables,

G^F_q = ⟨f : vac|T (^ ΦΦ̂ ) |i : vac⟩ ⟨f : vac|i : vac⟩ . (8.140)

Using the relation between the Feynman and Hadamard Green functions we can rewrite the amplitudes (8.94-8.96) in the following symmetric way:

Λ_q =^⇝dF_q[Σ_i] • iG^F_q •

⇝

dF_q[Σ_i] ,

V_q =^⇝dF_q[−Σ_f ] • iG^F_q •

⇝

dF_q[−Σ_f ] ,

I_q =^⇝dF_q[−Σ_f ] • iG^F_q •

⇝

dF_q[Σ_i] .

(8.141)

At the end we prove that −i ( −G^−_q • ∂F[Σ_f ] + G^+_q • ∂F[Σ_i] ) = D_q[∂Ω] . (8.142)

A quick proof would be − i ( −G^−_q • ∂F[Σ_f ] + G^+_q • ∂F[Σ_i] ) = = − ( (iG^−_q + G_{ret}) • ∂F[−Σ_f ] + (iG^+_q + G_{adv}) • ∂F[Σ_i] ) = = −G^F_q • ∂F[∂Ω] = D_q[∂Ω] ,

(8.143)

with the help of (3.75). But here we implicitly assumed a smoothing with a smooth source, and we could have problems, for example, with the source (φ_q ▪ j) which is localized on the boundary, because of inconsistency discussed in (3.73).

Therefore we will prove the statement above in a more general situation. We show that D_q defined by the expression (8.142) satisfies all necessary properties of the desired projection operator. First D_q • ϕ is clearly in S because both G^±_q act on S. Next, for ϕ ∈ S we have −i ( −G^−_q • ∂F[Σ_f ] + G^+_q • ∂F[Σ_i] )_• ϕ = −i(G^+_q − G^−_q ) ∘^↭ω ∘ ϕ = −G_c ∘^↭ω ∘ ϕ = ϕ . (8.144)

And finally, for ϕ ∈ P_q (i.e. ψ^−_f [Σ_f ] • ϕ = 0 and ψ^+_i [Σ_i] • ϕ = 0), using again (8.8) and (3.79), we get −i ( −G^−_q • ∂F[Σ_f ] + G^+_q • ∂F[Σ_i] )_• ϕ = −i ( −G^−_q •^⇝dF_f [Σ_f ] + G^+_q •

⇝

dF_i[Σ_i] )_• ϕ = 0 . (8.145)

This concludes the proof that D_q is the projector on S parallel to P_q.

9 Interaction with an external source

Quantization of a non-linear phase space

Until now we have worked with the free theory, i.e. we have set J = 0. In this chapter we generalize the formalism to the case of a non-zero source. We will work again on the fixed sandwich domain Ω = ⟨Σ_f , Σ_i⟩, and we drop the domain dependence in the notation. But let us emphasize that some equations below make sense only on the domain Ω. For example^⇝F • ϕ = J means^⇝F[Ω] • ϕ = J[Ω] and so on.

In the case J = 0 we had an advantage that the covariant phase space, which we have used for quantization, was a linear space. It allowed us to define the basic quantum observable Φ̂ as an element of the tensor product S ⊗ H. For non-zero external source the covariant phase space S_J is not a vector space. Therefore we have to move to the larger space and define the basic quantum observable as an element from P ⊗ H. (More precisely it is again an operator-valued distribution.) We require that it satisfy the equation of motion ⇝ F • Φ̂ = J ^11 . (9.1)

Luckily, the Poisson brackets of the basic field observable Φ (which can be defined thanks to the linearity of the space of histories P) are still

{Φ, Φ} = G_c . (9.2)

It is important that the right-hand side is a constant on S_J , so we will not have any problems with operator ordering of the basic commutator relations

[Φ̂, Φ̂] = −iG_c ^11 . (9.3)

But the situation is not too bad — the space S_J is parallel to the free phase space S. I.e. if we choose an origin ϕ̄ in S_J , any element ϕ from this space can be decomposed as

ϕ = ϕ_{free} + ϕ̄ , (9.4)

with ϕ_{free} from the free space S. We will decomposite the quantum observable Φ̂ in a similar way:

Φ̂ = Φ̂_{free} + ϕ̄ ^11 , (9.5)

and we obtain a quantum observable Φ̂_{free} which satisfies the free field equation and the commutator relation (6.1) of the free field theory. Therefore we can apply the formalism of the previous chapters and build a quantum space using this observable.

But first we have to choose an origin ϕ̄ in S_J . Of course, the different choices gives unitarily equivalent theories; however, we have to identify the physical states. We have to specify, for example, which state is the vacuum at the beginning. But the vacuum state is dependent on the choice of the origin ϕ̄.

We have a natural choice for identification of the final and initial states — we choose the free fields Φ̂_f and Φ̂_i which are identical with a real quantum field Φ̂ on the final or intial hypersurface. It is equivalent to the choice

Φ̂ = Φ̂_f + ϕ̄_{adv}(J) ^11 = Φ̂_i + ϕ̄_{ret}(J) ^11 . (9.6)

Now we can construct final states using Φ̂_f , and similarly for initial states. To denote this dependence we add a new label to all objects defined using these free fields. For example, if we choose particle interpretations given by the complex structures J_{pf} and J_{pi} for final and initial states, we will write |f, p_f : vac⟩, |f, p_f coh : ϕ⟩, â_{f,pf} [ϕ] or Ŵ_f [ϕ] for objects constructed using Φ̂_f and similarly for Φ̂_i.

Now we can compute transition amplitudes between such states. But it will be more symmetric if we choose some auxiliary free field which we use for the computation. We choose it in the following form (see eq. (3.39)) Φ̂ = Φ̂_b + ϕ̄_b(J) (9.7)

with some real b-boundary conditions. The physical results will be, of course, independent of this choice. Again, the objects constructed using this observable will carry an additional label b.

The relations between free quantum observables are (using (7.3))

Φ̂_f = Φ̂_b + △ϕ_{bf} ^11 = Ŵ_b[△ϕ_{bf} ]^† Φ̂_b Ŵ_b [△ϕ_{bf} ] , Φ̂_i = Φ̂_b + △ϕ_{bi} ^11 = Ŵ_b[△ϕ_{bi}]^† Φ̂_b Ŵ_b[△ϕ_{bi}] ,

(9.8)

where △ϕ_{bf} = ϕ̄_b(J) − ϕ̄_{adv}(J) , △ϕ_{bi} = ϕ̄_b(J) − ϕ̄_{ret}(J) . (9.9)

These elements of S satisfy

△ϕ_{bf} − △ϕ_{bi} = ϕ_c(J) , (9.10)

△ϕ_{bf} ∘^↭ω ∘ △ϕ_{bi} = J • (G^F_b − G_{sym}) • J = i 1 2 J • G^H_b • J , (9.11)

with ϕ_c(J) defied in (2.31). Let’s prove the last equation

△ϕ_{bf} ∘^↭ω ∘ △ϕ_{bi} = (ϕ̄_b − ϕ̄_{adv}) • ∂F[Σ] • (ϕ̄_b − ϕ̄_{ret}) = = 1 2 ϕ̄_{b •} (∂F[−Σ_f ]_• ϕ̄_{ret} + ∂F[Σ_i]_• ϕ̄_{adv}) = ϕ̄_{b •} ∂F[∂Ω]_• ϕ̄_{sym} =

= ϕ̄_b • (^⇝F −

⇝

F) • ϕ̄_{sym} = ϕ̄_b • J − J • ϕ̄_{sym} = J • ( G^F_b − G_{sym} )_• J . (9.12)

Vacuum-vacuum amplitude and the phase fixing

The equations (9.8) represent the unitary transformation between free quantum fields. We can transform states constructed using these fields, except that the transformation for quantum observables do not fix a phase for the transformation between states.

Let us choose the initial and final particle representations generated by the complex structures J_{pf} and J_{pi} which induce the complex structure J_p on the boundary phase space as discussed at the end of the previous chapter. We can write a relation between vacuum states of these particle interpretations defined using different free field observables

|f, p_f : vac⟩ = c_fŴ_b[△ϕ_{bf} ]^†|b, p_f : vac⟩ , |i, p_i : vac⟩ = c_iŴ_b[△ϕ_{bi}]^†|b, p_i : vac⟩ ,

(9.13) with some phase factors c_f , c_i. The vacuum-vacuum amplitude is

⟨f, p_f : vac|i, p_i : vac⟩ = c^∗_f c_i ⟨b, p_f : vac|Ŵ_b[△ϕ_{bf} ]Ŵ_b [−△ϕ_{bi}]|b, p_i : vac⟩ =

= c^∗_f c_i exp ( −i 1 2 △ϕ_{bf} ∘^↭ω ∘ △ϕ_{bi} ) ⟨b, p_f : vac|Ŵ_b[ϕ_c]|b, p_i : vac⟩ =

= c^∗_f c_i exp ( − 1 2 ϕ_c • I_p • ϕ_c + 1 2 J • 1 2 G^H_b • J ) ⟨b, p_f : vac|b, p_i : vac⟩ = = c^∗_f c_i o_p exp ( − 1 4 J • (G^H_p − G^H_b ) • J ) = = c^∗_f c_i o_p exp ( −i 1 2 J • G^F_b • J ) exp ( i 1 2 J • G^F_p • J ) .

(9.14)

Here we have used the additive property of the displacement operator (7.8), the transition amplitude (8.124), (8.108), (8.94), and properties of the Green functions.

In will be extremely useful to choose the phase factor c^∗_f c_i in such way that the the vacuumvacuum amplitude does not depend on the choice of the auxiliary field Φ̂_b. Therefore we set

c^∗_f c_i = exp ( i 1 2 J • G^F_b • J ) . (9.15)

This gives us a simple form of the vacuum-vacuum amplitude,

o_p(J)^{def}= ⟨f, p_f : vac|i, p_i : vac⟩ = o_p exp ( i 1 2 J • G^F_p • J ) . (9.16)

Transition amplitudes

Similar to the free field case we can obtain multi-particle transition amplitudes by the variation of the coherent states transition amplitude (see (8.126)). Therefore we will write down this amplitude. The relation between coherent states constructed using different free field observables is the same as for vacuum states thanks to the unitarity of the transformation. Therefore we can apply the same calculation as for vacuum-vacuum amplitude and obtain

⟨f, p_f coh : ϕ_f |i, p_i coh : ϕ_i⟩ =

= o_p(J) exp ( 1 2 ϕ_f ∘ V_p ∘ ϕ_f + 1 2 ϕ_i ∘ Λ_p ∘ ϕ_i + ϕ_f ∘ I_p ∘ ϕ_i + ϕ_f ∘ T_p +

T p ∘ ϕ_i ) , (9.17)

where the amplitudes V_p, Λ_p, I_p are defined in (8.94-8.96) or in (8.141) and the new amplitudes T_p and

T p are given by

T_p = I_p ∘ ϕ_c(J) =^↭ω ∘ G^+_p • J = −i^⇝dF_p[−Σ_f ] • G^F_p • J ,

T p = ϕ_c(J) • I_p = J • G^+_p ∘^↭ω = −J • G^F_p • i

⇝

dF_p[Σ_i] .

(9.18)

Using the relation (8.142) we get

ϕ_f ∘ T_p +

T p ∘ ϕ_i = −iJ • G^F_p • ∂F[∂Ω]ϕ = iJ • D_p • ∂ϕ , (9.19)

where ∂ϕ is the projection of ϕ_i on Σ_i and of ϕ_f on Σ_f to the boundary phase space B[∂Ω] (information on the boundary phase space is sufficient for the action of D_p),

∂ϕ = ∂Φ[Σ_f ] • ϕ_f + ∂Φ[Σ_i] • ϕ_i . (9.20)

Using the relations between Green functions and field operators, we can transform the transition amplitude to another form:

⟨f, p_f coh : ϕ_f |i, p_i coh : ϕ_i⟩ =

= o_p exp ( 1 2 J_p (J, ∂ϕ) • iG^F_p • J_p(J, ∂ϕ) ) = = o_p exp ( 1 2 ϕ̄_p (J, ∂ϕ)_• iF_{∼p •} ϕ̄_p (J, ∂ϕ) ) = = o_p exp ( iS̄_p(J, ∂ϕ) ) , (9.21)

where the generalized source, the classical solution and the classical action associated with the p-boundary conditions are

J_p (J, ∂ϕ) = J − ∂ϕ •^⇝dF_p = F_{∼p} • ϕ̄_p (J, ∂ϕ) , (9.22) ϕ̄_p(J, ∂ϕ) = G^F_{p •} J + D_{p •} ∂ϕ = G_{∼p •} J_p (J, ∂ϕ) , (9.23)

S̄_p(J, ∂ϕ) = − 1 2 ϕ̄_p (J, ∂ϕ)_• F_{p •} ϕ̄_p(J, ∂ϕ) + J_• ϕ̄_p (J, ∂ϕ) . (9.24)

For the demonstration we compute also an in-out mean value of the quantum field

⟨f, p_f coh : ϕ_f |Φ̂|i, p_i coh : ϕ_i⟩ ⟨f, p_f coh : ϕ_f |i, p_i coh : ϕ_i⟩ = = ⟨f, p_f coh : ϕ_f |Ŵ_b [△ϕ_{bf} ]Φ̂_bŴ_b[−△ϕ_{bi}]|i, p_i coh : ϕ_i⟩ ⟨f, p_f coh : ϕ_f |Ŵ_b[△ϕ_{bf} ]Ŵ_b[−△ϕ_{bi}]|i, p_i coh : ϕ_i⟩

+ ϕ̄_b(J) = = ⟨f, p_f coh : ϕ_f − △ϕ_{bf} |Φ̂_b|i, p_i coh : ϕ_i − △ϕ_{bi}⟩ ⟨f, p_f coh : ϕ_f − △ϕ_{bf} ||i, p_i coh : ϕ_i − △ϕ_{bi}⟩

+ ϕ̄_b(J) =

= D_p • ( ∂ϕ − ∂Φ • ϕ̄_b(J) ) + ϕ̄_b(J) = = ϕ̄_p (J, ∂ϕ) ,

(9.25)

where again ∂ϕ is given by eq. (9.20). Here we have used ∂Φ[Σ_f ] • △ϕ_{bf} = ∂Φ[Σ_f ] • ϕ̄_b(J) and similarly on Σ_i.

The multi-particle amplitude (8.133) in the presence of the external source has the form

⟨f, p_f : vac|â_{f,pf} [v]^mâ_{i,pi} [u]^{† n}|i, p_i : vac⟩ = √ m!n! ⟨f, p_f v : m|i, p_i u : n⟩ ↔ m × v

n × u = m × v

n × u + m × v

n × u +

+ m × v

n × u + · · · + m × v

n × u + m × v

n × u + . . . ,

(9.26)

where we have introduced the following diagrammatical representations of T_p,

T p, and o_p(J) amplitudes

⟨f, p_f : vac|â_{f,pf} [v_l]|i, p_i : vac⟩ ⟨f, p_f : vac|i, p_i : vac⟩ = v_k ∘ T ↔ v_l , (9.27)

⟨f, p_f : vac|â_{i,pi} [u_k]^†|i, p_i : vac⟩ ⟨f, p_f : vac|i, p_i : vac⟩ =

T

∘ u_k ↔

u_k , (9.28)

⟨f, p_f : vac|i, p_i : vac⟩ = o(J) ↔ . (9.29)

We can be even more explicit and decompose diagrams for elementary transition amplitudes T_p,

T p, and o_p(J) using (9.18) and (9.16) as

= , (9.30)

= , (9.31)

= + + + . . . , (9.32) where we understand

−i G^F_p ↔ , (9.33)

i J ↔ , (9.34)

−i v_l •^⇝dF_p[−Σ_f ] ↔ v_l , (9.35)

−i u_k •^⇝dF_p[Σ_i] ↔ u_k

. (9.36)

Thanks to (8.141) the diagrams for the amplitudes V_p , Λ_p, and I_p can be also viewed as composed from the elements above.

Part III

QFT — Boundary Quantum Mechanics

10 General formulation

Introduction

In this part we will develop boundary quantum mechanics — a variation of quantum mechanics based on the quantization of the boundary phase space. First we present a general overview of the method, and next we apply it to scalar field theory.

Let start with the quantum theory described in chapter 5. There we have quantized observables F_f and G_a on a phase space with the cotangent bundle structure. We have found their quantum forms F̂_f and Ĝ_a, and we have constructed the special position base |pos : x⟩. We have not formulated the dynamical part of the theory, so we touch this question now.

We are interested in a situation when we study the system only at the “beginning” and at the “end”. More precisely, we are interested only in observables with support on the initial and final hypersurfaces of the sandwich domain Ω = ⟨Σ_f , Σ_i⟩ in a globally hyperbolic spacetime. In this case we can quantize the initial and final canonical phase spaces B_i = B[Σ_i] and B_f = B[Σ_f ] — i.e. we construct the quantum observables F̂_{f f} , Ĝ_{f a} and F̂_{i f} , Ĝ_{i a} on the quantum space H satisfying the conditions (5.2-5.11) with the ordering parameters γ_f = −γ_i, and the corresponding bases^{10} |f pos : x_f ⟩ and |i pos : x_i⟩ in the space H. The dynamics reduces to the investigation of the relations between these two sets of observables or the relations between objects generated by them — for example the position bases. We can say we have solved the dynamical problem if we find in-out transition amplitudes ⟨f pos : x_f |i pos : x_i⟩ for all x_f ∈ V[Σ_f ] and x_i ∈ V[Σ_i].

We do not attempt to find the transition amplitudes in a general situation (but we have proceeded in a similar way for the scalar field already). However we reformulate this setting in a slightly different language.

Construction of the boundary quantum space

We have represented the quantization of both B_f and B_i on a common quantum Hilbert space H. Let us construct another representation on the boundary quantum space

H_B = H^† ⊗ H (10.1)

(the space of tensor products of covector and vector elements of the form ⟨f| ⊗ |i⟩, i.e. essentially operators on H). We use the notation |state) for vectors from H_B, and we use the accent ˘ to denote observables on this space.

We interpret the boundary quantum space in the following way: We assign to any pair of fdependent and i-dependent vectors |f⟩ and |i⟩ the vector |fi) from H_B by mapping

|fi) = ⟨f| ⊗ |i⟩ . (10.2)

Here f-dependent vector suggests that the vector is identified using quantum observables on Σ_f , but of course, it can be any vector from H. Particularly we define for x = [x_f , x_i] ∈ V[∂Ω] = V[Σ_f ]×V[σ_i] the vector in H_B |pos : x) = ⟨f pos : x_f | ⊗ |i pos : x_i⟩ . (10.3)

This allows us to “lift” any f-dependent or i-dependent operator Â_f or Â_i on H to an operator on the boundary quantum space H_B ˘ A_f = Â^†_f ⊗ ^11_i ˘ A_f |fi) = ⟨f|Â^†_f ⊗ |i⟩ , ˘ A_i = ^11_f ⊗ Â_f ˘ A_i|fi) = ⟨f| ⊗ Â_i|i⟩ .

(10.4)

Using these definitions we find [ ˘ A_f , ˘ A_i] = 0 . (10.5)

We apply this method to construct observables ˘ F_{f ff} , ˘ G_{f af} and ˘ F_{i fi} , ˘ G_{i ai} for any functions and vector fields f_f , a_f or f_i, a_i on the value spaces V[Σ_f ] or V[Σ_i]. Next we want to construct a generalization of these observables ˘ F_f and ˘ G_a for any function f and vector field a on the value space V[∂Ω] = V[Σ_f ] × V[Σ_i]. Thanks to (5.4) for both F̂_{f f} and F̂_{i f} and to equation (10.5), we do not have ordering problems with ˘ F_f for f(x) = f(x_f , x_i) ˘ F_f = ∫ x_f ∈V[Σ_f ] x_i∈V[Σ_i]

|f pos : x_f ⟩⟨f pos : x_f | ⊗ |i pos : x_i⟩⟨i pos : x_i| f(x_f , x_i) =

= ∫ x∈V[∂Ω] |pos : x)(pos : x| f(x) . (10.6)

Similarily, for any vector field a(x) = a_f (x_f ) ⊕ a_i(x_i) on V[∂Ω] where a_f ∈ T V[Σ_f ] and a_i ∈ T V[Σ_i], motivated by (1.22), we can write_˘ G_a = − ˘ G_{f af} + ˘ G_{i ai} . (10.7)

It is straightforward to check that ˘ F_f , ˘ G_a are quantizations of the observables F_f , G_a on the boundary phase space B[∂Ω]; i.e. they satisfy (5.2-5.11) with the ordering parameter γ = γ_i = γ_f . Note that different orientation of the bounary ∂Ω and the final hypersurface Σ_f , which translates to the different sign of the symplectic structures (1.21) and to the definition of the momenta (1.22), is compensated by the covector representation of f-dependent vectors.

Let us summarize: quantization of the basic observables on the final and initial hypersurfaces Σ_f and Σ_i gives arise to the quantization of the basic observables F_f , G_a on the whole boundary ∂Ω. I.e. we are able to formulate the “kinematics” of the theory using quantization of the boundary phase space B[∂Ω] — which we call the boundary quantum mechanics. The boundary quantum space H_B represents all possible quantum states at the beginning and at the end chosen independently on a real evolution of the system. Essentially we are treating the initial and final experiments as experiments on independent systems. States in H_B represents outputs of such understood measurements.

Before we turn to the dynamics let us list some properties of the space H_B = H^† ⊗ H. For vectors and operators in the “product” form |fi) = ⟨f| ⊗ |i⟩ , ˘ O_fi = Ô^†_f ⊗ Ô_i ,

(10.8)

we can write (fi st1|fi st2) = ⟨f st2|f st1⟩ ⟨i st1|i st2⟩ = Tr_H ( (|f st2⟩⟨f st1|)^† (|i st2⟩⟨i st1|) ) , (fi| = |fi)^† = |f⟩ ⊗ ⟨i| , ˘ A_fi ˘ B_fi = (B̂^†_f Â^†_f ) ⊗ (B̂_iÂ_i) , ˘ O_fi|fi) = ⟨f|Ô^†_f ⊗ Ô_i|i⟩ , Tr_{HB} ˘ O_fi = Tr_H Ô^†_f Tr_H Ô_i .

(10.9)

Dynamics in the boundary quantum space

Of course, much more interesting is the dynamical part of a theory. We have to ask the question whether we are able to translate the dynamically interesting quantities to the language of boundary quantum mechanics. As we sketched, the dynamical information is hidden in the in-out transition amplitudes ⟨f|i⟩. Such an amplitude can be written as

⟨f|i⟩ = Tr_H ( ^11^† |i⟩⟨f| ) = (phys|fi) , (10.10)

where |fi) is as in (10.8) and the physical state |phys) is given by |phys) = ∑ k ⟨k| ⊗ |k⟩ = ^11 (10.11)

for some complete orthonormal base |k⟩ in H.

This means that there exists a prefered physical state |phys) in the boundary quantum space H_B which determines the dynamics of the theory. Specifically, if we set up some initial and final experiments which determine the quantum state |state) ∈ H_B, the physical transition amplitude corresponding to this state is given by A(state) = (phys|state) . (10.12) For example, for the position base |pos : x) we get

A_{pos}(x) = A_{pos}(x_f |x_i) = (phys|pos : x) = ⟨f pos : x_f |i pos : x_i⟩ . (10.13)

We will call A_{pos}(x) the position transition amplitude.

Boundary quantum mechanics

In the previous sections we have constructed the boundary quantum space and observables on it using quantization based on the initial and final phase spaces. But it is clear that we can skip the splitting of the boundary into two pieces and quantize directly the basic observables F_f , G_a on the boundary phase space B[∂Ω]. It is a phase space with a cotangent bundle structure, so we can apply the general formalism and obtain the quantum observables ˘ F_f and ˘ G_a. We can also construct the position base |pos : x). And we do not need any causal information for this; we do not need any global time flow on the underlying manifold or a causal decomposition of the boundary.

This means that we can build boundary quantum mechanics even in situations where we do not have any natural splitting of the boundary into two pieces, for example for Euclidian theories. Therefore we will call the boundary quantum mechanics also time-symmetric quantum mechanics.

But in this setting we have to find the physical state |phys) without reference to the initial and final decomposition^{11}. Again we cannot expect an answer on a general level — this is a question equivalent to a solution of the quantum evolution. But we suggest a method for determination of the physical state and in the next chapter we apply this method in the case of the non-interacting scalar field theory.

The classical evolution in the boundary phase space B[∂Ω] is determined by specification of the physical phase space S as a subspace of B[∂Ω]. It can be done, for example, by condition (1.15), or, expressed using observables F_f , G_a by the condition

G_a + F_{a▪d}¯_S = 0 for all a ∈ T V[∂Ω] . (10.14)

I.e., on the classical level we have specified physical states by the constraints in the phase space. In the usual canonical quantization one tries to quantize the constrained subspace S. In the boundary quantum mechanics we quantize the full boundary phase space and impose conditions on the physical state inspired by the classical constraints (^˘ G_a + ˘ F_{a▪d}¯_S ) |phys) = 0 (10.15)

for at least some vector field on the value space V[∂Ω].

We cannot expect the condition above to be satisfied for all vector fields a due to the noncommutativity of the position and momentum observables ( ˘ G_a is some ordering of “a(x) ▪ p” observable).

We will see that such strong requirement would be inconsistent. It will turn out that the choice of the class of vector fields for which the condition (10.15) is required to hold (i.e. the choice of the preferred operator ordering), is equivalent to the solution of the dynamical problem. So, if we have some preferred vector fields, it can provide us with a method for finding the transition amplitudes we are looking for.

Let us look at the position representation of the constraint conditions. Using (5.14) and (5.43) we find (phys| (^˘ G_a + ˘ F_{a▪d}¯_S ) |pos : .) = ( iL_a + a ▪ dS̄ ) (phys|pos : .) = 0 . (10.16)

If we represent the position transition amplitude as

A_{pos}(x) = a(x) exp ( iS̄(x) ) (10.17)

with a(x) a density of the weight (^1_2 − iγ), the condition above translates to

L_aa = 0 . (10.18)

This confirms that the constraint conditions cannot be satisfied for all vector fields a. And if we find a linearly complete set of vector fields for which the constraint conditions should be satisfied, it determines the density a up to a constant multiplicative factor completely. The freedom is, of course, equivalent to the right normalization and the choice of a relative phase factor which is unphysical.

The density a contains all quantum corrections to the transition amplitude A_{pos}. So we can expect that for a non-interacting theory there should exists a natural choice of a “constant” density a_o — constant with respect of a set of some natural vector fields a. This is true for the scalar field, as we will see in the next chapter.

Path integral

There exists another approach to the quantization of the system. This is path integral quantization, which gives essentially a prescription for the position transition amplitude on the basis of a completely different calculation — through a sum of elementary amplitudes over all possible histories with fixed boundary values,

⟨f pos : x_f |i pos : x_i⟩ = A_{pos}(x_f |x_i) = ∫ h∈H x(h)=[x_f ,x_i]

M^F (h) exp ( iS(h) ) . (10.19)

We will discuss this method more in the last part.

The integral over the space of histories faces serious problems due to the infinite dimension of this space and the oscillatory character of the integrand. A technical solution usually leads to the computation of some Euclidian equivalent of this integral, which is usually better defined, and performance of some transformation from the Euclidian to the Lorentzian theory. We can view this as only a technical detour without a physical interpretation. Only after the computation of the integral are we able to identify the results with the transition amplitudes of quantum mechanics. Anyway, in the usual framework we do not know what would be the quantum mechanics of the

Euclidian formulation of the theory — the usual quantum mechanics essentially uses the causal structure for the definition of commutation relations and definitions of initial and final states.

The formalism developed in this chapter gives us a hope for another option. We could formulate boundary quantum mechanics even for a Euclidian version of the theory and make the connection with the path integral already in the Euclidian formulation (phys|pos : x) = A_{pos}(x) = ∫ h∈H x(h)=x

M^F (h) exp ( −I(h) ) . (10.20)

In the Lorentzian case this reduces to the relations (10.19) above. In the Euclidian case it would give an interpretation for the path integral amplitude in terms of transition amplitudes of boundary quantum mechanics.

Unfortunately, the situation is not so straightforward. The form of boundary quantum mechanics formulated here in the Euclidian version does not correspond with the Euclidian path integral. The problem is hidden in the method of quantization we have used. The translation of Poisson brackets of the classical theory to the commutators of the quantum theory

{ , } → i[ , ] (10.21)

intrinsically contains reference to the Lorentzian signature. The imaginary unit in this translation causes the imaginary unit in the exponent of the transition amplitude (10.17) computed in boundary quantum mechanics independently of the version of the theory. For the Euclidian theory it would be more appropriate to construct a “Euclidian quantum mechanics” based on the commutation relation generated by the rule { , } → [ , ] , (10.22)

with observables represented, probably, on a real Hilbert space. But we do not attempt to build such quantum mechanics here. However, escaping the necessity of a causal structure in the usual quantum mechanics through the method of quantization of the boundary phase space is the first step towards a Euclidian quantum mechanics.

Let us finally note that the rules above can be written uniformly using theEuclidian convention for Poisson brackets (see (D.10) in appendix D)

E{ , } → −[ , ] . (10.23)

11 Configuration and holomorphic representations

Introduction

In the previous part we have formulated the quantum theory of a non-interacting scalar field based on quantization of the covariant phase space. Now we build up boundary quantum mechanics for the scalar field — the quantum mechanics based on the quantization of the boundary phase space. First we apply a general method for the quantization of a linear phase space discussed in the chapters 5, 6 and 7, and we construct special bases in the quantum space H_B of boundary quantum mechanics. Than we formulate conditions for the physical state and compute the transition amplitudes. Finally we compare the results with the previous formulation.

Most of the first part can be again applied for a general linear phase space. This essentially gives a unified form for configuration and holomorphic representation following the similar coresspondence on the classical level where were able to deal with the real and complex boundary conditions using one formalism (see chapters 3, 4).

Quantization of the boundary phase space

In chapter 2 we have introduced the boundary phase space^{12} B[∂Ω] associated with the boundary ∂Ω of the investigated domain Ω. It is a linear phase space with the basic observable ∂Φ, the Poisson brackets of which are given in (2.19). Similar what was done in chapter 6, we assume that the quantum version of the basic observable ˘ Φ ∈ B ⊗ O_B has the commutation relations [ ˘ Φ, ˘ Φ] = −iℏ ∂F^{-1} ˘ 11 . (11.1)

As before, we drop the domain and boundary dependence in the notation where it cannot lead to confusion.

We have also introduced a constant ℏ in the commutation relations. It can represent the usual Planck constant, but we use it mainly to trace the influence of the constant in the commutation relations on the transition amplitudes, motivated by comments at the end of the previous chapter. In comparison with the path integral approach (see chapter 16), we will find that we would need to set its value to^i_n . But the reasoning in this chapter is consistent only for real positive value of ℏ, i.e. only for physical value of the signature factor n of the spacetime metric. In the Euclidian case further investigation is needed of how to generalize the quantization scheme to accommodate an imaginary value for ℏ. We also have to change definitions of some other quantities as, for example, the product (ϕ_1, ϕ_2)_m = −^i_ℏ ϕ_1 ⋄

⇝

dF ⋄ ϕ_2, or the measure dΓ = Det^{∂F}_{2πℏ}^{12} , etc.. We can define the displacement operator ˘ W[ϕ] = exp ( iℏ ϕ ⋄ ∂F ⋄ ˘ Φ ) . (11.2)

with the same properties as its counter-part in the covariant phase space quantization.

We can build up the same machinery of the particle and coherent states based on the choice of a complex structure J_p on the boundary phase space, which also determines complex boundary conditions on the boundary.

Now we define a similar construction for real boundary conditions characterized, for example, by the unit operator I_b as discussed in chapter 3. It is straightforward to generate the configuration (value) representation, but we will do it in a manner more close to the holomorphic representation.

Given real boundary conditions we can define V and Ṽ-valued quantum observables of the field value and momentum on the boundary: ˘ φ_b = φ_b ⋄ ˘ Φ , ˘ φ^†_b = ˘ φ_b , ˘ π_b = π_b ⋄ ˘ Φ , ˘ π^†_b = ˘ π_b ,

(11.3)

with commutation relations [ ˘ φ_b, ˘ π_b] = iℏδ_V ˘ 11 , [ ˘ φ_b, ˘ φ_b] = 0 , [ ˘ π_b, ˘ π_b] = 0 . (11.4)

These define value and momentum bases as discussed in chapter 5. Specifically we choose the following phase fixing and normalization^{13}: ˘ φ_b|b val : φ) = φ|b val : φ) , ˘ π_b|b val : φ) = iℏ d|b val : φ) , (b val : φ_1|b val : φ_2) = ( Q^{-1}_b δ ) (φ_1|φ_2) , ˘ 11 = ∫ φ∈V Q_b(φ)|b val : φ)(b val : φ| . (11.5) ˘ π_b|b mom : π) = π|b mom : π) , ˘ φ_b|b mom : π) = −iℏ d|b mom : π) , (b mom : π_1|b mom : π_2) = ( Qδ )( π_1 2πℏ | | | π_2 2πℏ ) , ˘ 11 = ∫ φ∈V Q^{-1}_b ( π 2πℏ ) |b mom : π)(b mom : π| , (b mom : π|b val : φ) ∈ R^+ . (11.6) Here Q_b is a constant measure on V associated with the b-boundary conditions. It is easy to check that with this normalization we have (b mom : π|b val : φ) = exp(− i ℏ π ⋄ φ) . (11.7)

Next we define generators of the shift operators ˘ a_b[ϕ] = (ϕ, ˘ Φ)_b = − i ℏ ϕ ⋄

⇝

dF_b ⋄ ˘ Φ = − i ℏ π_b(ϕ) ⋄ ˘ φ_b , ˘ c_b[ϕ] = ( ˘ Φ, ϕ)_b = − i ℏ ˘ Φ ⋄

⇝

dF_b ⋄ ϕ = − i ℏ φ_b(ϕ) ⋄ ˘ π_b ,

(11.8)

with properties exp ( − ˘ c_b[ϕ]

)^˘ φ_b exp

(^˘ c_b[ϕ] ) = ˘ φ_b + φ_b(ϕ) ˘ 11 , exp (^˘ a_b[ϕ]

)^˘ π_b exp ( − ˘ a_b[ϕ] ) = ˘ π_b + π_b(ϕ) ˘ 11 ,

(11.9) exp (^˘ c_b[ϕ] ) |b val : φ) = | |b val : φ + φ_b(ϕ)) , exp ( − ˘ a_b[ϕ] ) |b mom : π) = | |b mom : π + π_b(ϕ)) , (11.10) ϕ ⋄ ∂F ⋄ ˘ Φ = iℏ (^˘ a_b[ϕ] + ˘ a_{∼b}[ϕ] ) = −iℏ (^˘ c_b[ϕ] + ˘ c_{∼b}[ϕ] ) , (11.11) ˘ W[ϕ] = exp ( 1 2 (ϕ, ϕ)_b ) exp ( − ˘ a_b[ϕ] ) exp (^˘ c_b[ϕ] ) = exp ( − 1 2 (ϕ, ϕ)_b ) exp (^˘ c_b[ϕ] ) exp ( − ˘ a_b[ϕ] ) (11.12) and the commutation relations [^˘ a_b[ϕ_1], ˘ c_b[ϕ_2] ] = (ϕ_1, ϕ_2)_b ˘ 11 , [^˘ a_b[ϕ_1], ˘ a_b[ϕ_2] ] = 0 ,

[^˘ c_b[ϕ_1], ˘ c_b[ϕ_2] ] = 0 .

(11.13)

The definitions and commutation relations of these operators have a clear resemblance to annihilation and creation operators ˘ a_p[ϕ] and ˘ a_p[ϕ]^† for the complex boundary conditions. However the similarity breaks down with operations based on complex conjugation. For example, ˘ a_b[ϕ]^† = − ˘ a_b[ϕ] = ˘ c_{∼b}[ϕ] , ˘ c_b[ϕ]^† = − ˘ c_b[ϕ] = ˘ a_{∼b}[ϕ] .

(11.14)

But we will follow the resemblance with the case of complex boundary conditions further, so we can use the formalism developed for coherent states.

Generalized holomorphic representation

Let an m-index represents a real or complex boundary condition. We define an m-base as vectors in the quantum space H_B labeled by elements from B in a way similar to (7.16) and (7.17) ˘ a_m[ϕ] |m : ϕ_1) = (ϕ, ϕ_1)_m , ˘ c_m[ϕ] |m : ϕ_1) = ϕ ⋄ d |m : ϕ_1) .

(11.15)

Similarly we define a m-cobase as a base for covectors

(m ⋆ : ϕ_1| ˘ c_m[ϕ_2] = (ϕ_1, ϕ_2)_m , (m ⋆ : ϕ_1| ˘ a_m[ϕ] = ϕ ⋄ d (m ⋆ : ϕ_1|

(11.16)

with relative normalization (m ⋆ : 0|m : 0) = 1 . (11.17)

From the properties of the displacement operator, it follows that

|m : ϕ) = exp ( 1 2 (ϕ, ϕ)_m )^˘ W[ϕ] |m : 0) = exp

(^˘ c_m[ϕ] ) |m : 0) ,

(m ⋆ : ϕ| = exp ( 1 2 (ϕ, ϕ)_{∼m} ) (m⋆ : 0| ˘ W[ϕ]^† = (m⋆ : 0| exp

(^˘ a_{∼m}[ϕ] ) . (11.18)

For the real boundary conditions we have only reformulated previous definitions of the value and momentum bases

|b : ϕ) = α|b val : φ_b(ϕ)) , (b ⋆ : ϕ| = 1 α (b mom : π_b(ϕ)| (11.19)

with some normalization factor α ∈ C . Using (11.7) and the completeness of the bases we get

(b ⋆ : ϕ_1|b : ϕ_2) = exp ( (ϕ_1, ϕ_2)_b ) , (11.20) ˘ 11 = ∫ ϕ∈B dΓ_B exp ( −(ϕ, ϕ)_b ) |b : ϕ)(b ⋆ : ϕ| , (11.21)

P^−_b ⋄ d |b : .) = 0 , P^+_b ⋄ d (b ⋆ : .| = 0 . (11.22)

Here dΓ_B is a cannonical measure (B.8) on the phase space B.

For the complex boundary conditions the p-base and cobase reduces to the base of coherent states |p : ϕ) = |p ⋆ : ϕ) = |p coh : ϕ) , (11.23) and we have already proven relations (11.20-11.22) above for this case.

So we have found that the m-base and cobase share some properties of the coherent states. We can define a representation similar to the holomorphic representation and use formulas derived before, now in both real and complex cases.

f_m [|state)](ϕ) = (m ⋆ : ϕ|state) , (11.24) f_m [(state|](ϕ) = (state|m : ϕ) , (11.25)

f_m

[^˘ A ] (ϕ_1, ϕ_2) = (m ⋆ : ϕ_1|Â|m : ϕ_2) . (11.26)

Thanks to the completeness relations derived above we have composition laws similar to (7.23) for this representation. We list some of the properties derived in chapter 7.

f_m [ ˘ c_m[ϕ]|st)](ϕ_1) = (ϕ_1, ϕ)_m f_m [|st)](ϕ_1) ,

f_m [ ˘ a_m[ϕ]|st)](ϕ_1) = ϕ ⋄ ( d f_m [|st)] ) (ϕ_1) , f_m [(st| ˘ a_m[ϕ]](ϕ_1) = (ϕ, ϕ_1)_m f_m [(st|](ϕ_1) , f_m [(st| ˘ c_m[ϕ]](ϕ_1) = ϕ ⋄ ( d f_m [(st|] ) (ϕ_1) .

(11.27)

f_m [|m : ϕ_2)](ϕ_1) = exp ( (ϕ_1, ϕ_2)_m ) , (11.28) f_m [(m ⋆ : ϕ_1)](ϕ_2) = exp ( (ϕ_1, ϕ_2)_m ) , (11.29)

f_m [ ˘ c_m[ϕ]^n|m : ϕ_2)](ϕ_1) = (ϕ_1, ϕ)_m^n exp ( (ϕ_1, ϕ_2)_m ) , (11.30)

f_m [|m : ϕ)(m ⋆ : ϕ|](ϕ_1, ϕ_2) = exp ( (ϕ_1, ϕ)_m + (ϕ, ϕ_2)_m ) , (11.31)

f_m

[^˘ 11 ] (ϕ_1, ϕ_2) = exp ( (ϕ_1, ϕ_2)_m ) , (11.32)

f_m

[^˘ W[ϕ] ] (ϕ_1, ϕ_2) = exp ( − 1 2 (ϕ, ϕ)_m + (ϕ_1, ϕ)_m − (ϕ, ϕ_2)_m + (ϕ_1, ϕ_2)_m ) . (11.33)

We can introduce also a normal ordering, which in the real case arranges all momenta observables to be to the left of the value observables and in the complex case coincides with the previously discussed normal ordering.

To summarize, we have introduced notation in which it is possible to treat on the same level both value and momentum representation for real boundary conditions and the coherent states representation for complex boundary conditions. We can use most of the formulas derived for the coherent states and holomorphic representation in chapter 7. We only have to be careful to distinguish the vectors and covectors because in the real case the elements of the base and cobase are not hermitian conjugates.

Specially related boundary conditions

It would be possible to develop the formalism for the comparison of two different real boundary conditions similarly to what we did for complex boundary conditions in chapter 8. We will do it explicitly only for specially related boundary conditions — for conditions which differ only in the value or momentum space. We cannot do something similar for complex boundary conditions, because in this case the spaces B_p = B^−_p and B_{∼p} = B^+_p are not chosen independently but are complex conjugate.

First we investigate the dependence of a real b-base |b : ϕ) on the choice of the b-momentum. Let |BB1 : ϕ) and |BB2 : ϕ) be BB1 and BB2 -bases for boundary conditions with the same value space B_B and different momentum spaces B_{B1} and B_{B2} . The first of the conditions of (11.15) says ˘ φ_B |BB1 : 0) = 0 , ˘ φ_B |BB2 : 0) = 0 , (11.34) so states |BB1 : 0) and |BB2 : 0) are proportional. The second of the conditions of (11.15) essentially fixes the relative phase between states of the base. But we have the freedom to choose a global normalization, i.e. we can choose |BB1 : 0) = |BB2 : 0) . (11.35)

Using (3.61) we find ⇝ dF_{BB2} −^⇝dF_{BB1} = F_{BB2} − F_{BB1} = F̄_{BB2} − F̄_{BB1} , (11.36)

and therefore (ϕ, ϕ)_{BB2} = (ϕ, ϕ)_{BB1} − i ℏ ϕ ⋄ (F̄_{BB2} − F̄_{BB1} ) ⋄ ϕ . (11.37)

Therefore from eq. (11.18) follows

|BB2 : ϕ) = exp ( 1 2 i ℏ ϕ ⋄ (F̄_{BB1} − F̄_{BB2} ) ⋄ ϕ ) |BB1 : ϕ) . (11.38)

We see that |BB2 : ϕ) and |BB1 : ϕ) differ only by a phase factor.

We can write down also the relations of the shift operators, ˘ a_{BB2} [ϕ] = ˘ a_{BB1} [¯ G_{BB1} ⋄ F̄_{BB2} ⋄ ϕ ] , ˘ c_{BB2} [ϕ] = ˘ c_{BB1} [ ϕ ] + ˘ a_{BB1} [ (Ḡ_{BB1} ⋄ F̄_{BB2} − δ_B) ⋄ ϕ ] . (11.39)

Next we turn to compare boundary conditions with different value space and the same momentum space. A similar calculation to the previous one gives ˘ a_{B2 B} [ϕ] = ˘ a_{B1 B} [ ϕ ] + ˘ c_{B1 B} [ (Ḡ_{BB1} ⋄

⇝

dF_{B2 B} − δ_B) ⋄ ϕ ] , ˘ c_{B2 B} [ϕ] = ˘ c_{B1 B} [¯ G_{BB1} ⋄

⇝

dF_{B2 B} ⋄ ϕ ] . (11.40)

We have different “annihilation” operators, so we get different states |B1 B : 0) and |B2 B : 0). The conditions (B1 B ⋆ : ϕ_1| ˘ a[ϕ]|B2 B : 0) = 0 , (11.41)

using the properties of the generalized holomorphic representation, gives a variation equation for (B1 B ⋆ : ϕ|B2 B : 0). The solution is

(B1 B ⋆ : ϕ|B2 B : 0) = const exp ( 1 2 i ℏ ϕ ⋄ (F̄_{BB1} − F̄_{BB2} ) ⋄ ϕ ) (11.42)

with const = (B1 B ⋆ : 0|B2 B : 0) . (11.43)

Thanks to the fact that (F̄_{BB1} − F̄_{BB2} ) = (F̄_{BB1} − F̄_{BB2} ) ⋄ D_B , (11.44)

and using the properties of the generalized holomorphic representation, we get

|B2 B : 0) = const exp ( 1 2 i ℏ ˘ Φ ⋄ (F̄_{BB1} − F̄_{BB2} ) ⋄ ˘ Φ ) |B1 B : 0) . (11.45)

The physical state

As we have discussed at the general level, the dynamics of boundary quantum mechanics is described by the physical state. The conditions which characterize the relations of the physical observables to this state are quantum versions of the classical constraints given by the classical equation of motion. Now we apply this idea to scalar field theory and derive transition amplitudes.

The classical equation of motion reduced to the boundary is given by equation (3.42). This equation is formed from linear observables, so we can write down its quantum version. It can be expressed in any of the following equivalent forms: ∀ϕ ∈ S ϕ ⋄ ∂F ⋄ ˘ Φ |phys) = ϕ • J |phys) , D_m ⋄ ∂F ⋄ ˘ Φ |phys) = D_m • J|phys) , ˘ ϑ|phys) = ϑ_m(J) |phys) , (11.46)

where the quantum version of the generator of the physical phase space ˘ ϑ can be written for real boundary conditions as_˘ ϑ = ˘ π_b ▪ γ_b − ˘ φ_b . (11.47)

We are investigating theories with a generally non-zero external source. It will be useful to fix a phase of the bases introduced above relative to the physical state for different values of the external source. We will use the following choice

(phys|m : 0) = o_m exp ( i ℏ 1 2 J • G^F_m • J ) , (11.48)

with some complex number o_m.

Using these conditions we can derive the generalized holomorphic representation of the physical state — the transition amplitudes we are interested in. The holomorphic representation of the constraint equation (11.46) gives (phys| ( D_m ⋄ ∂F ⋄ ˘ Φ − D_m • J ) |m : ϕ) = = (phys| ( − ˘ Φ ⋄

⇝

dF_m ⋄ D_m + D_m ⋄

⇝

dF_m ⋄ ˘ Φ − D_m • J ) |m : ϕ) = = −iℏD_m ⋄ d(phys|m : ϕ) + ( ϕ ⋄ F̄_m − J • D_m ) (phys|m : ϕ) , (11.49)

where we used the definition properties (11.15) of the m-base. This variation equation has a solution (phys|m : ϕ) = = o_m exp ( − 1 2 i ℏ ϕ • F̄_m • ϕ + i ℏ J • D_m • ϕ + 1 2 i ℏ J • G^F_m • J ) = = o_m exp (1 2 i ℏ J_m(J, ϕ) • G_{∼m} • J_m(J, ϕ) ) = = o_m exp ( i ℏ S̄_m(J, ϕ)) ,

(11.50)

with the classical action associated with the m-boundary conditions given by (9.24).

This amplitude is interpreted as the transition amplitude between a state measured by an observer on the boundary and the physical state of the system. I.e., as the physical amplitude for an experiment performed on the system on the whole boundary — including both the initial and final measurements, if the notions of initial and final have sense.

Relation to usual quantum mechanics

We have computed the physical transition amplitudes in boundary quantum mechanics without reference to some causal structure, without distinguishing between initial and final states. Now we compare it with the previously derived results in the case of a sandwich domain in a globally hyperbolic spacetime.

As we discussed in the general introduction to boundary quantum mechanics in the case when we have well defined initial and final parts of the boundary which carry full sets of Cauchy data, we can represent the quantum space of the boundary quantum mechanics as a tensor product of quantum spaces build on canonical phase spaces. Precisely, for initial and final states |i st⟩, |fst⟩ we have the state from H_B given by the tensor product ⟨fst| ⊗ |ist⟩ . (11.51) Similarily we can construct observables on H_B using observables on H.

In the case of the scalar field we have a clear correspondence between basic observables ˘ Φ[∂Ω] = ^∂Φ[−Σ_f ] ⊗ ^11 ⊕ ^11 ⊗ ^∂Φ[Σ_i] = ∂Φ[−Σ_f ] • Φ̂ ⊗ ^11 ⊕ ^11 ⊗ ∂Φ[Σ_i] • Φ̂ . (11.52)

Next we will assume that the boundary conditions we are using are local for both parts of the boundary — it is possible to formulate them using independent conditions on the initial and final hypersurface. Then we can write for the real boundary conditions ˘ φ_b[∂Ω] = φ̂_b[Σ_f ] ⊗ ^11 ⊕ ^11 ⊗ φ̂_b[Σ_i] , ˘ π_b[∂Ω] = −π̂_b[Σ_f ] ⊗ ^11 ⊕ ^11 ⊗ π̂_b[Σ_i] .

(11.53)

The value and momentum bases are related by

|b val : φ_f ⊕ φ_i) = ⟨f, b val : φ_f | ⊗ |i, b val : φ_i⟩ , |b mom : −π_f ⊕ π_i) = ⟨f, b mom : π_f | ⊗ |i, b mom : π_i⟩ .

(11.54)

From this follows that

(phys|b val : φ_f ⊕ φ_i) = ⟨f, b val : φ_f |i, b val : φ_i⟩ . (11.55)

For the complex boundary conditions we already discussed that the complex structures on the initial and final hypersurfaces induce the complex structure on the boundary phase space

J_p = −J_{pf} ⊕ J_{pi} . (11.56)

In this case we have the relationship

|p coh : ϕ_f ⊕ ϕ_i) = ⟨f, p_f coh : ϕ_f | ⊗ |i, p_i coh : ϕ_i⟩ , (11.57)

and therefore (phys|p coh : ϕ_f ⊕ ϕ_i) = ⟨f, p_f coh : ϕ_f |i, p_i coh : ϕ_i⟩ . (11.58)

Now we can compare the amplitude (9.21) computed in the previous part with the amplitude (11.50) and we see that we have obtained the same results, except that in the boundary quantum mechanics we do not derive the normalization constant o_m. We have also introduced the constant ℏ to the commutation relations which is reflected in the transition amplitudes.

Part IV

Sum-over-Histories Formulation of a Particle-like Theory

12 General principles of the sum-over-histories formulation of quantum mechanics

Introduction

In this part we will discuss the particle-like theory using the sum-over-histories approach to quantum mechanics. Our goal is to show that such a theory leads to the same predictions of amplitudes as the field theory discussed in the previous parts. We want to establish a relation between particle interpretations of field theory and interactions of particles with space-like boundaries (i.e “measurement” of particles at initial and final time) in the particle theory.

The usual approach to a quantized relativistic particle is through field theory. But it would be nice to see that field theory is really equivalent to some kind of quantization of the classical particle theory. But the straightforward canonical quantization of the relativistic particle theory faces several well known problems. Therefore it is necessary to adopt some other approach for quantization.

Another reason for attempting to quantize a classical relativistic particle is that this theory is equivalent from the mathematical point of view to classical minisuperspace models for cosmology. It is well known that classical gravitation coupled with matter reduces to a particle-like theory in a Lorentzian manifold with a potential, when restricted to a finite number of degrees of freedom. And we would like to understand a quantum version of such a minisuperspace theory. Unfortunately the quantization using the field theory does not help us with this understanding — there is too big a gap in the interpretation of such a theory. We need a more straightforward way to quantize minisuperspace models.

A much more promising way to understand quantization of such theories is the sum-over-histories approach to quantum mechanics. The classical explanation of this approach for usual nonrelativistic physics can be found in [13] and more technically in [14–17]. An overview for a relativistic theory can be found in [18]. Beside these classical introductions, this approach has received considerable attention in recent years (see for example [8]). The new development has led to a generalization of this method called generalized quantum mechanics (see [8, 19–22]).

Space of histories and probabilistic interpretation

The sum-over-histories approach is based on emphasizing the role of amplitudes. In this approach the basic notions are histories and their amplitudes. For each theory we have to specify a space of elementary histories — the set of trajectories in spacetime in the case of particle theory, the spacetime field configurations in the case of field theory, etc.. These elementary histories can be gathered to sets of histories which represents physical questions we can ask about the system under investigation. I.e., a set of histories can be characterized by a condition that its elements possess some property, or have correlations of some properties — e.g. the set of all histories which cross a spacetime region in the case of a particle theory or all field configurations with some value at a initial time and another value at the final time for the field theory.

Next we need some mechanism which give us predictions about experimental questions. As usual in quantum mechanics we are looking for probabilistic predictions — the predictions which can be interpreted as a confidence to the expectation that correlations of properties represented by the set of histories is observed. We need a rule which tells us to which sets of histories we can assign probabilities and what are their values. The main weakness of the sum-over-histories approach is that this rule is stated very intuitively — it tells us that we can assign a probability to a set of histories which is “physically distinguishable” from its complement, or a bit more generally, we can assign probabilities to a sequence of mutually disjoint sets of histories, which together exhaust the whole space of histories, if they are “physically distinguishable”. What exactly the phrase “physically distinguishable” means is a very delicate problem connected with a definition of a measurement situation. But it can be used very powerfully on the intuitive level as can be seen for example in [13]. Attempts to define this notion more precisely led to the mentioned generalized quantum mechanics and an introduction of a decoherence functional. But before discussing this point in more detail we assume for now that we know an algorithm which tells us for which sets of histories we have a probabilistic interpretation.

Quantum amplitudes

Now we would like to now what the probability is. Quantum mechanics tells us, that the probability (if it has meaning) is given by the square of the absolute value of a quantum amplitude — of a complex number associated with each set of histories. And the sum-over-histories approach is mainly an algorithm for how to calculate such amplitudes. It can be summarized in two main rules:

- The amplitude of a set of histories is given by the sum of amplitudes of all elementary histories in the set.

(12.1)

- The amplitude of an elementary history composed from independent components is given by the multiplication of amplitudes of all these components.

(12.2)

The second rule introduces the possibility that an elementary history has some inner structure. It is common to assume that an elementary history of a complex system can be viewed as a composition of several elementary histories of subsystems of the whole system. E.g., the elementary history of two-particle theory is composed from two elementary histories of two one-particle theories. Another common situation is that the elementary history is composed from a couple of consequent parts or events. For example an elementary history of a system which is composed from two subsystems which interact with each other can be represented by elementary histories of each subsystem and events of interactions.

To conclude the definition of the algorithm for the calculation of quantum amplitudes, values of amplitudes of basic components of elementary histories has to be given. The usual heuristic for the most systems is that the amplitude of an elementary history is proportional to the exponential of its classical action^{14} A(h) = M(h) exp ( −I(h) ) . (12.3)

Here M is a measure on the space of histories which has to be specify for each particular theory. Clearly, there is an ambiguity in the separation of the amplitude into the measure and action parts. Intuitively the most of the important physical information is contained in the action part. But the measure can also contain nontrivial information (as we will see below), and it would be nice to have some general prescription for it.

We can ask whether we need to investigate an inner structure of elementary histories. The answer is yes, we do. The reason is that the only “canonical” choice of histories without structure would be fully extended histories (i.e. for example not bounded in the time direction). However for such histories we expect that the amplitude given by the expression (12.3) is not well defined (the action is infinite). We need to work with histories bounded in time. But this makes it necessary to introduce some inner structure for elementary histories.

It can be noted that the exponential nature of the action part of the elementary amplitude and usual additivity of the action reflects the rule (12.2). This suggests that the elementary history can be viewed as a sequence of infinitesimal sub-histories and the amplitude can be determined using (12.2) from amplitudes of these pieces. Such an argument can impose a condition on the measure M — it has to satisfy some kind of composition law similar to the rule (12.2). Such a condition can be used in the definition of the measure as we will see in the next chapter.

Relation to a generalized quantum mechanics

As mentioned above, a generalization of the sum-over-histories approach led to the formulation of generalized quantum mechanics. It is a much broader framework which mainly addresses the question of the probabilistic interpretation of a quantum theory. It introduces a tool for determination of which sets of histories (and associated questions about the system) can be assigned probabilities. The central object of the generalized quantum mechanics is a decoherence functional which is essentially a generalization of the quantum amplitude. Using this functional we can introduce a notion of decoherent sets of histories — physically distinguishable sets of histories in the sense discussed above.

The decoherence functional D assigns a complex number D(H_1, H_2) to a pair of sets of histories H_1 and H_2. The sequence of sets of mutually disjoint sets of histories {H_k} which together exhaust the whole space of histories is called decoherent if the decoherence functional of these sets is sufficiently diagonal, i.e.

D(H_k , H_l) ≈ p(H_k)δ_{kl} . (12.4)

The probabilities assigned to such decoherent histories then are given by the coefficients p(H_k). The exactness of diagonality give us a quantitative measure for the notion of physical distinguishability we were missing in the sum-over-histories approach.

The decoherence functional must satisfy the following conditions:

Additivity: D(H_1 ∪ H_2, H) = D(H_1, H) + D(H_2, H) for H_1 ∩ H_2 = ∅ , (12.5) Hermiticity: D(H_1, H_2) = D(H_2, H_1)^∗ , (12.6) Positivity: D(H, H) ⩾ 0 , (12.7) Normalization: D(H, H) = 1 , (12.8)

where H is a set of all histories. The first condition is an analog of the rule (12.1) of the sumover-histories approach and reflects the principle of superposition in the quantum mechanics. Using this property a value of the decoherence functional for general sets of histories can be determined from a knowledge of the decoherence functional for elementary histories. The second condition tells us about a relation of both arguments of the decoherence functional. The last two conditions are needed for the interpretation of coefficients in (12.4) as probabilities.

The sum-over-histories version of a quantum theory can be formulated as a generalized quantum mechanics if we define the decoherence functional using amplitudes. A general way how to do it is to define the decoherence functional for elementary histories as

D(h_1, h_2) = A(h_1)A(h_2)^∗ = M(h_1)M(h_2) exp ( −I(h_1) − I(h_2)^∗ ) . (12.9)

The problem with this definition is that the amplitude for a whole history is not usually well defined. For example the values of the action for unbounded particle trajectory or configuration of a field on whole spacetime are infinite. Therefore we restrict histories to some domain “bounded in the time direction”. But in this case we have to include some additional terms in the definition of the decoherence functional which are localized on a “boundary” of restricted histories and which correspond to initial and final states of the system. Unfortunately these terms have different structures for different theories, and one of the main motivations of our work is the desire for a better understanding of an origin of these terms.

Beside this problem with the definition of the decoherence functional, the generalized quantum mechanics has another weakness. In distinction to the sum-over-histories approach it is missing an analog of the rule (12.2). We do not know the behavior of the decoherence functional under the decomposition of elementary histories to its components. This lack of knowledge is closely related to the previous problem — we need to know some composition law for the decoherence functional.

In the following we will use the sum-over-histories approach to quantize a particle-like theory instead of the other candidate — generalized quantum mechanics — mainly because the problems mentioned above. The price we are paying is that we do not have a clear definition of decoherent histories, and we will have to supply it by more intuitive arguments. But we hope that this approach gives us a better understanding of possible solutions of these problems.

13 Particle in a curved space without boundary

Space of histories and action

In this chapter we shortly repeat the classical formulation of a particle-like theory and formulate the quantum version of the theory using the sum-over-histories approach.

As usual in the sum-over-histories approach, the theory is characterized by a space of histories and an action. An elementary history in our case is a trajectory — an imbedding X of a 1- dimensional manifold N (called the inner space) with two one-point boundaries to a d-dimensional target manifold M — and an inner space metric h on the inner manifold N.

X : N → N , h ∈ T^0_2 N . (13.1)

M is equipped with a target space metric g and scalar potential V .

In the Euclidian version of the theory h is positive definite; in the physical version it is negative definite. For a non-relativistic particle g is positive definite; for a relativistic particle it is Lorentzian.

The Euclidian action^{15} is given by I(X, h, N) = 1 2 ∫ N ( h^{-1 ab} D^α_a X D^β_b X g_{αβ}(X) + V (X) ) h^{12} , (13.2)

where h^{12} is volume element associated with the inner metric h.

This is the simplest example of a σ-model theory. In the general case the inner space N can have a higher dimension. The case dimN = 2 leads to a string theory.

Clearly, the action is invariant under diffeomorphisms of the inner manifold N. For f ∈ Diff(N, Ñ) we have [X, h, N] → [X̃, h̃, Ñ] , f : N → Ñ , X̃ = f^⋆X , h̃ = f^⋆h , (13.3) I(X̃, h̃, Ñ) = I(X, h, N) We can use this fact for a parametrization of the space of histories. Let Ñ be a fixed “canonical” copy of the inner space with a fixed coordinate η : Ñ → ⟨0, 1⟩. For any history [X, h, N] we can always find an equivalent history [X̃, h̃, Ñ] related by a diffeomorphism f : Ñ → N and using a diffeomorphism of Ñ itself we can choose a history for which

h̃_{ab} = ν^2τ^2 d_aη d_bη , h̃^12 = ντ dη , τ ∈ R^+ (13.4)

where τ is an inner length or inner time of the space N in the metric h which is diffeomorphism invariant. ν is a constant signature factor distinguishing Euclidian and physical versions of the theory (see appendix D). In the former case ν is real, in the later one it is imaginary. We use it also to fix a proper numerical factor in the action in front of the kinetic term. We set ν = m^{-1} in the case of nonrelativistic particle and ν = 2 for relativistic particle in the Euclidian version of the theory. In the physical version of the theory these values are multiplied by i.

Moreover, we can use for simplicity maps x, f x : ⟨0, 1⟩ → M , x(η) = X̃ , f : ⟨0, 1⟩ → N , f(η) = f (13.5)

instead of the imbedding X and diffeomorphism f . The conditions above fix x, τ, f uniquely, and therefore a general history [X, h, N] can be parametrized by x, τ, f.

The action in these variables has the form I(τ, x) = I(τ, x, f) = 1 2 ∫ ⟨0,1⟩ ( 1 ντ ẋ^αẋ^βg_{αβ}(x) + ντ V (x) ) dη . (13.6)

As we expected, it is independent of the diffeomorphism parameter f.

Amplitudes

The sum-over-histories approach to quantum theory is based on the notion of quantum amplitudes. For a set of histories H we can define an amplitude A(H) by “summing” over amplitudes of elementary histories in the set, A(H) = ∫ h∈H M(h) exp ( −I(h) ) . (13.7)

Here M is a measure on the space of histories. We will assume that it has the same symmetry as the action. It is well known that there are severe technical problems in defining such a measure, at least in the case of Lorentzian theory, but we will ignore them now.

The quantum amplitude is not directly a physical measurable quantity. As we said, we need an additional notion of distinguishable or decoherent histories to give a probabilistic interpretation to the square of amplitudes. We expect that this notion has the same symmetry as the action and the measure. This means that we will be always interested in amplitudes of sets of histories which are invariant under the action of the diffeomorphism group. For such sets we can factorize the path integral and eliminate the reference to the diffeomorphism:

A(H) = ∫ h∈H M(h) exp ( −I(h) ) = ∫ f∈Diff [h]∈H/Diff

[M]([h])D(f ) exp ( −I([h]) ) =

= ∫ [h]∈H/Diff

M_{red}([h]) exp ( −I([h]) ) , (13.8)

where a reduced measure M_{red} = (M/D) ∫ Diff D contains all factors given by change of variables (Fadeev-Popov determinant) and an integral over symmetry orbits (here D is an invariant measure on the diffeomorphism group). We assume such a normalization of M that M_{red} is “well” defined. It, of course, implies some kind of regularization of the infinite normalization factors which we will escape by a characterization of the measure M_{red} instead of the original measure. But see [23] for a discussion of this question.

If we rewrite the last equation in variables h = [τ, x] we get

A(H) = ∫ [τ,x]∈H M_{red}(τ, x) exp ( −I(τ, x) ) . (13.9)

Propagator

It is useful to compute an amplitude^1_n K(τ, x_f |x_i) – called the propagator or heat kernel – for the set of histories restricted only by positions of end points of the trajectory x_f and x_i in the target manifold M and by fixing an inner time to a particular value τ: 1 n K(τ, x_f |x_i) = ∫ x∈T (x_f |x_i)

M^F (τ, x_f |x_i)[x] exp ( −I(τ, x) ) , (13.10)

where T (x_f |x_i) is a set of trajectories x : ⟨0, 1⟩ → M with x(1) = x_f and x(0) = x_i. Because the set of histories [τ, T (x_f |x_i)] = {τ} × T (x_f |x_i) is a lower dimensional subset of the space of all histories, K(τ, x_f |x_i) is essentially an amplitude “density” on the space R^+ × M × M of values [τ, x_f , x_i]. Therefore we have to expect that the restriction M^F (τ, x_f |x_i) of the measure M_{red} to the space [τ, T (x_f |x_i)], which we call the Feynman measure, depends on τ and end points x_f and x_i; maybe only in a “trivial” way. The factor n governs the signature of the spacetime metric^{16} (see appendix D). In other words, an amplitude density of an elementary history on the space [τ, T (x_f |x_i)] is

A(τ, x) = M^F (τ, x_f |x_i)[x] exp ( −I(τ, x) ) . (13.11)

It is well known [7,8,14,24] that with the right choice of the measure M^F (τ, x_f |x_i) the propagator satisfies the equation −K̇(τ) = ν 2 F • K(τ) , K(0) = G^{-1} , (13.12)

where F is a wave operator fixed by the action and the measure, G = g^{12} δ is as before a delta distribution on M normalized to the volume element g^{12} . (See appendix A for more details on notation.) In other words, K is the exponential of F

K(τ) = exp ( − ντ 2 F ) • G^{-1} . (13.13)

We have not specified the “right choice” of the measure yet. As mentioned, it can be a very problematic task from the pure mathematical point of view. Instead of trying to develop a measure theory on infinite dimensional spaces for oscillatory integrals (where the main problem lies), we take the usual approach of formal manipulations, and we define the measure by its decomposition properties and approximation for small time intervals. The former is given in equation (13.19), and the latter is given in equation (13.30).

The idea of the proof of the relations (13.12) is in proving key properties of the exponential,

K(τ_f ) • G • K(τ_i) = K(τ_f + τ_i) , (13.14) G • K(τ) • G = G − ντ 2 F + O(τ^2) , (13.15)

where F = G • F is the quadratic form of the differential operator F.

Composition law

The first condition (13.14) is a composition law for the amplitude K. This law reflects the possibility to decompose a history [τ, x] into histories [τ_i, x_i] during an initial amount of inner time τ_i and [τ_f , x_f ] during a final amount of inner time τ_f . We say that a history [τ, x] is given by joining of histories [τ_f , x_f ] and [τ_i, x_i] if

[τ, x] = [τ_f , x_f ] ⊙ [τ_i, x_i] iff

τ = τ_f + τ_i , x_f (0) = x_i(1) , x_f = x( τ_i + ητ_f τ ) , x_i = x( ητ_i τ ) . (13.16)

The actions of such histories are related by

I(τ, x) = I(τ_f , x_f ) + I(τ_i, x_i) . (13.17)

This induces a decomposition of the set of histories [τ, T (x_f |x_i)] which defines the propagator K(τ, x_f |x_i) to disjoint sets [τ_f , T (x_f |x_o)] × [τ_i, T (x_o|x_i)]

[τ, T (x_f |x_i)] = ⋃ x_o∈M [τ_f , T (x_f |x_o)] × [τ_i, T (x_o|x_i)] . (13.18)

If the measures on these sets are related by

M^F (τ, x_f |x_i)[x] = M^F (τ_f , x_f |x_o)[x_f ] ng^{12} (x_o) M^F (τ_i, x_o|x_i)[x_i] , (13.19)

for [τ, x] = [τ_f , x_f ] ⊙ [τ_i, x_i] it follows that

K(τ, x_f |x_i) = ∫ x∈T (x_f |x_i)

n M^F (τ, x_f |x_i)[x] exp ( −I(τ, x) ) =

= ∫ x_o∈M g^{12} (x_o) ∫ x_f ∈T (x_f |x_o)

n M^F (τ_f , x_f |x_o)[x_f ] exp ( −I(τ_f , x_f ) )_×

× ∫ x_i∈T (x_o|x_i)

n M^F (τ_i, x_o|x_i)[x_i] exp ( −I(τ_i, x_i) ) = = [ K(τ_f ) • G • K(τ_i) ] (x_f |x_i) ,

(13.20)

which is what we wanted to prove.

The condition (13.19) represents a reasonable assumption of the locality of the measure M^F . Together with the additivity of the action it reflects the rule (12.2) of the sum-over-histories approach to quantum mechanics — that the amplitude of independent (here consequent) events is given by multiplication of individual amplitudes. This condition is the first part of our definition of the measure. Now we know how to construct the measure M^F (τ) for some time τ from measures for shorter time intervals. To conclude the definition of the measure, we need to specify it for an infinitesimally short inner time interval. This moves us to an investigation of the short time behavior of the heat kernel.

Short time amplitude

Now we turn to prove equation (13.15). It can be found in the literature (e.g. [7,24]), but we present it here to show how the measure is actually determined and how the operator F depends on this choice.

As we said, we ignore technical difficulties in the definition of the path integral, and we assume that this integral has most of the properties of a usual integral in a finite-dimensional manifold. This allows us to find the short time behavior for the propagator.

First we write an expansion of the action for small τ I(τ, x) = 1 τ I_{−1}(x) + I_0(x) + τ I_1(x) + . . . . (13.21)

For the simplest action we are using we have

I_{−1}(x) = 1 2ν ∫ η∈⟨0,1⟩ ẋ^αẋ^βg_{αβ}(x)dη , (13.22)

I_0(x) = 0 , (13.23)

I_1(x) = ν 2 ∫ η∈⟨0,1⟩ V (x)dη . (13.24)

We assume that the measure is slowly changing in τ compared to the leading term in the action.

The dominant contribution to the integral (13.10) comes from an extremum x̄(x_f |x_i) of the leading term I_{−1} in the exponent. But the extremum of the functional (13.22) is clearly a geodesic of the metric g. We expand all expressions around this extremum

x = x̄(x_f |x_i) + √ τ ⃗x , (13.25)

where ⃗x is a tangent vector to the space T (x_f |x_i) at the extremum x̄(x_f |x_i). We actually need to specify what the addition in the last equation means. It will be done more carefully in a similar situation in appendix F (see eq. (F.5)). But now we are interested more in a qualitative answer, so we skip these details here. The expanded integral (13.10) has the structure 1 n K(τ, x_f |x_i) = exp ( −I ( x̄(x_f |x_i) )) ∫ ⃗x∈T_{x̄} T M^F_∗(τ, x_f |x_i) exp ( − 1 2 ⃗x · δ^2I_{−1}(x̄(x_f |x_i)) · ⃗x ) ×

× ( 1 + √ τ (⃗x^{odd}- terms) + τ (⃗x^{even}- terms) + . . . ) . (13.26)

Here M^F_∗(τ, x_f |x_i) is a leading term in τ and the ⃗x-expansion of the measure M^F (τ, x_f |x_i) after change of variables x → ⃗x. M^F_∗ is a constant measure on the vector space T_{x̄(xf |xi)} T (x_f |x_i) (a tangent space to the space of trajectories T (x_f |x_i)). The actual dependence on ⃗x is hidden in higher terms of the ⃗x-expansion. As a leading term in the τ-expansion, M^F_∗ depends on τ in a trivial way — it is proportional to a power of τ. Of course, this statement is formal — the exponent of τ in M^F_∗ is of the order of the dimension of the space ⃗T , which is infinite.

“⃗x-terms” in the last equation represents terms resulting from the expansion of the action and the measure; ⃗x^{odd} or ⃗x^{even} suggest that ⃗x occurs in these terms in odd or even power. For convenience we combined the term τI_1 into the prefactor despite the fact that it could be included among terms proportional to τ.

The value νI_{−1}(x̄(x_f |x_i)) is a well-known quantity called the world function, or half the squared geodesic distance,

σ(x_f |x_i) = νI_{−1}(x̄(x_f |x_i)) = 1 2 ∫ ⟨0,1⟩ ˙x̄(x_f |x_i) · g(x̄(x_f |x_i)) · ˙x̄(x_f |x_i) dη . (13.27)

We also use the notation

V̄ (x_f |x_i) = 2 ν I_1(x̄(x_f |x_i)) = ∫ ⟨0,1⟩ V (x̄(xf |xi)) dη . (13.28)

The integral (13.26) is a simple Gaussian integration. (In fact, one approach to defining infinitedimensional integrals is through the definition of a “Gaussian” measure which in our case would be

M^F_∗ exp(−^1_2 ⃗x · δ^2I_{−1} · ⃗x)). The integration can be performed, at least formally, to give 1 n K(τ, x_f |x_i) = exp ( − 1 ντ σ(x_f |x_i) − ντ 2 V̄ (x_f |x_i) )_×

× M^F_∗(τ, x_f |x_i) Det ( δ^2I_{−1}(x̄(x_f |x_i)) 2πντ )_− 1_2 ( 1 + τ(. . . ) + . . . ) . (13.29)

The terms proportional to √ τ disappear during integration, thanks to the odd power of ⃗x. Coefficients in front of powers of τ could be expressed in terms of variations of the action and the measure. But because we did not specify the measure precisely yet, we can do it now by fixing this short time amplitude. I.e., we can define the measure M^F by choosing functions α_0(x_f |x_i) and α_1(x_f |x_i) in a slightly rearranged version of the last equation,

K(τ, x_f |x_i) = n (2πντ)^d2

Δ(x_f |x_i) ( α_0(x_f |x_i) − τ ν 2 α_1(x_f |x_i) + O(τ^2) )_×

× exp ( − 1 ντ σ(x_f |x_i) − ντ 2 V̄ (x_f |x_i) ) , (13.30)

where α_0(x_f |x_i) satisfies

α_0(x|x) = 1 . (13.31)

Here Δ(x_f |x_i) is Van Vleck-Morette determinant (see (G.13)). This ansatz together with equation (13.31) gives us a condition

M^F_∗(τ, x|x) Det ( δ^2I_{−1}(x̄(x|x)) 2πντ )_− 1_2 = 1 (2πντ)^d2

. (13.32)

As we will see, this τ-dependence of the measure is necessary for further proof of equation (13.15), and the particular choice a coincidence limit of the coefficient α_0 is needed for a proper normalization in (13.12).

In the following we will prove that a form of the operator F in (13.15) depends only on the coincidence limits of α_1 and the first two derivatives of α_0. So we can ignore terms with higher power of τ in eq. (13.30). As discussed before, equations (13.15) together with composition law (13.14) determines the propagator K, i.e. also all important information hidden in the measure M^F . This means that a knowledge of the mentioned coincidence limits concludes our definition of the measure and path integral itself.

Let us note that this section is some kind of justification of the usual time-discretization of the path integral and on a priori choice of the short time amplitude in the form (13.30). But in principle it would be possible to define the measure M^F in some more compact way and compute exactly the form of the functions α_0 and α_1 in terms of variation of the action and the measure. This would be a hard task because variations of I_{−1} up to the fourth order are important for α_1. Also some kind of regularization would be needed because of the infinite dimension of the space of trajectories. It probably does not make sense to attempt to do this before we have a better understanding of a definition of the measure M^F in general.

As equation (13.32) suggests, the leading term M^F_∗ should be “almost” the same as Det(^{δ2 I−1}_{2πντ} )^{12} , and our guess is that the full measure has this structure but with some specific boundary conditions needed for the definitions of δ^2I_{−1} and for the functional determinant Det which are different from Dirichlet conditions used for these definitions in (13.29). The difference will cause the extra factor (2πντ)^{- d2} Δα_0 in our ansatz (13.30). But this is more-or-less a speculation at this moment.

Short time behavior of the heat kernel

Now we continue with the proof of equation (13.15). We show that for small τ the amplitude (13.30) has the desired behavior in a distributional sense. Most of the technical work is done in appendix F where it is shown that for small τ the following expansion holds (equation (F.8)) n (2πντ)^d2 ∫ x,z∈M g^{12} (x)g^{12} (z) Δ(x|z) exp ( − 1 ντ σ(x|z) ) φ(x)ψ(z) =

= φ • G • ψ − τ ν 2 φ • L • ψ + O(τ^2) ,

(13.33)

where φ and ψ are smooth test functions and L is the Laplace operator quadratic form φ • L • ψ = ∫ M g^{12} (dφ) · g^{-1} · (dψ) =

= − ∫ M g^{12} φ ( ∇^2ψ ) = − ∫ M g^{12} ψ ( ∇^2φ ) . (13.34)

Let us remember that now we are discussing the case of a manifold without boundary, and therefore we do not have to worry about boundary conditions for the Laplace operator and integration by parts.

Using this result it is easy to show that φ • G • K(τ) • G • ψ = = n (2πντ)^d2 ∫ x,z∈M g^{12} (x)g^{12} (z)Δ(x|z) ( α_0(x|z) − τ ν 2 α_1(x|z) + O(τ^2) )_×

× exp ( − 1 ντ σ(x|z) − ντ 2 V̄ (x|z) ) φ(x)ψ(z) = = ∫ x,z∈M ( G(x|z) − τ ν 2 L(x|z) ) φ(x)ψ(z) ( α_0(x|z) − τ ν 2 α_1(x|z) )_×

× exp ( − ντ 2 V̄ (x|z) ) ( 1 + O(τ^2) ) = (13.35)

= φ • G • ψ − − τ ν 2 φ • ( L + ( V G ) + ( g^{-1 μν} [d_{lμ}d_{rν} α_0]G ) + ( [α_1]G ))_• ψ − − τ ν 2 φ • ((

⇝

d · g^{-1} · [d_lα_0] )_• G + G • ( [d_rα_0] · g^{-1} ·^⇝d ))_• ψ + + O(τ^2) ,

where we used [V̄ ] = V and [α_0] = 1. Here the [A] denotes a coincidence limit of a bitensor A, d_rA and d_lA are derivatives with respect of the right and left arguments and the bi-distributions ( fG ) ,

⇝

d and^⇝d are defined as in (A.6), (A.7).

If the condition [d_rα_0] = [d_lα_0] = 0 (13.36)

is satisfied, we see that the propagator K(τ) has really the form (13.15) with

F = L + V , (13.37) V = ( V +[α1] + g^{-1 μν} [dlμdrν α0] ) G . (13.38)

I.e., F is a Laplace operator with a potential term which include the original potential V from the action and additional parts depending on the choice of the measure.

A common choice for α_0 is a power of the Van Vleck-Morette determinant

α_0 = Δ^{−p} , (13.39)

which satisfies the condition (13.36). It leads to an additional part in the potential,

g^{-1 μν} [d_{lμ}d_{rν} Δ^{−p}] = p 3 R , (13.40)

where R is a scalar curvature of the metric g.

The condition (13.36) is actually a consequence of (13.31) and an assumption of the symmetry of α_0 α_0(x|z) = α_0(z|x) . (13.41)

It is a natural assumption in the case when the theory is symmetric under trajectory reversal. However this condition does not have to be satisfied if there is a preferred path direction as for example in the case of interaction with an electromagnetic field. (In this case the operator F is Laplace-like operator with the covariant derivative containing an EM vector potential and corrections from a measure.) But we will not discuss such a situation, and in the following we will assume that the conditions (13.41) and (13.36) are satisfied.

This concludes our proof of the relation (13.15). In summary, we have seen that for small τ the propagator K(τ) has the behavior given by (13.15) where the operator F is the Laplace-like operator associated with the metric g and is fixed by the action and the measure. If the measure is defined using the decomposition property (13.14) and the short time amplitude (13.30), the operator F is fixed by knowledge of the coincidence limits of α_1 and the first two derivatives of α_0.

Interacting theory

Now we introduce an interacting theory — a many particle theory in which particles can be created or annihilated and can interact with each other. This theory can be build from the free theory using general ideas of the sum-over-histories approach to quantum mechanics as discussed in the introduction of this part.

The space of histories of such an interacting theory is the set of an arbitrary number of copies of one-particle free histories, endpoints of which can be glued in interaction vertices. An example of an elementary history is shown in the figure 13.1. Next we have to specify the amplitude (density) associated with such an elementary history. According to the general principle, the amplitude of a history composed from several one-particle histories is given by a product of amplitudes of all these histories. If interactions are present, the amplitude has to be additionally multiplied by amplitudes associated with each interaction. Finally, the amplitude of a set of histories is, as usual, given by the sum of amplitudes of elementary histories in the set.

The simplest interaction are sources (one-leg vertices — e.g. J-vertex in the figure) and a potential interaction (two-leg vertices — e.g. V -vertex in the figure). Non-trivial interaction is introduced using vertices of higher order.

In the next chapter we encounter also an interaction of particles with a boundary.

Dynamical origin of the potential

We have started with the action in the form (13.6) with a general potential V . But it is actually possible to derive the form of this action using an action without a potential and an assumption of a simple potential interaction.

Figure 13.1: An example of the elementary history of the interacting theory. The elementary history of the many particle interacting theory is formed by one-particle histories which can be glued in interaction vertices. The simplest interaction are sources — one-leg J-vertices in the figure — and a potential interaction — two-leg V -vertices in the figure.

We start with a free particle with the action

I_{free}(τ, x) = 1 2 ∫ ⟨0,1⟩ 1 ντ ẋ^αẋ^βg_{αβ}(x)dη . (13.42)

and we assume that such particle can interact through an interaction which conserves the number of particles, i.e., the interaction represented by a two-leg vertex. The amplitude associated with this interaction can be generally a space-dependent function, more precisely a density, which we denote −ng^{12} V .

Thanks to the conservation of the number of particles through the interaction we can restrict ourself again to the one-particle theory. An elementary history of such one-particle interacting theory can be parametrized by its components between interactions, i.e. h = [ [τ_N , x_N ], . . . , [τ_1, x_1], [τ_0, x_0] ] where x_k(0) = x_{k−1}(1) for k = 1, . . . , N , (13.43)

or by joining these components to a single trajectory and specifying when the interactions occur h = [ [τ, x] ; η_N , . . . , η_1 ] , (13.44)

where 1 = η_{N+1} ⩾ η_N ⩾ · · · ⩾ η_1 ⩾ η_0 = 0 , τ_k = τλ_k , λ_k = η_{k+1} − η_k for k = 0, . . . , N , [τ, x] = ⨀ k=1,...,N [τ_k, x_k] .

(13.45)

τ and x are called an inner time and a trajectory of the elementary history of the one-particle interacting theory.

Now, let us compute the amplitude associated with a set of histories which includes all elementary histories with common inner time τ and trajectory x but with an arbitrary number of interaction.

It is given by A(τ, x) = ∑ N∈N_0 ∫ η_k ∈⟨0,1⟩, k=1,...,N 1⩾η_N ⩾···⩾η_1 ⩾0

( ∏ k=1,...,N ( − ( ng^{12} V ) (x(η_k)) ντ 2 dη_k ))_×

× ∏ k=0,...,N A_{free}(τ_k, x_k) .

(13.46)

Here we used the fact that the amplitude of an elementary history is given by the product of amplitudes of its free components and amplitudes of all interactions. And then we summed over all possible numbers of interactions and all times when interactions occurred. We chose the measure for summing over all possible times of interactions to be ν 2 dτ = ντ 2 dη . (13.47)

Next we substitute the free amplitude given by eq. (13.11) with the action I_{free}, use the additivity of the action I_{free}(τ, x) = ∑ k=0,...,N Ifree(τk, xk) and the composition law (13.19) for the measure

and relable times η_k in such way that we relax the condition 1 ⩾ η_N ⩾ · · · ⩾ η_1 ⩾ 0, and we get A(τ, x) = = ∑ N∈N_0 1 N! ∫ η_k ∈⟨0,1⟩ k=1,...,N

( ∏ k=1,...,N ( − ντ 2 ) V ( x(η_k) ) dη_k ) M^F (τ, x_f |x_i)[x] exp ( −I_{free}(τ, x) ) =

= ( ∑ N∈N_0 1 N! ( − ∫ ⟨0,1⟩ ντ 2 V (x) dη )_N ) M^F (τ, x_f |x_i)[x] exp ( −I_{free}(τ, x) ) =

= M^F (τ, x_f |x_i)[x] exp ( −I_{free}(τ, x) − ντ 2 ∫ ⟨0,1⟩ V (x) dη ) = = M^F (τ, x_f |x_i)[x] exp ( −I(τ, x) ) , (13.48)

where I is given by eq. (13.6). This shows that the non-interacting theory with the action I is equivalent to the simple interacting theory with the free action I_{free} in the sense that the amplitude of an elementary history [τ, x] of the former theory is the same as the amplitude of the set of histories of the latter theory composed of histories with common inner time τ and trajectory x.

Feynman Green Function

There are other amplitudes we can be interested in beside the heat kernel^1_n K(τ). Especially for the relativistic particle the inner time is physically undetectable and therefore any physical set of histories will include elementary histories with all possible inner times. Therefore we are interested in the amplitude^1_n G^F (x_f |x_i) associated with the set of histories restricted only by the initial and final points x_f , x_i. This amplitude is called the Feynman Green function. We can obtain it from the propagator^1_n K(τ, x_f |x_i) by summing over all possible inner times τ using the measure (13.47)^{16} 1 n G^F (x_f |x_i) = ∫ R^+ 1 n K(τ, x_f |x_i) ν 2 dτ . (13.49)

Using eq. (13.13) we immediately get that the Feynman Green function is the inverse of the wave operator F, G^F (x|z) = F^{−1}(x|z) i.e. F • G^F = δ . (13.50)

Finally, let us note that we do not have an immediate generalization of the composition law for the Feynman Green function similar to (13.14).

Boundary conditions

In this chapter we completely ignored the question of boundary conditions using as excuse that we are working in a manifold without boundary. Certainly this is correct, if the manifold M is compact. But it is also correct in the case of a non-compact manifold with a sufficiently “nice” metric g at infinities. In such cases there exists a canonical choice of boundary conditions for differential operators used above, and these boundary conditions usually allow us to integrate by parts. Problem can arise for the relativistic particle when the manifold M is Lorentzian and operators as L, F are hyperbolic. In this case the choice of boundary conditions at the temporal infinities plays an important physical role, and it is worth further investigation. First let us note that in a special situations (e.g. existence of a time-like Killing vector in the distant past and future) a canonical choice of boundary conditions still exists. But canonical here essentially means the most natural physical choice. In a general spacetime we do not have this special choice, and we have to address the question of the boundary conditions. To deal with this problem we will investigate our theory in a bounded domain Ω of the manifold M in the next chapter.

14 Particle in a curved space with boundary

General consideration

Now we want to generalize the theory described in the previous chapter to manifolds with boundaries. Our goal is a better understanding of the physical meaning of boundary conditions for the differential operators in the Schrödinger or Klein-Gordon equation. Therefore we restrict ourselves to a domain Ω in the manifold M which is bounded “in all physically interesting directions”. This means that we will investigate the boundary conditions on boundaries which are not at infinity. But we allow the domain Ω be unbounded if we know that its infinity is “safe”.

The main situation we have in the mind is the Lorentzian globally hyperbolic manifold with asymptotically flat spatial infinity. In this case we can ignore spatial infinity because it makes a sense to restrict ourselves to situations in which spacetime is “empty” sufficiently far in space directions. (Let us note that in non-asymptotically flat space the notion “empty” may not have a clear definition.) But because of the hyperbolic nature of the evolution equation we cannot ignore boundary conditions in the time directions. They represent “initial” and “final” conditions of the system. And we want to understand exactly this relationship.

Therefore in the case of a Lorentzian globally hyperbolic manifold, the typical choice of the domain will be a sandwich domain between two Cauchy surfaces. Such a domain is unbounded in spatial directions, but this “boundary in infinity” does not create important problems. Physically interesting boundary conditions are in the time directions which we restrict by boundary Cauchy surfaces.

Restriction to a domain — naive approach

Let us start with a straighforward restriction to a domain Ω in the target space M. We want to compute an amplitude K_o(τ, x_f |x_i) which corresponds to a set of histories with inner time τ, endpoints x_i, x_f and which wholly belong to the domain Ω. We can repeat the derivation of the short time amplitude (13.30), at least for x_f , x_i sufficiently far from the boundary, because for small τ only trajectories near to the geodesic between x_f and x_i contribute to the amplitude.

If we compute the asymptotic expansion of the short time amplitude (13.30) in the domain with boundary, we find that there is a new term in the expansion. As can be seen in eq. (F.7), the smoothed short time amplitude leads to a Gauss integration in a variable Z from a tangent space at a point x, and in the case of a space without boundary the integration of odd powers of Z disappears. But in the case of a domain with a boundary for a point x near the boundary the Gauss integration is not always over the whole tangent space and therefore the integral of odd powers of Z does not disappear. As shown in appendix F (equation (F.26)), the correct asymptotic expansion of the leading term of the short time amplitude (equivalent of (13.33)) is given by^{16} n (2πντ)^d2 ∫ x,z∈M g^{12} (x)g^{12} (z)Δ(x|z) exp ( − 1 ντ σ(x|z) ) φ(x)ψ(z) =

= φ • ( G + √ τ ( − 1 n √ ν 2π ) Q − τ ν 2 ↭ L + O(τ^{32} ) ) • ψ , (14.1) where Q[∂Ω] is a delta bi-distribution localized on the boundary normalized to the boundary volume element q^{12} understood as a distribution on spacetime, φ • Q • ψ = ∫ ∂Ω φψ q^{12} , (14.2)

and^↭L is a particular ordering of the Laplace operator given by ↭ L = 1 2 (

⇝

L +^⇝L ) , (14.3) φ •^⇝L • ψ = − ∫ Ω φ ( ∇^2ψ ) g^{12} . (14.4)

Using this result it is easy to show that the expansion of the propagator K_o is

G • K_o(τ) • G = G + √ τ ( − 1 n √ ν 2π ) Q − τ ν 2 ↭ F + O(τ^{32} ) (14.5)

and^↭F is a Laplace-like quadratic form with potential, ↭ F = 1 2 (

⇝

F +^⇝F ) =^↭L + V , (14.6)

⇝

F^⊤ =^⇝F =^⇝L + V . (14.7)

The corrected potential V is given again by the expression (13.38) and we have assumed the condition (13.36) is satisfied.

We see that the expansion of the propagator has an additional term localized on the boundary ∂Ω proportional to √ τ . This τ-dependence causes a problem because K̇_o(0) is singular on the boundary.

An origin of the singular term on the boundary lies in our careless approximation of the propagator by the short time amplitude (13.30). This approximation is correct only for endpoints sufficiently far from the boundary. For points near the boundary we have to investigate the structure of the propagator more thoroughly.

Boundary correction term

The short time amplitude (13.30) represents the dominant contribution to the heat kernel from trajectories near the geodesic joining endpoints x_f and x_i. But in the case of a sum over trajectories restricted to the domain Ω there are other dominant terms given by contributions of trajectories near extremal paths which reflect on the boundary.

In general we should take into account trajectories with an arbitrary number of reflections on the boundary and compute the dominant contributions from all of them. However, for endpoints sufficiently far from the boundary the contributions from the reflected paths are negligible compared to the straight geodesic — for small τ only short paths contribute to the sum (therefore the leading term is non-trivial only for close endpoints), and any trajectory with a reflection on the boundary is too long (see figure 14.1)

But for endpoints near to the boundary the contributions from the reflected trajectories can be comparable with the leading term. For the endpoints near a smooth boundary there exists exactly one extreme trajectory x̄_b(x|z)) with one reflection which gives a contribution comparable to the contribution from the straight geodesic x̄(x|z)) (see figure 14.1). Let us note that for boundary with “corners” we would have other non-trivial terms corresponding to trajectories with multiple reflections.

Figure 14.1: Example of extremal trajectories.

Dominant terms to sum over trajectories are given by trajectories near to extreme trajectories, possibly reflected from the boundary. If close endpoints are sufficiently far from the boundary, the reflected geodesics are longer then the straight geodesic. If the endpoints are near the boundary, there is a reflected geodesic with the length comparable to the length of straight one. Near the corner there is more reflected geodesics with comparable length.

Now we will write down conditions on the reflected extreme trajectory x̄_b(x|z)). It is an extremum of the leading term of the action (13.22) with the additional condition that the trajectory reflects on the boundary. Let’s denote the point of the reflection b(x|z) and the parameter for which the reflection occurs λ_r(x|z) and its complement λ_l(x|z) b(x|z) = x̄_b(x|z)|_{λr (x|z)} ∈ ∂Ω , 1 = λ_l(x|z) + λ_r(x|z) .

(14.8)

The extremum condition implies that the trajectory is a joining of two geodesics [τ, x̄_b(x|z)] = [λ_l(x|z)τ, x̄(x|b(x|z))] ⊙ [λ_r(x|z)τ, x̄(b(x|z)|z)] . (14.9) Using additivity of the action we get the value of its leading term

σ_b(x|z)^{def}= νI_{−1}(x̄_b(x|z)) = σ_l(x|z) λ_l(x|z) + σ_r(x|z) λ_r(x|z) , (14.10)

where, following the convention (G.77), σ_l(x|z) = σ(x|b(x|z)) , σ_r(x|z) = σ(b(x|z)|z) . (14.11) The extremum requirement gives us conditions on b and λ_l, λ_l, dσ(x|b(x|z)) λ_l(x|z) + dσ(b(x|z)|z) λ_r(x|z) = 0 , (14.12) σ_l λ^2_l = σ_r λ^2_r

, (14.13)

where d denotes the orthogonal projection of the gradient on the boundary

d_αf = �^β_α d_βf , �^β_α = δ^β_α − ⃗n^βn_α . (14.14)

See appendix G for more details and other quantities defined on the boundary.

Now we can estimate the contribution from the trajectories near to the reflected geodesic x̄_b(x|z)). Using reasoning similar to that used for deriving (13.30), we can write an approximation of the short time amplitude associated with the reflected geodesic as

K_b(τ, x_f |x_i) = n (2πντ)^d2

Δ^{1−p}_b (x_f |x_i) β(τ, x_f |x_i) exp ( − 1 ντ σ_b(x_f |x_i) ) , (14.15) where Δ_b is Van Vleck-Morette determinant associated with the reflected geodesic (see (G.89)). The coefficient β is an analog of the coefficients α_0, α_1, only in this case we have to expect an expansion in powers of √ τ : β(τ, x|z) = β_0(x|z) + √ τ β 1_2 (x|z) + O(τ) . (14.16)

As we will see, the right normalization relative to the leading term K_o requires

β_0(x|x) = 1 . (14.17)

We did not bother to write down a potential term, because terms of order O(τ) are negligible in the approximation we need, as can be seen in the calculation in appendix F. We also already anticipated an arbitrary power of the Van Vleck-Morette determinant, similarly to the choice (13.39).

Fixing this short time amplitude (i.e. specification of coefficients p and β, or more precisely its coincidence limits as we will see below) together with amplitude (13.30) concludes the definition of the path integral in the domain with a smooth boundary.

Short time behavior of the heat kernel

Next we proceed to derive the short time behavior of the propagator. Again, the technical work is done in appendix F, where it is shown that for small τ we have the expansion (see eq. (F.46)) φ • G • K_b(τ) • G • ψ = = √ τ 1 n √ ν 2π φ • Q • ψ− − τ ν 2 1 2 φ • (

⇝

dF_d +^⇝dF_d) • ψ− − τ ν 2 φ • (1 + p 3 k + β-terms ) Q • ψ + O(τ^{32} ) .

(14.18)

The β-terms contains coincidence limits of the first two derivatives of the coefficient β on the boundary, and the exact form can be found in (F.56). k is the trace of the external curvature (see equation (G.50)). Here we already have used the normalization (14.17), otherwise the first term would contain a coincidence limit [β_0] on the boundary. Our normalization ensure that the √ τ term in K_b cancels exactly with such a term in K_o.

So, if we add both dominant terms we get

K_k (τ) = K_o(τ) + K_b(τ) , (14.19) G • K_k (τ) • G = G − τ ν 2 F_{∼k} + O(τ^{32} ) , (14.20)

where F_{∼k} is the quadratic form of Laplace-like operator with the boundary conditions given by the choice of β coefficients F_{∼k} = F_d − Θ_k (14.21)

with F_d corresponding to the Dirichlet boundary condition (defined in (2.3)) with a potential term in the form (13.38), and

Θ_k^{def}= φ ▪^rθ_k ▪ φ^{def}= −

( 1 + p 3 k + β-terms ) Q . (14.22)

F_{∼k} identifies what kind of boundary conditions the propagator K_k satisfies. If we compare F_{∼k} with the operator^⇝F, equation (3.61) gives us ⇝ dF_{∼k} =^⇝dF_d − Θ_k = φ ▪ (π −^rθ_k ▪ φ) . (14.23)

We see that ∼k-boundary conditions have the same generalized value as the Dirichlet boundary conditions but different generalized momentum, φ_{∼k} = φ , π_{∼k} = π −^rθ_k ▪ φ . (14.24) I.e., these boundary conditions have the structure k = KD. Equation (3.57) and the normalization condition (3.15) give similar expressions for φ_k and π_k : φ_k = γ^{-1}_{∼k} ▪ (π −^rθ_k ▪ φ) , π_k = −γ_{∼k} ▪ φ , γ_{∼k} = γ −^rθ_k ,

(14.25) ⇝ dF_k =^⇝dF_n + Θ_k . (14.26) The short time behavior (14.20) together with the composition law again prove the heat equation for the propagator: −G • K̇_k (τ) = ν 2 F_{∼k} • K_k (τ) (14.27) The solution of the heat equation is smooth for non-zero time τ. To see clearly what kind of boundary conditions it satisfies, we write the heat equation in the following way

−G • K̇_k(τ) = ν 2 ⇝ F • K_k (τ) + ν 2 ⇝ dF_{∼k} • K_k (τ) . (14.28)

The left-hand side is smooth, as well as the first term on the right-hand side. The second term is localized on the boundary and therefore it has to vanish. So we find ⇝ dF_{∼k} • K_k(τ) = −

⇝

dF_k • K_k = 0 i.e. φ_k • K_k (τ) = 0 (14.29) or, in terms of value and momentum on the boundary, (π −^rθ_k ▪ φ) • K_k (τ) = 0 . (14.30) Let us summarize. We have found that the propagator given by the sum of amplitudes over histories in the domain Ω with fixed endpoints and inner time τ is a solution of the heat equation with specific boundary conditions. The boundary conditions depend on the definition of the path integral through the coincidence limits of derivatives of coefficients β in the short time amplitude (14.15). In general, they are Robin-like conditions with a non-degenerate coefficient in front of momentum.

Green function

In the case of a relativistic particle the inner time is an unphysical quantity, and all physically distinguishable sets of histories should contain histories with all possible inner times. Therefore we will compute the amplitude associated with the set of histories with fixed endpoints but without a restriction on the inner time. As before, we will call this amplitude the Feynman Green function^{16} 1 n G_{∼k} (x|z) = ∫ τ ∈R^+ 1 n K_k(τ, x|z) ν 2 dτ . (14.31)

The name is consistent with the usage in chapter 3 in the spirit of equation (3.71). Using the heat equation and initial conditions for the heat kernel, the integration gives F_{∼k} • G_{∼k} = δ , (14.32) and thanks to the boundary conditions for K_k we have D_k • G_{∼k} • J = 0 for J ∈ P̃ . (14.33) So, G_{∼k} is the inverse of F_{∼k} and restricted to smooth sources it satisfies the same boundary conditions as the propagator K_k — it is an extension of the Feynman Green function.

Amplitude of particles emitted by a source

Let us compute the amplitude Z^{(1)}_k (J) of a set of histories which end at a given point x and are emitted by a source described by a spacetime dependent amplitude^{17} nJ. We will call it the oneparticle amplitude. It is clearly given by

Z^{(1)}_k (J) = G_{∼k} • J = ϕ̄_k (J) . (14.34)

It satisfies the same boundary conditions as the Feynman Green function.

We will interpret these boundary conditions as a consequence of the fact that we have not allowed particles to start on the boundary. More precisely, we have allowed the smooth source to be non-zero up to the boundary, but we have not allowed an emission of particles from the boundary comparable to an emission from a finite volume.

We can ask why some particular boundary conditions means that no particles are emitted from the boundary. What about different boundary conditions? Why is the choice of the conditions above special? We are touching a question of what kind of particles we are dealing with. What does it mean that no particles are emitted (or absorbed — for scalar particle the meanings are interchangeable, if we do not distinguish initial and final parts of the boundary).

First we have to realize that the statement “no particles on the boundary” has to be interpreted as a result of a measurement on the boundary. We have to arrange apparatuses on the whole boundary which are sensitive to particles, and when all these devices measure no particle we can speak about no emission or absorption. Clearly this is very complicated global measurement. It depends on an exact arrangement of experimental devices on the whole boundary and on an interaction of particles with devices. We have hidden this dependence in the definition of the path integral through the non-specified β-terms. Therefore we see that we cannot expect a unique canonical meaning for the statement “no particles on the boundary”. Only if we specify the kind of measurement we are performing do we have a meaning for this statement. And information about experimental devices can be phenomenologically characterized by the choice of boundary conditions of the type we encountered above.

Emission from the boundary

Of course, we can ask what the amplitude is to find a particle at a point x if we allow an emission from the boundary. Let us assume that the amplitude of the emission from the boundary is given by a density nj ∈ Ṽ[∂Ω] on the boundary manifold, which we call the boundary source. The amplitude Z^{(1)}_k (τ; j) associated with the set of one-particle histories which are emitted by this boundary source and end in time τ at a point x, can be written using the boundary propagator K^⊣_k

Z^{(1)}_k (τ; j) = K^⊣_k (τ) ▪ j . (14.35)

The boundary propagator propagates between points inside of the domain and boundary sources. It has the character of a function on the domain Ω in the left argument and the function on the boundary manifold ∂Ω in the right argument.

Clearly, the boundary propagator satisfies a composition law similar to (13.14)

K^⊣_k (τ) = K_k (τ − ϵ) • G • K^⊣_k (ϵ) . (14.36)

We can take a limit ϵ → 0 and get

K^⊣_k (τ) = K_k(τ) •

⇝

K_k , (14.37)

⇝

K_k^{def}= G • K^⊣_k (0) . (14.38)

We see that the amplitude is given by the propagator K_k (τ) with no emission from the boundary, and by the boundary term

⇝

K_k which “translates” between the space of sources on the boundary and amplitudes in the domain. Similarly, if we sum over all possible inner times we get

Z^{(1)}_k (j) = G_{∼k} •

⇝

K_k ▪ j . (14.39)

The boundary term

⇝

K_k is a zero-time amplitude, so it is straightforward to estimate it. The short time amplitude approximation similar to (13.30) for the boundary propagator is ϕ • G • K^⊣_k (τ) ▪ j = = n (2πντ)^d2 ∫ x∈Ω ⌢y∈∂Ω g^{12} (x)ϕ(x)j(^⌢y) Δ(x|^⌢y) exp ( − 1 ντ σ(x|^⌢y) )( 1 + O( √ τ ) ) = ∫ ⌢y∈∂Ω ϕ(^⌢y)j(^⌢y) ( 1 + O( √ τ ) ) = ϕ • φ ▪ j ( 1 + O( √ τ) ) .

(14.40)

Therefore, for zero inner time we get

⇝

K_k = φ . (14.41)

We have found that the emission from the boundary is equivalent to the emission of particles inside of the domain but with a distributional source with support on the boundary

∂J = j ▪ φ ∈ ∂J̃_{∼k} ⊂ J̃_{∼k} . (14.42)

It is consistent with the fact that K_k is exponential and G_{∼k} is the inverse of F_{∼k} in the space J̃_{∼k} , so they can be coupled to such a source. We will use both representations of boundary sources ∂J or j as will be convenient.

Thanks to the property (3.66) of the Green function, we find

Z^{(1)}_k (j) = G_{∼k} • φ ▪ j = D ▪ γ^{-1}_k ▪ j , (14.43) or Z^{(1)}_k (∂J) = G_{∼k} • ∂J = Ḡ_{∼k} • ∂J = ϕ̄_k (∂J) for ∂J ∈ ∂J̃_{∼k} . (14.44)

I.e. the one-particle amplitude with sources only on the boundary is a solution of the free field equation.

Allowing both boundary sources and sources inside of the domain, we find that the one-particle amplitude is Z^{(1)}_k (J, ∂J) = G_{∼k} • (J + ∂J) = ϕ̄_k (J + ∂J) . (14.45)

It satisfies the full equation of motion in the form

F_{∼k} • ϕ̄_k (J + ∂J) = J + ∂J . (14.46)

We can represent boundary sources also in a different way — we can use the one-particle amplitude near to the boundary to identify the boundary source. Substituting the decomposition of the operator F_{∼k} =^⇝F −

⇝

dF_k into the field equation gives ∂J = −

⇝

dF_k • ϕ̄_k (J + ∂J) . (14.47)

Therefore the restriction of the one-particle amplitude to the boundary phase space determines the boundary source. Actually, only the projection to the subspace B_k is important for determination of the boundary sources. It is consistent with what we said before — the part of the amplitude with zero k-value originates from sources with no emission on the boundary. If we use the restriction of the one-particle amplitude to the boundary phase space for the representation of the boundary sources, we get Z^{(1)}_k (J, ∂ϕ) = G^F_k • ( J −

⇝

dF_k • ∂ϕ ) = ϕ̄_k (J, ∂ϕ) (14.48)

with ϕ̄_k introduced in eq. (9.23).

15 Many-particle theory and transition amplitudes

Multi-particle histories

Now we turn to the many-particle theory. We will investigate amplitudes of sets of multi-particle histories, i.e. histories which are composed from elementary one-particle histories, perhaps interacting. First we realize what consequences the rules (12.1) and (12.2) have for computations of amplitudes in this case.

As we discussed in chapter 13, multi-particle histories can be represented by elementary oneparticle histories with endpoints possibly joined in interaction vertices. I.e. we can associate with each multi-particle history a graph with vertices given by free endpoints and interactions, and lines given by one-particle trajectories. We say that two histories have the same structure if they are associated with the same graph. We can also speak about connected components of multi-particle histories — subhistories with connected graphs.

Let’s assume that we have a set of multi-particle histories. We can divide it into disjunct subsets, each of them which is composed of histories with the same structure. Rule (12.1) tells us that the amplitude of the whole set is given by the sum of amplitudes of these subsets.

If the set of histories with the same structure is characterized only by fixing endpoints and specifying interactions, we can always sum over all possible one-particle components with fixed endpoints — which gives the propagator computed in the previous chapter — and after that multiply these one-particle amplitudes by the amplitudes of interactions and sum over all possible connection points of the interaction and the one-particle histories. This mean that the amplitude of the set of histories of this type is given by product of amplitudes (propagators) corresponding to the lines of the associated graph, and amplitudes of interactions corresponding to vertices, summed over all possible connections of these lines and vertices at the end.

But this structure is in exact correspondence with the diagrammatic notation (see appendix I) for the algebra of multi-argument functions and distributions which we use for writing down transition amplitudes. Therefore it will be very useful to use this notation. Diagrams for the amplitudes which we will use, will have two meanings. They first suggest an amplitude of which set of histories we compute — the set of histories restricted only by the requirement that they are associated with a given graph. But they also represent the exact expression for the amplitude in the sense of the diagrammatic notation.

Before we define and compute some concrete multi-particle amplitudes, we make one more general comment. Let us again assume that we have a set of histories H composed of all possible histories with the same structure. I.e., all have the same graph. Such a set of histories can be represented as the Cartesian product H = H_1 × H_2 × . . . where each of set of subhistories H_1, H_2, . . . , contains all subhistories with the same connected graph and product is over all connected components of the graph of the whole set H. Thanks to rule (12.2), the amplitude of each history is given by the product of amplitudes of its connected components, and therefore the amplitude of the set H also factorizes to the product A(H) = ∏ k A(H_k ) . (15.1)

Diagrammatic dictionary

As we said, it will be easier to remember the meaning of the amplitudes if we use a diagrammatic notation for them. See appendix I for some details on diagrammatic notation in general. We can use this notation because the multi-argument functions (and distributions) on the spacatime domain can be understood as tensors from spaces P^l_k. Tensor indices are essentially arguments of these functions, and contraction is the integration over the domain (or application of distributions on test functions). The diagrammatic notation can be viewed as only a convenient representation of such tensors. But it remains slightly a mystery that this representation is intuitively so close to the interpretation of the theory.

So we represent amplitudes using diagrams. We enclose each diagram in a bounded area to suggest the fact that we are working in a domain with boundary. Because we will not distinguish initial and final boundaries, we use only one boundary in our diagrams, in contrast to chapters 8 and 9. The boundary of the diagrams will serve to emphasize that we work also with tensors which have a distributional character with “the support of the tensor indices localized on the boundary”. Usually, legs of diagrams representing such tensor indices will originate from the boundary of the diagram, as e.g. in the case of boundary sources (15.3) below.

As before, we represents the smooth source J by the diagram

nJ ↔ , (15.2)

and boundary sources ∂J by

n∂J ↔

∂J

, (15.3)

where hatching labels the boundary phase space to which ∂J belongs. If it cannot lead to confusion, we use also elements of the boundary phase space for labeling of boundary sources as discussed at the end of the previous chapter. But we have to be careful with this convention if we deal with different boundary conditions, because in this case the same element of boundary phase space can represent different boundary sources.

The propagator between two points computed in the last chapter will be represent as

1 n G_{∼k} ↔ , (15.4)

where again, hatching labels boundary conditions.

Next we introduce the simplest amplitude — the vacuum amplitude

A^{(0)}_k ↔ . (15.5)

It is the amplitude that no particle is emitted or absorbed from any source inside or on the boundary of the domain. It corresponds to multi-particle histories without endpoints. We do not compute this amplitude in sum-over-histories formalism — it would need an additional discussion of the path integral over closed paths (but see [23] for some details). The vacuum amplitude is usually a prefactor of other amplitudes, and we can factor it out. We call amplitudes not including this global prefactor relative amplitudes. But let us note that the vacuum amplitude has a physical meaning. As we will see in the last chapter, it corresponds to the vacuum–vacuum amplitude of canonical quantized scalar field theory.

If sources nJ inside of the domain are present, we denote the amplitude that no particle is detected anywhere as

A^{(0)}_k (J) ↔ . (15.6)

More precisely this amplitude is associated with the set of multiple-particle histories which are composed of arbitrary number of one-particle histories emitted and absorbed by the source nJ. The corresponding graphs have the structure of all possible combinations of connected pieces which contains the source, and vacuum amplitude. I.e., if we denote the relative connected vacuum amplitude as Z^{(0)}_k (J) ↔ , (15.7)

we have

= + + + . . . . (15.8)

In other words A^{(0)}_k (J) = A^{(0)}_k exp ( Z^{(0)}_k ) . (15.9)

Clearly, the only connected component which contains sources is

= . (15.10)

Similarly we define the vacuum amplitude in the presence of boundary sources

A^{(0)}_k (J, ∂J) ↔

∂J

, (15.11)

Z^{(0)}_k (J, ∂J) ↔

∂J

. (15.12)

The connected relative amplitudes are

∂J

= +

∂J

+ ∂J ∂J , (15.13)

and again

∂J

= +

∂J

+

∂J ∂J

+... . (15.14)

This means A^{(0)}_k (J, ∂J) = A^{(0)}_k exp ( n 1 2 (J + ∂J) • G^F_k • (J + ∂J) ) . (15.15)

Next we define amplitudes associated with the set of histories with given endpoints. I.e. the corresponding set of histories contains multi-particle histories with given endpoints which can be emitted from the source J. In general, for m endpoints we have amplitude A^{(m)}_k^{x1 ...xm} (J) which are represented by graphs with m free legs

A^{(m)}_k (J) ↔ . (15.16)

Similarly, if the boundary sources are present

A^{(m)}_k (J, ∂J) ↔

∂J

. (15.17)

Relative connected amplitudes correspond to connected histories which contain a source or an endpoint. The notation is obvious, e.g.

Z^{(m)}_k (J, ∂J) ↔

∂J

. (15.18)

We have already encountered two examples of such amplitudes — the one-particle amplitude

Z^{(1)}_k (J, ∂J) ↔

∂J

= +

∂J

, (15.19) and the propagator

Z^{(2)}_k (J, ∂J) ↔

∂J

= . (15.20)

Finally, we define amplitudes associated with the set of histories for which a fixed number of particles is additionally emitted from the boundary sources with prescribed source amplitudes,

A^{(m)}_k [∂J_1, ∂J_2, . . . , ∂J_s](J, ∂J) ↔

∂J_1 ∂J_2 ∂J_s

∂J

, (15.21)

and similarly for the relative connected amplitude.

All these amplitudes can be derived from the basic vacuum amplitude (15.15) by variation with respect of sources nJ and n∂J. Specifically

A^{(m)}_k (J, j) = 1 n^m d . . . d m A^{(0)k} (J, j) , (15.22)

A^{(m)}_k [j_1, j_2, . . . ](J, j) = j_1 ▪d_∂ j_2 ▪d_∂ . . . A^{(m)}_k (J, j) , (15.23)

where d is the variation with respect to J and d_∂ with respect to j. Therefore we will call the vacuum amplitude the generating functional. The proof follows from the structure of amplitudes — they are associated with set of histories composed of all possible connections of the given sources and endpoints. But endpoints can be created by “tearing out” the source J. As discussed in appendix I, this operation is essentially the variation with respect to J. Similarly for boundary sources. The fact that A^{(0)}_k (J, ∂J) is the generating functional of other amplitudes can be also represented by the identities

∂J = ∂J + ∂J + ∂J + ∂J + . . . ,

(15.24)

∂J = + ∂J + ∂J ∂J + ∂J ∂J ∂J + . . . ,

Summarizing, we have introduced a number of physically interesting amplitudes which are derivable from the vacuum amplitude (15.15), also called the generating functional. Similarly, we have a generating functional for connected relative amplitudes

Z^{(0)}_k (J, ∂j) = n 1 2 (J + ∂J) • G^F_k • (J + ∂J) . (15.25)

By varying this functional we get elementary connected amplitudes. As expected for the noninteracting theory, there are only a few of them. Additionally to Z^{(0)}_k (J, ∂J) (eq. (15.13)), Z^{(1)}_k (J, ∂J) (eq. (15.19)), and Z^{(2)}_k (J, ∂J) (eq. (15.20)), we have

Z^{(0)}_k [∂J_1](J, ∂J) ↔

∂J_1

∂J

=

∂J_1

∂J

+

∂J_1

,

(15.26)

Z^{(0)}_k [∂J_1, ∂J_2](J, ∂J) ↔

∂J_1 ∂J_2

∂J

= ∂J_1 ∂J_2

. (15.27)

Interaction with the boundary

Now we return to investigate the meaning of boundary conditions on the propagator. We have derived that the propagator is given by the Green function G_{∼k} and boundary sources live in the space ∂J̃_{∼k} with k-boundary conditions given by (14.25). We said that the choice of these boundary conditions is given by the particular choice of measurement devices on the boundary. But we admitted that we could have different experimental apparatuses on the boundary, and they can lead to different boundary conditions. Now we demonstrate this on the phenomenological level.

For simplicity of notation let’s assume we have made such a choice of experimental setup which leads to Neumann boundary conditions^{18}, i.e. Θ_n = 0 in (14.21). Now we would like to investigate some another experimental setup from this point of view. I.e. let us have some different set of measurement devices which can be used for the definition of no emission from the boundary, oneparticle emission, etc.. But a different measurement of particles means a different interaction of particles with apparatuses on the boundary. Therefore we have to expect that the new devices on the boundary emit and absorb particles in our original sense, even if they themselves do not measure any particles. Let us use this fact for the phenomenological description of the new experimental devices — we characterize them by their interaction with our particles. We will investigate some of the simplest examples of such interactions.

We have already discussed sources on the boundary — they correspond to emission by our original devices from the boundary. To describe different devices we need to go behind the sources. The next simplest choice is an interaction which can emit or absorb particles on the boundary in pairs. I.e. let us study the situation when we have additionally to sources nJ and n∂J also the possibility of pair emission on the boundary described by an interaction vertex nΘ_k . In general, it is a symmetric two-point distribution with arguments which have the character of boundary sources

Θ_k = φ ▪^rθ_k ▪ φ . (15.28)

If we allow some more complicated global measurements, it can even be non-local. We use the following diagram for this interaction vertex

nΘ_k ↔ . (15.29)

Now we want to know what description an observer who does not see this interaction has to use, an observer who is using different experimental devices (which cause this interaction from our point of view) for the definition of his notion of particles. We are looking for a description in which he has only a free propagator (maybe different from ours) and sources as basic elements, which produce the same amplitudes for the set of histories as our description (which includes additional interactions). Of course, it is not clear that such a description exists.

But it does. We can give a prescription for the new propagator and show that the amplitudes defined in the previous section computed using this new propagator are equivalent to the amplitudes computed using our original propagator, including the additional interaction. I.e., a different measurement of particles with no additional interaction is equivalent to our measurement of particles with a possible interaction caused by another measurement process.

The new propagator must clearly contain the cumulative effect of an arbitrary number of interactions with the boundary, i.e.

= + + + . . . . (15.30)

This means

G_{∼k} = G_{∼n} + G_{∼n} • Θ_k • G_{∼n} + G_{∼n} • Θ_k • G_{∼n} • Θ_k • G_{∼n} + · · · =

= (G^{−1}_{∼n} − Θ_k )^{−1} = F^{−1}_{∼k} ,

(15.31)

where F_{∼k} = F_{∼n} − Θ_k . (15.32)

So, the new propagator is again a Green function, but with different boundary conditions. Moreover, thanks to (15.28), we have boundary conditions exactly of the kind obtained from the path integral in the previous chapter (at least for local^rθ_k ).

The change of the propagator does not affect the source space — both the original and new boundary conditions have the same space of boundary sources,

∂J̃_{∼k} = ∂J̃_{∼n} = ∂J̃_D . (15.33)

In diagrammatic notation this means

∂J

=

∂J

. (15.34)

It is straightforward to see that in the description with the new propagator without an interaction is equivalent to the description with the old propagator and the interaction. For example we have ∂J

=

∂J

+

∂J

+ ∂J + . . . . (15.35)

More non-trivial is the relation between vacuum amplitudes. If we define the relative connected amplitude Z^{(0)}_{kn} as

Z^{(0)}_{kn} = ln

A^{(0)}_k

A^{(0)}_n ↔ ,

= + + + . . . ,

(15.36)

we have

= + + + . . . . (15.37)

Comparing with (I.9) we see that the right hand side is minus half of the trace of the logarithm of the operator

− ↔

δ − G_{∼n} • Θ_k = Δ_{∼k} + D_{∼k} − Ḡ_{∼n} • Θ_k = Δ_{∼k} + D ▪ (δ_V − γ^{-1} ▪^rθ_k ) ▪ φ =

= Δ_{∼k} + D ▪ γ^{-1} ▪ γ_{∼k} ▪ φ ,

(15.38)

with γ_{∼k} given by relation (14.25). Here the first graph represents the delta distribution. Therefore, exponentiating back to full amplitudes, we find

A^{(0)}_k = A^{(0)}_n ( det_{Bn} Ḡ_{∼n} • F̄_{∼k}

)_− 1_2 = A^{(0)}_n ( det_V γ^{-1}_{∼k} ▪ γ

) 1_2 . (15.39)

To recapitulate, we have found that the phenomenological description of different measurement devices by pair creation on the boundary leads to the notion of particles with a different propagator and the same boundary source space. The new propagator corresponds to different boundary conditions. The new and old boundary conditions differ in their value space, but they have the same momentum space.

Therefore conversely, we can use the boundary conditions k = KD for a phenomenological specification of the measurement devices on the boundary. We know that any such boundary conditions can be realized by a suitable interaction localized on the boundary.

Interaction of boundary sources

Now we turn to a different possibility of changing the experimental setup. In the sense of our original meaning of particles, the particles emitted from the boundary and absorbed again on the boundary propagate only through the interior of the domain. This propagation is described by the propagator G_{∼n}. But let us investigate a situation when we allow additional propagation between boundary sources caused by an additional experimental devices on the boundary. We would like to interpret such a situation in a similar way as we did with pair creation in the previous section. I.e. we would like to find a new propagator and new sources which give the same predictions for amplitudes as the old propagator and sources in the presence of the additional propagation between boundary sources.

The additional propagation “inside boundary” does not affect any propagation inside the domain, it affects only amplitudes which contains a propagation between two boundary sources, i.e. the elementary amplitude now is

∂J_1 ∂J_2

+

∂J_1 ∂J_2

, (15.40)

where the additional propagator

− 1 n Ξ_n′ ↔ (15.41)

is sensitive only to the boundary sources. Therefore it can be represented as

Ξ_n′ = G_{∼n} • π ▪^rθ^{−1}_{∼n}′ ▪ π • G_{∼n} , (15.42)

because for smooth J J • G_{∼n} • π = 0 . (15.43)

Diagrammatically

= ,

n π ▪^rθ^{−1}_{∼n}′ ▪ π ↔ . (15.44)

The additional propagation can be also written using quantities living on value space only,

j_1 ▪ φ • Ξ_n′ • φ ▪ j_2 = j_1 ▪^rθ^{−1}_{∼n}′ ▪ j_2 . (15.45)

The definition of the new propagator is not so straightforward as it would seem. If we would define the new propagator as G_{∼n} − Ξ_n′ , it would correspond to the wave operator

(G_{∼n} − Ξ_n′ )^{−1} = F_{∼n} + F_{∼n} • Ξ_n′ • F_{∼n} + F_{∼n} • Ξ_n′ • F_{∼n} • Ξ_n′ • F_{∼n} + · · · = = F_{∼n} + π ▪^rθ^{−1}_{∼n}′ ▪ π .

(15.46)

The associated boundary conditions have the same value space as n-boundary conditions but a different momentum space. Therefore the boundary source spaces differ, and we need to find the right correspondence between sources.

This is possible to do, if we define the new propagator in a different way and rearrange all amplitudes in specific way. The key observation is the identity

G_{∼n} − Ξ_n′ = ( δ − G_{∼n} • π ▪^rθ^{−1}_{∼n}′ ▪ π )_• G_{∼n}′ • ( δ − π ▪^rθ^{−1}_{∼n}′ ▪ π • G_{∼n} ) , (15.47)

where the new propagator is

G_{∼n}′ = ( G^{−1}_{∼n} − π ▪^rθ^{−1}_{∼n}′ ▪ π )_{−1} . (15.48)

Now, if we substitute for the term G_{∼n} −Ξ_n′ using this identity in any amplitude composed from the old propagator^1_n G_{∼n}, additional propagator −^1_n Ξ_n′ , and sources, and absorb the term (δ − G_{∼n} • π ▪^rθ^{−1}_{∼n}′ ▪ π) into the definition of sources, we get the desired result — the description with the new propagator G_{∼n}′ , sources nJ inside the domain, and new boundary sources n∂J_n′ , which predict the same amplitudes as the old description.

First we find the boundary conditions of the new propagator. From the definition of the propagator we get

F_{∼n}′ = F_{∼n} − π ▪^rθ^{−1}_{∼n}′ ▪ π , (15.49) ⇝ dF_{∼n}′ =^⇝dF_{∼n} − π ▪^rθ^{−1}_{∼n}′ ▪ π = (φ − π ▪^rθ^{−1}_{∼n}′ ) ▪ π . (15.50)

I.e., the n^′-boundary conditions have the same value space P_N as Neumann boundary conditions and different momentum space P_D′ . A calculation similar to the one in the case of k-boundary condition gives φ_D′ = γ_{∼n}′ ▪ γ ▪ (φ −^rθ^{−1}_{∼n}′ ▪ π) ,

φ_n′ = γ ▪ π , π_n′ = γ ▪ (φ −^rθ^{−1}_{∼n}′ ▪ π) , γ_{∼n}′ = γ − γ ▪^rθ^{−1}_{∼n}′ ▪ γ . (15.51)

Next we can check what the new sources are. The sources inside of the domain do not change, J • ( δ − G_{∼n} • π ▪^rθ^{−1}_{∼n}′ ▪ π ) = J , (15.52)

but boundary sources do change

∂J_n′ = ∂J_n • ( δ − G_{∼n} • π ▪^rθ^{−1}_{∼n}′ ▪ π ) = = ∂J_n • D ▪ (φ −^rθ^{−1}_{∼n}′ ▪ π) = = ∂J_n • D ▪ γ^{−1} ▪ γ_{∼n}′ ▪ φ_D′ ,

(15.53)

and we see that they belong to the boundary source space, which is consistent with the boundary conditions of the propagator, ∂J_n′ ∈ ∂J̃_{∼n}′ . (15.54)

Diagrammatically we can summarize

− = , (15.55)

where

= − , (15.56)

= + + + · · · =

= + .

(15.57)

The last equality follows from π • G_{∼n} • π = 0 ; (15.58)

i.e., the new propagator is G_{∼n}′ = G_{∼n} + Ξ_n′ (15.59)

instead of the first guess G_{∼n} − Ξ_n′ .

We finally can conclude that the additional propagation between boundary sources from the point of view of the original experimental setup can be interpreted as no additional propagation in the new description which uses the new propagator and different sources. The new description corresponds to boundary conditions n^′ = ND^′. This means that we have the same notion of noparticle emission (the value spaces do not change), but we have a different description of boundary sources and different propagators.

Note that the one-particle amplitudes computed from the sources ∂J_n′ and ∂J_n related by relation (15.53) are the same, Z^{(1)}_n′ (J, ∂J_n′ ) = Z^{(1)}_n (J, ∂J_n) . (15.60)

Therefore, in comparing amplitudes for these two different boundary conditions, it will be useful to represent the boundary sources by one-particle amplitudes restricted to the boundary phase space as we discussed in the previous chapter. This is so, because if we compute generalized sources from J ∈ P̃ and ∂ϕ ∈ B as J + ∂J_n′ = J_n′ (J, ∂ϕ) , J + ∂J_n = J_n(J, ∂ϕ) , (15.61)

∂J_n′ and ∂J_n are related by (15.53).

Finally we compare the generating functionals. Substituting into (15.15), we get

A^{(0)}_n′ (J, ∂ϕ) = exp ( −n 1 2 ∂ϕ • π ▪^rθ^{−1}_{∼n}′ ▪ π • ∂ϕ ) A^{(0)}_n (J, ∂ϕ) , (15.62)

what is exactly what we have expected — an additional propagation between boundary sources.

Other boundary conditions

In the previous two sections we have interpreted the boundary conditions of the type n^′ = ND^′ and k = KD as introducing some additional interaction on the boundary in the original setup (which we have chosen to be given by Neumann boundary conditions n = ND). Clearly, a combination of these two methods subsequently can interpret any boundary conditions b = KD^′.

This means that the theory in which amplitudes are computed using the propagator^1_n G_{∼b} and sources nJ ∈ P̃ and ∂J_{∼b} ∈ ∂J̃_{∼b} for b-boundary conditions can be interpreted as the theory where amplitudes are computed using the propagator^1_n G_{∼k} obtained from the path integral, translated sources nJ and ∂J̃_{∼k} , and additional pair creation on the boundary, and an additional propagation between boundary sources. These can be understood as an influence of some more complicated experimental devices on the boundary than was originally assumed in the definition of the path integral. I.e., the theory based on any boundary conditions can be interpreted in the sum-over-histories framework.

In closing, let us comment on the case of complex boundary conditions. It seems that there should be no problem to choose such additional interactions and propagation that we could reach complex boundary conditions. But in this case it is necessary to choose both kinds of discussed interaction simultaneously, because for complex boundary conditions the value and momentum spaces are not independent. It would be worth investigating the relation to complex boundary conditions in more detail to clarify all possible problems which could be hidden here.

16 Comparison with scalar field theory

Translation between theories

Finally we can compare the sum-over-histories quantization of relativistic particle theory (RPT) with scalar field theory (SFT). These two theories start from completely different backgrounds, and it seems they deal with completely different objects. But we can make a translation of some notions in these theories which allow us to compare the amplitudes computed in these theories, and we find that these amplitudes coincide.

After a detailed study of particle aspects in both theories the translation dictionary is obvious. We will identify the spacetime, identify external sources J, and identify the spacetime potential V G of SFT with the corrected potential V (eq. (13.38)) of the RPT. Next we identify the pseudoparticles in the SFT and particles emitted from the boundary in RPT, both corresponding to the same boundary conditions. By pseudo-particles associated with b-boundary conditions we means states_˘ c_b[u]^m|b : 0) (16.1)

with a set of modes u = {u_k; k ∈ I} in boundary phase space, and a multiindex^8 m.

This means that we can speak in both theories about transition amplitudes between specified particle modes on the boundary — in the case of SFT modes they label pseudo-particle states, in the case of RPT they label boundary sources.

Transition amplitudes

Now we are prepared to compare the physical predictions of both theories — transition amplitudes. We claim that both theories give the same predictions. Specifically the following amplitudes coincide m × u ↔ (phys| ˘ c_b[u]^m|b : 0) = A^{(0)}_b [m × u](J) . (16.2)

Here we have represented boundary sources of RPT by one-particle amplitudes given by modes m × u. We can even write a more general relation m × u

∂ϕ

↔ (phys| ˘ c_b[u]^m|b : ∂ϕ) = A^{(0)}_b [m × u](J, ∂ϕ) . (16.3)

16 Comparison with scalar field theory 132

All these identities follows from the equivalence of generating functionals

∂ϕ

↔ (phys|b : ∂ϕ) = A^{(0)}_b (J, ∂ϕ) =

= o_b exp ( n 1 2 J_b(J, ∂ϕ) • G_{∼b} • J_b(J, ∂ϕ) ) . (16.4)

For the SFT it is given by equation (11.50), for RPT by equation (15.15), and we have identified

o_b = A^{(0)}_b . (16.5)

To conclude the proof of (16.2) and (16.3) we note that in both theories these multi-particle amplitudes are obtained from the generating functional in an identical way — by variation with respect to the argument which describes the particle mode in SFT or the boundary source in RPT.

Let us note that the equivalence is true for the physical signature of the spacetime metric n = i. For Euclidian signature n = 1 we would need to choose ℏ = i in equation (11.50). But for imaginary ℏ the canonical quantization is not consistent. As we have discussed in chapter 5, this is connected with application of usual the quantization procedure on Euclidian theory. We have already suggested it could be solved by generalization of quantization scheme which would employ the quantization rule (10.22).

It seems plausible that a similar correspondence holds for the particle notion of SFT based on complex boundary conditions (usual particle states which form a Fock base) and particles in RPT defined by the same boundary conditions. But as we said in the previous chapter, particles in RPT corresponding to complex boundary conditions need further investigation.

Summary

We have found that SFT and RPT theories are equivalent on the level of transition amplitudes. The bridge between the two theories is the notion of particles. In both theories we can formulate experimental statements of the type “particles are emitted or absorbed from the boundary in given modes”. Amplitudes predicted for such experimental statements computed in both theories coincide. In the SFT particle modes are realized by pseudo-particle states associated with a real boundary conditions, in the RPT particle modes represent boundary sources. Boundary conditions are phenomenological descriptions of the measurement setup on the boundary used for the definitions of the particles.

Conclusion

Recapitulation

The main goal of this work was to compare two quantum theories of a relativistic particle — the usual scalar field theory and the sum-over-histories quantization. It was accomplished in two steps. In the first three parts we investigated scalar field theory (SFT) and in the last part we quantized the sigma model action of a relativistic particle using the sum-over-histories approach.

First, we have looked at the classical level of SFT with special attention to the restriction of the theory to a bounded domain. We have introduced the notion of a boundary phase space which carries information about the value and momentum on the whole boundary with a natural symplectic structure derivable from the action. We have classified a wide class of boundary conditions which depend linearly on the value and momentum on the boundary of the domain. The boundary conditions were characterized using a subspace of the boundary phase space. We have studied the wave operator and its inverse — Green functions — for different boundary conditions, especially their extension on the space of generalized sources with distributional terms localized on the boundary. Finally we have studied the necessity of the causal structure for the theory, and we showed that it is not needed for structures on the boundary phase space but is needed for the definition of covariant and canonical phase spaces.

The content of the first part is mainly a review of the known classical formalism but some new ideas were used. The definition of the boundary phase space and the covariant phase space and the derivation of their symplectic structures from the action is new. Also the classification of the boundary conditions using a distributional representation of the wave operator is a slightly different approach from the one usually taken in mathematics.

The second part has been devoted to canonical quantization of SFT. The quantum Hilbert space of a free scalar field has been built using Fock quantization based on a choice of a particle interpretation — a generalized positive–negative frequency splitting. The classification of all possible particle interpretations has been done using a complex structure on the covariant phase space. The association with boundary conditions has been studied. It has been also shown that the condition of diagonalization of the Hamiltonian picks up a unique particle interpretation. This material is mainly a reformulation of known facts using the formalism based on the covariant phase space. But the explicit form of the dependence on the boundary conditions cannot be found elsewhere, to the author’s knowledge.

Beside the particle representation, the holomorphic representation (the representation using coherent states) has been introduced. The formalism of covariantly labeled coherent states has been built. This formulation is original but is mostly equivalent to the usual coherent states defined using some special choice of value and momentum spaces.

Next, the relation between two particle interpretations has been studied. The covariant form of Bogoljubov coefficients has been defined, and the S-matrix has been computed. The in-out holomorphic representation has been introduced, and the generating functional for transition amplitudes has been found. It has been also shown that initial and final particle interpretations can be found from the knowledge of in-out Hadamard Green function. The covariant definition of the Bogoljubov operator is original, as well as the derivation of a number of properties of in-out Green functions (e.g., the composition law for Green functions, etc.), and the covariant form of the transition amplitude between coherent states.

Finally, the canonical formalism has been generalized to the case with non-zero external source. In the third part we have introduced boundary quantum mechanics. It is essentially quantization of the boundary phase space. An advantage of this approach is that one does not need a causal structure. It treats the initial and final boundary of the investigated domain in a unique way, which simplifies the formalism, and it opens doors to a connection with the path integral formulation and the quantization of the Euclidian form of the theory.

We have generalized the value, particle and holomorphic representations to boundary quantum mechanics and have found a clear connection with boundary conditions of the wave operator. Finally we have found the transition amplitudes in this formalism.

The material of this part is entirely new. But the idea of treating initial and final states on the same level, but developed in different manner, can be found, for example in [25].

Simultaneously with the study of scalar field theory we investigated similar approaches on a general level. In chapter 1 we have built the full classical formalism for a very wide class of theories, defined boundary, covariant and canonical phase spaces and studied their relation. In chapter 5 we have studied canonical quantization of phase space with a cotangent bundle structure. It is essentially a generalization of the usual quantum mechanics to the case of a general curved configuration space. The covariant formulation of this material is original. In chapter 10 we have formulated the boundary quantum mechanics on a general level.

In the last part we have turned to investigate the sum-over-histories approach to the quantization of a relativistic particle. In chapter 12 the general ideas of this approach have been reviewed as well as the relation to generalized quantum mechanics. Some advantages and disadvantages of both methods have been discussed.

Applying the general method to the particle theory, we have computed the propagator for such a theory. The computation in spacetime without boundary is mostly a review of known material, but the generalization to a domain with boundary is new. Appendix F contains most of the technically non-trivial original computation.

Next, we have derived transition amplitudes for the multi-particle theory with sources of particles localized on the boundary. We have studied the influence of boundary conditions and interpreted different boundary conditions using phenomenological descriptions of a measurement process on the boundary. These ideas are original.

Finally we have compared scalar field theory and relativistic particle theory quantized using the sum-over-histories approach. We have shown that both theories are equivalent at the level of transition amplitudes. This comparison clarifies the relation of both theories, the nature of which was not completely clear before (see [21]). This is also a main result of this work.

Acknowledgments

This work was written to be as self-contained as possible. A consequence is that a lot of material used here was already known. Here we list the main influences on the material presented.

The general formalism of the first part is mainly motivated by the covariant approach to physical theories [1]. The 3+1 splitting can be found, for example, in [2]. A discussion of boundary conditions can be found in almost any book on differential operators, but author does not know any reference devoted mainly to the characterization of boundary conditions using distributional terms on the boundary. However such a reference probably exists — this approach is not new.

The quantization of a scalar field using a particle interpretation characterized by a complex structure in the second part is mainly a further development of the formalism introduced in [9]. The possibility of the diagonalization of the Hamiltonian is a well known fact (see [6,9,10]). The part on holomorphic representation and coherent states was motivated by a lectures by Prof. V. P. Frolov given in 1995 at the University of Alberta, where similar concepts were introduced in the case of a two dimensional phase space. The ideas of the reconstruction of initial and final particle interpretations from the Green function can be found also in [11]. The existence of canonical Bogoljubov coefficients is discussed for example in [12].

The introductory material of the last part is based on various material cited in chapter 12. The computation of the propagator of the particle theory in a space without boundary can be found in [24]. General ideas connected with the definition of the path integral can be found in [14, 23]. A computation partially similar to the calculation of the propagator in the space with boundary (but in slightly different context) can be found in [26].

Finally, the author would like to thank Dr. Tomáš Kopf for a large number of useful discussions and Prof. Don Page for his support, help and inspiring comments during the preparation of this work.

Open problems

Despite the fact that we have tried to cover thoroughly the investigated area, some open problems remain. Now we would like to mention some of them.

Both scalar field theory and quantization of a relativistic particle were studied in the absence of self-interaction. The generalization to the interacting theory would be desirable. The methods for such generalization are well known. In the case of SFT theory it is perturbation theory and in the case of RPT we have to add interaction vertices in calculations of multi-particle transition amplitudes. Most of the discussion about definitions of the boundary states and the boundary sources remains the same as in the non-interacting case.

In the third part we have encountered the problem of quantization of the Euclidian version of the theory. We have suggested that the “right” quantization should be based on a realization of the quantization rule (10.22) for commutation relations on a (real) Hilbert space. This idea needs further development.

It would be also worthwhile to investigate more thoroughly the dynamical equation of boundary quantum mechanics and to find its more explicit form on a general level.

Another interesting question is the relation of boundary quantum mechanics for different domains. It should be possible to develop a formalism which relates boundary quantum mechanics of the domain composed of two subdomains with boundary quantum mechanics of both subdomains. Some kind of infinitesimal foliation of the spacetime to small domains and boundary quantum mechanics on these small domains could lead to an interesting relation with the path integral over field configurations.

As discussed in the overview of the sum-over-histories approach to quantum mechanics and its relation to generalized quantum mechanics, the notion of the decoherence functional needs further investigation of its dependence on the spacetime domain. The lack of this knowledge is a main disadvantage of generalized boundary mechanics compared with the sum-over-histories approach, although otherwise generalized quantum mechanics seems to be the best foundation for consistent formulation of quantum mechanics.

We have devoted part of chapter 13 to gathering properties of the path-integral measure. But the definition of this object needs further clarification which would open the way for a more complete derivation of the amplitudes, particularly of the propagators. More explicit knowledge of the dependence of the measure on the choice of the spacetime domain would be also desirable.

In chapter 15 we have studied the interaction of particles with devices on the boundary of the domain described in a phenomenological way, using a new interaction vertex or a new propagation on the boundary. It would be very instructive to have an explicit realization of such interactions on the boundary. Such realization would give a more clear physical interpretation for different boundary conditions and the notion of particles itself.

Particularly a further investigation of interactions leading to complex boundary conditions would be very useful, because the usual particle states of scalar field theory are associated precisely with such boundary conditions.

Appendices

A Notation

Vector spaces

We often encounter vector spaces and tensor algebras over them. If V is a vector space we denote its dual as V^⋆. Then we can form the tensor space V^k_l V^k_l = V ⊗ V ⊗ . . . k V^⋆ ⊗ V^⋆ ⊗ . . . l . (A.1)

We use abstract indices to denote a tensor structure of objects from these spaces (see e.g. [27]). They tell from which space the object is, and allow us to write down a contraction in the tensor algebra by the usual repetition of the indices. We use bold letters for the abstract indices.

Of course, abstract indices are a generalization of coordinate indices and in most cases could be understood as such. But it is a question of a personal taste to distinguish covariant notions independent of the choice of a base, and the representation in a particular base. Therefore we distinguish tensors with abstract indices from their coordinate representation. We use normal letters for coordinate indices (but you can hardly find them here). I.e. choosing a base e^a and dual base ϵ^a, a = 1, 2, . . . we can write A^{a1a2...} b_1b_2 ... = A a_1 a_2 ... b_1 b_2 ... e a_1 a_1 e a_2 a_2 . . . ϵ b_1 b_1 ϵ b_2 b_2 . . . , A^{a1 a2 ...} b_1 b_2 ... = A a_1a_2 ... b_1b_2 ... ϵ a_1 a_1 ϵ a_2 a_2 . . . e b_1 b_1 e b_2 b_2 . . . .

(A.2) Here A^{a1a2 ...} b_1b_2 ... is a tensor object and A a_1a_2 ...

b_1 b_2... is a bunch of numbers depending on the base.

Because it can be tiresome to write always indices (but it is sometimes inescapable), we drop them if it is clear what structure the object has. (In fact, we view the abstract indices as some kind of “dress” for the object serving for the denotation of tensor operations.) We also use an alternative notation for contraction using an infix operator dot (we use different dots for different spaces). The usage of the dot copies the index notation. It can be sometimes a bit tricky, especially when multiplying operators — i.e contracting tensors from V^1_1 . To clarify our convention we give an example. Let A, B ∈ V^1_1 and k ∈ V^0_2 . Now we can can write

B · k · k^{−1} · A = A · B because B^m_a k_{mp}k^{−1 pn}A^b_n = A^b_pB^p_a . (A.3) Or B · A · k = (A · B) · k because B^m_a A^n_mk_{nb} = (A · B)^m_a k_{mb} , (A.4)

where (A · B)^a_b = A^a_p B^p_b . I.e. the order of multiplication of operators is given by the tensor structure of surrounding contracting objects. If there is no surrounding object which would determine an order of multiplication, the usual left to right order is used. See also note 5 for other examples.

Tensor bundles

We denote by E M a fiber bundle over base manifold M with standard fiber E, and by E_x M the fiber at point x. If E is a vector space, E^k_l M denotes a fiber bundle with standard fiber the tensor space E^k_l . Sect E M denotes the space of sections of the bundle.

In particular we use the following fiber bundles: R M and C M are trivial bundles of real and complex numbers over M, F M is the space of the sections of either of them (i.e. the space of functions on the manifold M). R̃^α M and C̃^α M are bundles of densities^6 of weight α on M and F̃α M is the space of their sections. If the weight α is omitted, α = 1 is assumed. T M denotes the tangent vector bundle, T^⋆ M = T^0_1 M the bundle of tangent covectors and T^k_l M is the space of sections of the tangent tensor bundle T^k_l M.

Functional spaces

We often work with spaces of functions over a manifold (for example P or V[Σ]) and we deal with them almost as with finite-dimensional spaces. It is, of course, dangerous — in the case of infinitedimensional spaces attention has to be paid to the topology. There are two main methods which are used for handling this problem (not necessarily contradictory) — to work with distributional spaces, or to work with Hilbert spaces. See, for example, [28–30]. We use mainly the first method. It forces us to be careful with the notion of the dual space. The problem (or an advantage?) is that the functional dual to the space of test (sufficiently nice) functions is a bigger space which contains singular functions — distributions. (The advantage of the Hilbert space approach is that the dual space of a Hilbert space has “the same size”, similarly to finite-dimensional vector spaces.)

Therefore for vector functions on a manifold M we introduce an additional notation. Let E = Sect E M be the space of test sections of a vector bundle on the manifold M. We denote by Ẽ = Sect Ẽ⋆ M = Sect(R̃ ⊗ E⋆) M the space of test densities with the dual vector structure (i.e., if elements of E M are vectors, elements of E^⋆ M are covectors, etc.). The space of vector distributions than is E^′ = Ẽ^⋆ — the functional dual to the space Ẽ. The space of test vector functions can be identified as subspace of distributions E ⊂ Ẽ. Let us also note that we will use the word smooth in the sense of smoothness of manifold dependence, not in the sense of topology of functional spaces.

In chapter 1 we speak about the space of histories H which can be represented as sections of a fiber bundle H = Sect H M (it is not necessarily a vector bundle). We represent its tangent fiber^{19} T_h H as T_h H = ( T_h H ) M and by distributions (T_h H)^′ we mean a functional dual to T_h^0_1 H = (~ T_h^0_1 H ) M following the definition above.

The space of test functions is always the space of infinitely differentiable functions with a compact support. But in the case of a manifold with boundary we have to identify the space of test functions more precisely. We define it as the space of functions with compact support which have all derivatives bounded up to the boundary. Let us note that there is another possibility for the choice of the space of test functions (see e.g. [30]), which requires compact support inside the interior of the manifold (and a carefully chosen topology). These two definitions differ in the notion of distributions on the boundary. Our choice allows us to identify distributions on the domain Ω with a subspace of distributions on the surrounding manifold M with support on Ω.

Finally, we use abstract indices notation also for functional spaces. The vector index here represents a cumulative index for local vector indices and manifold dependence. The contraction can have different meanings in this case — it can be an integration of test functions or an application of a distribution on a test function. It has always to be checked that we do not attempt to contract two distributions that are too singular. They have to be sufficiently smooth that the operation is well-defined.

Differential operators and quadratic forms

First we note that a volume element g^{12} on spacetime defines a bi-distribution G — a delta function normalized to the volume element — as

G = g^{12} δ , φ • G • ψ = ∫ ϕψ g^{12} . (A.5)

For a smooth function f we can define the distribution fG φ • (fG) • ψ = ∫ g^{12} fφψ . (A.6)

It is often convenient to represent differential operators on the manifold M as bi-distributions. We use arrows

⇝

and ⇝ to indicate direction of derivatives. So, for example, ψ • (

⇝

d_αa^α )_• ω = ω • ( a^{α⇝}d_α )_• ψ = ∫ ω a^αd_αψ (A.7)

for a test function ψ, a test density ω, and a vector field a.

In general, if D is a differential operator and^⇝D its distributional representation, we can define a distribution f^⇝D for sufficiently smooth f as ω • ( f^⇝D )_• ψ = ∫ ωf (Dψ) . (A.8)

For second order operators we will mostly use an associated quadratic form (in the presence of a volume element). For an operator A represented by bi-distribution^⇝A we define ⇝ A = G •^⇝A , φ •^⇝A • ψ = ∫ φg^{12} (Aψ) . (A.9)

We also write_↭ A = 1 2 (

⇝

A +^⇝A ) , (A.10) and ∂A[∂Ω] = χ[Ω]^⇝A −

⇝

A χ[Ω] , φ • ∂A[∂Ω] • ψ = ∫ Ω ( φ (Aψ) − ψ (Aφ) ) g^{12} . (A.11)

Here χ[Ω] is the characteristic function of the domain Ω defined below. ∂A[∂Ω] is the distribution localized on the boundary.

Delta distributions localized on a submanifold

We define the characteristic function of a domain Ω as

χ[Ω] = { 1 on Ω , 0 outside of Ω .

(A.12)

The delta function localized on the boundary of the domain Ω can be defined as a gradient of the characteristic function δ_α[∂Ω] = d_αχ[Ω] . (A.13)

It is possible to generalize this distribution to any oriented hypersurface Σ. We will say that a non-tangent non-degenerate vector on Σ has a direction in the sense of the hypersurface if

δ_{⃗n}[Σ]^{def}= ⃗n^α δ_α[Σ] (A.14)

is a positive delta function on the hypersurface. From this definition it follows that we have chosen the inside orientation for a hypersurface ∂Ω given as the boundary of the domain Ω.

Lorentzian signature convention

Here we list the conventions for spacetime quantities in the physical (Lorentzian) version of the theory. See appendix D for the case of Euclidian theory.

In general, we use the MTW sign convention ([2]) with the possible exception of the definition of the extrinsic curvature where the sign depends on the orientation of the hypersurface. Specifically

g_{αβ} = −n_αn_β + q_{αβ} , q positive definite , ∇g = 0 , R_{αβ}^μ_ν a^ν = ∇_{[α}∇_{β]}a^μ , Ric_{αβ} = R_{μα}^μ_β , R = Ric_{αβ} g^{-1 αβ} , K[Σ]_{αβ} = �^μ_α�^ν_β ∇_μn_ν , n has the orientation of the hypersurface Σ , k[σ] = K[Σ]_{αβ} g^{-1 αβ} , �^β_α = δ^β_α − ⃗n^β n_α , ⃗n^α = −n_μg^{-1 μα} .

(A.15)

For two connections ¯∇, ∇ we write ¯∇ = ∇ ⊕ Γ iff ¯∇_μa^α = ∇_μa^α + Γ^α_{μν} a^ν . (A.16)

It induces the relation for derivatives of a tensor density A ∈ T̃^{αk}_l M ¯∇_γ A^{α...}_{β...} = ∇_γ A^{α...}_{β...} + Γ^α_{γμ}A^{μ...}_{β...} + · · · − Γ^μ_{γβ}A^{α...}_{μ...} − · · · − αΓ^μ_{γμ}A^{α...}_{β...} . (A.17) Abstract indices dictionary

Here we list what abstract indices and contraction operators we are using for different spaces.

space indices dot description T M α, β, . . . · tangent spaces of spacetime (inner manifold in the first three parts and target manifold in the last part) T Σ tangent spaces of a part of boundary manifold (a hypersurface) T N a, b, . . . tangent spaces of inner manifold in the last part T H x, y, . . . • tangent spaces of the space of histories in chapters 1, 2 and 10 T V[Σ] x, y, . . . ▪ tangent spaces of the value space in chapters 1, 2 and 10 T B[Σ] A, B, . . . ⋄ tangent spaces of the boundary or canonical phase space in chapters 1, 2 and 10 T S A, B, . . . ∘ tangent spaces of the covariant phase space in chapters 1, 2 and 10 P x, y, . . . • space of scalar field histories V[Σ] x, y, . . . ▪ space of values of scalar field on hypersurface Σ B[Σ] A, B, . . . ⋄ boundary or canonical phase space of scalar field S A, B, . . . ∘ covariant phase space of scalar field

B Symplectic geometry

The phase space is a manifold G of even dimension 2n with a symplectic form^↭ω which satisfies ↭ω^⊤ = −^↭ω ,^↭ω ∈ T^0_2 G , ↭ω is non-degenerate , ↭ω is closed (i.e. d^↭ω = 0) .

(B.1)

We can invert it_↭ ω^{-1} ∘^↭ω = −δ_G (B.2) and define a canonical vector field associated with a function H on G X_H = (dH) ∘^↭ω^{-1} . (B.3) This canonical vector field generates a canonical transformation on G which does not change the symplectic structure:

L_{XH}^↭ω = 0 . (B.4) We can define Poisson brackets of functions on G as {A, B} = X_A ∘ dB = X_A ∘^↭ω ∘ X_B = (dA) ∘^↭ω^{-1} ∘ (dB) . (B.5) We have d dt B^{def}= L_{XH} B = {H, B} , (B.6) [X_A, X_B ] = X_{{A,B}} , (B.7) where [ , ] are Lie brackets on vector fields. The symplectic structure also induces the measure on G

dΓ = (2π)^{−n} 1 n! | |^↭ω ∧^↭ω ∧ · · · ∧^↭ω | | n times = ( Det ↭ω 2π ) 1_2 . (B.8)

Finally, if we choose coordinates (x^a, p_a) for a = 1, . . . , n such that ↭ω = dp_a ∧ dx^a , (B.9) we get {x^a, p_b} = −δ^a_b (B.10) and (x^a, p_a) are canonical coordinates.

C Tangent and cotangent bundle geometry

In this appendix we discuss the geometry of tangent bundles to some manifold V. We define “partial derivatives” of observables on these spaces in a covariant way. We also show that the cotangent bundle has the structure of a symplectic manifold. We will use a, b, . . . as indices for tensors on the manifold V and the dot ▪ for contraction of this type, and A, B, . . . as indices for tensors from tangent spaces to the cotangent bundle G = T^⋆ V.

Functions such as the Lagrangian L(x, v) or the Hamiltonian H(x, p), respectively, are functions on the tangent or cotangent bundle, respectively, of a configuration space V. Because velocities v (or momenta p) are vectors (covectors) from different fibers for different position x (T_x V ≠ T_y V for x ≠ y), we have to be a bit careful to use a partial derivative with respect of the position x. There is no problem with the definition ∂L ∂v^a (x, v) : δv^n ∂L ∂v^n (x, v) = d dϵ L(x, v + ϵδv)|_{ϵ=0} (C.1) — a derivative with constant x — but to define the derivative with constant v we need a connection ∇ on V ∇_aL ∂x (x, v) : δx^n ∇_nL ∂x (x, v) = d dϵ L(x + ϵδx, v_ϵ)|_{ϵ=0} , (C.2)

where v_ϵ is the parallel transport of v in δx direction in the sense of the connection ∇ (i.e.^∇_{dϵ} v_ϵ = 0). Similarly, for a function on the cotangent bundle, ∂H ∂p_a (x, p) : δp_n ∂H ∂p_n (x, p) = d dϵ H(x, p + ϵδp)|_{ϵ=0} , ∇_aH ∂x (x, p) : δx^n ∇_nH ∂x (x, p) = d dϵ H(x + ϵδx, p_ϵ)|_{ϵ=0} , (C.3)

where again^∇_{dϵ} p_ϵ = 0.

We will see that the cotangent bundle G = T^⋆ V has the structure of a phase space. Therefore it is useful to define a covariant generalization of “coordinate” vector fields and forms

∂^A ∂p_a a vector field on G for which

∂^A ∂p_a d_A H = ∂H ∂p_a , ∇^A_a ∂x a vector field on G for which

∇^A_a ∂x d_AH =

∇_aH ∂x . (C.4)

∂ ∂p is actually the natural identification of the vector space T^⋆_x V with its tangent space T(T^⋆_x V) and^∇_{∂x} is the horizontal shift of the connection ∇. Dual forms to these vector fields

D^a_A x differential of the bundle projection x : T V → V, p|_x → x , ∇_A p_a ,

(C.5)

C Tangent and cotangent bundle geometry 144

are defined by

∇^N_a ∂x D^b_N x = δ^b_a ,

∂^N ∂p_b ∇_Np_a = δ^b_a ,

∇^N_a ∂x ∇_Np_b = 0 ,

∂^N ∂p_a D^b_N x = 0 ,

∇^A_n ∂x D^n_B x +

∂^A ∂p_n ∇_B p_n = δ^A_B .

(C.6)

Now we can write down the canonical cotangent bundle symplectic form

↭ω_{AB} = ∇_A p_a ∧ D^a_B x = ∇_Ap_a D^a_B x − D^a_A x ∇_B p_a , (C.7)

↭ω^{-1 AB} =

∂^A ∂p_n ∇^B_n ∂x − ∇^A_n ∂x ∂^B ∂p_n (C.8)

and we can even explicitly write the symplectic potential

↭ω_{AB} = d_Aθ_B , θ_A = p_nD^n_A x . (C.9)

Canonical vector fields and Poisson brackets are

X_F = ∂F ∂p_n ∇_n ∂x − ∇_nF ∂x ∂ ∂p_n , (C.10) {A, B} = ∂A ∂p_n ∇_nB ∂x − ∇_nA ∂x ∂B ∂p_n . (C.11)

If we change the connection to another one,

~∇ = ∇ ⊕ Γ , ~∇_aa^b = ∇_aa^b + Γ^b_{an}a^n , ~∇_ap_b = ∇_ap_b − Γ^n_{ab}p_n ,

(C.12)

we get ~∇A_a ∂x (x, p) = ∇^A_a ∂x (x, p) + p_rΓ^r_{as}(x, p)

∂^A ∂p_s (x, p) , ~∇_A p_a(x, p) = ∇_Ap_a(x, p) − p_rΓ^r_{as}(x, p)D^s_A x(x, p) .

(C.13)

By straightforward calculations, we can check that quantities^↭ω , θ, X_F and { , } do not depend on the choice of the connection.

Finally, coordinates x^a on V generate coordinates (x^a, p_a) on G by

p_a = p_a

∂^a ∂x^a (C.14)

and they define the coordinate connection ∂ on V by

∂dx^a = 0 , ∂ ∂ ∂x^a = 0 for a = 1, 2, . . . , n . (C.15)

Using this connection, and expressing everything in coordinates, we get the standard relations

↭ω_{AB} = d_Ap_n ∧ d_B x^n , θ_A = p_nd_A x^n , (C.16)

X_F^A = ∂F ∂p_n ∂^A ∂x^n − ∂F ∂x^n ∂^A ∂p_n , (C.17) {A, B} = ∂A ∂p_n ∂B ∂x^n − ∂A ∂x^n ∂B ∂p_n , (C.18)

{x^a, p_b} = −δ^a_b . (C.19)

D Euclidian and physical versions of the theory

Euclidian theory

A very powerful tool in quantum field theory in flat spacetime is Wick rotation to the Euclidian sector of the theory. The Euclidian version of the theory is used to define objects which are not mathematically well-defined in the physical version. The desired results are computed in the Euclidian version and afterwards it “rotated” to the physical sector of the theory. The “rotation” means usually analytical continuation in the time coordinate from the real to the imaginary axis.

There exist different attempts to generalize this method to non-flat spacetime. The most straightforward generalization is analytical continuation in some special coordinates, but it lacks a good covariant foundation. There are two main approaches to more geometrical generalization of Wick rotation. The first is to change the spacetime to a complex manifold with complex coordinates and identify real submanifolds of the physical and Euclidian theory in this complex manifold. The another approach keeps the spacetime manifold fixed and uses complex fields living in the complexified bundles over the real spacetime manifold. Specifically, it uses the complexified metric g.

Both approaches have problems. The Wick rotation is not uniquely defined, if defined at all. But despite the problems, the Euclidian formulation is a useful tool at least in some special cases.

We adopt the latter approach to the Euclidian formulation of the theory in a curved spacetime. Our motivation will be following. We can encounter technical problems connected with the Lorentzian signature of the spacetime metric in definitions of some physical quantities, as e.g. transition amplitudes, propagator, etc.. For example, some integrals have an ugly oscillatory character. It is usually easier to define similar quantities for a positive definite metric. And if the dependence of the investigated quantity on the spacetime metric is sufficiently nice (in the best case analytical), we can hope that the definition of the quantity for Lorentzian metric can be obtained by an extension of the definition for the Euclidian metrics in the space of complex metrics to the “imaginary axis” with Lorentzian metrics.

This method is common in definitions of some distribution as the continuation of an analytical function to the border of analyticity. We give a trivial example. We want to define distributions^1_{1+g} or ln g for g on the negative real axis R^− (“Lorentzian values” of g). These functions are well defined for “Euclidian values” g ∈ R^+ , and we can use these Euclidian versions together with a specification of analytical continuation to define the Lorentzian versions of these distributions. There exist many analytical continuations from R^+ to R^− , and using different continuations we obtain different results. In our example, continuation through the upper or lower complex half-plane give for g ∈ R^− 1 1 + g + i0 = P 1 1 + g − iπδ(1 + g) , 1 1 + g − i0 = P 1 1 + g

+ iπδ(1 + g) , (D.1)

ln(g + i0) = ln |g| + iπ , ln(g − i0) = ln |g| − iπ . (D.2)

Here P denotes the distribution defined using the principal value.

We interpret the Euclidian version of the physical theory in a similar way. We use the Euclidian version to define mathematically well-defined objects which have a sufficiently nice dependence on the metric, and by specification of generalized Wick rotation — analytical continuation from Euclidian metrics to Lorentzian metrics — we define Lorentzian (physical) versions of the investigated objects.

Special Wick rotation in curved space

We have suggested that the generalization of Wick rotation is essentially some way how to analytically continue some functional of the spacetime metric from Euclidian metrics to Lorentzian. We will not study this concept in its generality — but it would be worthwhile to find how many different analytical continuation we have and how we may classify them. We will study a special case of continuation from Euclidian metrics to Lorentzian ones which is a straightforward generalization of the rotation of the time coordinate in flat spacetime.

Let us investigate a neighborhood U in a d-dimensional (spacetime) manifold which has topology R × Σ. In such a part of the manifold we can define the d-dimensional generalization of the 3 + 1 splitting from chapter 2. I.e., we choose “time” coordinate t and time flow vector field ⃗t for which ⃗t · dt = 1. This defines for us the foliation of the neighborhood U into hypersurfaces Σ_t defined by the condition t = const. Now we will investigate a complex metric g (symmetric non-degenerate quadratic form) on U in the following form

g = n^{2 L}n^Ln + q , (D.3)

where n is a constant complex factor (usually just phase factor),^Ln is the real form normal to the hypersurfaces Σ_t and q is a positive definite real metric on hypersurfaces^{20} Σ_t. If the metric g is positive definite (for n real) we call it Euclidian, if it has signature (− + + . . . ) (for n imaginary) we call it Lorentzian. Choosing a contour in complex plane joining the Euclidian and Lorentzian values of n defines a specific continuation from Euclidian metric to Lorentzian metric — generalized Wick rotation. We will investigate only this type of Wick rotation, even if we can imagine more complicated transitions from the Euclidian sector to the Lorentzian.

Next we will define some useful quantities in the case of general signature. There are two useful conventions which we can adopt. One of them — which we call Euclidian convention — pretends that the metric is Euclidian and defines all quantities in the most natural way for a Euclidian metric. As a result some quantities can have a complex value for non-Euclidian metric. This convention suggests, that the Euclidian metrics are the “simplest” ones and that most relations should have a simple form using the Euclidian convention. And if we would express equations in the main text in this convention, we would see that they really simplify by the elimination of some numeric factor.

Another convention — which we call Lorentzian convention — tries explicitly to trace out the signature factor n and defines most quantities in the way that they are real even for complex metric g. Because the physical metric is in some sense a “complex metric” (the metric is Lorentzian for imaginary value of n), it will be more natural to adopt this convention to obtain the usual definitions of the quantities, and we will do so in the main text.

But it does not matter which convention we use — the choice is only a question of convenience in a specific problem. We can use both conventions, independently in which version of the theory we work — Euclidian or Lorentzian — or even if we work with a general complex metric.

Metric dependent quantities

Below we list some definitions of quantities connected with (d − 1) + 1 splitting in both conventions and translation between both conventions. We define lapse N and shift ⃗N, normal vector ⃗n, projector � on hypersurface Σ_t, volume elements g^{12} and q^{12} , and external curvature K. In the Euclidian (or Lorentzian respectively) convention we add the index^E (or^L respectively) in front of the a quantity. In the main text we drop the index^L.

Euclidian translation Lorentzian (D.4)

g =^En^En + q^En = n^Ln g = n^{2 L}n^Ln + q , En =^ENdt^EN = n^LN^Ln =^LNdt ,

E⃗n ·^En = 1^E⃗n · q = 0^E⃗n = 1 n L⃗n^L⃗n ·^Ln = 1^L⃗n · q = 0 ,

� = δ −^E⃗n^En � = δ −^L⃗n^Ln ,

g^{-1} =^E⃗n^E⃗n + q^{-1} g^{-1} = 1 n^2

L⃗n^L⃗n + q^{-1} ,

E⃗n · g ·^E⃗n = 1^En · g^{-1} ·^En = 1^L⃗n · g ·^L⃗n = n^{2 L}n · g^{-1} ·^Ln = 1 n^2 , En = g ·^E⃗n^E⃗n = g^{-1} ·^En^Ln = 1 n^2 g ·^L⃗n^L⃗n = n^2 g^{-1} ·^Ln ,

⃗t =^EN^E⃗n + ⃗N ⃗t =^LN^L⃗n + ⃗N ,

Eg = Det g^Eg = n^{2 L}g^Lg = 1 n^2

Det g ,

q^{12} = ( Det q

) 1_2 q^{12} = ( Det q

) 1_2 , Eg^{12} =^ENdt q^{12 E}g^{12} = n^Lg^{12 L}g^{12} =^LNdt q^{12} , EK = � · ∇^En^EK = n^LK^LK = � · ∇^Ln .

Let’s note that for these metric dependent quantities the relations between quantities in the Euclidian convention are the same as between quantities in Lorentzian convention with n = 1. But beware that this will not be always so — specifically for quantities connected with the action introduced in the next section.

Action dependent quantities

Now we turn to investigate the action and related quantities in Euclidian context. We will look first at a general theory in Lagrangian form. It can be formulated as a theory based on a one-dimensional inner manifold N (manifold of physical time parameter) with inner metric h which determines the choice of the physical time coordinate. History can be viewed as a map from the inner manifold N to some target manifold. Most physical theories can be reformulated in this form. A particle theory is already in this form, scalar field theory can be brought to this form using (d − 1) + 1 splitting discussed above.

In this case we speak about Euclidian or physical version of the theory if the inner space metric h is Euclidian (positive definite) or Lorentzian (i.e. in this case negative definite). The physical time t is coordinate on the inner space related to the metric h by

h = ν^2dtdt , ( Det h

) 1_2 = νdt . (D.5)

Here ν is equivalent of the signature factor n from the previous section for the inner metric h — i.e. it is a constant complex number which determines the version of the theory.

The action S is a functional on the space of histories. In the case of Euclidian theory it turns out to be more convenient to define the Euclidian action I. We will view the Euclidian action as the action in the Euclidian convention (I =^ES). Again, we can use both Euclidian and Lorentzian actions in both theories, depending which form is more convenient. The relation between both actions is −I = νS . (D.6)

We assume that the action has a Lagrangian form, i.e. that it is expressed as the integral of a Lagrangian over inner manifold. We define Lagrangian L and related quantities — canonical momentum p, canonical velocity v and Hamiltonian H — in both Euclidian and Lorentzian convention.

These quantities are derivable from Euclidian or Lorentzian action in the same fashion.

Euclidian translation Lorentzian (D.7) I = ∫_E L(x, ẋ)dt −^EL(x, v) = ν^LL(x, v) S = ∫_L L(x, ẋ)dt , Ep(x, v) = ∂^EL ∂v (x, v) −^Ep(x, v) = ν^Lp(x, v)^Lp(x, v) = ∂^LL ∂v (x, v) , Ev(x,^Ep(x, v)) = v^Ev(x, p) =^Lv(x, − p ν )^Lv(x,^Lp(x, v)) = v , EH(x, p) = = p ·^Ev(x, p) −^EL(x,^Ev(x, p)) EH(x, p) = −ν^LH(x, − p ν ) LH(x, p) = = p ·^Lv(x, p) −^LL(x,^Ev(x, p)) . Specifically for the Lagrangian given by a sum of a quadratic kinetic term and a potential term we have EL(x, v) = 1 2 1 ν v · g(x) · v + νV (x)^LL(x, v) = − 1 2 1 ν^2 v · g(x) · v − V (x) , Ep(x, v) = 1 ν g(x) · v^Lp(x, v) = − 1 ν^2 g(x) · v , (D.8) EH(x, p) = ν (1 2 p · g^{-1}(x) · p − V (x) )_L H(x, p) = − 1 2 ν^2 p · g^{-1}(x) · p + V (x) .

Here g is a metric on the target manifold. Let us note that now we have studied Wick rotation in inner manifold metric h, not in the target manifold metric g. It can be desirable to combine both methods as will be done in the last part of the work. But it only introduces a possibility for g to be a complex metric and does not change the definitions above.

Scalar field theory

Next we return to study a theory formulated on a d-dimensional spacetime manifold. It can be reduced to the previous case using (d−1)+1 splitting technique. But in chapter 1 we have formulated a general formalism without such splitting and we have applied it to the case of the scalar field theory in chapter 2. Now we present definitions from those chapters using both Euclidian and Lorentzian convention.

First we add the Laplace-like quadratic form and source term to our list of metric-dependent quantities

Euclidian translation Lorentzian (D.9) EF_d[Ω] = (χ[Ω] V^EG)+ +

⇝

d_α • (χ[Ω]g^{-1 αβ E}G) •^⇝d_β

EF_d [Ω] = n^LF_d[Ω]

LF_d [Ω] = (χ[Ω] V^LG)+ +

⇝

d_α • (χ[Ω]g^{-1 αβ L}G) •^⇝d_β , E⇝ F[Ω] = χ[Ω] V^EG+

+ χ[Ω]^⇝d_α • ( g^{-1 αβ E}G^⇝d_β )^E ⇝ F[Ω] = n^{L⇝}F[Ω] L⇝ F[Ω] = χ[Ω] V^LG+

+ χ[Ω]^⇝d_α • ( g^{-1 αβ L}G^⇝d_β ) , E∂F[∂Ω] =^{E⇝}F[Ω] −^E

⇝

F[Ω]^E∂F[∂Ω] = n^L∂F[∂Ω]^L∂F[∂Ω] =^{L⇝}F[Ω] −^L

⇝

F[Ω] , E ⇝ dF_d [∂Ω] =^EF_d[Ω] −^{E⇝}F[Ω]^{E ⇝}dF_d [∂Ω] = n^{L ⇝}dF_d [∂Ω]^{L ⇝}dF_d[∂Ω] =^LF_d[Ω] −^{L⇝}F[Ω] , EG =^Eg^{12} δ^EG = n^LG^LG =^Lg^{12} δ , EJ =^Eg^{12} J̃^EJ = n^LJ^LJ =^Lg^{12} J̃ .

Next we list action-dependent quantities

Euclidian translation Lorentzian (D.10) I[Ω] = 1 2 ϕ •^EF_d[Ω] • ϕ −^EJ • ϕ − I = nS S[Ω] = − 1 2 ϕ •^LF_d [Ω] • ϕ +^EJ • ϕ dI[Ω] = χ[Ω]δI −^EP[∂Ω] −^EP[∂Ω] = n^LP[∂Ω] dS[Ω] = χ[Ω]δS −^LP[∂Ω] , δI =^{E⇝}F • ϕ −^EJ − δI = nδS n = −^{L⇝}F +^LJ , d^EP = −^E∂F =^Eπ ▪ φ − φ ▪^Eπ − d^EP = n d^LP d^LP =^L∂F =^Lπ ▪ φ − φ ▪^Lπ , E

⇝

dF_d = −^Eπ ▪ φ −^Eπ = n^Lπ^L

⇝

dF_d =^Lπ ▪ φ , E{A, B}_B = dA ⋄ (d^EP)^{-1} ⋄ dB − n^E{ , }_B =^L{ , }_B^L{A, B}_B = dA ⋄ (d^LP)^{-1} ⋄ dB , d^EP ⋄ (d^EP)^{-1} = −δ_B − (d^EP)^{-1} = 1 n (d^LP)^{-1} d^LP ⋄ (d^LP)^{-1} = −δ_B .

Note that the relations between the metric-dependent and the action-dependent quantities are not always the same in Euclidian and Lorentzian conventions due to the extra minus sign in the definition of the Euclidian action.

E S-matrix

We want to prove the explicit form (8.112) of the S-matrix associated with a transition operator s. The following proof is generalization of the derivation for two-dimensional phase space presented in [31].

Let define for ξ, ζ ∈ R a transition operator s_{ξ,ζ} in the form (8.113)

s_{ξ,ζ} = exp(ξX ) ∘ u_{i ζ} = exp(ξX ) ∘ exp ( ζJ_i ∘ ψ ) , (E.1)

where X and ψ are those from equation (8.113). Clearly we are interested in the case ξ = ζ = 1.

For ξ = 0 the normal ordered form of the S-matrix (8.109) has the form

Ŝ_{0,ζ} = : exp ( ⟨exp ( ζJ_i ∘ ψ )_∘^ Φ, Φ̂⟩_i − ⟨Φ̂, Φ̂⟩_i ) :_i . (E.2)

The derivative with respect of ζ is d dζ Ŝ_{0,ζ} = : ⟨J_{i ∘} ψ_∘ exp(ζJ_{i ∘} ψ)_∘ Φ̂, Φ̂⟩_i exp ( ⟨exp ( ζJ_i ∘ ψ )_∘^ Φ, Φ̂⟩_i − ⟨Φ̂, Φ̂⟩_i ) :_i = = −i⟨u_{i ζ} ∘ ψ ∘ Φ̂, Ŝ_{0,ζ}Φ̂⟩_i = −i⟨u_{i ζ} ∘ ψ ∘ Φ̂, u_{i ζ} ∘ Φ̂⟩_i Ŝ_{0,ζ} = = −i⟨Φ̂, ψ ∘ Φ̂⟩_i Ŝ_{0,ζ} ,

(E.3)

where we have used : ⟨Φ̂, F (Φ̂)Φ̂⟩_i :_i = ⟨Φ̂, :F (Φ̂):_i Φ̂⟩_i , (E.4) equation (8.62) and i-unitarity of u_{i ζ} operator. The solution of this differential equation together with initial conditions Ŝ_{0,0} = ^11 is

Ŝ_{0,ζ} = exp ( −iζ⟨Φ̂, ψ ∘ Φ̂⟩_i ) . (E.5)

For general ξ and ζ = 1 the normal ordered form of the S-matrix has the form

Ŝ_{ξ,1} = ( det_S ch(ξX )

)_- 1_4 : exp ( 1 2 ⟨ th(ξX ) ∘ Φ̂, Φ̂ ⟩ i− − 1 2 ⟨ u_i ∘ Φ̂, th(ξX ) ∘ u_i ∘ Φ̂ ⟩ i + ⟨^ Φ, ( u^{-1}_i ∘ ch^{-1}(ξX ) − δ_S

)_∘^ Φ ⟩ i ) :_i .

(E.6)

The derivative with respect of ξ is d dξ Ŝ_{ξ,ζ} = : ( − 1 4 tr_S ( X ∘ th(ξX ) ) + 1 2 ⟨ X ch^2(ξX )^∘

Φ̂, Φ̂ ⟩ i − − 1 2 ⟨ u_i ∘ Φ̂, X ch^2(ξX )^∘ u_i ∘ Φ̂ ⟩ i − ⟨ u_i ∘ Φ̂, X ∘ sh(ξX ) ch^2(ξX )^∘ Φ̂ ⟩ i ) ×

× ( det_S ch(ξX )

)_− 1_4 exp ( 1 2 ⟨ th(ξX ) ∘ Φ̂, Φ̂ ⟩ i− − 1 2 ⟨ u_i ∘ Φ̂, th(ξX ) ∘ u_i ∘ Φ̂ ⟩ i + ⟨^ Φ, ( u^{-1}_i ∘ ch^{-1}(ξX ) − δ_S

)_∘^ Φ ⟩ i ) :_i =

E S-matrix 151

= − 1 4 tr_S ( X ∘ th(ξX ) )^ S_{ξ,1} + Ŝ_{ξ,1} 1 2 ⟨ X ch^2(ξX )^∘

Φ̂, Φ̂ ⟩ i − − 1 2 ⟨ u_i ∘ Φ̂, X ch^2(ξX )^∘ u_i ∘ Φ̂ ⟩ i Ŝ_{ξ,1} − ⟨ u_i ∘ Φ̂, Ŝ_{ξ,1} X ∘ sh(ξX ) ch^2(ξX )^∘ Φ̂ ⟩ i = = Ŝ_{ξ,1} ( − 1 2 tr_S ( X ∘ th(ξX ) ) + 1 2 ⟨ X ch^2(ξX )^∘

Φ̂, Φ̂ ⟩ i − (E.7) − 1 2 ⟨ exp(−ξX ) ∘ Φ̂, X ∘ exp(−ξX ) ch^2(ξX )^∘ Φ̂ ⟩ i − ⟨ exp(−ξX ) ∘ Φ̂, X ∘ sh(ξX ) ch^2(ξX )^∘ Φ̂ ⟩ i ) . Here we have used (E.4) and

:⟨Φ̂, F (Φ̂) A ∘ Φ̂⟩_i:_i = ⟨Φ̂, A ∘ Φ̂⟩_i :F (Φ̂):_i , :⟨A ∘ Φ̂, F (Φ̂) Φ̂⟩_i:_i = :F (Φ̂):_i ⟨A ∘ Φ̂, Φ̂⟩_i

(E.8)

for an i-antilinear operator A, the fact that X is i-antilinear, and again relation (8.62). Using trigonometric identities we can rearrange expression (E.7) to

Ŝ_{ξ,1} ( 1 2 ⟨ X ∘ Φ̂, Φ̂ ⟩ i − 1 2 ⟨^ Φ, X ∘ Φ̂ ⟩ i − 1 4 tr_S ( X ∘ th(ξX ) ) + + 1 2 ⟨ th(ξX ) ∘ Φ̂, X ∘ Φ̂ ⟩ i − 1 2 ⟨^ Φ, th(ξX ) ∘ X ∘ Φ̂ ⟩ i ) = = Ŝ_{ξ,1} 1 2 (⟨ X ∘ Φ̂, Φ̂ ⟩ i − ⟨^ Φ, X ∘ Φ̂ ⟩ i ) , (E.9)

where we have used i-antilinearity of the operator X and equation (6.45). Integration with respect of ξ, using equation (E.5) as initial conditions, gives the desired result

Ŝ = Ŝ_{1,1} = exp ( −i⟨Φ̂, ψ ∘ Φ̂⟩_i ) exp (⟨ X ∘ Φ̂, Φ̂ ⟩ i − ⟨^ Φ, X ∘ Φ̂ ⟩ i ) . (E.10)

F Asymptotic expansion of the leading term in the heat kernel

Vector space

In a vector space V equipped with a positive nondegenerate quadratic form g a simple Gaussian integration gives 1 (2πντ)^d2 ∫ X,Z∈V g^{12} (X)g^{12} (Z)φ(X)ψ(Z) exp ( − 1 2ντ (X − Z) · g · (X − Z) ) =

= 1 (2πν)^d2 ∫ X∈V g^{12} (X)φ(X) ∫ Y ∈V g^{12} (Y )ψ(X + √ τ Y ) exp ( − 1 2ν Y · g · Y ) =

= 1 (2πν)^d2 ∫ X∈V g^{12} (X)φ(X) ∑ k∈N_0 τ^{k2} [ ∂_{α1} . . . ∂_{αk} ψ ] (X)^× × 1 k! ∫ Y ∈V g^{12} (Y ) Y^{α1} . . . Y^{αk} exp ( − 1 2ν Y · g · Y ) =

= ∫ X∈V g^{12} (X)φ(X) ∑ m∈N_0 (2m − 1)!

(2m)! (τν)^m [ (g^{-1 αβ}∂_α∂_β)^mψ ] (X) =

= ∑ m∈N_0 1 m! ( − ντ 2 )_m φ • L^m • ψ .

(F.1)

Here φ, ψ are test functions, g^{12} is the constant volume element of the metric g, ν is a number (Re^1_ν ⩾ 0) and L^m represents a bi-distribution φ • L^m • ψ = ∫ V g^{12} φ [ (g^{-1 αβ}∂_α∂_β)^mψ ] = ∫ V g^{12} ψ [ (g^{-1 αβ}∂_α∂_β)^mφ ] . (F.2)

It can be viewed as an “m-th” power of the Laplace quadratic form L associated with the metric g on the vector space V .

So we can write the asymptotic expansion for small τ as n (2πντ)^d2 g^{12} (X)g^{12} (Z) exp ( − 1 2ντ (X − Z) · g · (X − Z) ) = ∑ m∈N_0 1 m! ( − τν 2 )_m L^m . (F.3)

Here we allowed the metric g to be Lorentzian — this case can be obtained by analytical continuation in g. The nature of g is given by a value of the phase factor n as discussed in appendix D and the extra factor n in (F.3) came from the Lorentzian convention for the volume element g^{12} .

In the case of the vector space the expression on the left side of eq. (F.3) is the heat kernel of the operator L. Because the right side is formally the exponential we see that the expansion is exact. To say more about convergence it is necessary to specify functional spaces on which all the operators act and we will not do this here. But see e.g. [28] for some details.

Manifold without a boundary

Now we would like to find the expansion of the similar expression in a general manifold M without boundary. More precisely, we want to expand n (2πντ)^d2

Δ(x|z)g^{12} (x)g^{12} (z) exp ( − 1 ντ σ(x|z) ) (F.4)

for small τ.

We smooth both arguments with test functions φ, ψ and note that for a small τ the integration over x and z is dominated by a diagonal x ≈ z thanks to σ(x|z) ≈ 0 for x ≈ z. Therefore for a fixed x we can restrict integration over z to a normal neighborhood of x. In this neighborhood we can change variables z → Z with z = u_x( √ τ Z) ≈ x + √ τ Z , (F.5)

where u_x(ϵZ) is a geodesic with an origin x and initial tangent vector Z (see (G.1)). This is the exact meaning of “adding” of a vector to a point as mentioned after equation (13.25).

The Jacobian associated with this change of variables is given by Van-Vleck Morette determinant (see (G.43)) (u^{-1⋆}_x g^{12} )( √ τ Z) = τ^{d2} g^{12} (x)[Z] Δ^{−1}(x|z) , (F.6)

where g^{12} (x)[Z] is understood as a constant measure on the target vector space T_xM at vector Z. After a change of variables, using (G.16), expanding ψ and performing a Gaussian integration, we get n (2πντ)^d2 ∫ x,z∈M Δ(x|z)g^{12} (x)g^{12} (z)φ(x)ψ(z) exp ( − 1 ντ σ(x|z) ) =

= n (2πντ)^d2 ∫ x∈M g^{12} (x)φ(x) ∫ Z∈T_x M g^{12} (x)[Z]^×

× ( ∑ k∈N_0 1 k! τ^{k2} ψ_{k α1 ...αk} (x) Z^{α1} . . . Z^{αk} ) exp ( − 1 ντ Z · g(x) · Z ) = = ∫ M g^{12} φ ( ψ + ντ 2 g^{-1 αβ}ψ_{2 αβ} + O(τ^2) ) .

(F.7)

Using (G.27) we have ψ_2 = ∇dψ, so we get n (2πντ)^d2

Δ(x|z)g^{12} (x)g^{12} (z) exp ( − 1 ντ σ(x|z) ) = G − ντ 2 L + O(τ^2) . (F.8)

Half line

Next we will investigate the simplest case of the manifold with the boundary — half line R^+ . We assume it is equipped with a special coordinate η which selects a measure and derivative μ = dη , M = μδ , ∂ = ∂ ∂η . (F.9)

We define bi-distributions of the m-th derivative ω •^⇝∂^{⟨m⟩} • φ = ω • (∂^mφ) = ∫ R^+ ω(∂^mφ) ,

⇝

∂^{⟨m⟩} =^⇝∂^{⟨m⟩⊤} , (F.10)

and_⇝ ∂ =^⇝∂^{⟨1⟩} ,

⇝

∂ =

⇝

∂^{⟨1⟩} . (F.11) We can define also a boundary delta bi-distribution D as

φ • D • ψ = (φψ)|_{boundary} . (F.12)

Integration by parts can be expressed by the relation

⇝

∂ • M + M •^⇝∂ = −D ,

⇝

∂^{⟨m+1⟩} • M + (−1)^mM •^⇝∂^{⟨m+1⟩} = − ∑ k=0,...,m

⇝

∂^{⟨m−k⟩} • D •^⇝∂^{⟨k⟩} . (F.13) Next we define quadratic forms of powers of the Laplace operator ⇝ L = −M •^⇝∂^{⟨2⟩} ,^⇝L^{⟨m⟩} = (−1)^mM •^⇝∂^{⟨2m⟩} ,

⇝

L = −

⇝

∂ ⟨2⟩ • M ,

⇝

L^{⟨m⟩} = (−1)^m

⇝

∂^{⟨2m⟩} • M , ↭ L = 1 2 (

⇝

L +^⇝L ) ,^↭L^{⟨m⟩} = 1 2 (

⇝

L^{⟨m⟩} +^⇝L^{⟨m⟩} ) , L =

⇝

∂ • M •^⇝∂ . (F.14)

The symplectic form on the boundary is ∂L =^⇝L −

⇝

L = −

⇝

∂ • D + D •^⇝∂ . (F.15)

It is straightforward to check that ⇝ L^{⟨m⟩} −

⇝

L^{⟨m⟩} = (−1)^m ∑ k,l∈N_0 k+l+1=2m

⇝

∂^{⟨k⟩} • D •^⇝∂^{⟨l⟩} . (F.16)

Now we prove the following expansion for small τ 1 √ 2πτν exp ( − 1 2τν (ξ − ζ)^2 ) μ(ξ)μ(ζ) = = ∑ m∈N_0 1 Γ (_m 2 + 1 ) ( τν 2 ) m_2 1 2 (

⇝

∂^{⟨m⟩} • M + M •^⇝∂^{⟨m⟩} ) =

= ∑ m∈N_0 (−1)^m m! ( τν 2 )_{m ↭} L^{⟨m⟩}+

+ ∑ m∈N_0 (−1)^{m+1} Γ ( m +^3_2 ) (τν 2 )_{m+} 1_2 1 2 ∑ k,l∈N_0 k+l=2m (−1)^{k−l2}

⇝

∂^{⟨k⟩} • D •^⇝∂^{⟨l⟩} .

(F.17)

Here ν is a complex number such that^1_ν has non-negative real part. Strictly speaking, the following derivation needs a positive real part; but for an imaginary value of ν the relation can be obtained by limiting procedure. Because only a combination the τν appears in the equation, we drop ν in the following derivation — it can be easily restored by inspection of the τ-dependence.

Clearly, the second equality follows from integration by parts (F.13). To prove the first one we smooth it with test functions φ and ψ and get 1 √ 2πτ ∫ ξ,ζ∈R^+ exp ( − 1 2τ (ξ − ζ)^2 ) φ(ξ)ψ(ζ) μ(ξ)μ(ζ) =

= 1 √ 2πτ ∫ ξ∈⟨0,ϵ⟩ dξ ∫ ζ∈R^+ dζ φ(ξ)ψ(ζ) exp ( − 1 2τ (ξ − ζ)^2 ) +

+ 1 √ 2πτ ∫ ξ∈⟨ϵ,∞⟩ dξ ∫ ζ∈R^+ dζ φ(ξ)ψ(ζ) exp ( − 1 2τ (ξ − ζ)^2 ) (F.18)

for some ϵ ∈ R^+ .

For a small τ the exponential suppresses any contribution except from ξ ≈ ζ. Therefore for small ϵ only small values of ξ and ζ contribute to the first term of the last equation. We can rescale variables by factor √ τ and expand φ and ψ at zero and obtain 1 √ 2πτ ∫ ξ∈⟨0,ϵ⟩ dξ ∫ ζ∈R^+ dζ φ(ξ)ψ(ζ) exp ( − 1 2τ (ξ − ζ)^2 ) =

= τ √ 2πτ ∫ ξ∈⟨0,^ϵ√_τ ⟩ dξ φ( √ τ ξ) ∑ l∈N_0 τ^{l2} ψ^{⟨l⟩}(0) 1 l! ∫ l∈R^+ dζ ζ^l exp ( − 1 2 (ξ − ζ)^2 ) =

= 1 √ 2π ∑ k,l∈N_0 τ^{k+l+12} φ^{⟨k⟩}(0) ψ^{⟨l⟩}(0) 1 k! ∫ ξ∈⟨0,^ϵ√_τ ⟩ dξ ξ^kR_{l+1}(ξ) , (F.19)

where we have used the definition of special functions R_l (H.1). Properties of these special functions are summarized in appendix H. Using equation (H.17) the last expression gives 1 √ 2π ∑ k,l∈N_0 τ^{k+l+12} φ^{⟨k⟩}(0) ψ^{⟨l⟩}(0)^× × ( (−1)^{l+1}R_{k+l+2}(0)+ + √ 2π l!k! ∑ m∈N_0 2m⩽l (2m − 1)!!

k + l − 2m + 1 ( l 2m )( ϵ √ τ )_{k+l−2m+1} +

+ (−1)^l ∑ m=0,...,k 1 m! ( ϵ √ τ )_m R_{k+l−m+2} ( −^{ϵ√}_τ ) ) = = ∑ m∈N_0 τ^{m+12} ( 2^{m+12} Γ

( m + 1 2 + 1 ))−1 1 2 ∑ l=0,...,m (−1)^{l+1} φ^{⟨m−l⟩}(0) ψ^{⟨l⟩}(0)+

+ ∑ m∈N_0 τ^m (2m)!! ∑ k,l∈N_0 ϵ^{k+l+1} k! l! (k + l + 1) φ^{⟨k⟩}(0) ψ^{⟨l+2m⟩}(0)+

+ exp ( − 1 2 ϵ^2 τ ) O(τ) =

= − ∑ m∈N τ^m (2m)!! 1 2 ∑ l=0,...,2m−1 (−1)^l φ^{⟨2m−l−1⟩}(0) ψ^{⟨l⟩}(0)+

+ ∑ m∈N_0 τ^{m+ 12} (2m + 1)!! −1 √ 2π ∑ l=0,...,2m (−1)^l φ^{⟨2m−l⟩}(0) ψ^{⟨l⟩}(0)+

+ ∑ m∈N_0 τ^m (2m)!! ∑ k,l∈N_0 ϵ^{k+l+1} k! l! (k + l + 1) φ^{⟨k⟩}(0) ψ^{⟨l+2m⟩}(0)+

+ exp ( − 1 2 ϵ^2 τ ) O(τ) .

(F.20)

Here we have used relations (H.10) and (H.14).

In the second term of the expression (F.18) we change variables ζ → η =^{1√}_τ (ξ − ζ) using again the fact that only the contribution from ζ ≈ ξ is not suppressed by the exponential. Next we expand ψ around η = 0 and obtain 1 √ 2πτ ∫ ξ∈⟨ϵ,∞⟩ dξ ∫ ζ∈R^+ dζ φ(ξ)ψ(ζ) exp ( − 1 2τ (ξ − ζ)^2 ) =

= 1 √ 2πτ ∫ ξ∈⟨ϵ,∞⟩ dξ φ(ξ) ∑ k∈N_0 ψ^{⟨k⟩}(ξ) τ^{k2 ×}

× ( 1 k! ∫ η∈R dη η^k exp ( − 1 2 η^2 ) − 1 k! ∫ η∈⟨−∞,^ξ√_τ ⟩ dη η^k exp ( − 1 2 η^2 ) ) =

= ∑ m=N_0 τ^m (2m)!! ∫ ξ∈⟨ϵ,∞⟩ dξ φ(ξ)ψ^{⟨2m⟩}(ξ)−

− 1 √ 2πτ ∑ k∈N_0 τ^{k2} ∑ l=0,...,k (−1)^k l! ∫ ⟨ϵ,∞⟩ dξ ( ξ √ τ )_l R_{k−l+1} ( −^{ξ√}_τ ) φ(ξ) ψ^{⟨k⟩}(ξ) =

= ∑ m=N_0 τ^m (2m)!! ∫ ξ∈R^+ dξ φ(ξ)ψ^{⟨2m⟩}(ξ) − ∑ m=N_0 τ^m (2m)!! ∫ ξ∈⟨0,ϵ⟩ dξ φ(ξ)ψ^{⟨2m⟩}(ξ)+

+ exp ( − 1 2 ϵ^2 τ ) O(τ) . (F.21)

Here we used (H.15), (H.11), (H.16) and (H.14). For small ϵ we can expand φ and ψ^{⟨2m⟩} about zero in the second term of the last expression. Performing also an integration by parts in the first term transforms the last expression to ∑ m∈N_0 τ^m (2m)!! 1 2 ∫ ξ∈R^+ dξ ( φ^{⟨2m⟩}(ξ)ψ(ξ) + φ(ξ)ψ^{⟨2m⟩}(ξ) ) +

+ ∑ m∈N τ^m (2m)!! 1 2 ∑ l=0,...,2m−1 (−1)^l φ^{⟨2m−l−1⟩}(0) ψ^{⟨l⟩}(0)−

− ∑ m∈N_0 τ^m (2m)!! ∑ k,l∈N_0 ϵ^{k+l+1} k! l! (k + l + 1) φ^{⟨k⟩}(0) ψ^{⟨l+2m⟩}(0)+

+ exp ( − 1 2 ϵ^2 τ ) O(τ) .

(F.22)

Substituting equations (F.20) and (F.22) to equation (F.18) and ignoring exponentially suppressed terms exp ( −^1_2^{ϵ2}_τ ) O(τ) we obtain the desired relation (F.17).

Next we will prove another expansion for small τ 1 √ 2πντ ω ( ξζ ξ + ζ ) exp ( − 1 2ντ (ξ + ζ)^2 ) μ(ξ)μ(ζ) = = ∑ n∈N_0 (τν 2 ) n+1_2 1 Γ (_{n+1} 2 ) ∑ m,k,l∈N_0 k+l+m=n ω^{⟨m⟩}(0) n + m + 1 (_{m+k} k )(_{m+l} l ) (_{n+m} m )

⇝

∂^{⟨k⟩} • D •^⇝∂^{⟨l⟩} , (F.23)

where ω is some smooth function. As a corollary for ω = 1 we get 1 √ 2πντ exp ( − 1 2ντ (ξ + ζ)^2 ) μ(ξ)μ(ζ) = = ∑ k,l∈N_0 1 Γ (_{k+l+1} 2 + 1 ) ( τν 2 ) k+l+1_2 1 2

⇝

∂^{⟨k⟩} • D •^⇝∂^{⟨l⟩} = (F.24) = ∑ m∈N 1 m! (τν 2 )_m 1 2 ∑ k,l∈N_0 k+l+1=2m

⇝

∂^{⟨k⟩} • D •^⇝∂^{⟨l⟩}+

+ ∑ m∈N_0 1 Γ ( m +^3_2 ) ( τν 2 )_{m+} 1_2 1 2 ∑ k,l∈N_0 k+l=2m

⇝

∂^{⟨k⟩} • D •^⇝∂^{⟨l⟩} .

As before, we drop the factor ν in the proof because it can easily be restored from the τ dependence. Again, we smooth the relation with test functions φ and ψ. Thanks to the exponential suppression, only small values of ξ and ζ contributes to the integrals. Therefore we can rescale ξ and ζ by √ τ , expand φ, ψ, and ω about zero, and get 1 2πτ ∫ ξ,ζ∈R^+ φ(ξ)ψ(ζ) ω ( ξζ ξ + ζ ) exp ( − 1 2τ (ξ + ζ)^2 ) dξ dζ =

= 1 2πτ ∑ n∈N_0 τ^{n2 +1} ∑ k,l,m∈N_0 k+l+m=n n! k! l! m! φ^{⟨k⟩}(0) ψ^{⟨l⟩}(0) ω^{⟨m⟩}(0)^×

× 1 n! ∫ ξ,ζR^+ dξ dζ ξ^{m+k}ζ^{m+l} (ξ + ζ)^m exp ( − 1 2 (ξ + ζ)^2 ) =

= ∑ n∈N_0 ( τ 2 ) n+1_2 1 Γ (_{n+1} 2 ) ∑ k,l,m∈N_0 k+l+m=n ω^{⟨m⟩}(0) n + m + 1 (_{m+k} k )(_{m+l} l ) (_{n+m} m ) φ^{⟨k⟩}(0) ψ^{⟨l⟩}(0) , (F.25)

what proves the relation (F.23). Here we have used the integral (H.18).

Manifold with boundary — no reflection contribution

Now we find an expansion of the contribution to the short time amplitude from the trajectories near the geodesic without reflection in the domain Ω with boundary ∂Ω. We will prove for small τ n (2πντ)^d2 g^{12} (x)g^{12} (z)Δ(x|z) exp ( − 1 ντ σ(x|z) ) = = G + √ τ ( − 1 n √ ν 2π ) Q − τ ν 2 ↭ L + O(τ^{32} ) .

(F.26)

As usual, we will be proving a smoothed version of this relation — we multiply the expression by test functions φ(x) and ψ(z), and integrate over x and z. Thanks to the exponential suppression the only non-trivial contribution is from x ≈ z. Therefore it is sufficient to prove the relation locally. Clearly, for φ and ψ with support inside of interior of the domain Ω the boundary does not have any influence and the relation reduces to the case without boundary. Therefore we will investigate only the case when φ and ψ are localized near the boundary. Thanks to locality we can also, without losing generality, assume that the test functions are localized on the neighborhood U ⊂ Ω of the boundary with topology R × ∂Ω on which the geodesics normal to the boundary do not cross. In such a neighborhood we can use the method described in appendix G and change the integration over a neighborhood to integration over the boundary ∂Ω and geodesic distance from the boundary (see (G.60)) x →^⌢x, ξ , x =^⌢w(^⌢x, ξ) , y →^⌢y, ζ , y =^⌢w(^⌢y, ζ) . (F.27)

The Jacobian associated with this change of variables is

g^{12} (^⌢x) = dξ^⌢q^{12} (^⌢x, ξ) = dξ^⌢j(^⌢x, ξ) q^{12} . (F.28)

Here we use the convention (G.62) — we denote the spacetime dependent object A(x) in variables ⌢x, ξ and tensor indices moved to the boundary as^⌢A(^⌢x, ξ). Changing variables we get n (2πντ)^d2 ∫ x,z∈Ω g^{12} (x)g^{12} (z)Δ(x|z) exp ( − 1 ντ σ(x|z) ) φ(x)ψ(z) =

= n (2πντ)^d2 ∫ ⌢x,^⌢z ∈∂Ω ξ,ζ∈R^+ dξ dζ^⌢j(^⌢x, ξ)q^{12} (^⌢x)^⌢j(^⌢z, ζ)q^{12} (z)^⌢Δ(^⌢x, ξ|^⌢z, ζ)^×

× exp ( − 1 ντ ⌢ σ(^⌢x, ξ|^⌢z, ζ) )_⌢ φ(^⌢x, ξ)^⌢ψ(^⌢z, ζ) = = ∫ ⌢x∈∂Ω q^{12} (^⌢x) n (2πντ)^12 ∫ ξ,ζ∈R^+ dξ dζ^⌢φ(^⌢x, ξ)^× × 1 (2πντ)^d2 ∫ ⌢z ∈∂Ω q^{12} (^⌢z) △(^⌢x|^⌢z)^⌢ψ(^⌢z, ζ) exp ( − 1 ντ ⌢ σ(^⌢x, ξ|^⌢z, ζ) +^⌢l (^⌢x, ξ|^⌢z, ζ) ) . (F.29)

Here we have defined ⌢ l (^⌢x, ξ|^⌢z, ζ) = ln (_⌢ j(^⌢x, ξ) ⌢ Δ(^⌢x, ξ|^⌢z, ζ) △(^⌢x|^⌢z) ⌢ j(^⌢z, ζ) ) , (F.30)

where △(^⌢x|^⌢z) is the Van-Vleck Morette determinant of the metric q in the boundary manifold.

Exponential suppression ensures again that the only contributions comes from^⌢x ≈^⌢z. So we can change variables ⌢x →^⌢y =^⌢x , ⌢z → Y ∈ T⌢_y ∂Ω ,^⌢z = v⌢_y ( √ τ Y ) ,

(F.31)

with the exponential map v⌢_y (Y ) defined as in (G.1) but on the boundary manifold. The Jacobian for this change of variables is given by an equation similar to (G.43), only with the Van-Vleck Morette determinant △(^⌢x,^⌢y) defined using the metric q on the boundary manifold. We use covariant expansions ⌢ σ(^⌢y, ξ|^⌢y, √ τY, ζ) = τn^2 1 2 (ξ − ζ)^2 + ∑ k=2,3,... τ^{k2} 1 k! ⌢σ_{0,k μ1...μk} (^⌢y; ξ, ζ) Y^{μ1} . . . Y^{μk} , (F.32) ⌢ l (^⌢y, ξ|^⌢y, √ τY, ζ) = ∑ k=N_0 τ^{k2} 1 k! ⌢ l_{0,k μ1 ...μk} (^⌢y; ξ, ζ) Y^{μ1} . . . Y^{μk} , (F.33) ⌢ ψ(^⌢y, √ τY, ζ) = ∑ k=N_0 τ^{k2} 1 k! ⌢ ψ_{k μ1...μk} (^⌢y; ζ) Y^{μ1} . . . Y^{μk} , (F.34)

with coefficients given by expressions (G.99–G.103), (G.104–G.106), and (G.27). Expanding the exponential, gathering all terms up to order O(τ), and performing a Gaussian integration over Y lead to ∫ ⌢y∈∂Ω n (2πντ)^12 ∫ ξ,ζ∈R^+ dξ dζ exp ( − n^2 2ντ (ζ − ξ)^2 ) j̃(^⌢y; ξ, ζ) ( ω_0(^⌢y; ξ, ζ) + τω_1(^⌢y; ξ, ζ) + O(τ^2) ) (F.35)

with

j̃(^⌢y; ξζ) =^⌢j(^⌢y, ξ)^⌢Δ(^⌢y, ξ|^⌢y, ζ)^⌢j(^⌢y, ζ) q^12 (^⌢y) ( Det^⌢σ_{0,2}(^⌢y; ξ, ζ)

)_− 1_2 = = (_⌢ j(^⌢y, ξ)^⌢Δ(^⌢y, ξ|^⌢y, ζ)^⌢j(^⌢y, ζ) ) 1_2 , (F.36)

ω_0(^⌢y; ξ, ζ) =^⌢φ(^⌢y, ξ)^⌢ψ(^⌢y, ζ) , (F.37)

ω_1(^⌢y; ξ, ζ) = ν^⌢φ(^⌢y, ξ)^⌢ψ(^⌢y, ζ) ( − 1 8 ⌢σ_{0,4 μνκλ}^⌢σ^{-1 μν}_{0,2}^⌢σ^{-1 κλ}_{0,2} + 1 2 ⌢ l_{0,2 μν}^⌢σ^{-1 μν}_{0,2} + + 1 8 ⌢σ_{0,3 μνα}^⌢σ_{0,3 κλβ}^⌢σ^{-1 μν}_{0,2}^⌢σ^{-1 αβ}_{0,2}^⌢σ^{-1 κλ}_{0,2} − 1 2 ⌢ l_{0,1 μ}^⌢σ_{0,3 κλν}^⌢σ^{-1 μν}_{0,2}^⌢σ^{-1 κλ}_{0,2} + + 1 12 ⌢σ_{0,3 μκα}^⌢σ_{0,3 νλβ}^⌢σ^{-1 μν}_{0,2}^⌢σ^{-1 αβ}_{0,2}^⌢σ^{-1 κλ}_{0,2} + 1 2 ⌢ l_{0,1 μ}^⌢l_{0,1 ν}^⌢σ^{-1 μν}_{0,2} ) (^⌢y; ξ, ζ)+ (F.38)

+ ν^⌢φ(^⌢y; ξ)^⌢ψ_{1 μ}(^⌢y; ζ)^⌢σ^{-1 μν}_{0,2} (_⌢ l_{0,1 ν} − 1 2 ⌢σ_{0,3 κλν}^⌢σ^{-1 κλ}_{0,2} ) (^⌢y; ξ, ζ)+ + ν^⌢φ(^⌢y; ξ)^⌢ψ_{2 μν} (^⌢y; ζ)^⌢σ^{-1 μν}_{0,2} (^⌢y; ξ, ζ) .

The equality in (F.36) is proved in (G.76). Applying the expansion in (F.17) in (F.35) and using (F.6) we get ∫ y∈Ω g^{12} (y) φ(y) ψ(y)+

+ √ τ ( − 1 n √ ν 2π ) ∫ ⌢y∈Ω q^{12} (^⌢y) φ(^⌢y) ψ(^⌢y)+

+ τ ∫ ⌢y ∈∂Ω η∈R^+ dη q^{12} (^⌢y)^⌢j(^⌢y; η) ( ν 4n^2 j̃^{-1}(j̃ω_0)^{l′ l′} + ν 4n^2 j̃^{-1}(j̃ω_0)^{r′ r′} + ω_1 ) (^⌢y; η, η)+

+ O(τ^{32} ) ,

(F.39)

where f^{l′} (ξ, ζ) (or f^{r′} (ξ, ζ)) means derivative of a function f with respect of the left (or right) argument.

We see that we have proved already the desired expansion up to order √ τ. Now we proceed to prove it in the order τ. We split the integrand of the last term to pieces and compute each of them. First we note that (see (G.101)) [^⌢σ_{0,2}] =^⌢q , (F.40) where by a coincidence limit of a function f(ξ, ζ) depending on two real parameters we mean [f](η) = f(η, η). Using (G.107) and (G.108) we get 1 n [ (ln j̃)^{r′} ] = 1 2 n^⌢k , 1 n^2 [ (ln j̃)^{r′r′} ] = 1 2n^2

(ln^⌢j)^{r′r′} + 1 2n^2 [ (ln^⌢Δ)^{r′r′} ] = − n^2 6 ⌢ K^2 + 1 3 ⌢ k^′ ,

(F.41)

and therefore 1 n^2 [~ j^{-1} (~ jω_0 )_{r′ r′}] = 1 n^2

⌢φ^⌢ψ^{′ ′} +^⌢k φ^⌢ψ^′ + ( 1 3 ⌢ k^′ − 1 6 n^{2 ⌢}K^2 + 1 4 ⌢ k^2 )_⌢ φ^⌢ψ . (F.42)

Here^⌢k is a trace of extrinsic curvature and^⌢K^2 is a square of the extrinsic curvature (eq. (G.51)). Next, using (G.27), (G.105), and (G.102), transforming the connection ▽ to^⌢▽ (eq. (G.64)) and performing an integration by parts gives ν 2 ∫ ∂Ω q^{12 ⌢}j^⌢φ (_⌢ q^{-1 μν ⌢}ψ_{2 μν} +^⌢ψ_{1 μ}^⌢q^{-1 μν} ([_⌢ l_{0,1 ν} ] − 1 2 [_⌢ σ_{0,3 κλν} ]_⌢ q^{-1 κλ} )) =

= − ν 2 ∫ ∂Ω ⌢q^{12} d_μ^⌢φ^⌢q^{-1 μν} d_ν^⌢ψ .

(F.43)

Substituting for [^⌢σ_{0,k}] and [^⌢l_{0,k}] in remaining terms of [ω_1], a straightforward long calculation gives − 1 8 [_⌢ σ_{0,4 μνκλ} ]_⌢ q^{-1 μν ⌢}q^{-1 κλ} + 1 2 [⌢ l_{0,2 μν} ]_⌢ q^{-1 μν} + + 1 8 [_⌢ σ_{0,3 μνα} ] [_⌢ σ_{0,3 κλβ} ]_⌢ q^{-1 μν ⌢}q^{-1 αβ ⌢}q^{-1 κλ} + 1 2 [⌢ l_{0,1 μ} ] [⌢ l_{0,1 ν} ]_⌢ q^{-1 μν} + + 1 12 [_⌢ σ_{0,3 μκα} ] [_⌢ σ_{0,3 νλβ} ]_⌢ q^{-1 μν ⌢}q^{-1 αβ ⌢}q^{-1 κλ} − 1 2 [⌢ l_{0,1 μ} ] [_⌢ σ_{0,3 κλν} ]_⌢ q^{-1 μν ⌢}q^{-1 κλ} = = ν ( − 1 6 ⌢ k^′ + n^2 12 ⌢ K^2 − n^2 8 ⌢ k^2 ) .

(F.44)

Putting together (F.42–F.44), and integrating by parts we find ∫ ⌢y ∈∂Ω η∈R^+ dη q^{12} (^⌢y)^⌢j(^⌢y; η) ( ν 4n^2 j̃^{-1}(j̃ω_0)^{l′ l′} + ν 4n^2 j̃^{-1}(j̃ω_0)^{r′ r′} + ω_1 ) (^⌢y; η, η) =

= ν ∫ R^+ dη ∫ ∂Ω ⌢q^{12} ( 1 4n^2 (_⌢ φ^{′′ ⌢}ψ +^⌢φ^⌢ψ^{′′} + n^{2 ⌢}k (_⌢ φ^{′ ⌢}ψ +^⌢φ^⌢ψ^′ )) − 1 2 d_μ^⌢φ^⌢q^{-1 μν} d_ν^⌢ψ ) =

= − ν 2 ∫ R^+ dη ∫ ∂Ω n^⌢q^{12} ( 1 n^2

⌢φ^{′ ⌢}ψ^′ + d_μ^⌢φ^⌢q^{-1 μν} d_ν^⌢ψ ) − ν 4n^2 ∫ ∂Ω q^{12} (_⌢ φ^{′ ⌢}ψ +^⌢φ^⌢ψ^′ ) =

= − ν 2 ∫ Ω g^{12} d_μφ g^{-1 μν} d_ν ψ − ν 4n^2 ∫ ∂Ω q^{12} ( ψ ⃗n^μd_μφ + φ ⃗n^μd_μψ ) =

= − ν 2 φ • ( L_d − 1 2 (

⇝

dL_d +^⇝dL_d ))_• ψ = − ν 2 φ •^↭L • ψ . (F.45)

This concludes the proof of the expansion in (F.26).

Manifold with boundary — reflection contribution

Finally we will prove the last expansion we have needed in the main text: n (2πντ)^d2

Δ^{1-p}_b (x|z) β(τ, x|z) exp ( − 1 ντ σ_b(x|z) ) = = √ τ 1 n √ ν 2π Q − τ ν 2 1 2 (

⇝

dF_d +^⇝dF_d) − τ ν 2 (1 + p 3 k + β-terms ) + O(τ^{32} ) .

(F.46)

Similarly to the previous section, we smooth this expression with test functions, perform a change of variables (F.27) and consequently (F.31), and use the covariant expansions (F.34), ⌢ β(τ,^⌢x, ξ|^⌢z, ζ) =^⌢β_0(^⌢x, ξ|^⌢z, ζ) + √ τ^⌢β 1_2 (^⌢x, ξ|^⌢z, ζ) + O(τ) , ⌢ β_0(^⌢y, ξ|^⌢y, √ τY, ζ) = ∑ k=N_0 τ^{k2} 1 k! ⌢ β_{0;0,k μ1 ...μk} (^⌢y; ξ, ζ) Y^{μ1} . . . Y^{μk} ; (F.47)

similarly for β 1_2 (x|z); and ⌢ σ_b(^⌢y, ξ|^⌢y, √ τ Y, ζ) = τn^2 1 2 (ξ + ζ)^2 + ∑ k=2,3,... τ^{k2} 1 k! ⌢σ_{b 0,k μ1 ...μk} (^⌢y; ξ, ζ) Y^{μ1} . . . Y^{μk} , (F.48) ⌢ l_b(^⌢y, ξ|^⌢y, √ τ Y, ζ) = ∑ k=N_0 τ^{k2} 1 k! ⌢ l_{b 0,k μ1...μk} (^⌢y; ξ, ζ) Y^{μ1} . . . Y^{μk} , (F.49)

where ⌢ l_b(^⌢x, ξ|^⌢z, ζ) = ln (_⌢ j(^⌢x, ξ) ⌢ Δ_b^{1-p}(^⌢x, ξ|^⌢z, ζ) △(^⌢x|^⌢z) ⌢ j(^⌢z, ζ) ) . (F.50)

This leads to a Gaussian integration in the variable Y ∈ T⌢_y ∂Ω in which only leading terms in expansions survive and we get n (2πντ)^d2 ∫ x,z∈Ω g^{12} (x)g^{12} (z) φ(x)ψ(z) Δ^{1-p}_b (x|z) β(τ, x|z) exp ( − 1 ντ σ_b(x|z) ) =

= ∫ ⌢y ∈∂Ω n (2πντ)^12 q^{12} (^⌢y) ∫ ξ,ζ∈R^+ dξ dζ exp ( − n^2 2ντ (ξ + ζ)^2 )_⌢ φ(^⌢y, ξ)^⌢ψ(^⌢y, ζ)^×

× j̃_b(^⌢y; ξ,^{ξζ}_{ξ+ζ} , ζ) ( β̃_0(^⌢y; ξ,^{ξζ}_{ξ+ζ} , ζ) + √τ β̃_{12} (^⌢y; ξ,^{ξζ}_{ξ+ζ} , ζ) + O(τ) ) ,

(F.51)

where

j̃_b(^⌢y; ξ,^{ξζ}_{ξ+ζ} , ζ) =^⌢j(^⌢y, ξ)^⌢Δ_b^{1-p}(^⌢y; ξ|^⌢y, ζ)^⌢j(^⌢y, ζ) q^12 (^⌢y) ( Det^⌢σ_{b 0,2}(^⌢y; ξ, ζ)

)_− 1_2 = = (_⌢ j(^⌢y, ξ)^⌢Δ_b^{1-2p}(^⌢y; ξ|^⌢y, ζ)^⌢j(^⌢y, ζ)

) 1_2 , (F.52)

β̃_0(^⌢y; ξ,^{ξζ}_{ξ+ζ} , ζ) =^⌢β_0(^⌢y, ξ|^⌢y, ζ) , (F.53)

with analytical dependence of j̃_b and β̃_0 on their three real arguments. β̃ 1_2 is defined in similar way

as β̃_0. Here we anticipate that^⌢Δ_b and^⌢β can have more complicated analytical dependence on ξ and ζ. The equality in (F.52) follows from (G.98). Using the expansion (F.23) we obtain ∫ ⌢y ∈∂Ω q^{12} (^⌢y) ( √ τ 1 n √ ν 2π β̃_0(^⌢y; 0, 0, 0) φ(^⌢y)ψ(^⌢y)+

+ τ ν 4n^2 β̃_0(^⌢y; 0, 0, 0) (_⌢ φ^′ (^⌢y, 0)^⌢ψ(^⌢y, 0) +^⌢φ(^⌢y, 0)^⌢ψ^′ (^⌢y, 0) ) + + τ ( ν 4n^2 (~ j_bβ̃_0 )_{l′} + ν 4n^2 (~ j_bβ̃_0 )_{r′} + + ν 12n^2 (~ j_bβ̃_0 )_{m′} + 1 n √ ν 2π β̃_{12} ) (^⌢y; 0, 0, 0) φ(^⌢y)ψ(^⌢y)+

+ O(τ^{32} ) ) .

(F.54)

Using the expansion (G.116) of j̃_b and obvious relations for β̃_0(^⌢y; 0, 0, 0) and β̃ 1_2 (^⌢y; 0, 0, 0), this expression is equal to ∫ ⌢y ∈∂Ω q^{12} (^⌢y) ( √ τ 1 n √ ν 2π β(0,^⌢y|^⌢y) φ(^⌢y)ψ(^⌢y)+

+ τ ν 4n^2 β(0,^⌢y|^⌢y) (_⌢ φ^′ (^⌢y, 0)^⌢ψ(^⌢y, 0) +^⌢φ(^⌢y, 0)^⌢ψ^′ (^⌢y, 0) ) + + τν 2 ( − 1 + 6 3 β(0,^⌢y|^⌢y)k(^⌢y) + 2 n √ 1 2πν β̇(0,^⌢y|^⌢y)+ + ( 1 2n^2 β̃_0^{l′} + 1

2n^2 β̃_0^{r′} + 1

6n^2 β̃_0^{m′} ) (^⌢y; 0, 0, 0) ) φ(^⌢y)ψ(^⌢y)+

+ O(τ^{32} ) ) .

(F.55)

Using the normalization condition (14.17) concludes the proof of the expansion (F.46). By inspection we see that the β-terms have form

β-terms = − 2 n √ 1 2πν β̇(0,^⌢y|^⌢y) − ( 1 2n^2 β̃_0^{l′} + 1 2n^2 β̃_0^{r′} + 1 6n^2 β̃_0^{m′} ) (^⌢y; 0, 0, 0) . (F.56)

G Geodesic theory

Basic definitions

In this appendix we review some facts from geodesic theory and list a number of useful expansion, some of which we have used in this work. The material related to a manifold without boundary is well known — see for example the classical works [1, 32] and [33]. The theory of expansion near a boundary is less known. Some material can be found in [26, 34, 35]. The calculations are usually straightforward but cumbersome. We will present mostly only results. But all expressions presented were computed and checked by the author (see [36]).

We start with introducing the covariant expansion in a curved manifold. We would like to expand a sufficiently smooth tensor field A^{α...}_{β...} on a manifold around a point x. First we change the dependence on a point z in the manifold M to the dependence on a vector Z from T_x M, then we transform vector indices from different tangent spaces to one common tensor space, and finally we do the usual Taylor expansion of a linear-space-valued function on a vector space.

To transform the tensor field on the manifold to a linear-space-valued function we need to know how to move tensors from one tangent point to another. We assume that we have given a metric g which define a parallel transport. It allows us to transform tensors from the tangent space at point z in a normal neighborhood of the point x to the space T_x M along the geodetic joining these two points. In the normal neighborhood of x we can parametrize a geodesic by its tangent vector at x, i.e. we can define an exponential map u_x

u_x : T_x M → M , (G.1) ∇ dτ D dτ u_x(τX) = 0 , D dτ u_x(τX)|_{τ =0} = X . (G.2)

If f(z) is some manifold dependent function, we use notation f(x; Z) = f(u_x(Z)). This transformation concludes our first step. Next we parallel transform vector indices of the tensor field to the space T_x M along the geodesics starting from x. We define the tensor of geodesic transport ι(x|z) from z to x ι^μ_ν (x|z) ∈ T_x M ⊗ T^⋆_z M , ∇ dτ ι(x, u_x(τX)) = 0 , (G.3)

and its version with indices up and down

ι = ι · g^{-1} , ι = g · ι . (G.4)

Using this tensor we can write down the tensor field A with transported indices explicitly. We obtain the linear-space-valued function on a linear space A^{μ...}_{ν...} (x; .) ι^α_μ(x|x; .) . . . ι^{-1 ν}_β(x|x; .) . . . : T_x M → T_x^k_l M . (G.5) Finally we can write the covariant expansion A^{μ...}_{ν...} (x; Z) ι^α_μ(x|x; Z) . . . ι^{-1 ν}_β(x|x; Z) . . . = ∑ k∈N_0 1 k! A_k^{α...}_{β... μ1...μk} (x) Z^{μ1} . . . Z^{μk} . (G.6)

We call A_k(x) the coefficients of the covariant expansion of the field A at x. They are tensors at x symmetric in indices μ_1 , . . . , μ_k .

To compute these coefficients we need to develop geodesic theory to greater detail. First we define the world function σ(x|z) of the metric g. It is given by half of the squared geodesic distance between points x and z — see (13.27). For time-like separated points it is negative. The geodesic distance is then given by s(x|z) = |2σ(x|z)|^{12} . (G.7)

We define geodesic tangent vectors^→σ ,^←σ → σ (x|z) = g^{-1}(x) · d_lσ(x|z) ,^←σ (x|z) = d_rσ(x|z) · g^{-1}(z) . (G.8)

Here, as before, d_lf or d_rf denote the gradient in the left or right argument of a bi-function f(x|z).

The basic properties of the world function (see e.g. [1]) are that its gradient vector^→σ (x|z) is really tangent to the geodesic between x and z and it is normalized to the length of the geodesic. I.e.

−Z =^→σ (x|x; Z) . (G.9)

We also introduce a special notation for the second derivatives of the world function ↠ σ = ∇_ld_lσ ,^↔σ = d_ld_rσ ,^↞σ = ∇_rd_rσ . (G.10)

To conclude our definition we introduce also determinants of ι, ι,^↔σ . They are well-defined objects — bi-densities on M i(x|z) = 1 n^2

Det ι(x|z) = g^{- 12} (x)g^{12} (z) , i(x|z) = 1 n^2

Det ι(x|z) = g^{12} (x)g^{12} (z) , (G.11) s(x|z) = 1 n^2 Det ( −s(x|z) ) ∈ R̃_x M ⊗ R̃_z M . (G.12)

Finally we define Van-Vleck Morette determinant

Δ(x|z) = s(x|z) i^{-1}(x|z) = s(x|z) g^{- 12} (x)g^{- 12} (z) . (G.13)

For a bi-tensor F (x|z) on the manifold — a tensor object depending on two points in the manifold — we denote the coincidence limit [F ](x) = F (x|x) . (G.14)

The generalized Synge’s theorem (see e.g. [37]) tells us that

∇[F ] = [∇_lF ] + [∇_rF ] . (G.15)

Coincidence limits and covariant expansions

Equation (G.9) gives σ = 1 2 d_rσ · g^{-1} · d_rσ = 1 2 d_lσ · g^{-1} · d_lσ = 1 2 → σ · g ·^→σ = 1 2 ← σ · g ·^←σ . (G.16)

Taking repeatedly derivatives of this expression in both arguments we can derive → σ · g =^→σ ·^↠σ =^↔σ ·^←σ , g ·^←σ =^↞σ ·^←σ =^→σ ·^↔σ , (G.17) and following identities → σ^μd_{l μ}σ = 2σ , (G.18) → σ^μ∇_{l μ}^→σ^α =^→σ^α , → σ^μ∇_{l μ}^←σ^α =^←σ^α ,

(G.19) → σ^μ∇_{l μ}^↠σ_{αβ} =^↠σ_{αβ} −^↠σ_{αμ}^↠σ_{βν} g^{-1 μν} − R_{αμβν}^→σ^{μ→}σ^ν , → σ^μ∇_{l μ}^↔σ_{αβ} =^↔σ_{αβ} −^↠σ_{αμ}g^{-1 μν ↔}σ_{νβ} , → σ^μ∇_{l μ}^↞σ_{αβ} =^↞σ_{αβ} − g^{-1 μν ↔}σ_{μα}^↔σ_{νβ} , → σ^μ∇_{l α}∇_{l β}∇_{l μ}σ =^↠σ_{αβ} −^↠σ_{αμ}^↠σ_{βν} g^{-1 μν} .

(G.20)

Similar, more complicated relations hold for higher derivatives. Using the fact that coincidence limits of the world function and tangent geodesic vector are zero, taking coincidence limits of relations above and similar relations for higher derivatives, and using the Synge’s theorem, we get

[σ] = 0 , (G.21) [d_lσ] = [d_rσ] = 0 , (G.22) [∇_l∇_lσ] = −[∇_l∇_rσ] = [∇_r∇_rσ] = g , (G.23) [∇_l∇_l∇_lσ] = [∇_l∇_l∇_rσ] = [∇_l∇_r∇_rσ] = [∇_r∇_r∇_rσ] = 0 , (G.24) [∇_{l α}∇_{l β}∇_{l μ}∇_{l ν} σ] = −[∇_{l β}∇_{l μ}∇_{l ν} ∇_{r α}σ] = [∇_{l μ}∇_{l ν} ∇_{r β}∇_{r α}σ] =

= −[∇_{l ν} ∇_{r μ}∇_{r β}∇_{r α}σ] = [∇_{r ν} ∇_{r μ}∇_{r β}∇_{r α}σ] = − 1 3 ( R_{αμβν} + R_{ανβμ} ) . (G.25)

Similar relation for the fifth and sixth derivative can be found in [36].

Now we are prepared to compute at least some coefficients of covariant expansion. We start with the simplest case of the covariant expansion of a function f on the manifold. In this case we do not have problems with tensor nature of f and we do not have to worry about parallel transport of tensor indices. The equation (G.6) can be rewritten using (G.9) as f(z) = ∑ k∈N_0 (−1)^k k! f_{k μ1...μk} (x)^→σ^{μ1} (x, z) . . .^→σ^{μk} (x, z) . (G.26)

Taking derivatives of this equation and coincidence limits we can find that the coefficients are given by f_{k μ1 ...μk} = ∇_{(μ1} . . . ∇_{μk )}f . (G.27)

To do a similar calculation for a general tensor field A we need to know the coincidence limits of the geodesic transport tensor. They can be calculated from the equation → σ = −ι ·^←σ (G.28)

by taking derivatives and coincidence limits. We give only a list of some of them (see [33,37] or [36]).

[ι] = g , (G.29) [∇_lι] = [∇_rι] = 0 , (G.30)

−[∇_{lβ}∇_{lα}ι_{μν} ] = [∇_{lα}∇_{rβ}ι_{μν} ] = −[∇_{rα}∇_{rβ}ι_{μν} ] = 1 2 R_{αβμν} , (G.31)

[∇_{lγ} ∇_{lβ}∇_{lα}ι_{μν} ] = − 1 3 ∇_γ R_{αβμν} − 1 3 ∇_βR_{αγμν} , (G.32)

[∇_{lδ}∇_{lγ} ∇_{lβ} ∇_{lα}ι_{μν} ] = − 1 4 ∇_δ ∇_γ R_{μναβ} − 1 4 ∇_δ ∇_βR_{μναγ} − 1 4 ∇_γ ∇_β R_{μναδ} + + 1 8 R_{μνδλ} R_{καβγ} g^{-1κλ} + 1 8 R_{μνγλ} R_{καβδ} g^{-1κλ} + 1 8 R_{μνβλ} R_{καγδ} g^{-1κλ}+ + 1 24 R_{μνδλ} R_{κβαγ} g^{-1κλ} + 1 24 R_{μνγλ} R_{κβαδ} g^{-1κλ} + 1 24 R_{μνδλ} R_{κγαβ} g^{-1κλ}+ + 1 8 R_{νλγδ} R_{κμαβ} g^{-1κλ} + 1 8 R_{νλβδ} R_{κμαγ} g^{-1κλ} + 1 8 R_{νλβγ} R_{κμαδ} g^{-1κλ}+ + 1 8 R_{νλαδ} R_{κμβγ} g^{-1κλ} + 1 8 R_{νλαγ} R_{κμβδ} g^{-1κλ} + 1 8 R_{νλαβ} R_{κμγδ} g^{-1κλ}+ + 1 24 R_{μνκγ} R_{αβδλ} g^{-1κλ} + 1 24 R_{μνκβ} R_{αγδλ} g^{-1κλ} + 1 24 R_{μνκβ} R_{αδγλ} g^{-1κλ}+ + 1 24 R_{μνκα} R_{βγδλ} g^{-1κλ} + 1 24 R_{μνκα} R_{βδγλ} g^{-1κλ} + 1 8 R_{νμκα} R_{βλγδ} g^{-1κλ}

(G.33)

Derivatives in other argument can be obtained using Synge’s theorem and commuting covariant derivatives.

Now it is straightforward to compute the coefficients in a covariant expansion of a general field. It can be done by taking covariant derivatives and coincidence limits of the rewritten equation (G.6) A^{μ...}_{ν...} (z) ι^α_μ (x|z) . . . ι^{-1ν}_β(x|z) . . . = ∑ k∈N_0 (−1)^k k! A_k^{α...}_{β... μ1...μk} (x)^→σ^{μ1} (x|z) . . .^→σ^{μk} (x|z) . (G.34) We will not list explicit results.

We can also expand a bi-tensor A(x|z) in both its arguments around some point y. We denote coefficients of such expansion A_{k,l}(y). I.e. ι^⋆(y|y; X)ι^⋆(y|y; Z)A(y; X|y; Z) = ∑ k,l∈N A_{k,l μ1...μk ν1...νl} (y) X^{μ1} . . . X^{μk} Z^{ν1} . . . Z^{νk} , (G.35) where by ι^⋆(y|z)A(z) we mean a parallel transport of all indices from z to y. In the case of a bi-scalar f(x|z), similarly to (G.27) we can derive that f_{k,l μ1...μk ν1 ...νl} = [∇_{(lμ1} . . . ∇_{lμk )}∇_{(rν1} . . . ∇_{rνl)}f] . (G.36) For calculations in appendix F we need the covariant expansion of the world function σ(x|z).

When we expand both its arguments at point y using the method described above we obtain σ(y; X|y; Z) = 1 2 ( X − Z )_μ g_{μν} (y) ( X − Z )_ν − 1 6 X^μX^ν Z^κZ^λ R_{μκνλ}(y) + . . . . (G.37)

Clearly, the expansion of the world function at one of its arguments is given by equation (G.16).

Similarly, it is possible to derive (see [36, 37]) that coincidence limits of derivatives of the Van- Vleck Morette determinant are

[Δ] = 1 , (G.38) [d_lΔ] = [d_rΔ] = 0 , (G.39)

[∇_{lμ}∇_{lν} Δ] = −[∇_{lμ}∇_{rν} Δ] = [∇_{rμ}∇_{rν} Δ] = 1 3 Ric_{μν} . (G.40)

and the covariant expansion

Δ(y; X|y; Z) = 1 + 1 6 (X − Z) · Ric · (X − Z) + . . . . (G.41)

Finally let us note that the Jacobian associated with a map

u^{-1}_x : z → Z = −^→σ (x|z) (G.42)

is given by | |Det Du^{-1}_x (z) | | = | |Det(g^{-1}(x) ·^↔σ (x|z)) | | = g^{-1}(x) s(x|z) = i(x|z) Δ(x|z) . (G.43)

(d − 1) + 1 splitting near a boundary

Now we turn to investigate the domain Ω with a boundary. We will study this situation locally — i.e. we will work on a neighborhood of the boundary with topology R × Σ where Σ is part of boundary manifold. In such neighborhood we can perform a (d − 1) + 1 splitting which we discussed already in appendix D (see also e.g. [2]). It is given by a time function t and time flow vector ⃗t such that ⃗t · dt = 1. We use notation of usual 3 + 1 splitting of spacetime even if we do not necessarily assume that t plays the role of a time coordinate. We assume that the condition t = 0 defines the boundary and that t > 0 inside of the domain Ω. We denote Σ_t hypersurfaces defined by conditions t = const. We denote n and ⃗n inside oriented normalized normal form and vector, q orthogonal projection of the metric g on the hypersurfaces Σ_t, and � orthogonal projector to hypersurfaces Σ_t. I.e.

g = n^2 nn + q , g^{-1} = n^{-2} ⃗n⃗n + q^{-1} , δ = ⃗nn + � , (G.44)

where q^{-1} is inverse of g in the tangent space to the hypersurfaces. The phase factor n governs the signature of the metric g and the character of the hypersurfaces (see appendix D). We will use shorthands A^{...α...⊥...} ...⊥... = A ...β...μ... ...ν... � α β ⃗n^ν n_μ . (G.45)

We also use_↠ σ^{def}=^↠σ ,^↔σ^{def}=^↔σ ,^↞σ^{def}=^↔σ . (G.46)

Decomposition of the time flow vector ⃗t defines lapse N and shift ⃗N

⃗t = N⃗n + ⃗N , dt = Nn . (G.47)

We denote d the hypersurface gradient — an orthogonal projection of a spacetime gradient to the hypersurfaces Σ_t df = � · df , (G.48)

and ▽ the hypersurface connection of the metric q. It is related to the spacetime connection as

▽A = �^⋆∇A for A such that A = �^⋆A . (G.49)

where by �^⋆A we mean projection of all tensor indices to the spaces tangent to the boundary. We denote by r, ric, R, and ▽^2 the Riemann curvature tensor, Ricci tensor, scalar curvature and Laplace operator of the metric q.

The extrinsic curvature K is given by covariant derivative of the normal form

K = � · ∇n , (G.50)

and we use shorthands k = K_{μν} g^{-1 μν} ,

K^2 = K_{κμ}K_{λν} g^{-1 κλ}g^{-1 μν} .

(G.51)

We define the time derivative of a tensor field A tangent to the hypersurfaces:

A^′ = �^⋆L_{⃗t}A for A such that A = �^⋆A . (G.52)

Now we list a number of useful relations between spacetime quantities and “space” quantities, derivations of which are straightforward and for the case n^2 = −1 can be mostly found, for example, in [2].

⃗n · ∇n = −d ln N ,

∇ · ⃗n = n^2k ,

(G.53) ⃗n · ∇q = n ( n (d ln N) + (d ln N) n ) , �^μ_γ ∇_μq_{αβ} = −n_αK_{βγ} − n_βK_{αγ} ,

(G.54)

∇ · � = −n^2nk + d ln N , � · (∇�) · � = −K ⃗n

(G.55)

q^′ = 2n^2NK + L_{⃗N} q , K^′ = N ( ⃗n · ∇K ) + 2n^2N K · q^{-1} · K + L_{⃗N} K , k^′ = N ⃗n · dk + ⃗Nk . (G.56)

The curvature tensors of the spacetime metric g and of the space metric q are related by R_{α β γ δ} = r_{αβγδ} + n^2 ( K_{αδ} K_{βγ} − K_{αγ} K_{βδ} ) , R_{αβγ⊥} = n^2 ( ▽_αK_{βγ} − ▽_βK_{αγ} ) , R_{⊥⊥} = n^4 ( Kk − K · q^{-1} · K ) − n^2 ( ▽▽ ln N + (d ln N) (d ln N) + ( ∇ · (⃗nK) ) ) = = n^4K · q^{-1} · K − n^2 ( ▽▽ ln N + (d ln N) (d ln N) + 1 N K^′ − 1 N L_{⃗N} K ) , (G.57)

Ric = ric − ▽▽ ln N − (d ln N) (d ln N) − ( ∇ · (⃗nK) ) , Ric_⊥ = n^2 ( ▽ · q^{-1} · K − dk ) , Ric_{⊥⊥} = n^4(k^2 − K^2) − n^2∇ · ( ⃗n k + q^{-1} · (d ln N) ) = = −n^4K^2 − n^2 ( ▽^2 ln N + (d ln N) · q^{-1} · (d ln N) + ⃗n · dk ) (G.58)

R = R + n^2(k^2 − K^2) − 2∇ · ( ⃗n k + q^{-1} · (d ln N) ) = = R − n^2(k^2 + K^2) − 2 ( ⃗n · dk + ▽^2 ln N + (d ln N) · q^{-1} · (d ln N)

) (G.59)

Geodesic theory near a boundary

We can develop geodesic theory on a hypersurface Σ similarly to what we did for the spacetime M. On the boundary we denote the exponential map v_x, the tensor of geodesic transform and its determinant ς and j, the world function, its derivatives and its determinant ρ,^→ρ ,^←ρ ,^↠ρ ,^↔ρ ,^↞ρ and r, and Van-Vleck Morette determinant △. Finally, we denote {.} the coincidence limit on the boundary.

In the neighborhood of a part of the boundary Σ of the domain Ω in which geodesics orthogonal to the boundary do not cross we can also define the map^⌢w ⌢w : Σ × R → M , ⌢w(x, η) is geodesic ,^⌢w(x, 0) = x ,^⌢w^′ (x, 0) = ⃗n .

(G.60)

It maps point x on the boundary “orthogonally” to the domain Ω by the distance η. We denote Σ_η the hypersurface which we obtain by shifting Σ = Σ_0 by the distance η. We also use the notation

⌢w_η : Σ → Σ_η ,^⌢w_η(x) =^⌢w(x, η) ,

⌢w_{ξ,ζ} : Σ_ξ → Σ_ζ ,^⌢w_{ξ,ζ} =^⌢w_ξ(^⌢w^{−1}_ζ ) .

(G.61)

This foliation is special case of the foliation discussed above. We obtain it for the choice of lapse and shift N = 1 and ⃗N = 0.

For a tensor field A(x) on spacetime we denote by A(^⌢x, ξ) its dependence on^⌢x and ξ, and^⌢A(^⌢x, ξ) the tensor field on the boundary manifold given by A(^⌢x, ξ) = A (_⌢ w(^⌢x, ξ) ) ⌢ A(^⌢x, ξ) =^⌢w^⋆_ξ A (_⌢ w_ξ(^⌢x) ) , (G.62)

where^⌢w^⋆_ξ is the induced transformation on tangent bundles. For a bi-tensor A(x|z) we mean by the boundary coincidence limit {A}(^⌢y; ξ, ζ) = A(^⌢y, ξ|^⌢y, ζ) . (G.63) Specially, we have a metric^⌢q(^⌢y, η) (generally different from q(^⌢y)) on the boundary manifold, volume element^⌢q^{12} (^⌢y, η), and associated connection^⌢▽. It is related to the connection ▽ by ⌢ ▽ = ▽ ⊕^⌢γ . (G.64)

The relation of corresponding curvature tensors is (see e.g. [2])

⌢r_{γα}^δ_β = r_{γα}^δ_β +^⌢▽_γ^⌢γ^δ_{αβ} −^⌢▽_α^⌢γ^δ_{γβ} +^⌢γ^δ_{αμ}^⌢γ^μ_{γβ} −^⌢γ^δ_{γμ}^⌢γ^μ_{αβ} ,

⌢ric_{αβ} = ric_{αβ} +^⌢▽_μ^⌢γ^μ_{αβ} −^⌢▽_α^⌢γ^μ_{βμ} +^⌢γ^ν_{αμ}^⌢γ^μ_{βν} −^⌢γ^ν_{μν}^⌢γ^μ_{αβ} .

(G.65)

From the definition of the map^⌢w we have

{^→σ }(^⌢y; ξ, ζ) = (ξ − ζ) ⃗n(^⌢y, ξ) , (G.66) {d_lσ} = 0 . (G.67)

Differentiating this equation we obtain the differential map D^⌢w

D^⌢w_{ξ,ζ} (x) : T_x Σ_ξ → T_z Σ_ζ , z =^⌢w_{ξ,ζ} (x) ,

D^ν_μ^⌢w_{ξ,ζ} (x) = − ( ▽_{lμ}▽_{lκ}σ ) (x|z)^↔σ^{-1 κν} (x|z) . (G.68)

In the special case ξ = 0 we get

D^ν_μ^⌢w_η (^⌢y) = − ( ηn^2K_{μκ}(^⌢y) +^↠σ_{μκ}(^⌢y|^⌢y, η) )_↔ σ^{-1 κν} (^⌢y|^⌢y, η) . (G.69)

Here^↔σ^{-1} is the inverse of^↔σ in spaces tangent to hypersurfaces Σ_η. Because D^⌢w_{ξ,ζ} = D^⌢w^{-1}_{ζ,ξ} we have {^↔σ_{μν} } = { ( ▽_{lμ}▽_{lκ}σ )( ▽_{rν} ▽_{rλ}σ )_↔ σ^{-1 κλ} } . (G.70)

Using this relation, the definition of the Van-Vleck Morette determinant and

⃗n(x) ·^↔σ (x|z) = −⃗n(z) · g(z) for z =^⌢w_{ξ,ζ} (x) , (G.71)

we get an expression for the Jacobian associated with the map^⌢w_{ξ,ζ} , ⌢ j(^⌢y; ξ, ζ) = | |Det D^⌢w_{ξ,ζ} | | (^⌢y, ξ) = = { Δ^{-1} q^{-1} ( Det ▽_l▽_lσ }) (^⌢y; ξ, ζ) = { Δ q ( Det ▽_r▽_rσ }_{-1}) (^⌢y; ξ, ζ) .

(G.72)

As special cases we have ⌢ j(^⌢y, η) =^⌢j(^⌢y; 0, η) ,^⌢j(^⌢y; ξ, ζ) =^⌢j^{-1}(^⌢y, ξ)^⌢j(^⌢y, ζ) . (G.73)

This also gives the expression for the Van-Vleck Morette determinant,

Δ(^⌢y, ξ|^⌢y, ζ) = q^{- 12} (^⌢y, ξ) q^{- 12} (^⌢y, ζ) (( Det ▽_l▽_lσ ) ( Det ▽_r▽_rσ

))^1_2 (^⌢y, ξ|^⌢y, ζ) . (G.74)

Finally we can prove that ⌢ j(^⌢y, ξ)^⌢Δ(^⌢y, ξ|^⌢y, ζ)^⌢j(^⌢y, ζ) = q^{-1}(^⌢y) ( Det ▽_l▽_l^⌢σ ) (^⌢y, ξ|^⌢y, ζ) = q^{-1}(^⌢y) ( Det ▽_r▽_r^⌢σ ) (^⌢y, ξ|^⌢y, ζ) . (G.75) Thanks to (G.67), (G.72), and (G.73), the function j̃ defined in (F.36) is

j̃(^⌢y; ξ, ζ) =^⌢j(^⌢y, ξ)^⌢Δ(^⌢y, ξ|^⌢y, ζ)^⌢j(^⌢y, ζ) q^12 (^⌢y) ( Det ▽_r▽_r^⌢σ

)_- 1_2 (^⌢y, ξ|^⌢y, ζ) = =^⌢j(^⌢y, ξ)^⌢Δ(^⌢y, ξ|^⌢y, ζ)^⌢q^{12} (^⌢y, ζ) ( Det^⌢▽_r^⌢▽_r^⌢σ

)_- 1_2 (^⌢y, ξ|^⌢y, ζ) = = j(x)Δ(x|z) q^{12} (z) ( Det ▽_r▽_rσ

)_- 1_2

(x|z) = j(x) Δ^{12} (x|z)^⌢j(^⌢y; ξ, ζ)^{12} = = (_⌢ j(^⌢y, ξ)^⌢Δ(^⌢y, ξ|^⌢y, ζ)^⌢j(^⌢y, ζ) ) 1_2 .

(G.76)

The equation previous to this one is a straightforward consequence.

Reflection on the boundary

In chapter 14 we have worked with the geodesic reflected on the boundary. We recall its definition here and list some useful properties which allows us to prove the relation (F.52).

We will study the geodesic x̄_b(x|z) between points x and z which is reflecting on the boundary at point b(x|z) — an extreme trajectory of the functional given by the half of squared length, with the condition that it has to touch the boundary. We use the convention, that for any quantity depending on two spacetime points f(x|z) we denote f_l(x|z) = f(x|b(x|z)) , f_r(x|z) = f(b(x|z)|z) . (G.77) If we denote the parameter at which the geodesic reflects on the boundary λ_r(x|z) and its complement λ_l(x|z) b(x|z) = x̄_b(x|z)|_{λr (x|z)} ∈ ∂Ω , 1 = λ_l(x|z) + λ_r(x|z) .

(G.78)

we can write the reflected geodesic as joining of two geodesics

[τ, x̄_b] = [λ_lτ, x̄_l] ⊙ [λ_rτ, x̄_r] . (G.79)

The extremum conditions on position of the reflection point and reflection parameter are

(dσ)_l λ_l + (dσ)_r

λ_r

= 0 , σ_l λ^2_l = σ_r λ^2_r

. (G.80)

We define reflection world function σ_b as

σ_b = σ_l λ_l + σ_r λ_r = σ_l λ^2_l = σ_r λ^2_r

. (G.81)

Clearly

λ_l = √ σ_l σ_b

, λ_r = √ σ_r σ_b , √ σ_b = √ σ_l + √ σ_r , 0 = (d √ σ)_l + (d √ σ)_r ,

(G.82)

Using the last equation we can get

d_l √ σ_b = (d_l √ σ)_l , d_r √ σ_b = (d_r √ σ)_r . (G.83)

Similarly to the case without boundary we define

s_b = | |√2σ_b | | = s_l + s_r (G.84) → σ_b = g^{-1} · d_lσ_b = → σ_l λ_l

,^←σ_b = d_rσ_b · g^{-1} = ← σ_r λ_r

, (G.85) ↠ σ_b = ∇_l∇_lσ_b ,^↔σ_b = d_ld_rσ_b ,^↞σ_b = ∇_r∇_rσ_b . (G.86)

Additionally we define

s_⊥ = − 1 λ_l

⃗n(b) · (d_rσ)_l = − 1 λ_r

⃗n(b) · (d_lσ)_r = ⃗n · (d_lσ_b) = ⃗n · (d_rσ_b) , (G.87)

and we denote differentials of maps x → b(x|z) and z → b(x|z) as → b = D_lb ,^←b = D_rb , (G.88)

i.e. if we displace points x and z in directions X and Z, the reflection point moves in direction X ·^→b (x|z) +^←b (x|z) · Z. Finally we define the reflection Van-Vleck Morette determinant Δ_b

Δ_b = |Det^↔σ_b| i^{-1} . (G.89)

Some long algebra gives ↠ σ_b = −^→b · B ·^→b − 1 2σ_b λ_r λ_l

(d_lσ_b)(d_lσ_b) + 1 λ_l ↠ σ_l , ↔ σ_b = −^→b · B ·^←b + 1 2σ_b

(d_lσ_b)(d_rσ_b) , ↞ σ_b = −^←b · B ·^←b − 1 2σ_b λ_l λ_r

(d_rσ_b)(d_rσ_b) + 1 λ_r ↞ σ_l ,

(G.90)

where

B = 2 √ σ_b ( ∇_r∇_r √ σ)_l + ∇_l∇_l √ σ)_r ) = ↞ σ l λ_l + ↠ σ r λ_r + 1 2 σ_b σ_lσ_r

(d_lσ)_r(d_rσ)_l + 2s_⊥K(b) . (G.91)

Using these relations, a more intricate calculation gives the space coincidence limits {_↔ σ_b } = − {→ b · B ·^←b } , (G.92) {^↔σ_l λ_l } = − {→ b · B } , {^↔σ_r λ_r } = − { B ·^←b } , (G.93) { (▽_l▽_lσ_b)^{-1} } = {_↔ σ^{-1}_b · (▽_r▽_rσ_b)^{-1} ·^↔σ^{-1}_b } = = {_↔ σ^{-1}_l · (▽_r▽_rσ)_l · ( λ_l(▽_r▽_rσ)^{-1}_l + λ_r(▽_l▽_lσ)^{-1}_r ) · (▽_r▽_rσ)_l ·^↔σ^{-1}_l } , (G.94) { (▽_l▽_lσ_b)^{-1} ·^↔σ_b } = {_↔ σ^{-1}_b · (▽_r▽_rσ_b) } . (G.95)

Here inverses are taken in the spaces tangent to the boundary. Taking the determinant of the last equation, we find { (Det ^↔σ_b)^2 } = { (Det ▽_l▽_lσ_b) (Det ▽_r▽_rσ_b) } , Δ_b(^⌢y, ξ|^⌢y, ζ) = ( q^{- 12} (^⌢y, ξ) q^{- 12} (^⌢y, ζ) (Det ▽_l▽_lσ_b) (Det ▽_r▽_rσ_b)

) 1_2 (^⌢y, ξ|^⌢y, ζ) . (G.96) and j^2(x) q(x) ( Det ▽_l▽_lσ_b ) (x|z) = j^2(z) q(z) ( Det ▽_r▽_rσ_b ) (x|z) = = j^2(^⌢y) q(^⌢y) ( λ_l(▽_r▽_rσ)^{-1}_l + λ_r(▽_l▽_lσ)^{-1}_r ) (x|z) (G.97)

for x =^⌢w(^⌢y, ξ) and z =^⌢w(^⌢y, ζ). Putting these relation together we obtain

j(x) Δ_b(x|z)j(z) = j^2(x) q(x) ( Det ▽_l▽_lσ_b ) (x|z) = j^2(z) q(z) ( Det ▽_r▽_rσ_b ) (x|z) (G.98)

for x =^⌢w(^⌢y, ξ) and z =^⌢w(^⌢y, ζ). The equality in (F.52) is a straightforward consequence of this relation.

Covariant expansions near boundary

Finally we will write down coefficients in covariant expansions (F.32) and (F.33) of the world function σ and function l defined in (F.30). These are expansions inside of the boundary manifold of ⌢w-mapped functions^⌢σ(^⌢x, ξ|^⌢z, ζ) and^⌢l (^⌢x, ξ|^⌢z, ζ) around point^⌢x. The derivation is long and technical. It uses the general method discussed above and a transformation of the connection ▽ to the connection^⌢▽. Fortunately, we need only the spacetime coincidence limit of the coefficients (i.e. ⌢σ_{k,l}(^⌢y; η, η)), which simplifies the calculations significantly. But even then the calculations is too long and uninteresting to be included it here. We list only the results. See also [26,34,35] for similar calculations.

The coefficients of the boundary covariant expansion of the spacetime world function^⌢σ at some general point^⌢y (slight generalization of eq. (F.32)) are

⌢σ_{0,0}(^⌢y; ξ, ζ) = 1 2 n^2 (ξ − ζ)^2 , (G.99)

⌢σ_{0,1}(^⌢y; ξ, ζ) =^⌢σ_{1,0}(^⌢y; ξ, ζ) = 0 , (G.100) [^⌢σ_{2,0}] = −[^⌢σ_{1,1}] = [^⌢σ_{0,2}] =^⌢q , (G.101) [^⌢σ_{3,0 αβγ} ] = [^⌢σ_{0,3 αβγ} ] = 3^⌢γ^μ_{(αβ}^⌢q_{γ)μ} , [^⌢σ_{2,1 αβ κ}] = [^⌢σ_{1,2 κ αβ} ] = −^⌢γ^μ_{αβ}^⌢q_{κμ} , (G.102) [^⌢σ_{4,0 αβγδ}] = [^⌢σ_{0,4 αβγδ}] =

= −n^{2 ⌢}K_{(αβ}^⌢K_{γδ)} + 4(^⌢▽_{(α}^⌢γ^μ_{βγ} )^⌢q_{δ)μ} + 8^⌢γ^ν_{μ(α}^⌢γ^μ_{βγ}^⌢q_{δ)ν} + 3^⌢γ^μ_{(αβ}^⌢γ^ν_{γδ)}^⌢q_{μν} , [^⌢σ_{3,1 αβγ κ}] = [^⌢σ_{1,3 κ αβγ} ] =

= n^{2 ⌢}K_{(αβ}^⌢K_{γ)κ} − (^⌢▽_{(α}^⌢γ^μ_{βγ)})^⌢q_{μκ} −^⌢γ^μ_{(αβ}^⌢γ^ν_{γ)μ}^⌢q_{νκ} ,

[^⌢σ_{2,2 αβ κλ}] = − 1 3 ( r_{ακβλ} + r_{αλβκ} ) − − 1 3 n^{2 ⌢}K_{ακ}^⌢K_{βλ} − 1 3 n^{2 ⌢}K_{αλ}^⌢K_{βκ} − n^{2 ⌢}K_{αβ}^⌢K_{κλ} −^⌢γ^μ_{αβ}^⌢γ^ν_{κλ}^⌢q_{μν} .

(G.103)

The coefficients of the boundary covariant expansion of the function l at some general point^⌢y (slight generalization of eq. (F.33)) are

[^⌢l_{0,0}] = 2 ln^⌢j , (G.104)

[^⌢l_{1,0 α}] = [^⌢l_{0,1 α}] =^⌢γ^μ_{αμ} , (G.105)

[^⌢l_{2,0 αβ}] = [^⌢l_{0,2 αβ}] = = 1 3 ( −^⌢K^′_{αβ} + 2n^{2 ⌢}K_{αμ}^⌢K_{βν}^⌢q^{-1 μν} − n^{2 ⌢}K_{αβ}^⌢k+

+ 3^⌢▽_{(μ}^⌢γ^μ_{αβ)} +^⌢γ^μ_{αν}^⌢γ^ν_{βμ} + 2^⌢γ^μ_{αβ}^⌢γ^ν_{μν} ) , [^⌢l_{1,1 α β}] = 1 3 (_⌢ K^′_{αβ} − 2n^{2 ⌢}K_{αμ}^⌢K_{βν}^⌢q^{-1 μν} + n^{2 ⌢}K_{αβ}^⌢k ) (G.106)

Computing normal derivatives we also get 1 n (ln^⌢j)^′ = n^⌢k , 1 n^2

(ln^⌢j)^{′′} =^⌢k^′ ,

(G.107)

and 1 n [(ln^⌢j)^{r′} ] = 0 , 1 n^2

[(ln^⌢j)^{r′r′} ] = − 1 3 l(^⌢k^′ + n^{2 ⌢}K^2 ) . (G.108)

Finally, we have boundary coincidence limits {σ_b}(^⌢y; ξ, ζ) = 1 2 n^2(ξ + ζ)^2 , {s_⊥}(^⌢y; ξ, ζ) = n^2(ξ + ζ) , (G.109)

{^→σ_b}(^⌢y; ξ, ζ) = (ξ + ζ)⃗n(^⌢y, ξ) , {^←σ_b}(^⌢y; ξ, ζ) = (ξ + ζ)⃗n(^⌢y, ζ) , (G.110) {λ_l}(^⌢y; ξ, ζ) = ξ ξ + ζ , {λ_r}(^⌢y; ξ, ζ) = ζ ξ + ζ . (G.111)

Using these relations, equations (G.92), (G.93), with help of (G.69) and

{^{⌢↠}σ_r}(^⌢y; ξ, ζ) = q(^⌢y) + O(ζ^2) , {^{⌢↞}σ_l}(^⌢y; ξ, ζ) = q(^⌢y) + O(ξ^2) (G.112)

we can derive −{^{⌢↔}σ_b}(^⌢y; ξ, ζ) = q(^⌢y) + ( ξ + ζ − 2 ξζ ξ + ζ ) n^2K(^⌢y) + O((ξ + ζ)^2) . (G.113)

From this follows

{^⌢Δ_b}(^⌢y; ξ, ζ) = 1 + ( ξ + ζ − 2 ξζ ξ + ζ ) n^2k(^⌢y) + O((ξ + ζ)^2) . (G.114)

Together with_⌢ j(^⌢y, η) = 1 + n^2k(^⌢y)η + O(η^2) (G.115) and the definition (F.52), it finally gives the expansion for j̃_b,

j̃_b(^⌢y; ξ, λ, ζ) = 1 + ( ξ + ζ 2 − (1 − 2p)λ ) n^2k(^⌢y) + O((ξ + ζ + λ)^2) . (G.116)

H Special functions R_ν

In appendix F we have used various integrals of exponentials of quadratic exponent and integrals of such integrals. Here we summarize properties of such integrals. We will introduce a special function R_ν closely related to error functions erfc(x), the definition and properties of which can be found, for example, in [38]. The derivation of the properties below are not all simple, and we do not include them here.

We define the function R_ν (x) for positive ν as

R_ν (z) = 1 Γ(ν) ∫ R^+ dx x^{ν−1} exp ( − 1 2 (x − z)^2 ) . (H.1)

It is a solution of the differential equation

R^′_ν (z) = νR_{ν+1}(z) − zR_ν (z) , R_ν^{z→−∞}−−−−−→ 0 . (H.2)

In the limit ν → 0 and for ν = 1 we have

R_0(z) = exp ( − 1 2 z^2 ) , (H.3)

R_1(z) = √ 2π − √ π 2 erfc ( z √ 2 ) . (H.4)

We also have the recurrence relation

R_{ν+2}(z) = 1 ν + 1 ( z R_{ν+1}(z) + R_ν (z) ) . (H.5)

For ν ∈ N these functions are combinations of R_0 and R_1 with polynomial coefficients

R_{n+1} = p_nR_1 + q_{n−1}R_0 for n ∈ N , (H.6)

where p_{n+1}(z) = 1 n + 1 ( z p_n(z) + p_{n−1}(z) ) , p_0 = 1 , p_1 = z ,

q_{n+1}(z) = 1 n + 2 ( z q_n(z) + q_{n−1}(z) ) , q_0 = 1 , q_1 = 1 2 z . (H.7)

These polynomials satisfy

p^′_n = p_{n−1} , q^′_n = (n + 2) q_{n+1} − p_{n+1} , (H.8) and √ 2π p_n(z) = R_{n+1}(z) + (−1)^nR_{n+1}(−z) = √ 2π i^n2^n2 n!

H_n ( i^{z√}_2 ) , (H.9)

where H_n are the Hermite polynomials (see [38]).

H Special functions R_ν 175

Values at zero are

R_ν (0) = 2^{ν2}

Γ(^ν_2 + 1) Γ(ν + 1) = 1 2 √ 2π 2^{ν−1}2 Γ(^{ν−1}_2 + 1) = {_1

(ν−1)!! for ν natural and even 1 ν!! √_π 2 for ν natural and odd

, (H.10)

p_n(0) =

{_1

n!! for n even 0 for n odd

, p^′_n = { 0 for n even 1 (n−1)!! for n odd

, (H.11)

q_n(0) =

{_1

(n+1)!! for n even

0 for n odd

, q^′_n = { 0 for n even 1 n!! −^1_{(n+1)!!} for n odd

. (H.12)

The behavior for small z can be found for natural ν with help of relations (H.5) and

R_0(z) = ∑ k∈N_0 (−1)^k (2k)!!

z^{2k} ,

R_1(z) = √ π 2 + ∑ k∈N_0 (−1)^k (2k + 1) (2k)!!

z^{2k+1} .

(H.13)

The behavior for |z| ≫ 1 and n ∈ N_0 is

R_{n+1}(z) = √ 2π p_n(z) θ(z) + exp ( − 1 2 z^2 ) O ( 1 z^{n+1} ) , (H.14)

where θ(z) is the step function.

Now we can write down results of some integrals in terms of these functions. For n ∈ N_0 we have 1 n! ∫ R dx x^n exp ( − 1 2 (x − z)^2 ) = √ 2π p_n(z) . (H.15)

Further for k, l ∈ N_0 we have 1 l! ∫ ⟨−∞,x⟩ dx ξ^lR_k(x) = ∑ m=0,...,l (−1)^{l+m} m! x^mR_{k+l−m+1}(x) =

= √ 2π(−1)^lp_{k+l}(0) + √ 2π l! (k − 1)! ∑ m∈N 2m⩽k−1 (2m − 1)!! k + l − 2m ( k − 1 2m ) x^{k+l−2m}−

− ∑ m=0,...,l 1 m! x^mR_{k+l−m+1}(−x) ,

(H.16)

1 l! ∫ ⟨0,x⟩ dx ξ^lR_k(x) =

= (−1)^kR_{k+l+1}(0) + √ 2π l! (k − 1)! ∑ m∈N 2m⩽k−1 (2m − 1)!! k + l − 2m ( k − 1 2m ) x^{k+l−2m}−

− ∑ m=0,...,l 1 m! x^mR_{k+l−m+1}(−x) .

(H.17)

Finally for m, k, l ∈ R^+ and n = m + k + l we have 1 n! ∫ ξ,ζ∈R^+ dξ dζ ξ^{m+k}ζ^{m+l} (ξ + ζ)^m exp ( − 1 2 (ξ + ζ)^2 ) = √ 2π 2^{− n+12}

Γ(m + k + 1) Γ(m + l + 1)

Γ(b + m + 1) Γ(^{n+1}_2 )

. (H.18)

I Diagrammatic notation

In this appendix we make some comments about the diagrammatic notation. A well-known application of this notation are Feynman diagrams used in field theory (a modification of which we use in the text). But in general, this notation is nothing other then a graphical representation of algebra of tensor objects. See for example [27] for an application to the spacetime tensors and spinors.

The main idea is to represent tensors by geometrical objects with “legs” which correspond to tensor indices. Different kind of tensor indices should be represented by different kind of legs. The contraction of tensor indices is represented by connection of corresponding legs. We can add the diagrams with the same leg structure and multiply them to obtain a diagram with more complicated leg structure which represents the tensor product of the component.

The only difference from the usual algebra is that we associate with each diagram a symmetry factor and we include the reciprocal of this numerical factor with the diagram. The symmetry factor is the number of ways in which the diagram can be re-arranged to obtain the identical diagram. If we want to use the diagram without the symmetry factor, we precede it with a # sign. To illustrate this convention we give some examples. Let a, b, k, H, and O be tensors represented by following diagrams

a^n ↔ ; k_{mn} ↔ , k_{mn} = k_{nm} ,

b^n ↔ ; H^{mn} ↔ , H^{mn} = H^{nm} ,

O^m_n ↔ .

(I.1)

We can write a^mk_{mn}b^n ↔ = # , (I.2) 1 2 a^mk_{mn}a^n ↔ = 1 2 # , (I.3)

1 2^3 1 3! (a^mk_{mn}a^n)^3 ↔ = 1 2^3 1 3! # , (I.4)

1 2 (a^m+b^m)k_{mn}(a^n+b^n) ↔

+ + = = 1 2 # + 1 2 # + #

, (I.5)

(a^m + b^m)k_{mn}a^n ↔ 2 + = # + # . (I.6)

Power expansion of some functions gives exp (1 2 a^mk_{mn}a^n ) ↔

1 + + + + · · · =

= 1 + 1 2 1 1! # + 1 2^2 1 2! # + 1 2^3 1 3! # + . . . ,

(I.7)

( k^{-1} − H

)_{-1} mn ↔ + + + · · · =

= # + # + # + . . . ,

(I.8)

− 1 2 tr ln ( δ − O ) ↔

+ + + + · · · =

= 1 2 # + 1 2 1 2 # + 1 2 1 3 # + 1 2 1 4 # + . . . .

(I.9)

There are some common operation which have a nice graphical interpretation. Let have some set of elementary connected diagrams (i.e. diagrams which are not explicit product of other diagrams) without free legs. The sum of all diagrams composed of an arbitrary number of these connected diagrams is the exponential of the sum of the diagrams. For example exp ( + ) = = 1 + + +

+ + + +

+ + + + + . . . .

(I.10)

This fact is powerful in an opposite direction — if an expression is given by the sum of all possible products of elementary connected components, the sum of these connected components is given by logarithm of the expression.

In combination with (I.9) we also find that det(δ − O)^{− 12} is given by the sum of all possible products of loops formed using the diagram of the operator O.

Next, let us have an expression given by the product of elementary diagrams which contains the diagram representing a vector a. We can understand it as an analytical tensor-valued function of the vector a. The derivation with respect of its argument is graphically represented as sum of graphs which we get by “tearing out” the diagram a from all possible symmetrically non-equivalent positions. E.g.

F_{mn}(a) ↔ ,

d_kF_{mn}(A) ↔ + + .

(I.11)

Note that the numerical factors above are correct thanks to symmetry factors included in the diagrams.

Notes

1 To define the “velocity” — an inner space derivative of the history — we need some additional structure on the fibre bundle H, for example a connection on this bundle. There can exist a natural connection (for example if we can identify fibres of the bundle) or a choice of the connection is equivalent to specification of a external field (e.g., a gauge field for the Yang-Mills theories). In the following we will not need to specify the exact nature of this structure. We will only assume that velocities Dh have a vector bundle structure over the inner manifold M so we can define the derivative of the Lagrangian density with respect of the velocities^{∂L}_{∂Dh} . For the definition of the derivative of the Lagrangian density with respect of boundary value we need also some additional structure (see appendix C for discussion of similar questions for tangent bundles) which we also will not specify becacause we are not interested in an exact form of the equations of motion at this moment.

2 [ξ_1, ξ_2] are Lie brackets of the tangent vectors ξ_1, ξ_2.

3 We should be careful to distinguish the spaces P and S. We have S ⊂ P but it is not true for duals S^⋆ ⊄ P^⋆. We can only define a natural restriction P^⋆ → S^⋆. Similar comments apply for B and S. Therefore, if we will work with tensors intrinsic to S we use the tensor indices A, B, . . . and we use ∘ for the contraction operation. But for vector objects we sometimes use the natural identification S ⊂ P or S ⊂ B, for example for ϕ_1, ϕ_2 ∈ S

ϕ_1 ∘^↭ω ∘ ϕ_2 = ϕ_1 • ∂F[Σ] • ϕ_2 = ϕ_1 ⋄ ( π_i ▪ φ_i − φ_i ▪ π_i )_⋄ ϕ_2 ,

where in the former term the symplectic form lives on S, in the second one in P and in the last one in B.

4 We have T Σ ⊂ T M, so there is a unique meaning in writing a space vector with a spacetime index (e.g. ⃗N^α). It is not well defined for covectors. To write q_{αβ} we have to specify that we are using an orthogonal projection from T M to T Σ in sense of the metric g_{αβ}.

5 We are using the following convention for operators

π ▪ p ▪ φ = π_x p^x_y φ^y , φ ▪ p ▪ π = φ^y p^x_y π_x .

This means that in the first case the operator p acts to the right, in the latter case to the left. The order is determined by the fact that φ is vector and π is covector. This convention simulates contraction of vector indices, and it is necessary to be careful in some cases. For example if A, B ∈ S^1 are operators on S we can write

(A ∘^↭ω ∘ G_c ∘ B)^x_y = A^u_y^↭ω_{uz}G^{zv}_c B^x_v = −A^u_y δ_S^v_uB^x_v = −(B ∘ A)^x_y .

Note the reverse order of the operators in the last term. To get used to the convention, we give another example. Let J be an operator on S satisfying J ∘^↭ω = −^↭ω ∘ J. We can write

J ∘^↭ω = −^↭ω ∘ J =^↭ω^⊤ ∘ J = (J ∘^↭ω )^⊤

or, using indices,

(J ∘^↭ω )_{xy} = J^z_x^↭ω_{zy} = −^↭ω_{xz}J^z_y =^↭ω_{zx}J^z_y = J^z_y^↭ω_{zx} = (J ∘^↭ω )_{yx} = (J ∘^↭ω )^⊤_{xy} .

6 On any manifold M we can define a vector bundle of tangent densities of a weight α which we denote R̃^α M or C̃^α M if the densities are real or complex. The space of sections will be denoted F̃^α M. The standard fiber of this bundles are vector space of real or complex numbers. As for any tangent bundle, the density bundle can be defined by a map from bases e_a in tangent vector spaces to the standard fiber which is a representation of the linear group on the bases. The map tells by what factor is a density μ is different from the coordinate density ϵ given by the base e_a μ[e_a] = μϵ^{-1} , ϵ[e_a] = 1 .

The representation for densities of the weight α is

μ[A^b_ae_b] = (det A)^α μ[e_a] .

Clearly we can define complex densities even for a complex weight.

Beside the linear operation we can define also multiplication and constant powers of densities. Of course, these operations map densities of some weight to densities of a different weight. Let us note that complex conjugation maps the densities of a weight α to densities of the weight α^∗ and therefore “the absolute value” belongs to densities of weight Re α.

7 Polar decomposition is a decomposition of an operator in a Hilbert space into its absolute value and signum. We will use it for a real Hilbert space, i.e. a real vector space with a scalar product defined by a symmetric positive quadratic form h

(a, b) = a^T · b = a · h · b a, b vectors , A^T = h^{−1} · A · h A an operator .

There exists unique left and right decomposition of an operator O

O = |O|_l · sign_l O = sign_r O · |O|_r

to a positive definite symmetric operator |O|_l or |O|_r and an orthogonal operator sign_l O or sign_r O

|O|^T_{l,r} = |O|_{l,r} , |O|_{l,r} positive definite ,

(sign_{l,r} O)^T = (sign_{l,r} O)^{−1} ,

and these operators are given by |O|_l = ( O · O^T ) 1_2 , |O|_r = ( O^T · O

) 1_2 , sign_l O = |O|^{−1}_l · O , sign_r O = O · |O|^{−1}_r .

If O commutes with O^T both decompositions coincide.

8 Let us remember that in our convention

⟨ϕ, u⟩^m_p = ∏ k∈I ⟨ϕ, u_k⟩^{mk}_p

and [ u ∘ d ]_m F = [∏ k∈I [ u_k ∘ d ]_{mk} ] F .

9 Filled circles correspond to disconnected transition amplitudes and empty circles to connected ones. As with usual Feynman diagrams, numerical prefactors computable from the symmetry of diagrams are included in diagrams. See more appendix I and chapter 15 for more details on diagrammatic notation.

10 We use the proper normalization of the position bases and choose the density weight of the base equal to (^1_2 − iγ_f ) and (^1_2 − iγ_i), where γ_f and γ_i are the order parameters as defined in (5.9). I.e. we do not need to choose any volume element on V[Σ_f ] or V[Σ_i] and it makes sense to write, for example F̂_{f f} = ∫ x_f ∈V[Σ_f ]

|f pos : x_f ⟩⟨f pos : x_f | .

11 More precisely, in the Heisenberg picture which we are using, the physical state |phys) is a fixed dynamically independent state, and the dynamics is hidden in the relations of basic observables ˘ F_f , ˘ G_a to this state. But we will be a bit vague and will speak about determination of the physical state |phys) because it is more intuitive and does not influence any computation.

12 We will use ϕ, . . . for elements of B instead of more appropriate ∂ϕ, . . . to simplify the notation.

It can be also understood as a representative from P of the element in B. Of course, only the value and the normal derivative on the boundary is important for the boundary phase space B. 13 Here we use the same letter for a general momentum π ∈ Ṽ and the constant π = 3.1415 . . . in the normalization of the measure for momenta. It is left to an intelligent reader to distinguish the meaning from the context.

14 The Euclidian action is used here because it includes all necessary numerical factors. As discussed in appendix D, we can use both Euclidian or physical actions regardless of which version of the theory we are working. They are related by

−I(h) = νS(h) .

The version of the theory is determined by actual value of the factor ν — whether it is real or imaginary.

15 In this part we use the Lorentzian (i.e. physical) convention in the sense of appendix D with an exception that we use the Euclidian action I. It cannot lead to confusion, because we have denoted it by a different symbol than the physical action S.

16 The factor n, which governs the signature of the spacetime metric, is chosen here for convenience and reflects that we are using Lorentzian convention for volume element. I.e., the physical amplitude is^1_n K, but the quantity K will have nicer properties in language of Lorentzian quantities. Similarly, for the Green function the physical amplitude is^1_n G^F , but we will use often the quantity G^F to express properties of the amplitude.

17 Again, we factorize out the prefactor n motivated by the fact that J is a density, i.e. proportional to volume element g^{12} .

18 We do not lose any generality — all the following could be done with respect to some general b-boundary conditions, only instead of φ, π, γ and related quantities we would have to use φ_{∼b}, π_{∼b}, γ_{∼b}, etc..

19 Here, the standard fiber T_h H is equal to the standard fiber of the tangent space of the fiber manifold H.

20 Here we mean that q is a non-degenerate metric on Σ_t if restricted on tangent space T Σ_t.

But we use here identification of tangent spaces to Σ_t with tangent spaces of the manifold assuming orthogonal projections for covectors using metric g.

Bibliography

[1] B. S. DeWitt, Dynamical Theory of Groups and Fields (Gordon and Breach, New York, 1965). [2] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation (Freeman, San Francisco, 1973). [3] R. M. Wald, Existence of the S-matrix in quantum field theory in curved spacetime, Ann. Phys.

118, 490 (1979).

[4] R. M. Wald, Quantum Field Theory in Curved Spacetime and Black Hole Thermodynamics (The University of Chicago Press, Chicago and London, 1994).

[5] W. G. Unruh, Notes on black-hole evaporation, Phys. Rev. D 14, 870 (1976). [6] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University Press, Cambridge, 1982).

[7] B. S. DeWitt, Quantum field theory in curved spacetime, Phys. Rep. C19, 295 (1975). [8] J. B. Hartle, Spacetime quantum mechanics and the quantum mechanics of spacetime, UCSBTH92-21, gr-qc/9304006, lectures given at the 1992 Les Houches École d’été, Gravitation et Quantifications.

[9] A. Ashtekar and A. Magnon, Quantum field in curved space-times, Proc. R. Soc. Lond., Ser A 346, 375 (1975).

[10] A. A. Grib, S. G. Mamaev, and V. M. Mostepanenko, Vacuum Quantum Effects in Strong Fields (Friedman Laboratory Publishing, St. Petersburg, 1994).

[11] H. Rumpf and H. K. Urbantke, Covariant “in-out” formalism for particle creation by external fields, Ann. Phys. 114, 332 (1978).

[12] P. Hájíček, Theory of particle detection in curved spacetime, Phys. Rev. D 15, 2757 (1977). [13] R. P. Feynman, R. B. Leighton, and M. L. Sands, The Feynman Lectures on Physics (Addison- Wesley, Reading, 1963–65).

[14] R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path Integrals (McGraw-Hill, New York, 1965).

[15] V. N. Popov, Functional Integrals in Quantum Field Theory and Statistical Physics (D. Reidel Publishing Company, Dordrecht, 1983).

[16] L. S. Schulman, Techniques and Applications of Path Integration (John Wiley & Sons, Inc., New York, 1981).

[17] B. Simon, Functional Integration and Quantum Physics (Academic Press, New York, 1979). [18] R. P. Feynman, QED: The Strange Theory of Light and Matter (Princeton University Press, Princeton, N.J., 1985).

[19] M. Gell-Mann and J. B. Hartle, Quantum mechanics in the light of quantum cosmology, in Compexity, Entropy and the Physics of Information, SFI Studies in the Sciences of Complexity, Vol. VIII, edited by W. Zurek (Addison-Wesley, Reading, 1990).

[20] M. Gell-Mann and J. B. Hartle, Alternative decohering histories in quantum mechanics, in Proceedings of the 25th International Conference on High Energy Physics, Singapore, August 2–8, 1990, edited by K. K. Phua and Y. Yamaguchi (World Scientific, Singapore, 1990).

[21] J. B. Hartle, The quantum mechanics of cosmology, in Quantum Cosmology and Baby Universes:

Proceedings of the 1989 Jerusalem Winter School for Theoretical Physics, edited by S. Coleman, J. B. Hartle, T. Piran, and S. Weinberg (World Scientific, Singapore, 1991), pp. 65–157.

[22] J. B. Hartle, The quantum mechanics of closed dystems, in Directions in General Relativity, edited by B. L. Hu, M. P. Ryan, and C. V. Vishveshwara (Cambridge University Press, Cambridge, 1993).

[23] A. M. Polyakov, Gauge Fields and Strings (Harwood Academic, New York, 1987). [24] L. Parker, Path integrals for a particle in curved space, Phys. Rev. D 19, 438 (1979). [25] Y. Aharonov, P. G. Bergmann, and J. L. Lebowitz, Time symmetry in the quantum process of measurement, Phys. Rev. B 134, 1410 (1964).

[26] D. M. McAvity and H. Osborn, A DeWitt expansion of the heat kernel for manifolds with a boundary, Class. Quantum Grav. 8, 603 (1990).

[27] R. Penrose and W. Rindler, Spinors and Space-time (Cambridge University Press, Cambridge, 1984).

[28] M. Reed and B. Simon, Methods of Modern Mathematical Physics (Academic Press, New York, 1972–).

[29] I. Halperin and L. Schwartz, Introduction to the Theory of Distributions (University of Toronto Press, Toronto, 1952).

[30] L. Schwartz, Thèorie des Distributions (Hermann, Paris, 1966). [31] V. P. Frolov, lectures given in 1995 at the University of Alberta.

[32] B. S. DeWitt and R. W. Brehme, Radiation damping in a gravitational field, Ann. Phys. 9, 220 (1960).

[33] S. M. Christensen, Regularization, renormalization, and covariant geodetic point separation, Phys. Rev. D 17, 946 (1978).

[34] D. M. McAvity and H. Osborn, Asymptotic expansion of the heat kernel for generalized boundary conditions, Class. Quantum Grav. 8, 1445 (1991).

[35] D. M. McAvity and H. Osborn, Heat kernel asymptotics for mixed boundary conditions, Class.

Quantum Grav. 9, 1983 (1992).

[36] P. Krtouš, Point splitting calculations Using Mathematica and MathTensor, unpublished, available on WWW: http://fermi.phys.ualberta.ca/~krtous/Mathematica/pointsplitting/.

[37] S. M. Christensen, Vacuum expectation value of the stress-energy tensor in an arbitrary curved background: The covariant point-separation method, Phys. Rev. D 14, 2490 (1976).

[38] I. S. Gradshtein and I. M. Ryzhik, Table of Integrals, Series, and Products (Academic Press, New York, 1994).