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Abstract The study of higher-dimensional black holes is a subject which has recently
attracted vast interest. Perhaps one of the most surprising discoveries is a realization
that the properties of higher-dimensional black holes with the spherical horizon topol-
ogy and described by the Kerr-NUT-(A)dS metrics are very similar to the properties
of the well known four-dimensional Kerr metric. This remarkable result stems from
the existence of a single object called the principal tensor. In our review we discuss
explicit and hidden symmetries of higher-dimensional Kerr-NUT—(A)dS black hole
spacetimes. We start with discussion of the Killing and Killing—Yano objects repre-
senting explicit and hidden symmetries. We demonstrate that the principal tensor can
be used as a “seed object” which generates all these symmetries. It determines the
form of the geometry, as well as guarantees its remarkable properties, such as spe-
cial algebraic type of the spacetime, complete integrability of geodesic motion, and
separability of the Hamilton—Jacobi, Klein-Gordon, and Dirac equations. The review
also contains a discussion of different applications of the developed formalism and its
possible generalizations.
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Symmetries

Symmetries on configuration space

configuration space M = space of positions

e l-parameter family of diffeomorphisms on M generated by vector field I on M

e relevant quantities unchanged by the symmetry £1g =0 £1A =0 £V =0
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Symmetries

Symmetries on configuration space

configuration space M = space of positions

e I-parameter family of diffeomorphisms on M

e rclevant quantities unchanged by the symmetry

Symmetries on phase space

phase space [' = space of positions and momenta

e l-parameter family of diffeomorphisms on I
e symplectomorphism: £z €2 =0
e Hamiltonian unchanged by the symmetry:

e ['is a conserved quantily

generated by vector field I on M
£lg=() .flA:O £lV:O

generated by vector field Z on I’
generator is Hamiltonian flow Z = Xp
LzH=0 < {F H}=0

Lx,F =0
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Symmetries

Symmetries on configuration space

configuration space M = space of positions

e l-parameter family of diffeomorphisms on M

e relevant quantities ui

Symmetries on [

Symmetry is generated by
a conserved quantity

phase space [' = spac

e I-parameter family of diffeomorphisms on I’

e symplectomorphism: £z €2 =0

e Hamiltonian unchanged by the symmetry:

e ['is a conserved quantity

generated by vector field I on M

V=0

generated by vector field Z on I’

generator is Hamiltonian flow 27 = Xp

£x, F =0

£zH=0 < {FH}=0
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Symmetries of geodesic motion

Symmetries on configuration space
configuration space M = space of positions
e cenerator of the symmetry [

e metric conserved by the symmetry — isometry

.,Elg:O

Symmetries on phase space

phase space [' = space of positions and momenta

e generator of the symmetry Xg
o {K.H}=0
e Hamiltonian given by the metric

H=:3-g"p,p,
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Symmetries of geodesic motion

Symmetries on configuration space
configuration space M = space of positions
e cenerator of the symmetry [

e metric conserved by the symmetry — isometry

.,Elg:O

Symmetries on phase space

phase space [' = space of positions and momenta

e generator of the symmetry Xg
o {K.H}=0
e Hamiltonian given by the metric

H=:3-g"p,p,

= Explicit symmetries

conserved quantity linear in momentum p
L=1,

[ - Killing vector
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Symmetries of geodesic motion

Symmetries on configuration space
configuration space M = space of positions
e cenerator of the symmetry [

e metric conserved by the symmetry — isometry

.,Elg:O

Symmetries on phase space

phase space [' = space of positions and momenta

e generator of the symmetry Xg
o {K.H}=0
e Hamiltonian given by the metric

H=:3-g"p,p,

= Explicit symmetries

conserved quantity linear in momentum p
L=1,

[ - Killing vector

= Hidden symmetries

conserved quantity monomial in momentum p
_ alap ..
K — k pa]_ pap

k — Killing tensor
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Objects encoding symmetry

Killing vectors Killing tensors

[ is a Killing vector iff k is a Killing tensor of rank p iff

ft1-ap — k(al...ap)
£g=0 < VI =9
V(aOkal...ap) — 0
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Objects encoding symmetry

Killing vectors Killing tensors

[ is a Killing vector iff k is a Killing tensor of rank p iff
ft1-ap — k(al...ap)

Lg=0 & V9 =0
V(aOkal...ap) — 0

e Killing vector is a Killing tensor of rank 1
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Objects encoding symmetry
Killing vectors Killing tensors
l is a Killing vector iff k is a Killing tensor of rank p ift
Jll--ap — k(al...ap)

£g=0 < VY =90
V(a()kal...ap) —0

e Killing vector is a Killing tensor of rank 1

e Existence of Killing tensors is highly non-trivial restriction on the geometry
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Objects encoding symmetry
Killing vectors Killing tensors
l is a Killing vector iff k is a Killing tensor of rank p ift
Jll--ap — k(al...ap)

£g=0 < VY =90
V(a()kal...ap) —0

e Killing vector is a Killing tensor of rank 1

e [Existence of Killing tensors is highly non-trivial restriction on the geometry

e Killing tensors can be build from more elementary building blocks
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Objects encoding symmetry
Killing vectors Killing tensors

l is a Killing vector iff k is a Killing tensor of rank p ift

Jd1ap k(al...ap)
£g=0 < VY =90
V(a()kal...ap) —0

e Killing vector is a Killing tensor of rank 1
e Existence of Killing tensors is highly non-trivial restriction on the geometry

e Killing tensors can be build from more elementary building blocks

Conformal Killing—Yano forms
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Conformal Killing—Yano forms

Splitting covariant derivative of a form

(Aa)aal...ap = Olaaj...ap)

Vw - Avw + va —l— va (Cg)aal...ap = D_Lp«'»lga[alo-aamz...ap]

— a
(Ta)aal...ap = Oaay...ap — Olaay...ap] — Gala10 |alaz...ap]

D—p+1
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Conformal Killing—Yano forms

Splitting covariant derivative of a form

= Olaay...ap]
Vw = +CVw+TVw (CO)aay...ap = D_nga[alﬂaam..ap]
(T0)aar..ay = Caay.ap — Olaay...ap] — D_—Mga[alaa\a|a2...ap]
ow divergence part
Tw twistor operator
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Conformal Killing—Yano forms

Splitting covariant derivative of a form

(Aa)aal...ap = Olaaj...ap)

Vw=AVw +CVw +TVw (€COVatsar = Ty = o 0les0 s
dw ow Tw (T0)aay..ap = Caar...ap — Olaay...ap] — D_—Mga[alaa\a|a2...ap]

General form Vw=AVw+(CVw+TVw
Closed form Vw=CVw+TVw | dw=0
Divergence-free co-closed form Vw=AVw+TVw | dw =0
Conformal Killing—Yano form Vw=AVw+CVw | Tw =10
Killing—Yano form Vw=AVw Tw=0, dw=0
Closed conformal Killing—Yano form | Vw =CVw Tw=0, dw =0
Harmonic form Vw=TVw dw =0, dw=0
Covariantly constant form Vw=0 dw =0, dw=0, Tw=0

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Objects encoding symmetry 8



Conformal Killing—Yano forms

form w is a conformal Killing—Yano form iff for any vector X there exist forms k and & such that
Vxw=X-k+XAE

then

1 1
kK=——VAw _ v.
p+1 ¢ D—-—p+1

W

Killing—Yano forms Closed conformal Killing—Yano forms

Vs f=X-k Vxh=XN§

p

Vafal...ap — V[afal...ap] Vahal'“ap - D—p—1

9alay Vnh'|n|a2...ap]

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Objects encoding symmetry 9



Basic properties of conformal Killing—Yano forms

Killing—Yano forms Closed conformal Killing—Yano forms

f : +f

—
+h Hodge duality h

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Objects encoding symmetry 10



Basic properties of conformal Killing—Yano forms

Killing—Yano forms Closed conformal Killing—Yano forms

f : +f

—
+h Hodge duality h

kab _ fl(acz..cp be)CQ...Cp

is Killing tensor
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Basic properties of conformal Killing—Yano forms

Killing—Yano forms Closed conformal Killing—Yano forms

f : +f

—
+h Hodge duality h
kab - fl(aCQ...Cp .be)CQMCp h = hl A h2
is Killing tensor is closed conformal Killing—Yano form

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Objects encoding symmetry 10



Principal tensor

Principal tensor h is non-degenerate closed conformal Killing—Yano 2-form

V.hy = 9ea fb — G Sa €a — —Vbh’ba

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Principal tensor & Killing tower 11



Principal tensor

Principal tensor h is non-degenerate closed conformal Killing—Yano 2-form

1

VC hab =4 €b — g £a fa — ﬁvbhba

Darboux frame (e”, ")

N
h = E z,e' N\ e
p=1

N
g= Z(e“e“ + é“é“)
p=1
even dimension D = 2N
dz, o e e, dr, =0 p=1,...,N
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Principal tensor

Principal tensor h is non-degenerate closed conformal Killing—Yano 2-form

1

VC hab =4 gb — g £a fa — ﬁvbhba

Darboux frame (e”,e") non-degeneracy:
x,, are functionally independent functions

N
h = g z,e' N\ e
p=1

even dimension D = 2N
1t : _
dr, xe e, dr,=0 p=1,....N

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Principal tensor & Killing tower 11



Primary Killing vector

Principal tensor h Primary Killing vector &

1
Vchab:gcaEb_gcbga €a — 7 1

— V'hy,
D—1°

£5g:0 fghzo

€ is a Killing vector & preserves the principal tensor

i i

a highly non-trivial consequence of integrability a direct consequence of the principal tensor equation

conditions for the principal tensor equation

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Principal tensor & Killing tower 12



Killing tower

® Closed conformal Killing—Yano forms h') of rank 27

R — 1 RN
g

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Principal tensor & Killing tower 13



Killing tower

e Closed conformal Killing—Yano forms h') of rank 29:
R — l RN
g
e Killing—Yano forms fY) of rank (D — 2j):
£U) = «hl)

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Principal tensor & Killing tower 13



Killing tower

e Closed conformal Killing—Yano forms h') of rank 29:

R — l RN
g

e Killing—Yano forms fY) of rank (D — 2j):

f(j) oy XC)
e Rank-2 Killing tensors k(j):
¢ ! j)a )by ...c -
k(]) - (D—Q]—l)' f(J) C1.--CD—2j-1 f(])z 1--CD—-2j-1

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Principal tensor & Killing tower 13



Killing tower

e Closed conformal Killing—Yano forms h') of rank 29:

R — l R
g

e Killing—Yano forms fY) of rank (D — 2j):

e Rank-2 Killing tensors k;:

o Killing vectors [;:

FU) — )
ke — L i FUlberep-sj
(J) — (D—Qj—l)! C1.--CD—2j—1
Lijy =k - &

Pavel Krtous, Charles University
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Killing tower

Closed conformal Killing—Yano forms hY) of rank 29:

R — l RN
g

Killing—Yano forms fY) of rank (D —2j):

f(j) — X0)
Rank-2 Killing tensors k)
1 . .
ab a C1.--CD—_9j_
k(j) — D2 1) f(]) roen i1 f(])b 1--CD—2j—1
Killing vectors [;:
L) = k() - &

Hidden symmetries

Explicit symmetries

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017



Killing tower

e Rank-2 Killing tensors k; Hidden symmetries

e Killing vectors I Explicit symmetries

i

a non-trivial consequence of the Killing tower definition, of the principal tensor equation and its integrability conditions

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Principal tensor & Killing tower 14



Principal tensor geometry

e cigenvalues of the principal tensor h = coordinates z,

e Killing vectors I(;) commute and tangent to x, = const = Kiling coordinates 1),

Uniqueness of the geometry

it is possible to reconstruct the metric up to NV free metric functions X,

these functions are determined by the Einstein equations

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Principal tensor geometry 15



Off-shell Kerr—NUT—(A)dS geometry

N N—-1

U, ;
g=>" Xudx +—( Al d¢])
(=1 =0

explicit function polynomial in coordinates z, (symmetric polynomials)

N N
_ 2 2 2 _ 2 2
= g Ty - Ty, E xyl T, UM—H(%_'%)
14

Ve V=1 Vi, v=1
v <---<vj 1/1< <V‘7 1

Vi

unspecified N metric functions of one variable

Xy = Xu(zp)

for simplicity
even dimension
D =2N

Pavel Krtous, Charles University
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Off-shell Kerr—rNUT—(A)dS geometry

Darboux frame

forms:

for simplicity
even dimension

D =2N
X, /= 2
2 K (7) .
dz;, + i ( g A dwj) ]
H j=
vectors:
X \L U ;N—l(_x2)N—1—k
_ A% s _ B2 2
€ (y) Os & (z) 2.y, O

Pavel Krtous, Charles University

Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017
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Off-shell Kerr—rNUT—(A)dS geometry

Darboux frame

forms:

Curvature

N
Ric = — Z T (e“e“ + é’“‘é“)

for simplicity
even dimension

D =2N
X, /= 2
2 K (7) .
dz;, + i ( g A dwj) ]
H j=
vectors:
X \L U ;N—l(_x2)N—1—k
_ A% s _ B2 2
€ (y) Os & (z) 2.y, O

Pavel Krtous, Charles University

Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017
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for simplicity

On-shell Kerr—NUT—(A)dS geometry even dimension

D =2N
N —1
U X . 2
— Ayt B ) dab
0= [Yat s X (3 apan)
p=1 a Ho =
Einstein equations =
N
X, = /\H(az — xi) —2b,x, = Aj(xi) — 2b,x,
v=1
Parameters:
A cosmological parameter related to the cosmological constant A = (2N — 1)(N — 1)\
b, mass and NUT parameters
a, rotational parameters

freedom in scaling of coordinates = one parameter can be fixed by a gauge condition

exact interpretation of parameters depends on coordinate ranges, signature, and gauge choices

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Kerr-NUT-(A)dS 18



On-shell Kerr—NUT—(A)dS geometry ven dimendion

D =2N

N U , X N-—1
9= |Ldel+ ﬁ(;fl dwj)

p=1 a

Coordinate ranges:

_ 2 o1
e 1, between roots of X, X,= MJl(x;,)— 20,1,
2
X;>0 X3>0 AT (z7)
I +£E1 I3 +LU3
o bl
> g‘l : 20575
f o, g ol
VRS N © ’
%, \V/Eza
aq as as a4
“x2 T2 R IRE

X2<0 X4<0

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Kerr—-NUT—(A)dS



On-shell Kerr—NUT—(A)dS geometry for simplicity

even dimension
D =2N

—1

N
gzz [%dmiJr )(ZL (ZAW%H

Coordinate ranges:

e 1, between roots of X, [ for b, = 0 roots roots of X, are a, = 1, € (a,-1,a,) ]

e 1; — Killing coordinates

¢, — any liner combination of ; form also Killing coordinates

a periodic character of properly chosen coordinates ¢,, guarantees a regularity of rotation azes

regularity of whole rotational axes can be achieved only for vanishing NUT parameters

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Kerr-NUT-(A)dS 20



Kerr—NUT—(A)dS geometry — Lorentzian signature

N X N—-1
M H 7)
p=1 H J=0
Wick rotation:
time: T = 1y radial coordinate: X = r mass: by = 1m
Gauge condition:
%\f = % (suitable for limit A — 0)
New Killing coordinates:
R b . En -
t=7+y ARy S = (ALY ALY

A =
H k

barred quantities refer to ranges of indices given by N —+ N = N — 1

(ie,fi=1,...,Nand j=0,...,N — 1, etc.)

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017
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Kerr—NUT—(A)dS geometry — Lorentzian signature

_ 2
A, 1+ A\z2 J(a?) X
- 7 dt — doy | +-—d
I=7% <1:[1+Aa3 Zay(um 0, | P A

_ 2
(7“2+x/21) 5 /U 1—\r? 1+)\:17 (r*+a2)J;(a?)
M dr? I V)Y [ v d .
—I_zu: AU x”—l_;( 24a3) \ 14z H 1—|—)\a ; az(14+Xa2) U; ?

A, =—Xy= (1—>\r2) H(TQ—i—ag) — 2mr Y=Uy= m_(fr2 + x?;)
Ap ==X = (14+X23) T (a7) + 2bpx; Up = | | (2} — 27)

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Kerr-NUT-(A)dS 22



Kerr—NUT—(A)dS geometry — Lorentzian signature

N

_ 2
A, 1+ A\xg J(a?) X,

= —— dt — doy —d
g E(lzlle)\a% ZI; o(1+ Xa2)U; ¢>+AT g

_ 2
ri+a7) M/U 1—Ar 1+)\x- (r*4-a2)Jy(a?)

1% _V d o
SRy (Tl e X

Horizon function: A, = (1=Xr?) I1, (r*+a2) — 2mr

AT (=) Imr 2mr
— AT (—=r?)
7Li ;“0 r 7“1 ;“0 ;Qc \ r
A<0 A>0

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017
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Kerr—NUT geometry: A=0

A DN
= (k+1) - = 2
9= (d¢+§k:A d%) tyodr

r’+z2 5 i U O %
+§M:<A;/U/;> da’+ > (7“2/ (d7+z Ag;>)d¢k)

i

A, = —XN:H(T2+CL§) — 2mr > = UN=H(T2+x§)
Ap = —X; = T(22) + 2y Uy = ]2 - 22)
v

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Kerr-NUT-(A)dS 24



Myers—Perry metric: A=0 b;=0

= —dt> + % (dt + Z T d(by) + AZ dr? + r’dy + Z (dﬂy + p2de? )

- r2 + a2
1%

ATZH(T2—|—CL3)—2WLT’ :(0—1—2 TMV)H(T2+ai)7

new latitudinal coordinates:

N coordinates 1, ..., 2y — N + 1 constrained coordinates p, pt1, ..., Uy
,_J@)  IL-a) o, AV [
Y —aly —ap[laplad—a3) Tt AN T a3

constrain:

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017
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Schwarzschild—Tangherlini—(A)dS metric: 0; =0 a,=0

1
1 — A2 — 2mpr3—2N

g=— (1 —Ar? — 2mr3_2N) dt* + dr® + r* dﬂ?v

e Spherical symmetric black hole of mass m
e Horizons given by roots of the metric function
e Asymptotic character given by A

e Radial dependence changes with the dimension
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Principal tensor geometry = off-shell Kerr—NUT—(A)dS

N N—1

U, 2
g=>" Xﬂdm +—( A d%)
(=1 =0

explicit function polynomial in coordinates z, (symmetric polynomials)

N N
() — 2 2 _ 2 2
E xl ... Ay =) x, ..., U= || (z, —7,)
..... V=1 vi,...,v;=1 v=1
1/1< <vg 1 <--<V;j v#p
ViF I

unspecified N metric functions of one variable

Xy = Xpu(p)
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Non-trivial limits of Kerr—NUT—(A)dS geometry

e Limit of vanishing rotations
e Deformed black hole

e Nutty spacetimes

e Near horizon limits

e Limit of equal rotations
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Limit of vanishing rotations

vanishing rotations in /N directions

0

ap — 0 for these directions

e setting a; = 0 yields degenerate ranges of coordinates
e setting ay = 0 yields degenerate metric

e a suitable scaling of coordinates necessary!
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Limit of vanishing rotations

vanishing rotations in /N directions

0

ap — 0 for these directions

regular sector unspined sector
aN1p = O a; = €ayg
xNﬂL—fﬂ Ty =€y
¢z\7+u = ¢ﬂ ébﬂ = ¢ﬁ
p=1,...,N p=1...,N
e—0
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Limit of vanishing rotations

vanishing rotations in N directions

0

ap — 0 for these directions

regular sector unspined sector
aN1p = O a; = €ayg
TN = Ti Ty = €EXy
ONi = P bp = Op
IEL - 17 ) N Mn = 1, ,N
e—0
A ~2 -
g=g+uwg
7 X - J- (G2 7 X - T (a2 2
=Y [ﬂdig + 22 (Y J”(f‘v)dqsﬁ)Q] g=>3 [ﬂda@% L2 (> J”(_a”)dqbg) ]
—~ | X; Up V5 o Z i T - v
X; = AT (32) — 2b, 512N Xy =A\J(32) — 2b,
off-shell Kerr—NUT—-(A)dS on-shell Kerr— NUT—(A)dS

Lorentzian part Euclidian instanton
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Deformed black hole

switching-off all rotations by repeating the limiting procedure

1
g = —fdlf2 -+ ?dTQ + 7 |:qN—1 + §J2V—1 (QN—2 +ot 632 (q2 T ggql))}

2m

- 2
f=1=MAr ~ NS

1 —92/i+3
qu:Zﬂd§5+And¢i Ap=1-G =258

e non-rotating

e spatially deformed

static deformed black hole
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Nutty spacetimes

generalization of Taub—NUT—(A)dS
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Nutty spacetimes
generalization of Taub—NUT—(A)dS

tangent points 2, are double roots of X, for suitable values b, = [;u

)\j(a:Q)

%

Pavel Krtous, Charles University

Hidden symmetries

of higher-dimensional black holes, Prague, December 5, 2017
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Nutty spacetimes

generalization of Taub—NUT—(A)dS

spacetimes with near-critical NUT's

x-coordinate ranges near double roots @
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Near horizon limits

analogy for radial coordinate

spacetimes with near-critical mass

coordinate range of r near double root r
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Near horizon limits

analogy for radial coordinate

spacetimes with near-critical mass

coordinate range of r near double root r

Limit of equal rotations

enhancement of symmetry in the equal-rotation sector
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NS-commutation of the Killing tower

—_

N U X N—
-3 [xet (X

J

A(;z)d%)Q ]

=

Principal tensor

h=>) z,e'ne

!

Hidden symmetries — Killing tensors

k= Z A(/lj) (eueu + éuéu)
U
Ky k] i =0

Darboux frame forms:

oo (B an e ()

(i) U] s = 0

Primary Killing vector

€:8¢0

Explicit symmetries — Killing vectors

by = Oy,

Loy U] s = 0

vectors:
1 1 N-1/, _9\N-1-k
e — (&)2% 6 — (ﬂy ZL
U, X, — U,

8¢k

Pavel Krtous, Charles University
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Generating functions for Killing objects

Tensors depending on an auxiliary parameter (3

g 32 p2
qB)=9—p A=A
A(f) = (Detq(ﬁ))% j
Det g — k(B) = Z k(j)ﬁZj
k(B) = A(B) a(8)™! / |
1(5) = k(9) - & ) = 2t

Vanishing NS-brackets
LB, UB2) | s =0

[l(ﬁl) ) k(@Z) NS =0

K(B1), k(B2)] s = 0
Since k(0) = g, it also implies that I(3) and k() are KTs.
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Proof of vanishing NS-brackets

Vihye = g€ — 9acy < CCKY form
Ve = 26 (el + Pe(aGiyn) € < q=g-Fn
VoA = 23° k™€, < A= (Detq/Det g)%
g 253 (kab T N T O I e k=Aq"
jo _ kanfn
ll substituting into NS-brackets
Ko, ko] O = 3(K W,k — KWk =0
K, 1] =2k, — 15,k — (K (V,,8,) k3 + k5™ (V,€,,) kD)
U, L] = BV~ BV = (R{" (Vi) RS — K™ (V&) K &

)
S(VE) =0 and vek@) =0 <« |VEh|=0

where kil = k(ﬂl), k? = k(ﬁg), ll = l(ﬁ1>, etc.
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Integrability conditions for principal CCKY form

Vahbc — gab&c - gac€b

) taking second derivative 2V, ViR,
R",, b, =25 Vg, (1c1)
() Bianchi identities, contractions
(D-2)V,£, = —Ric,, h", + %hman”ab (1IC2)
i) substituting (IC2) to (IC1)
(D—2)R™ ;. h" g — By R0, 52]] _ 9Ricl*, 5{1 h'y =0 (1C3)
S(VE) = |h,Ric] < symmetrization of (IC2)

(D-2)[VE.h] = [h.Ric] -h+ [Rh. ] o [aoaH
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Alignment of Riemann tensor with principal CCKY form

Taking various (anti)symmetrizations and contractions of (IC3) with h one can prove:

[h : Rh"?) } =0 where Rh?, = h? R™,
Rh = Rh'Y
[ h. Rich@p)} = () where Rich™ =hn? R™",

Rich” = Ric

Any contraction of R with any power of h commutes with h
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NS-commutation of Killing tower

Any contraction of R with any power of A commutes with h
= S(VE) = [h,Ric} =0

Ve R = 555 ( [k Ric] -h+%[Rh,hD — 0

= Vanishing NS-brackets

[kﬁl, kﬁQ} NS 0 [kﬁl, lg] Ng 0 [ll, lQ] N 0
[k(z)’ k(])} NS 0 [k(z)a l(j)]NS =0 [l(z)p l(])] NS 0
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Consequences for physical systems: integrability and separability

e Integrability of the geodesic motion
e Separability of the Hamilton—Jacobi equation
e Separability of the wave equation

e Separability of the Dirac equation
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Integrability of the geodesic motion

hidden and explicit symmetries define observables quadratic and linear in momenta

a

k) = KjZk?f>Pan Lij) = Lj =1 P,

Ko k(] s = 0 [k 1))y =0 L )]s =0
{ K K} =0 {K: Lj} =0 {Li,L;} =0

k(o):g = Kyox H

K; and L; are conserved quantities in involution

Y
Complete integrability
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Geodesics
geodesics labeled by constants K, L; and initial positions

Solving for momenta

T2
B \/X;LK,M LM f( o ZK (_xZ)N—l—]
Pu = b% n= 2T
m j
p; = L; f’u = ZLJ( xi)N_l_‘]

Solving for coordinates

1 - "
o — 2
K can be solved numerically or

analytically using action—angle variables
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Separability of the Hamilton—Jacobi equation

Static Hamilton—Jacobi equation
H(z,dS)=F

Hamilton—Jacobi equations for conserved quantities
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Separability of the Hamilton—Jacobi equation

Static Hamilton—Jacobi equation
H(z,dS)=F

Hamilton—Jacobi equations for conserved quantities

Additive separability ansatz
S-Y 54X L = S Ko L
p J

Separated ordinary differential equations
72
L —

S/ZZ R v, | X, K, — L2
(u) X N Su:/ pp “dxu

oltst

Pavel Krtous, Charles University Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017 Integrability & Separability 46



Separability of the wave equation

Wave equation

O¢ =0 O=—-g*V,V,

Operators corresponding to conserved quantities

K;=—V.k{}) V, L;=—il{;V,
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Separability of the wave equation

Wave equation

¢ =0 O=—g"V,V,

Operators corresponding to conserved quantities

K;=—V.k{}) V, L;=—il{,V,

Commutativity of the symmetry operators

KKl =0  [KinLi] =0 [L, L] =0

Common eigenvalue problem

Kio=K;¢ Li¢p=L;p
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Separability of the wave equation

Operators corresponding to conserved quantities

Kj=—V.k{) V, L;=—il{,V,

Common eigenvalue problem

Ki¢=K;¢ Lip=L;p

Multiplicative separability ansatz

N—-1+e¢

¢ = H RM H eXp(iLk¢k) Ru = Ru(ajlh Kja Lj)
7 k=0
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Separability of the wave equation

Operators corresponding to conserved quantities

Kj=—V.k{) V,

Common eigenvalue problem

Kio=K;¢

Multiplicative separability ansatz

N—-1+e¢

o=11R: 11 ow(iLivn)
,u k=0

Separated ordinary differential equations

/ K. L2
0 1 _
<X;RQ)4—<32——E?)}%._O

Li¢p=L;¢

Pavel Krtous, Charles University

Hidden symmetries of higher-dimensional black holes, Prague, December 5, 2017
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Summary

e Explicit and hidden symmetries < Killing vectors and Killing tensors

e Killing tensors can be build from conformal Killing—Yano forms

e Principal tensor < non-degenerate closed conformal Killing—Yano 2-form
e Killing tower = a sequence of Killing tensors and vectors

® Uniqueness of the geometry compatible with the principal tensor

e Kerr—NUT—(A)dS metric

e Rich symmetry structure = Integrability and Separability
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for details see

Living Rev. Relat. 20 (2017) 6
Black holes, hidden symmetries, and complete integrability

V. Frolov, P. Krtous, D. Kubiznak

Thank you!
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