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Abstract. We investigate the fully general class of non-expanding, non-twisting
and shear-free D-dimensional geometries using the invariant form of geodesic
deviation equation which describes the relative motion of free test particles.
We show that the local effect of such gravitational fields on the particles
basically consists of isotropic motion caused by the cosmological constant A,
Newtonian-type tidal deformations typical for spacetimes of algebraic type D or II,
longitudinal motion characteristic for spacetimes of type III, and type N purely
transverse effects of exact gravitational waves with D(D — 3)/2 polarizations.
We explicitly discuss the canonical forms of the geodesic deviation motion in
all algebraically special subtypes of the Kundt family for which the optically
privileged direction is a multiple Weyl aligned null direction (WAND), namely
D(a), D(b), D(c), D(d), IlI(a), III(b), III;, IL;, II(a), II(b), II(c) and II(d). We
demonstrate that the key invariant quantities determining these algebraic types
and subtypes also directly determine the specific local motion of test particles,
and are thus measurable by gravitational detectors. As an example, we analyze
an interesting class of type N or II gravitational waves which propagate on
backgrounds of type O or D, including Minkowski, Bertotti-Robinson, Nariai
and Plebanski-Hacyan universes.
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1. Introduction

Spacetimes of the Kundt class are defined by a purely geometric property, namely
that they admit a geodesic null congruence which is non-expanding, non-twisting and
shear-free. In the context of four-dimensional general relativity, such vacuum and
pure radiation spacetimes of type N, III, or O were introduced and initially studied
50 years ago by Wolfgang Kundt [1,2].

The whole Kundt class is, in fact, much wider. It admits a cosmological constant,
electromagnetic field, other matter fields and supersymmetry. The solutions may be
of various algebraic types and can be extended to any number D of dimensions. All
Kundt spacetimes (without assuming field equations) can be written as

ds? = Ipq(u, ) daPda? + 2 gyp(r, v, x) duda? — 2dudr + guu(r, u, x) du?, (1)
see [1-9]. In this metric, the coordinate r is an affine parameter along the optically
privileged null congruence k = 9, (with vanishing expansion, twist and shear),
u = const. label null (wave)surfaces, and x = (2%, 22,...,2P71) are D — 2 spatial
coordinates in the transverse Riemannian space. The spatial part g, of the metric
must be independent of 7, all other metric components g,, and g, can be functions
of all the coordinates (r, u, x).

The Kundt class of spacetimes is one of the most important families of exact
solutions in Einstein’s general relativity theory, see chapter 31 of the monograph [3]
or chapter 18 of [4] for reviews of the standard D =4 case. It contains several
famous subclasses, both in four and higher number of dimensions, with interesting
mathematical and physical properties. The best-known of these are pp-waves (see
[3-6,10-14] and references therein) which admit a covariantly constant null vector
field. There are also VSI and CSI spacetimes [5,6,11-16] for which all polynomial
scalar invariants constructed from the Riemann tensor and its derivatives vanish and
are constant, respectively. Moreover, all the relativistic gyratons known so far [17-24],
representing the fields of localised spinning sources that propagate with the speed
of light, are also specific members of the Kundt class. Vacuum and conformally
flat pure radiation Kundt spacetimes provide an exceptional case for the invariant
classification of exact solutions [25-31], and all type D pure radiation solutions are
also known [32,33]. All vacuum Kundt solutions of type D were found and classified a
long time ago [34] and generalized to electrovacuum and any value of the cosmological
constant [35,36]. These contain a subfamily of direct-product spacetimes, namely the
Bertotti—-Robinson, (anti-)Nariai and Plebanski-Hacyan spacetimes of type O and D
(see chapter 7 of [4], [23] and [24] for higher-dimensional generalizations) representing,
for example, extreme limits and near-horizon geometries. With Minkowski and (anti-
)de Sitter spaces they form the natural backgrounds for non-expanding gravitational
waves of types N and IT [37-44].

In our studies here we consider the fully general class of Kundt spacetimes of an
arbitrary dimension D > 4 (results for the standard general relativity are obtained by
simply setting D = 4). Taking the spacetime dimension as a free parameter D, we
can investigate whether the extension of the Kundt family to D > 4 exhibits some
qualitatively different features and unexpected properties. Our paper is thus also
a contribution to the contemporary research analyzing various aspects of Einstein’s
gravity extended to higher dimensions. Explicit Kundt solutions help us illustrate
specific physical properties and general mathematical features of such theories.

Specifically, we systematically investigate the complete D > 4 Kundt class of
solutions using geodesic deviation and discuss the corresponding effects on free test
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particles. In section 2 we summarize the equation of geodesic deviation, introduce
invariant amplitudes of the gravitational field, and we discuss them for the fully
general Kundt family of geometries. In section 3 we derive expressions for these
amplitudes, and in section 4 we evaluate them explicitly for all algebraically special
Kundt spacetimes for which the optically privileged congruence is generated by a
multiple WAND. The main results are presented in section 5 where we discuss the
specific structure of relative motion of test particles for all possible algebraic types and
subtypes of such Kundt geometries, see subsections 5.1-5.12. In the final section 6
we present a particular example, namely an interesting class of type II and N non-
expanding gravitational waves on D and O backgrounds of any dimension.

2. Geodesic deviation in the fully general Kundt spacetime

Relative motion of nearby free test particles (without charge and spin) is described
by the equation of geodesic deviation [45,46]. It has long been used as an important
tool for studies of four-dimensional general relativity, in particular to analyze fields
representing gravitational waves and black hole spacetimes (see [47-50] for more details
and references). In our recent work [50] generalizing [41] we demonstrated that the
equation of geodesic deviation in any D-dimensional spacetime can be expressed in
the invariant form (using Einstein’s field equations Ry, — %R Gab + A gap = 87 Tayp)

) 2A 1 :
g = g4 g,z L (Wi — Wars ) 20
D—2)(D-1) + WYas +\/§( 179 377)
8T . 2T
+ 5 [Tu)(l) 20 + Ty 29 = (Toyo) + ﬁ)z(l)} )
L 2A . b
AR S ——— O A C )Ry &IOS/ S AC))
(D—Q)(D—l) 27 (44) \/i( 1T 3T)
1 .
=5 (Vo + W) A%
8m 1 ; 2T i
t 53 {Tu)(l) 20 + T 29 = (Tioyo + Do 1)2( ’], (3)

i,j=2,...,D—1.Here ZW 72 . 7ZP-1 gre spatial components Z() = e . Z
of the separation vector Z between the two test particles in a natural interpretation
orthonormal frame {e,}, e, - ey, = 14, where e) = u is the velocity vector of the

fiducial test particle, and Z(l), 2(2), .., ZP=1) are the corresponding relative physical
accelerations Z() = e . (D2Z/dr?). The coefficients To, = T(e,, ;) denote frame
components of the energy-momentum tensor (7" is its trace), and the scalars

‘Iloij = Uabed k‘a mf k‘c m? 5
Ui = Capea k* 1Pk m?, Uyiin = Capea k*mym§my
Uos = Copea k4 1°1°K?, Woisnt = Capea m§ mbmf;mi
Uoris = Capea k" mi1°m] Uois = Capea K 1"mms (4)
Uyri = Copea 12K 1°mE, Wyiin = Capea 1 m m§ mi.,
‘Il4ij = Uabed la mi’ lc m? ,
with indices 4,7,k,l =2,...,D — 1, are components of the Weyl tensor with respect

to the null frame {k,l,m;} associated with {e,} via relations k = \/ig(que(l)),

1= %(u —e)), m; = ey, see figure 1.
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Figure 1. Evolution of the separation vector Z that connects particles moving
along geodesics v(7), 7(7) is given by the equation of geodesic deviation (2) and
(3). Its components are expressed in the orthonormal frame {eq} with ey = u.
The associated null frame {k,l, m;} is also indicated.

The Weyl tensor components (4) are listed by their boost weight and directly
generalize the standard Newman—Penrose complex scalars ¥ 4 known from the D =4
case [50,51]. In equations (2), (3), only the “electric part” of the Weyl tensor with
respect to w represented by the scalars in the left column of (4) occurs. All these
scalars exhibit the standard symmetries of the Weyl tensor, for example

Wi =Wy, Yur =0, Waise = Waigsn - (5)
Moreover, there are relations between the left and right columns of (4), namely

Uypi = Wi, Wapi = Wik,

Uos = Uors®, Wopis = 3V, Yopai = 3V . (6)
Finally, let us remark that our notation which uses the symbols ¥ 4... in any dimension
is related to the notations employed elsewhere, namely in [5,12], [52,53], and [6, 54].

Identifications for the components present in the invariant form of the equation of
geodesic deviation are summarized in table 1 (more details can be found in [50]).

Vois  Wigs Uos Worii  Wapi Wy

Coioj —Coioj —Coionr  —Coitj Ciorj Chi;  Coley et al. [5,12]
—d 7(1)”' \I/j 2 \Ilij Pravda et al. [52, 53]

Q5 -0, - — Dy 4 Q;;  Durkee et al. [6,54]

Table 1. Different equivalent notations used in the literature for those Weyl
scalars that occur in the equation of geodesic deviation (2), (3).

The remaining (independent) components of the Weyl tensor are listed in table 2.

‘Illijk \Ifgijkz \Ifgij ‘IIQT[ij] ‘IIQT(ij) \IIBijk
Coij. Ciji  —Couij —Ch4jk  Coley et al. [5,12]
Uip P —2 @% 7cI>% —Q)ZS]. —Wi,,  Durkee et al. [6,54]

Table 2. Other Weyl tensor components and their form in the GHP notation.
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For the most general Kundt spacetime (1), the null interpretation frame adapted
to an arbitrary observer moving along the timelike geodesic y(7), whose velocity vector
isu =170, + 10, + 2P0, (normalized as u - u = —1, so that @ # 0), takes the formi

1
k =—0,,
V214

(ﬂf—ﬁ)&«—f—ﬁﬂ@u—i—ﬂip@p, (7)

m; = amf(gpua—i—gqucq)é)r +mg Op,

S~
|

pmq.:

where m? satisfy g,, m! i d;; to fulfil the normalization conditions m; - m; = d;;,
k-l =—1. Notice that the vector k is oriented along the non-expanding, non-
twisting and shear-free null congruence k = 0, defining the Kundt family. Moreover,
u = %(kz +1) and eq) = %(kz —1)=+V2k—u. The spatial vector e, is thus
uniquely determined by the optically privileged null congruence of the Kundt family
and the observer’s velocity u. For this reason we call such a special direction e(y)
longitudinal, while we refer to the D — 2 directions e(;y = m; are transverse.

To evaluate the scalars (4) we have to project coordinate components of the Weyl
tensor Copeq of the generic Kundt spacetime, which can be found in appendix A of [9],
onto the interpretation frame (7). Since Cyprq = 0, we immediately obtain Wiy = 0,
while the remaining Weyl scalars are in general non-zero. The relative motion of free
test particles in any D-dimensional Kundt spacetime (1), determined by the equation
of geodesic deviation (2), (3), can thus be naturally decomposed into the following

components:

e The presence of the cosmological constant A is encoded in the term

(%0 ) mrmaoa ) ()

It causes isotropic motion of test particles, which is typical for (maximally
symmetric) “background” spacetimes of constant curvature, namely Minkowski
space, de Sitter space and anti-de Sitter space.

e The terms Wog and Wypeij) are responsible for Newtonian-like tidal deformations
since the motion of test particles is given by

A Uyg 0 A
()= o)) e

where Uog = Wy, These effects are typically present in type D spacetimes.

e The scalars ¥3p; and Vg, represent longitudinal components of the gravitational
field resulting in specific motion associated with the spatial direction +e(;) and
—e 1), respectively. Such terms cause accelerations

ZON 1 0  Unps A )
70 )= Alua 0 )20 ) (10)

where W57, stand for either Uap; or —W;1; which are mutually equivalent under
k — 1, see (4). These scalars combine motion in the privileged longitudinal
direction +e (1) with motion in the transverse spatial directions e;). Such effects
typically occur in spacetimes of type III, in particular ITI;.

1 In this paper, i, j, k,l are frame labels, whereas the indices p, g, m,n denote the spatial coordinate
components. For example, mf stands for the p*" spatial coordinate component of the vector m,;.
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e The scalars W,;, characteristic for type N spacetimes, can be interpreted
as amplitudes of transverse gravitational waves propagating along the spatial
direction +e(;). These components of the field influence test particles as

AQ) 1/0 0 Q)
< Z0 ) T2 < 0 Wy > < A ) (1)

They obviously cause purely transverse effects because there is no acceleration
in the privileged longitudinal direction e(;). The scalars Wy:; form a symmetric
traceless matrix of dimension (D — 2) x (D — 2), see (5). This matrix describing
the amplitudes of gravitational waves has %D(D — 3) independent components
corresponding to distinct polarization modes.

More details about these general effects of any gravitational field on test particles can
be found in [50]. Their explicit discussion in the context of Kundt spacetimes will be
presented in subsequent sections of this contribution.

There are also specific direct effects of matter in the equation of geodesic deviation
(2), (3) which are determined by the frame components of the corresponding energy-
momentum tensor Ty,. As an explicit illustration, we present here two physically
interesting examples:

e For pure radiation (or “null dust”) aligned along the null direction k, the energy-
momentum tensor is Ty, = pkyky where p represents radiation density. Its trace
vanishes, T' = 0, and the only nonvanishing components of T,; in the equation of
geodesic deviation (2), (3) reduce to

ZON  dmp [0 0 Z(1) 12
720 )= 530 & )\ 20 ) (12)

There is no acceleration in the longitudinal spatial direction e(;y and the effect
in the transverse space is isotropic. Moreover, since p > 0, it causes a radial
contraction which may eventually lead to exact focusing.

e For an electromagnetic field aligned with the Kundt geometry (i.e., Fop k® = £k,
where k = 0,) the most general form of the Maxwell tensor is

F=E&Edr Ndu+ o, duAda? + 1B, da? Adat . (13)

Evaluating the energy-momentum tensor T, = ﬁ (fac Fp© — igab Fed de) in
the interpretation orthonormal frame, the corresponding effects on (uncharged)
test particles, as given by the equation of geodesic deviation, take the form

A T 7T A
(70)=(7 2)(%0) a0

where
o 2 5 9 D —4 2 22
T=-5— [ +B)+ 53— -8,

2 . . m
ﬂz—mmf[Iq(529pq+32pq)+“(55p_3pq5m9q )}’ (15)
2 Topagr s (g D4 o
Ty = 5 | mimi By — b (B + 5 (€7~ B)

i (E2gpg + B2,) + 20 (EE, — BpaEm g™) + i E,E, 9 ) |,
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with convenient auxiliary variables defined as

Ep =& Gup — 0p, B%q = BpmBgn g™, B? = %Bmeqn gPlg™™ . (16)
The motion simplifies considerably if the magnetic field is absent (B, = 0):
2 2D-5
T=——— £?
D-2 D-1 ’
2
T =~ mt (gpg 4167 + 0 EE, ) (17)
2 D -4
T = — g 0 (g €2+ Gpa i71ES + 2037 EE, + 126,849 )

in particular when D = 4 and 0, = 0 (in which case &, = Egup).

3. Explicit evaluation of the Weyl scalars U 4...

The invariant amplitudes W4... of various gravitational field components (9)—(11)
combine the local curvature of the Kundt spacetime with the kinematics of specific
motion along an arbitrary timelike geodesic (7). These should be evaluated at any
given event corresponding to the actual position of the observer along v(7), with its
actual velocity w =70, + 10, + 2P0, .

The scalars Uog, Worii, Uirs, Usri, Yy (and ¥gi; = 0) which enter the geodesic
deviation equation (2), (3) can most conveniently be expressed explicitly if we employ
the relation between the interpretation null frame (7) (adapted to the chosen geodesic
observer) and the natural null frame for the Kundt geometry (1) which is

knat — ar;

et = %guu Op + O (18)

mi* = my (gup Or + 0p) -
The transition between the null frames (18) and (7) is a Lorentz transformation
associated with the choice of different (timelike) observers, as explained in more detail
in section V and appendix C of our work [50]. Specifically, the general interpretation

frame is obtained from the natural one by combining a boost followed by a null rotation
with fixed k" (see equations (C3) and (C1) of [50]),

k = Bk"™,
l — B—llnat + \/iLim?at T |L|2Bknat, (19)
m; = m?at + \/§Lz Bknat ’
where |L|? = 6 L;L; and
1
B = m, Li:gpqu:tq. (20)

Conversely, the natural frame (18) is obtained from the interpretation frame (7) as a
particular case when V2u = 1, @ =0 (and thus V2r—1= %guu due to the assumed

normalization w - w = —1), i.e., B =1, L; = 0. This corresponds to special observers

with no motion in the transverse spatial directions (#? =0 forall p=2,...,D —1).
Under the Lorentz transformation (19), the Weyl scalars change as

lIloij - 0, lIllTi == B \I/Ilu%z 3 \Illijk == B ‘Illilgtk 3

Uy = Whe — 2V2 U5 BLY
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Wi = Uha, — 2v2 B(LUu, — L0k, )
Wy = U + V200, BLF — 2v/2 02 BL )
Wopi; = UH, + V2 U3 BLF — 2 \y‘;%EBLj, (21)
Wy = BTIUSM + V2 (U534 LY — WEaE L, + 2L, U5t
+ 4V L BL; — 2 (U8 Ly, + OO L, — UMaL L) BL 4 U2 B|L|?
Uy = B~ 1\I,na7 + \/_\Ilgthj \/5 (‘Ifg%tkiLk \IlnatL )
+2 (205 L, — Ui LY) BL — WAL BIL)?,
Uy = B2UL +2v2B (U5 Ly — Wiih, L)
+ 2N, LF L — AWSS (L) LF 4+ 2 |L|? — 2US3 L, L; — 458 L) LY
—2vV2 B(2U Ly LFL! + Wyes  LF|L? + W3t L) | L] — 20354 LA L; L),

UireLy

see expressions (C5) and (C7) of [50] in the particular case when ¥g:; = 0. The scalars
Uit represent the components (4) of the Weyl tensor in the natural null frame (18).
Recall that the coordinate components of Cyp.q were presented in appendix A of [9].
These scalars can also be used purely locally. For some purposes, it is not necessary to
evaluate all the functions along v(7) and express them in terms of the proper time 7 of
the geodesic observer. For example, to determine the algebraic type of the spacetime
at any given event, we only need to consider the values of the constants U5 and
their mutual relations. Moreover, they directly determine the actual acceleration of
test particles in various spatial directions.

4. Algebraically special Kundt spacetimes

In our recent work [9], we analyzed the geometric and algebraic properties of all Kundt
spacetimes for which the optically privileged (non-expanding, non-twisting, shear-free)
congruence is generated by the null vector field k = 9, that is a multiple WAND (Weyl
aligned null direction).

Specifically, \Ilg?f = 0 immediately confirms the results of [6,7,55] that a generic
Kundt geometry represented by the metric (1) is (at least) of algebraic type I
(subtype I(b), in fact) and k = k"** is WAND. In [9] we also demonstrated that the
general Kundt spacetime of algebraic type 11 with respect to the double WAND k in
any dimension D can be written in the form (1) with gy, = e, + fp 7 (at most) linear
in r,

ds® = gpy daPdz? + 2 (e, + fpr) duda? — 2dudr + guu(r, u, z) du?, (22)

where gpq(u, ), ep(u, ), fp(u,z), p=2,...,D — 1, are functions independent of 7.
For such algebraically special Kundt geometries (22) with the multiple WAND

k = k"™ there is W¥2l =0 = W2, . Moreover, in [9] we explicitly evaluated all the

remaining Weyl scalars U52% of the boost weights 0, —1, —2. After lengthy calculations,

we obtained the followmg surprisingly sirnple expressions, namely

= D L A S (5 + )], (23)
1

s 0 U5 (24)

nat na
Voran = v o + =

Pmd

‘i’g%t<u> = T;l ; [(SRPQ - ﬁ 9pq SR) + %( )(qu ! gpq f)} (25)
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2
D-3)(D- 9

nat T, nat
‘IIQijkl == lI/Qq,jkl -

(Oir 651 — 0it 6j5) U5

2 \
¥ G — BV — SV + V), (26)
‘I’Sza]tkz = mmmpmkml Scmpnq , (27)
Ut = 2 W) = mim! Fy (28)
. D-371 1 1
‘113% = _m:; m [5 (Tfp Guu,rr T Guu,rp — fp,u) + ep(§ Guu,rr — qufq)
1 q 1 q 1 1 q 1
+Zf equfif Eqp — D—_gXp*T<§f quJFD—_Z))Yp)}a (29)
nat nat 1 nat nat
Wik = ‘If3uk + = D_3 ((51']‘ Work — ik ‘IleJ) ) (30)

‘I’f;lzafk = mgmj'my [(Xpmq - % 9plm XQ]) +r (Y;’mq - % Gp[m Yq])} » (31)

s = mim] (Wm D — g Ira W) )
in which gpq fmg 9ij
Xpmaq = €[glim]llp + Fam €p + Fppm €q + €pmfq) — foim €q + Iplm,ullq) » (33)
Yoma = flalimillp + Fam fo + Fpim fq); o
W = =5 (uu)liplla + 39uufwlle) + 39uufo)

—59uur (T fpllg) + epg) = 59uurr (7 fpfq + 2 fipeq) + epeq)

JF%[(fnu = Guu,rp) (Tfq + €q) + (fou — Guu,rg) (7 fp + €p)]

+12g™" Fonp Frg + 7 (fp,ulle) = 20" EmpFon + " Finp €q) = €" Finp fo)
te(pullg) ~ %gpq,uu + 9" EmpEng + " Emp €q) = €" Enmp fo)

Jri(ememfpfq + fmfmepeq) - %fmemf(peq) s (35)
and their contractions are
Xe=0""Xpmg, Ye=0""Ypmq, W =g""Wy. (36)

Note that Wy, = Wy, , while X = —Xpgm and Ypmg = —Ypgm, so that X, and Y,
are the only non-trivial contractions of X, and Yp,q, respectively.
In these expressions we have introduced convenient geometric quantities

f? =g"fq, (37)
follq = fpa = Upgfms (38)
P =9"fllas (39)
fra = fipllg) + %fpfqa (40)
f = 9" fpq = fpllp %fpfpa (41)
Fpg = fivlla) = fipal (42)
fmiale = Jimale = Tpmdnia — Tpgfimoni » (43)
fp,qu = (fp,u)Hq = foug = fru ng ) (44)
foulo = foaou = faulpg, (45)
eP = gPe,, (46)
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€pllq =epq — Ipgem, (47)
€pq = €(pllg) — %gpqvuv (48)
Epq = ep|lq + %gpq,ua (49)
emllalllp = Clm.alp ~ LpmCng = Lpg€imm) (50)
€pullg = (Epulllg = Epug — Enulig, (51)
Cwaull) = Ema)u ~ €nulpg, (52)
ol = Iptmge T 5(Tpm Ina = Tpg Gnmou) » (53)
(9uw)lplla = Guupg — Guun Tpg (54)
Aguu = 9" (Guu)||pl|q - (55)

The symbol || indicates covariant derivative with respect to the spatial metric gpq in
the transverse (D — 2)-dimensional Riemannian space. The corresponding Riemann
and Ricci tensors are SRmpnq and Squ, the Ricci scalar is °R and the Weyl tensor
reads “Cinpng. All the quantities (37)—(53) are independent of the coordinate r.

The explicit Weyl scalars (23)—(32) in the natural frame (18) enabled us in [9]
to determine, without assuming any field equations, the classification scheme of all
algebraic types and subtypes with respect to the multiple WAND k = J,.. A summary
of such Kundt geometries (22) in any dimension D is presented in table 3.

Type Necessary and sufficient conditions

I(a)  guu = a(u,z) 7%+ b(u,z)r + c(u,z) where a = 1fPf, — ﬁ(% + f)

1(b) SRPQ — ﬁgz}q °R = _%(D_‘L)(qu_ ﬁgpq f)
II(c) Crpng =0
11(d) Fpy =0
101 I(abed)
III(a) ap+ fpa=0 where a:ifpfp—ﬁ(%—i—f)
by~ fpu = Py en(pfs + 1) = 3 %afy + f "B + 525 X
ITI(b) Xpma = 55 (9pm Xg — Gpg Xom)
N ITI(ab)
0] N with Wy = 55 gpg W (special case O is W, = 0)
D ST Gorr g — ) + n(& mnrr — 1770

=7 (5f%Fp + 55 Yp) — 1f%afp + 5[ Ep + 55 Xp
Xpmg = ﬁ(gpm Xq = 9pg Xm) and Ypmg = ﬁ(gpmxz — 9pq Ym)

Wpq = ﬁ Ipg W

Table 3. The classification scheme of algebraically special Kundt geometries
(22) in any dimension D with k = k™" = 9, being a multiple WAND. For type D
subclass, the vector 13t = %guu Or + Oy is a double WAND. If all conditions for
type D are satisfied and conditions for the subtypes II(a), II(d), II(c), II(d) are
also valid, we obtain the subtypes D(a), D(b), D(c), D(d), respectively. The
subtype D(abcd) is equivalent to type O. In the classic D = 4 case, conditions for
II(b), II(c) and III(b) are always satisfied.
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5. Geodesic deviation in Kundt spacetimes with a multiple WAND k

In the remaining parts of this paper we will discus an important family of algebraically
special Kundt spacetimes (22). As described in the previous section, Weyl scalars of
the two highest boost weights vanish identically, Ui2' =0, W2 =0 = U125, From
(21) we then immediately obtain

Wois =0, Ui =0, Wi = 0. (56)
The geodesic deviation equations (2), (3) (omitting the frame components of Ty

encoding the direct influence of matter, for example (12) or (14)) for the case of the
Kundt class of (vacuum) spacetimes (22) thus reduce to

. 2A 1 :

AD N —A O BT N/ {C) R I ¢} 57
PERICED N ’ (57)

» 2A , 1 1 4

20 = D=2)D=1) 720 —Wyray 29 — 7 Uyri 20 — 5 Wai Z0) . (58)

The corresponding Weyl scalars in the interpretation null frame are given by
expressions (21) with (20), which now simplify considerably due to (56):

‘IIQS = ‘Ilgg’t7 lIIQT"J‘ = lI/IQI’?‘tU )
Uari = V2005 +V2iP g, ((\Ilg?f ) m?? — w5 m?) : (59)
Wy = 207U + 403 gy (‘Ifé’%tom | — W m” q)

=D nat nat ., m, n n In
+ 2Pz <gpq WS — Gpm Jan Yog M m?2 + gpm Ggn \Ilwﬂm m

=2 gy gan (VB + W3) My mt™ )

where m/? = §m? and both the frame indices i, 7, k,! and the coordinate indices
p,q,m,n take the ranges 2,3,...,D — 1. The coefficients U52* are explicitly given
by expressions (23)—(32). Notice that in (59), not only the “electric part” but also
the “magnetic part” of the Weyl tensor with respect to u™2* occur due to the relative
velocity 4P between u and u" = %(kmt + 1"*). For completeness, the remaining
“magnetic” Weyl tensor components in the interpretation frame that do not enter

directly the equations of geodesic deviation (57), (58) are
Woij = lI/IQI?jt , Woijkt = \11121%‘5“ ,
Wy = VU + V2P g (Wit ml — W md + 2m Wi, ). (60)

The specific relative motion of free test particles in any algebraically special
Kundt spacetime (22) with a multiple WAND k thus consists of isotropic influence
of the cosmological constant A, Newtonian-like tidal deformations represented by
Vos, Yoran, longitudinal accelerations associated with the direction +e(;) given by
Vsri, and by transverse gravitational waves propagating along +e(;y encoded in the
symmetric traceless matrix Wyi;. These components were described separately in (8)—
(11). The invariant amplitudes (59) combine the curvature of the Kundt spacetime
with the kinematics of the specific geodesic motion. In contrast to longitudinal and
transverse effects, the Newtonian-like deformations caused by Was and Wypays) are
independent of the observer’s velocity components &P and 1.

We will now describe systematically the canonical structure of the relative motion
of free test particles in all possible algebraic types and subtypes of the Kundt family
summarized in table 3.
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5.1. Type O Kundt spacetimes

For type O Kundt spacetimes, the Weyl tensor vanishes identically, so that all the
Weyl scalars U5t given by (23)—(32) are zero. In view of (59), the geodesic deviation
equations (57), (58) for the type O vacuum Kundt spacetimes reduce to

. 2A » 2A _
A e A 7O -~ 70 1
D-a0-1" D-2(D-1) (®1)

There is thus no distinction between the (generically privileged) longitudinal spatial

direction e(;) and the transverse spatial directions e(;), ¢ = 2,..., D — 1. The relative

motion is isotropic and fully determined by the cosmological constant A, see (8). This
is in full agreement with the well-known fact [3,4] that the only type O vacuum spaces
are just Minkowski space, de Sitter space or anti-de Sitter space.

For non-vacuum type O (conformally flat) Kundt spacetimes, it is necessary to
add the terms representing direct influence of matter. For example, in the case of pure
radiation (“null dust”) aligned along k, the components (12) have to be superposed,
and the equations of geodesic deviation become
2 ACE ) SO N 10
(D—2)(D—1)Z ’ d ’(D—2)(D—1)Z D-2% - (62)
Since p > 0, there is now an additional radial contraction in the transverse subspace.

For aligned electromagnetic field, the additional matter terms are given by (14).

Z0)

5.2. Type N Kundt spacetimes

As shown in [9], for type N Kundt spacetimes (22) (with quadruple WAND k = 9,.)
the only non-trivial Weyl scalars are W32, Considering (59), the geodesic deviation
equations (57), (58) for vacuum type N spacetimes thus take the form

. 2A

A R — A O
(D—-2)(D-1) ’ (63)

. 2A . .

AV ——————AO N (10 A€) 4
(D—2)(D—1) o e (64

where, due to (32),
\I,nat _ P,.q 1
w2 = mtmd (Woy = 5— 9 W) (65)

is a symmetric and traceless matriz fully determined by Wp,. The symmetric matrix
W,q introduced in (35) simplifies, using all relevant conditions in table 3 (cf. [9]), to

Wy =1 [% a 9pqu + Ugpllg) T U fg) }

~H(er=fo)y+ (Ca—cla),] = Sbena+ (@ = L™ fm ) epea + Zpg) . (66)
in which
Up = 5Sou — 11 a0 + 11%€0fp — 3/ Bop — 55 X, (67)
Zpg = %emem fofg + €pullg — %gpq,uu —€" Empfq+ 97" EmpEng — Di_g Xpeq, (68)

and its trace is W = gP9W,,. The matrix W2 represents the amplitudes of Kundt
gravitational waves in any dimension D. In general, their effect is superposed on the
isotropic influence of the cosmological constant A, as given by (61). In the case D = 4

this has been analyzed and described in our previous work [41].
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(a)

Figure 2. Deformation of a sphere of test particles in the case when

two eigenvalues of 7\1127; are positive and one is negative (D =5, the wave
propagates in the direction e(;y, and the transverse 3-space shown is spanned
by e(2), €(3); €())- Plot (a) is a global view, (b), (c), (d) are views from the top,

front, right, respectively.

Since the set of (D —2) x (D — 2) scalars U}2 forms a symmetric and traceless
matrix, it has in general N = %D(D — 3) independent components corresponding
to the polarization modes of the gravitational wave. The remaining freedom in
the choice of the transverse vectors m; of the interpretation frame (7) is given
by the spatial rotations m/ = ®;J m;, where O, Pl 0j1 = i, which leave the null
frame vectors k,l unchanged. These rotations belong to the SO(D — 2) group with
Niot = 3(D — 2)(D — 3) independent generators. Therefore, the number of physical

degrees of freedom is
N—Not=D-3. (69)

This is exactly the number of independent eigenvalues of the matrix W}a" which fully
characterize the geodesic deviation deformation of a set of test particles. The sum of
all these eigenvalues must vanish (the traceless property), so that there is at least one
positive and one negative eigenvalue. The number of distinct options of dividing the
remaining eigenvalues into three groups with positive, null and negative signs is (D 5 2).
Concerning the signs of the eigenvalues, we can thus distinguish (D — 2)(D — 3)
geometrically and physically distinct cases.

Diagonalizing —\IIZ?} and denoting its eigenvalues as As, As, ..., we obtain

— U = diag(Aa, Az, ..., Ap_1) where Y P0' A =0. (70)
In view of (64), the relative motion of (initially static) test particles is such that they

recede in spatial directions with positive eigenvalues A; > 0, while they converge with
negative eigenvalues A; < 0 . In the directions where A; = 0 the particles stay fixed.
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Figure 3. Deformation of a sphere of test particles in the case when one

eigenvalue of —\IIZ;."‘]F is positive and two are negative.

In the classic D = 4 case, there is just one possibility, namely A3 = —As, and the
diagonalized matrix of the gravitational wave amplitudes takes the form

Ay 0
e . (71)
0 —-A

In the transverse 2-dimensional space perpendicular to the privileged propagation
direction e(;), we observe the standard gravitational wave effect, in which the set of
test particles expands in the direction ey when Az > 0 and simultaneously contracts
by the same amount in the perpendicular direction e(s) (or vice versa if Ay < 0), unless
one has the trivial case Ay = 0.

In higher dimensions, many more possibilities and new observable effects arise.
For example, in the first non-trivial case D = 5, the corresponding transverse space
spanned by (e(2),e(s),e)) is 3-dimensional. Concerning the deformation of a 3-
dimensional test sphere in this space, there are three physically distinct situations
determined by As, A3, A4, namely:

e two eigenvalues are positive and one is negative, see figure 2(a),
e one eigenvalue is positive and two are negative, see figure 3(a),
e one eigenvalue is positive, one is zero and one is negative, see figure 4(a).
From the point of view of a gravitational wave detector located in our (1+3)-
dimensional “real” universe locally spanned by the vectors (u, e, e(2), €(3)) where
e(1) is the propagation direction, (e(s), €(3)) defines the plane of the detector, while e 4)

is the extra (directly unobservable) dimension, we would see the following “peculiar”
effects in which the usual traceless property in (e, €(s)) is violated:
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(a)

(d)

Figure 4. Deformation of a sphere of test particles in the case when one

eigenvalue of —\Ilfl‘f].t is positive, one is zero and one is negative.

e both Ay, A3 # 0 (either positive or negative), Ay = —(Az + As) due to (70):
A 0 0
U= 0 As 0 : (72)
0 0| —(A+Ay)

In the directly observable first sector of dimension 2 x 2, the eigenvalues A,
and Asz can have arbitrary values now. Thus, the ring of test particles in these
two directions (a section through the 3-sphere in the transverse space) may

— recede in both directions e(), e(3) (A2, A3 > 0= A4 <0) as in figure 2(b),

— converge in both directions e(), e(3) (A2, A3 < 0= Ay > 0) as in figure 3(d),

— recede in one direction and converge in the other, but not by the same amount
(A2, Az have opposite signs, |As| # |As| = A4 # 0) as in figures 2(c), 2(d)
or figures 3(b), 3(c),

— behave as in the standard D = 4 general relativity (A3 = —As = Ay = 0) as
in figure 4(c), that is

A, 0 |0
—u = 0 Ay |0 |- (73)
0 0 |0
e A3 =0o0r Ay, =0, so that
As 0 0 0 0 0
-uE =1 0 of o or —U'=10 43| O |. (74
0 0|—-A 0 0 |—As

We can distinguish two subcases of this anomalous behaviour, namely
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— Ay > 0 or A3 > 0 as in figure 4(b),
— Ay <0 or Az < 0 as in figure 4(d).

Finally, in principle, it may also happen that the higher-dimensional gravitational
wave would propagate in the extra spatial dimension e(4), say. Due to the formal swap
e(1) < ey, this would imply Ay =0 and A; #0. In our real (1+3)-dimensional
universe we would thus observe the complete 3-dimensional transverse space with
peculiar “longitudinal” deformation of a sphere of test particles.

5.8. Type III Kundt spacetimes
For type 11T Kundt spacetimes (22) (which have a triple WAND k = 9,.), all the Weyl

tensor components of the boost weight 0 vanish, W52' = What, = wihat — @iat, = 0.
The equations of geodesic deviation (57), (58) thus become
. 9\ .
Z(l) _ Z(l) o \I/natv Z(j)
(D—2)(D-1) e 2 (75)
g 2N o gmat () g2 gmat 50
(D—-2)(D-1) T +
—240dP gpq(\lfg;t“ — Ut em q)Z(j) . (76)

Using the conditions summarized in the first four rows of table 3, expressions (29)—(32)

for the non-trivial Weyl scalars W2t Wt wiat reduce to

N D-3
‘113% = mf D_2 [(a,p + fpa)r

1 2 SR 2
*2( 52553 )+ 3 fquf”_quq”_D—SX”)]’

Wt = WS + —— (0 U575 — 0 WEL) (77)

1
D——3 (gpm Xq — Gpq Xm) ) )

na 1
\If4q,jt = mfmg (qu - m 9pq W) s

1
D -3
\I/gfjtk = mfm mi (Xpmq —

where a = ifpfpfﬁ (Ds—ngrf), Xg =" Xpmq, W = gP1 W, and

Xpmq = €lglim]llp + €pimSq) — Fpim €q) + Iplm,ullq) » (78)
Wpq = =12 [ §a|ipl1g + 58S pllq) + 30.(pSa) + afpfq]
= [ $ypl1q + 30, S ) + aepq + 2af(peq) + 20, (neq) — fp Loy — Fpulla)]

—3Cplla + 3¢fllo) + 5¢,0So) — 30epq — b,(peq) — a€p€yq

+efou+ el — 39paun + 97" EnpEng + [ Epgp €q) — €™ By fo)

+%(€memfpfq + [ fmepeq) — %fmemf(peq) .
In addition to the isotropic influence of the cosmological constant A and the transverse
effects of gravitational waves described by \I/Z’?f (which are typical for type O and N
spacetimes, respectively), type III Kundt spacetimes feature a longitudinal effect
proportional to the scalars W33, see (75). Moreover, from (76) we conclude that
there is also an additional kinematic effect for non-static observers — those with a
non-vanishing velocity in the transverse space, P # 0. Measuring relative motions
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between geodesic observers with non-trivial spatial velocities we can thus determine
other components of the curvature tensor, namely the symmetric part of \Ilgafk
If, and only if, 2" = 0, the geometry is of algebraic type III; with respect to the

triple WAND k"** and WAND [,

5.4. Subtype I11(a)
For the subtype III(a) of Kundt spacetimes, there is Wha% = 0, see table 3 and [9].

3T
The equations of geodesic deviation (75), (76) thus simplify to
- 2A
A e A0
CEPIES R (%)
(1 2A 4 2 na n k j
20 = (D-2)(D—-1) 70 —i? Ui 29 4 24P gy UEE,m* 29 (80)

Apart from the cosmological background A-term, there are only transverse effects
given by the scalars W42 and \Ifg(afj)k The latter contribution is purely kinematical,
i.e., it is absent for 27 = 0. For such static observers, the geodesic deviation is the
same as for type N spacetimes, cf. (63), (64). The specific contributions of \Ilg(atj)k can

be identified by considering non-static observers with mutual velocities &P # 0.

5.5. Subtype III(b)

For the subtype III(b) of Kundt spacetimes, there is ‘Ilgflfk =0, see table 3 and [9]. In
such a case, the equations (75), (76) become

2A

7O — 2 7)) _ et 7() 1
(D—-2)(D-1) 4T 47 (81)
M=oy A v 2 i 2
— ) na 51 na j
-2 3 WP gpg <\Il3Tt(7,m?) -5 _] 5 \Il3Ttkmkq)Z(3) . (82)

The geodesic deviation is thus fully determined by the scalars A, ¥52' and \Ilg%tj

via the corresponding isotropic, transverse and longitudinal effects, respectively. For
observers with non-vanishing spatial velocities P # 0, transverse motion is modified by

nat : 4 ; : 17 \ynat — nat
the presence of W35, . This additional effect is traceless since 0 ‘1’3T<1m L = Wim

5.6. Type D Kundt spacetimes

For type D Kundt spacetimes (22) with a double WAND k™" = k = 9, and a double
WAND "2 = 1 9uu O + Oy, all the Weyl scalars U4 vanish, except for the boost
weight 0. Therefore, the equations of geodesic deviation are (57) (58) with

Vs = VY, Poran = Yo »

Ware = V2 gy (W53 — WHS) m? — w33 m)

Uy = 24Pa? (gpq \I’g?ﬂm — 9pm Gqn q,ggt mzmm? + 9pm Gaqn \Ilgl’wlm "' (83)
= 29pm Yan (‘I’S’% + ‘I’S%tku) J>mkm> ’

where W50, Whart  wiat wrat  are explicitly given by expressions (23)-(28).
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For static observers that do not move in the transverse spatial directions (& = 0),
we have U3pi = 0 = Wy, so that the equations simplify considerably to

.. 2A

7O " 7(1) 4 pnat #(1) 4
(D—-2)(D—-1) +%¥2s ’ (84)

. 2A . N ,

2=y 2 e 27 (85)

We can now explicitly discuss specific particle motion in various algebraic subtypes of
the Kundt spacetimes of type D:

5.7. Subtype D(a)
The subtype D(a) is defined by the condition
Woat = (. (86)

This is equivalent to g,, = ar? +br + ¢ where a = 1 f7f, — ﬁ(;—fg + f), cf. (23)
and the first row in table 3. The geodesic deviation equations (84), (85) reduce to
2A

7O 2" 71 ]7
CEPEN RS 87
. 2A . .
A S ————— A O R L2 A ]8
(D—Q)(D—l) 27 (i3) ’ ( )
where, in view of (24), (86), we have WH2. ) = \i/;‘;t(m which is explicitly expressed by
(25). There is no longitudinal Newtonian motion, see (87), and the transverse New-
tonian deformations (88) are traceless since §% What, = = Whati = What = 0, see (6).

Interestingly, in higher dimensions, the local behaviour of test particles in subtype D(a)
spacetimes, as given by expressions (87), (88), is very similar to the effect caused by
type N gravitational waves (63), (64). Due to this close formal similarity, we can use
figures 2—4 to illustrate particle motion in the D = 5 case. Such a situation does not
appear in the D = 4 case since \Ifg;t(m = ‘i/g%t(m =0, as we can see from (25).

For geodesics with spatial velocities &P # 0, there are additional terms Wapi, Wyi;
given by (57), (58), (83). The scalars W52F, What, take the form (28) and (26), (27).

2ijk

5.8. Subtype D(b)

The subtype D(b) occurs if, and only if, @1213}(1.].) = 0. From (24) it thus follows that

oo = pg 0ij UBE (89)
Due to (25), this is equivalent to “Rpq — 505 pq "R = —3(D — 4)(fpq — 55 9pa [)
see [9] and the second row in table 3. For such Kundt geometries, the equations of
geodesic deviation (84), (85) take the form

2A

7O — 2> 7)) 4 gnat z(1) 90
(D _ 2)(D _ 1) + Wag ’ ( )

g 2A ; dij ;

A R A O Y nat 7(5) 1
(D—2)(D—-1) D—2 % (1)

We can see that the Newtonian part of the gravitational field is now fully determined
by a single scalar W53* given by (23). Moreover, motion in the transverse spatial

directions ¢,j =2,...,D —1 is isotropic (its sum is fully offset to zero by the
longitudinal motion, 8% What, == What). A sphere of test particles, initially at
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(a)

Figure 5. Deformation of a sphere of static test particles in the subtype D(b)
when D =5 for the cases (a) W5a* <0, (b) W52t > 0. Unlike in figures 2-4,
here we show e(1), e(2), €3), where (1) is the longitudinal direction (oriented
horizontally) while e(s), e(3) (plotted perpendicularly) are two directions of the
transverse 3-space (the third equivalent transverse direction ey is suppressed).

rest, is thus deformed into a rotational ellipsoid with the axis e(;), see figure 5.
Interestingly, this type of behaviour enables us to determine experimentally the
dimension D of the spacetime. Subtracting the isotropic motion given by A, it is
possible to measure the relative acceleration in the longitudinal direction e(;) and
compare it with the acceleration in any transverse direction e(s), say, obtaining
(Z(l)/z(l))/(_2(2)/z(2)) —D—9.

For geodesics with &P # 0, the additional terms W37: and Uyis given by (57), (58),
(83) have to be included.

5.9. Subtype D(ab)

Any Kundt spacetime that is both of the algebraic subtype D(a) and subtype D(b)
must necessarily satisfy W5s* =0 = What. ) see (86) and (89). Equations of geodesic
deviation (57), (58) then reduce to

.. 2A 1 ;

A N ——A ) R N/ C) 99
O-nD-1° vz 92

Ry 2A ) 1 1 ;

AV ——A O | (/4 CO R /A C)) 93
D-nD-1n" vzt (%)

where (83) becomes
3
Wapi = 5\/§mf Fpqi®, Wy =2m"m} (Cropng — 3Fp(m gnyq) 2787, (94)

Interestingly, for static observers (27 = 0), we have W37« = 0 = ¥4; and the equations
contain only the cosmological constant A-term. The relative motion of such test
particles is the same as in the type O spacetimes (61) — it is fully isotropic as in the
background Minkowski, de Sitter or anti-de Sitter spaces.

Recall also that in the classic D =4 case, the subtypes D(ab) and D(a) are
identical because the condition for the subtype D(b) is always satisfied [9].

5.10. Subtype D(c)
The algebraic subtype D(c) is defined by the condition W22 = 0 which, using (27),

ik
is equivalent to *Cypng = 0, cf. the third row in table 3. Since W52" and W5t ) are
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generally non-vanishing, this subtype of the Kundt geometries cannot be distinguished
by measuring the deviation (84), (85) of static geodesic observers. In principle, it can
be detected in the relative motion of non-static particles with P # 0 as the \ilgf,fjl
component in the amplitude Wyi; determined by (83) is absent.

Moreover, as discussed in [9], the condition for subtype D(c) is identically satisfied
in the cases D =4 and D = 5.

5.11. Subtype D(d)

The subtype D(d) occurs if, and only if, ¥42" = 0. In view of (28), this is equivalent
to Fpy = 0 (see table 3). As in the subcase D(c), this is not directly observable in the
geodesic deviation (84), (85) of static observers, but it is implied by the absence of the
\I/g?f component entering the scalars Ui, ¥4, via (83). It is detectable by observers
with &P # 0 for which the equations of geodesic deviation take the form (57), (58).

5.12. Type II Kundt spacetimes

The general form of the geodesic deviation equations for any Kundt spacetime (22) of
algebraic type II (or more special) with (at least) a double WAND k = k™" = 9, is

50 _ (D%?D—l) 20 4 gt 70

R T R ) | AN )
S0 _ #’(‘Dl) 70 _ (‘I’“T<u> D53 S5 ) 20 — g2gnat 70)

[+ gy (Susstmit — gt mo - %w m?)] 2V

- 2ﬂip9pq(D 3\I’§%t<l 7) D(S 3 - 3Tk \I’ggtnkmkq) Z

e ~ . D -2
_gmgn {gmpgnqui” (\Ilgf;fjlm — 3\11212(2 g)) + mgmn‘llg';}(u)

+ Mmkp (251'3'@;?}@1)7”[‘1 o (D _ 2) (@;e%t(ik)m? + \Ifg%t(ﬂ)mq))

D—-4
D—1 5 4
— m@“at (gmpgnqum? D 1] 2gmn>} AN (96)

The behaviour of test particles in the subtypes II(a), II(b), II(c) and II(d) is easily

obtained by setting ¥52* = 0, \Ilg;t“ 5 =0, \I/g?,fﬂ =0 and W32 = 0, respectively.

When all these Weyl scalars of the boost weight 0 vanish, we obtain the type III
Kundt geometries with a triple WAND k and recover the results of sections 5.3-5.5. If,

in addition, \Dg}g 0= ‘Ilgl"ﬁ, the spacetimes are of type N with a quadruple WAND

k as discussed in 5.2, and with W}2" = 0 they become type O, see 5.1. Alternatively,

if only W}2* = 0, given by (32), (35), (36), the spacetime is of algebraic type II; with
respect to a double WAND k" = 9, and WAND [ = % GJuu Or + 0. When only the

scalars \1113‘%2 , \Ifgﬁtk are non-trivial, the geometry is of algebraic type III; with respect

to a triple WAND k™ and WAND 1",

Type D Kundt geometries of section 5.6 arise by setting \1113‘%2 =0= \Ilgfjtk and

U2 = 0, in which case the expressions (95), (96) correspond to (83). The subtypes
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D(a), D(b), D(c) and D(d) are obtained when W32t =0, 23t = =0, U233, =0 and

What = 0, respectively, reducing the results to those discussed in sections 5.7-5.11.

6. Example: type II and N gravitational waves on D and O backgrounds

As an interesting illustration, we can consider a line element of the form
ds? = gpy daPdz? — 2dudr + (ar? + ¢) du?, (97)

where gpq = gpe(x), a = const. and ¢ = c(u, x).
The possible algebraic structure of such Kundt geometries is summarized in table 4.

Type Necessary and sufficient conditions

I1(a) a= _WM SR
I1(b) Squ = ﬁ 9pa °R
I1(c) Crpng =0
I1(d) Always

N II(abed)

o N with cjpllg = 55 gpa £

D Cliplla = B3 Ia L5
D(a) D with II(a)
D(b) D with II(b)
D(c) D with II(c)
D(d) D with TI(d)

Table 4. The structure of all Kundt geometries (97) with respect to a multiple
WAND k"3t = 9, and (possibly double) WAND I3 = 1(ar? + )9, + Ou.

The relative motion of free test particles in these spacetimes is described by
equations (57), (58) where the scalars (59) take the form
v D -3 ( N SR )
= — a -—
T D1 (D—2)(D—-3)/)"

Yoz = ”;fi”i (Fou = 525 °) + 55y (o (D_;%)’
Uy = — \/_52 i"m (SRpg + (D = 3)agy, ), (98)
Uy = —i> mim! (CHqu - %AC)
+2aratmim] { Copng + (a+ D - 2?(%13 - 3)) (B2 = mmom)
+ g o (Fonn — 75 %) + 5 (S 75 °R)

i 225 ) < 28]
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Notice that for the subtype II(ab)=II(abd), this simplifies considerably to

- 2A
m_-_ = 7O
Z (D—2)(D—1)Z ’
(i 2A i 1., g ]

— 3Pl mmm? S ()
Pt mi*my "Cppng 2V .

When, in addition, SCmpnq = 0, this becomes type II(abcd)=N.

If, and only if, c|jp|jq = ﬁgpq Ac, the spacetimes are of type D or type O.
When ¢ = 0, these belong to the important family of direct-product spacetimes, see
section 11 of [9], for which the first term of the metric (97) is a (D — 2)-dimensional
Riemannian space with metric gpq(x), while the second part is a 2-dimensional
Lorentzian spacetime of constant Gaussian curvature a. In general, gpq(z) need
not be of constant curvature, but for the subtype D(a), a is uniquely related to the
constant Ricci scalar R of the transverse (D — 2)-dimensional space. Such metrics
represent natural higher-dimensional generalizations of the (anti-)Nariai, Plebariski—
Hacyan, Bertotti-Robinson and Minkowski spacetimes of types D or O, see [4].

For a non-trivial ¢, the spacetimes (97) are of type II or of type N. These can
be naturally interpreted as the class of exact Kundt gravitational waves with the
profile ¢(u, z) propagating in various direct-product background universes of algebraic
types D or O mentioned above (and listed in table 6 of [9]; see also [23,24,43]).

The class of metrics (97) clearly contains pp-waves (without gyratonic sources)
propagating in flat space when a = 0. These are of type N if, and only if, gpq = 0pq
(in which case they belong to the class of VSI spacetimes, see [9]).

Finally, let us observe that in the classic D = 4 case, the scalars (99) read

1 1 1 1
‘If2s=§(a+§SR>7 Wores 265ij(a+§SR>,

V2
Wars = ==~ iPm? (*Rpg + a gpq ) , (100)

. 1 . 1
Uiy = —1i® m{m] (CHqu - §gPQAC) + &Petm my (a *3 SR) (gpq Ymn = 2gpmgqn).

The corresponding Kundt geometries (97) are thus generally of type II=II(bcd).
They are of type N=II(abcd) if, and only if, a = f%SR with the only non-vanishing
Weyl scalar Wyi; = —0> mimf (¢ p|jq — 59pgc).  In fact, this is the subfamily
a=f,e=1,C =0 of spacetimes discussed in [43] and in sections 18.6-18.7 of [4]
(with the identification o = = %SR, D =a and H = —¢) which was interpreted
as exact Kundt gravitational waves of type II propagating on type D backgrounds,
and type N waves propagating on conformally flat type O backgrounds, respectively.
These background universes with the geometry of a direct product of two constant-
curvature 2-spaces involve the standard Minkowski, Bertotti-Robinson, (anti-)Nariai
and Plebaniski-Hacyan spacetimes, cf. [23, 58, 59].

7. Conclusions

We have systematically analyzed the general class of Kundt geometries in an arbitrary
dimension D > 4 using the geodesic deviation in Einstein’s theory. We have explicitly
determined the specific motion of free test particles for all possible algebraically
special spacetimes, including the corresponding subtypes, and demonstrated that the
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invariant quantities determining these (sub)types are measurable by detectors via
characteristic relative accelerations. For example, the dimension of the spacetime
can be measured directly by Newtonian-type tidal deformations of the algebraic
subtype D(b). The purely transverse type N effects represent exact gravitational waves
with D(D — 3)/2 polarizations, which exhibit new and peculiar observable effects in
higher dimensions D > 4. We have given an example of such geometric and physical
interpretation of the Kundt family by analyzing the class of type N or II gravitational
waves propagating on backgrounds of type O or D.
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