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Decreasing entropy of dynamical black holes in critical gravity
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Critical gravity is a quadratic curvature gravity in four dimensions which is ghost-free around the
AdS background. Constructing a Vaidya-type exact solution, we show that the area of a black hole
defined by a future outer trapping horizon can shrink by injecting a charged null fluid with positive
energy density, so that a black hole is no more a one-way membrane even under the null energy
condition. In addition, the solution shows that the Wald-Kodama dynamical entropy of a black hole
is negative and can decrease. These properties expose the pathological aspects of critical gravity at
the non-perturbative level.

PACS numbers: 04.20.Jb, 04.50.–h, 04.40.Nr

I. INTRODUCTION

It is known that the Minkowski vacuum in general rel-
ativity is dynamically stable against linear perturbations
but the theory is not renormalizable, which is the main
reason preventing perturbative quantization of gravity.
However, if the quantum theory of gravity exists, it is nat-
ural to expect that there appear higher-curvature terms
as corrections to general relativity in the action of its
low-energy classical theory and the resulting field equa-
tions contain higher-derivative terms in general. In four
dimensions, the coupling constants for the quadratic cur-
vature terms are dimensionless in the units c = ~ = 1 and
such terms are dominant in the high-energy scale. For
this reason, gravitation theories including quadratic cur-
vature terms may be renormalizable [1–3]. (See [4] for a
recent review on quadratic gravity.)

However, in addition to renormalizability, unitarity
should be required for classical theories to be quantized in
a perturbative manner. Quadratic curvature theories ad-
mit two distinct maximally symmetric vacua in general,
and usually there appear ghosts around both of them,
which means that such theories are non-unitarity. In this
context, Einstein-Gauss-Bonnet gravity is a well-known
exceptional case, of which action consists of a special
quadratic combination of the curvature tensors and the
field equations do not contain higher-derivative terms.
This theory is ghost-free around one of the maximally
symmetric vacua which admits the general-relativistic
limit [5, 6]. However, this is the case only in higher
dimensions because the Gauss-Bonnet term in the La-
grangian density becomes topological and the theory re-
duces to general relativity in four and lower dimensions.

Indeed, there exists a quadratic curvature gravity
in three dimensions possessing similar properties to
Einstein-Gauss-Bonnet gravity, which is now so-called
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BHT massive gravity [7]. Unlike Einstein-Gauss-Bonnet
gravity, the field equations in this theory contain higher-
derivative terms. Nevertheless, it is ghost-free around
the flat background [7–10] and also around the anti-
de Sitter (AdS) background with a fine-tuning between
the coupling constants [11]. Unfortunately, contrary to
the earlier claim [12], this theory was found to be non-
renormalizable [13].

Inspired by these results in three dimensions, a uni-
tary quadratic curvature theory of gravity has been con-
structed in four dimensions, which is called critical grav-
ity [14]. In spite that the field equations contain higher-
derivative terms, similar to BHT massive gravity, it is
ghost-free around the AdS background [10, 14]. Higher-
dimensional generalization of this critical gravity has
been also achieved [15], in which the maximally sym-
metric vacua are not necessarily unique due to the con-
tribution of the Gauss-Bonnet term in the action. Up
to now, it is still not clear whether critical gravity and
its higher-dimensional counterpart are renormalizable or
not.

Although the maximally symmetric vacuum is not
Minkowski but AdS in critical gravity, this is a remark-
able classical theory holding unitarity. Then a natural
question arises: Is the theory well-behaving also in the
spacetime much different from the maximally symmet-
ric one? This paper provides a negative answer to this
question by constructing an exact solution representing
an evolving black hole, defined by a future outer trap-
ping horizon. More concretely, the solution represents
a shrinking black hole by the injection of matter fields
satisfying the null energy condition, which is never real-
ized in general relativity. This shows that a black hole
does not capture a concept of a one-way membrane un-
der the energy condition in critical gravity. Furthermore,
our solution shows that the entropy of dynamical black
holes can decrease under the null energy condition. These
properties exposes that the theory is pathological at the
non-linear level.

The outline of the present paper is as follows. In
Sec. II, we summarize the field equations in the most
general quadratic curvature gravity in arbitrary n(≥ 4)
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dimensions and identify the parameter space for critical
gravity. A definition of a dynamical black hole in terms
of the trapping horizon is also explained. In Sec. III,
we present several new Vaidya-type exact solutions for a
null dust fluid together with a Maxwell field in the most
general quadratic curvature gravity in four dimensions,
which are compared with the corresponding solutions in
general relativity and Einstein-Gauss-Bonnet gravity in
arbitrary dimensions. In Sec. IV, we study the prop-
erties of dynamical black holes represented by our new
solutions. Our conclusions and discussions are summa-
rized in Sec. V. Einstein-Weyl gravity in arbitrary di-
mensions is explained in Appendix A. The details of
computation to derive the Wald-Kodama dynamical en-
tropy are presented in Appendix B. Our basic notation
follows [16]. The convention for the Riemann curvature
tensor is [∇ρ,∇σ]V

µ = Rµ
νρσV

ν and Rµν = Rρ
µρν .

The Minkowski metric is taken as diag(−,+, · · · ,+), and
Greek indices run over all spacetime indices. Gn is the
n-dimensional Newtonian constant. We adopt the units
such that c = 1 and the four-dimensional Newtonian con-
stant is described as G(:= G4).

II. PRELIMINARIES

A. The most general quadratic curvature gravity

In this section, we consider the most general quadratic
curvature gravity in n(≥ 3) dimensions:

I =
1

16πGn

∫

dnx
√
−g

×
(

R− 2Λ + αR2 + βRµνR
µν + γLGB

)

+ Im,

(2.1)

where Im is the action for matter fields. Here α, β, and γ
are coupling constants to the quadratic terms and LGB

is the Gauss-Bonnet term defined by

LGB := R2 − 4RµνR
µν +RµνρσR

µνρσ. (2.2)

The resulting field equations are

Gµν = 8πGn Tµν , (2.3)

where the curvature tensor Gµν is defined by

Gµν := Gµν + Λgµν +Hµν (2.4)

and the energy-momentum tensor Tµν for matter comes
from the matter action Im. Here Hµν is the quadratic
curvature tenor defined by

Hµν := αH(1)
µν + βH(2)

µν + γH(3)
µν , (2.5)

where

H(1)
µν := 2R

(

Rµν − 1

4
gµνR

)

+2 (gµν R−∇µ∇νR) , (2.6)

H(2)
µν := 2

(

RµρR
ρ

ν − 1

4
gµνRρσR

ρσ

)

+

(

Rµν +
1

2
gµν R− 2∇ρ∇(µR

ρ

ν)

)

, (2.7)

H(3)
µν := 2

(

RRµν − 2RµαR
α
ν − 2RαβRµανβ +R αβγ

µ Rναβγ

)

− 1

2
gµνLGB. (2.8)

The Gauss-Bonnet term is dynamical only for n ≥ 5 and

hence H
(3)
µν ≡ 0 holds for n ≤ 4.

B. Spacetime metric and maximally symmetric

vacua

In the present paper, we consider the following Vaidya-
type metric:

ds2 =− f(v, r)dv2 + 2dvdr + r2γijdz
idzj, (2.9)

where i, j,= 2, 3, · · · , n − 1 and γijdz
idzj is the line el-

ement on the (n − 2)-dimensional maximally symmetric
base manifold (Kn−2, γij) with its curvature k = 1, 0,−1,

namely the Riemann tensor (n−2)Rij
kl on (Kn−2, γij) is

given by

(n−2)Rij
kl = k (δikδ

j
l − δilδ

j
k). (2.10)

We assume that the base manifold Kn−2 is compact for

simplicity and hereafter V
(k)
n−2 denotes its volume.

The metric function f(v, r) for the maximally symmet-
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ric vacuum solution is given by

f(r) = k − 2λ

(n− 1)(n− 2)
r2, (2.11)

where λ is an effective cosmological constant and kλ 6= 0
is required. The spacetime is locally Minkowski, de Sitter
(dS), and anti-de Sitter (AdS) for λ = 0, λ > 0, and
λ < 0, respectively. The trace of the field equations (2.3)
give the following algebraic equation to determine λ:

2(n− 4)λ2
[

(n− 1)(nα+ β) + (n− 2)(n− 3)γ
]

+ (n− 1)(n− 2)2(λ− Λ) = 0. (2.12)

In four dimensions (n = 4), the quadratic terms do not
affect the value of the cosmological constant and we have
λ = Λ. In higher dimensions, the number of real solutions
of Eq. (2.12) depends on the parameters and there can be
two distinct maximally symmetric vacua. However, there
are two cases which admit the unique vacuum. The first
case is

γ =− (n− 1)(nα+ β)

(n− 2)(n− 3)
, (2.13)

which gives the effective cosmological constant λ = Λ.
The other case is

Λ =− (n− 1)(n− 2)2

8(n− 4)[(n− 1)(nα+ β) + (n− 2)(n− 3)γ]
,

(2.14)

which gives λ = 2Λ.

C. Critical gravity

Critical gravity is described by the action (2.1) in four
dimensions (n = 4) with a special choice of the coupling
constants [14]. Eliminating massive scalar mode around
the AdS background requires β = −3α and the condi-
tion for stable (non-tachyonic) massive spin-2 mode is
0 < α ≤ −1/2Λ with equality giving the massless spin-2
mode. Critical gravity is realized if spin-2 mode becomes
massless, namely α = −1/2Λ. Finally, the relations be-
tween the coupling constants for critical gravity are

β = −3α =
3

2Λ
(2.15)

with Λ < 0 [14].
In higher dimensions (n ≥ 5), the Gauss-Bonnet term

comes into play and then unitary theory is realized for

β = −4α
n− 1

n
, γ = − (n− 1)(n− 2)[4α(n− 2)λ+ n]

4n(n− 3)(n− 4)λ
,

(2.16)

where λ is the (negative) effective cosmological con-
stant determined by Eq. (2.12) [15]. This is the higher-
dimensional counterpart of critical gravity.
In this higher-dimensional case, there are two free pa-

rameters α and Λ as coupling constants. If one assumes

the condition (2.13) for the uniqueness of the maximally
symmetric vacuum in addition, the relations between the
coupling constants are

β = −4α
n− 1

n
, Λ = − n

8α
, γ = − (n− 1)(n− 2)

n(n− 3)
α,

(2.17)

where α is a single parameter as a coupling con-
stant [15]. Actually, critical gravity and its higher-
dimensional counterpart with the relations (2.17) are spe-
cial classes of the Einstein-Weyl gravity with a cosmolog-
ical constant [14]. (See Appendix A.)

D. Definition of a dynamical black hole

In the following sections, we will study properties of
the spacetime (2.9) representing a dynamical black hole.
In a dynamical situation, a black hole is defined by a
class of the trapping horizon [17]. Here we summarize
the definition of a dynamical black hole described by the
metric (2.9).
In the spacetime (2.9), radial null geodesics satisfy

0 = dv(−fdv + 2dr). (2.18)

While ingoing radial null geodesics are represented by
v =constant, outgoing null geodesics satisfy

dr

dv
=

1

2
f. (2.19)

The tangent vectors along the future-directed radial out-
going and ingoing null geodesics, which are denoted re-
spectively as kµ and lµ, are given by

kµ
∂

∂xµ
=

∂

∂v
+

f

2

∂

∂r
, lµ

∂

∂xµ
= − ∂

∂r
, (2.20)

which satisfy kµkµ = lµlµ = 0 and kµlµ = −1.
The surface area with constant v and r is given by

A := V
(k)
n−2 r

n−2. The expansion along outgoing and in-
going radial null geodesics are computed as

Θ+ :=
kµ∇µA

A
=

1

A

(

∂A

∂v
+

f

2

∂A

∂r

)

=
n− 2

2r
f, (2.21)

Θ− :=
lµ∇µA

A
= − 1

A

∂A

∂r
= −n− 2

r
, (2.22)

respectively, where we used Eq. (2.20). A trapping hori-
zon is defined by the vanishing null expansion. In the
present case, a trapping horizon is defined by Θ+ = 0,
and hence its location r = rh(v) is given by solving the
following algebraic equation:

f(v, rh) = 0. (2.23)

A trapping horizon is classified in the following man-
ner; future if Θ− < 0, past if Θ− > 0, bifurcating if
Θ− = 0, outer if L−Θ+ < 0, inner if L−Θ+ > 0, and de-

generate if L−Θ+ = 0, where L− is the derivative along
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the ingoing radial null geodesic [17]. In this classifica-
tion, a dynamical black hole is defined by a future outer
trapping horizon [17].
Equation (2.22) shows that Θ− < 0 is always satisfied.

On the other hand, from the following expression

L−Θ+ :=lµ∇µΘ+ = −∂Θ+

∂r
=

n− 2

2r2

(

f − r
∂f

∂r

)

,

(2.24)

we obtain

L−Θ+|r=rh = −n− 2

2r

∂f

∂r

∣

∣

∣

∣

r=rh

. (2.25)

Therefore, a future outer trapping horizon is realized if
the following condition is satisfied:

∂f

∂r

∣

∣

∣

∣

r=rh

> 0. (2.26)

Because the line element along the orbit of a trapping
horizon r = rh(v) is given by

ds2 = 2

(

drh
dv

)

dv2 + r2γijdz
idzj, (2.27)

where we used Eq. (2.19), the signature of the trapping
horizon is determined by the sign of drh/dv, independent
of the theory. Therefore, the area of the trapping horizon
increases (decreases) along its generator if and only if it
is spacelike (timelike).
If a future outer trapping horizon is timelike, it does

not capture a concept of a black hole as a one-way mem-
brane and therefore it should be non-timelike in order
to define a black hole in a dynamical situation appropri-
ately. In general relativity, for the spacetime with spher-
ical (k = 1), planar (k = 0), or hyperbolic (k = −1)
symmetry, it was shown that, under the null energy con-
dition, a future outer (inner) trapping horizon is non-
timelike (non-spacelike) and its area is non-decreasing
(non-decreasing) along its generator [17, 18].

III. CHARGED VAIDYA-TYPE SOLUTIONS

A. Matter fields

In the present paper, we consider a null dust and
a Maxwell field as matter fields, of which energy-
momentum tenor is given by

Tµν = T (1)
µν + T (2)

µν . (3.1)

Here T
(1)
µν is the energy-momentum tensor for a Maxwell

field, given by

T (1)
µν =

1

4πσ2

(

FµρF
ρ

ν − 1

4
gµνFρσF

ρσ

)

, (3.2)

where Fµν := ∂µAν − ∂νAµ is the Faraday tensor and σ

is a coupling constant. On the other hand, T
(2)
µν is the

energy-momentum tensor of a null dust fluid, given by

T (2)
µν = ρ lµlν , (3.3)

where ρ is the energy density for a null dust and lµ is a
null vector. In the coordinate system (2.9), we consider
the null vector lµ for a null dust fluid in the following
ingoing form:

lµ
∂

∂xµ
= − ∂

∂r
, (3.4)

which gives T (2)r

v = ρ.
In the case of n ≥ 4, the form of the gauge field for the

electric solution is given by

Aµdx
µ =− Qe(v)

rn−3
dv, (3.5)

where Qe(v) is a function of v. This expression gives

Fvr =− (n− 3)
Qe

rn−2
, F vr = (n− 3)

Qe

rn−2
(3.6)

and the only non-zero components of ∇νF
µν is

∇νF
rν =− (n− 3)

Q̇e

rn−2
, (3.7)

where a dot denotes the derivative with respect to v.
Then, the non-zero components of the energy-

momentum tensor for n ≥ 4 are

T v
v = T r

r = − (n− 3)2 Q2
e

8πσ2 r2(n−2)
,

T i
j =

(n− 3)2 Q2
e

8πσ2 r2(n−2)
δij , T r

v = ρ. (3.8)

The conservation equations for the total energy-
momentum tensor ∇νT

ν
µ = 0 has only one non-trivial

component for µ = v, which is written as

(n− 3)2QeQ̇e

4πσ2 r2(n−2)
= ρ′ +

n− 2

r
ρ, (3.9)

where a prime denotes the derivative with respect to r.
Now we are ready to present exact solutions in this sys-
tem.

B. General relativity

The topological and arbitrary n(≥ 4)-dimensional gen-
eralization of the charged Vaidya solution in general rel-
ativity (α = β = γ = 0) is given by

ds2 =− f(v, r)dv2 + 2dvdr + r2γijdz
idzj, (3.10)

Aµdx
µ =− Qe(v)

rn−3
dv, lµ

∂

∂xµ
= − ∂

∂r
(3.11)
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with

f(v, r) = k − 2m(v)

rn−3
+

2(n− 3)GnQe(v)
2

(n− 2)σ2 r2(n−3)
− Λ̄r2,

(3.12)

ρ(v, r) =
n− 2

8πGn rn−2

(

ṁ− 2(n− 3)GnQeQ̇e

(n− 2)σ2 rn−3

)

, (3.13)

where Λ̄ := 2Λ/(n − 1)(n − 2) [19]. (See also [20–22].)
Here m(v) and Qe(v) are arbitrary functions. The ex-

pression (3.13) is consistent with Eq. (3.9), of course.

C. Einstein-Gauss-Bonnet gravity

In Einstein-Gauss-Bonnet gravity (α = β = 0) for
n ≥ 5, there is the charged Vaidya-type solution given
by Eqs. (3.10) and (3.11) with Eq. (3.13) and the follow-
ing metric function:

f(v, r) =k +
r2

2γ̄

(

1∓
√

1 + 4γ̄Λ̄ + 8γ̄
m(v)

rn−1
− 8γ̄

(n− 3)GnQe(v)2

(n− 2)σ2 r2(n−2)

)

, (3.14)

where γ̄ := (n− 3)(n− 4)γ. This solution with k = 1 has
been obtained in [23] in a more general context.

There are two branches of solutions corresponding to
the sign in the metric function (3.14). While the solu-
tion with a minus sign (GR branch) admits the general-
relativistic limit γ → 0, the solution with a plus sign
(non-GR branch) is diverging in this limit. For γ > 0,
the maximally symmetric vacuum solution does not suffer
from the ghost instability only in the GR branch [5, 6].

D. New solutions in four-dimensional quadratic

curvature gravity

In four dimensions (n = 4), the Gauss-Bonnet term
becomes topological and therefore the most general
quadratic curvature gravity becomes much simpler. In
this case, new charged Vaidya-type exact solutions are
available.

1. Case β = 0

First let us consider the case with β = 0. The theory
is then a special class of the so-called F (R) gravity [24],
of which action and the field equations are

I =
1

16πG

∫

d4x
√−g F (R) + Im, (3.15)

dF

dR
Rµν − 1

2
Fgµν − (∇µ∇ν − gµν )

dF

dR
= 8πGTµν .

(3.16)

Our quadratic curvature theory (2.1) with β = 0 cor-
responds to F (R) = R− 2Λ + αR2. For β = 0 with
1 + 8αΛ 6= 0, there is an exact solution given by

Eqs. (3.10) and (3.11) with

f(v, r) = k − 2m(v)

r
+

GQe(v)
2

(1 + 8αΛ)σ2r2
− Λ

3
r2, (3.17)

ρ(v, r) =
1

4πGr2

[

(1 + 8αΛ)ṁ− GQeQ̇e

σ2 r

]

, (3.18)

where m(v) and Qe(v) are arbitrary functions.
For β = 0 with 1 + 8αΛ = 0, on the other hand,

there is the following dynamical solution in vacuum
(ρ = Qe = 0):

f(v, r) = k − 2m(v)

r
+

w(v)

r2
− Λ

3
r2, (3.19)

wherem(v) and w(v) are arbitrary functions. With β = 0
and 1 + 8αΛ = 0, the function F (R) in the action (3.15)
becomes a perfect square:

F (R) = − (R− 4Λ)2

8Λ
. (3.20)

Thus, not only the spacetime (2.9) with the metric func-
tion (3.19), but also any metric satisfying a single scalar
equation R = 4Λ is an exact vacuum solution of the field
equations (3.16) in this theory. For this reason, the the-
ory with β = 0 and 1 + 8αΛ = 0 is singular among all
the quadratic curvature theories in four dimensions.

2. Case β 6= 0

Lastly let us consider the case of β 6= 0. In this case,
an exact solution is given by Eqs. (3.10) and (3.11) with

f(v, r) = k − 2m(v)

r
− Λ

3
r2, (3.21)

ρ(v, r) =
1

4πGr2

[

[

1 + 2Λ(4α+ β)
]

ṁ− 2β

r
m̈

]

, (3.22)

where m(v) and Qe(v) satisfy

ṁ =
GQ2

e

4σ2β
. (3.23)
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In the limit of β → 0, this solution reduces to the solution
(3.17) with Qe = 0. In this sense, the solutions (3.17) and
(3.21) are two different branches of the charged solutions.

In particular, critical gravity is realized for
the coupling constants satisfying (2.15), implying
1 + 2Λ(4α+ β) = 0, β < 0.

IV. BLACK-HOLE DYNAMICS IN THE NEW

SOLUTIONS

In the spacetime (2.9), a future outer trapping horizon
r = rh is given by f(v, rh) = 0 with ∂f/∂r|r=rh > 0. In
general relativity, under the null energy condition, a fu-
ture outer trapping horizon is non-timelike and its area
is non-decreasing along its generator [17, 18]. Therefore,
if the energy density of the null dust fluid (3.13) is non-
negative, the null energy condition is satisfied for the
total energy momentum tensor Tµν and then no patho-
logical behavior is observed for dynamical black holes.
In the charged Vaidya-type solution (3.10) and its gen-
eralization in Einstein-Gauss-Bonnet gravity (3.14), the
energy density of a null dust is non-negative in the whole
spacetime if ṁ ≥ 0 and ∂v(Q

2
e) ≤ 0 hold.

However, different from general relativity, a patholog-
ical behavior of dynamical black holes is observed in
in Einstein-Gauss-Bonnet gravity. In Einstein-Gauss-
Bonnet gravity, a future outer trapping horizon is non-
timelike (non-spacelike) and its area is non-decreasing
(non-increasing) along its generator in the GR branch
(non-GR branch) under the null energy condition [18, 25].
This clearly shows that the non-GR branch is patholog-
ical and only the solutions in the GR branch are well-
behaving.

Nevertheless, it was shown that the Wald-Kodama dy-
namical entropy of the future outer trapping horizon,
given by

SWK =
Ah

4Gn

[

1 + 2(n− 2)(n− 3)
kγ

r2h

]

, (4.1)

where Ah := V
(k)
n−2 r

n−2
h is the area of the trapping

horizon, is non-decreasing along its generator in both
branches under the null energy condition [18, 25]. (See
Appendix B for the definition of the Wald-Kodama dy-
namical entropy.) These results imply that the entropy-
increasing law is more fundamental than the area-
increasing law in black-hole physics.

The universality of the entropy-increasing law rather
than the area-increasing law has been observed also in
the Vaidya-type solution in BHT massive gravity in three
dimensions with a unique AdS vacuum [26]. However,
it has been reported that the Wald-Kodama entropy of
a dynamical black hole can decrease in BHT massive
gravity in a vacuum solution with a certain relation be-
tween the coupling constants [27, 28]. Now let us see the
properties of a dynamical black hole represented by new
solutions obtained in section IIID in the most general
quadratic curvature gravity in four dimensions.

TABLE I: Properties of a future outer trapping horizon for
β = 0 with ρ ≥ 0 in the solution (3.17) for 1 + 8αΛ 6= 0 and
the solution (3.19) for 1 + 8αΛ = 0.

1 + 8αΛ Ȧh SWK ṠWK

+ Non-negative Positive Non-negative

0 Depends on m(v) and w(v) 0 0

− Non-positive Negative Non-negative

A. Case β = 0

First let us study the solution for β = 0. In the case
with 1 + 8αΛ 6= 0, the location of the trapping horizon
r = rh(v) is determined by f(v, rh) = 0 with the metric
function (3.17), namely

0 = k − 2m(v)

rh
+

GQe(v)
2

(1 + 8αΛ)σ2r2h
− Λ

3
r2h. (4.2)

The number of the future outer trapping horizons de-
pends on the values of m and Qe and is shown by the
result in [29]. Differentiating the above equation with
respect to v, we obtain

0 = −2ṁ

rh
+

2GQeQ̇e

(1 + 8αΛ)σ2r2h
+

drh
dv

∂f

∂r

∣

∣

∣

∣

r=rh

, (4.3)

which gives

drh
dv

∂f

∂r

∣

∣

∣

∣

r=rh

=
8πGrh
1 + 8αΛ

ρ(v, rh). (4.4)

Because ∂f/∂r|r=rh > 0 holds on a future outer trapping
horizon, see (2.26), the above equation shows that its area
is non-decreasing (non-increasing) for 1 + 8αΛ > (<)0
under the condition ρ ≥ 0. This shows a pathological
behavior of a dynamical black hole for 1 + 8αΛ < 0.
Now let us see whether such a pathological behavior is

observed in the dynamical entropy. The Wald-Kodama
dynamical entropy of this black hole is given by

SWK =
1 + 8αΛ

4G
Ah. (4.5)

(See Appendix B 1 for derivation.) The above ex-
pression shows that the dynamical entropy of the fu-
ture outer trapping horizon is positive (negative) for
1 + 8αΛ > (<)0. However, the differentiation of Eq. (4.5)
with respect to v gives

ṠWK =
1 + 8αΛ

4G
Ȧh, (4.6)

which shows that the entropy is non-decreasing un-
der the condition ρ ≥ 0 independent of the sign of
1 + 8αΛ. This result provides another example that
the entropy-increasing law is more fundamental than the
area-increasing law.
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TABLE II: Properties of a future outer trapping horizon for β 6= 0 with ρ ≥ 0 in the solution (3.21). Simple criteria are not
obtained in the blank slots.

β 1 + 2Λ(4α+ β) Ȧh SWK ṠWK

+ Positive Non-negative for m̈ ≤ 0 and Λ ≤ 0

+ 0 Positive Negative Non-negative for m̈ ≤ 0 and Λ ≤ 0

− Positive Negative

+ Negative

− 0 Negative Negative Non-negative for m̈ ≥ 0 and Λ ≥ 0

− Negative Negative Non-negative for m̈ ≥ 0 and Λ ≥ 0

In the singular theory with β = 0 and 1+8αΛ = 0, on
the other hand, the vacuum solution (3.19) contains two
arbitrary functions m(v) and w(v). Therefore, the area
of the future outer trapping horizon can decrease even in
vacuum by choosing these functions appropriately. How-
ever, in contrast to the case of 1+8αΛ 6= 0, the dynamical
entropy (4.5) of the black hole is identically zero, inde-
pendent of m(v) and w(v). The results in this subsection
are summarized in Table I.

B. Case β 6= 0

Next let us study the solution for β 6= 0, of which met-
ric function is given by Eq. (3.21). Since Eq. (3.23) shows
that Qe(v) ≡ 0 gives the topological generalization of the
Schwarzschild-(A)dS vacuum solution, we consider the
case of Qe(v) 6= 0 and focus on the situation where ρ ≥ 0
is satisfied everywhere. For β > (<)0, ṁ > (<)0 holds
by Eq. (3.23), and therefore ρ ≥ 0 is satisfied everywhere
if 1 + 2Λ(4α+ β) ≥ (≤)0 and m̈ ≤ (≥)0 holds. Because
ṁ > (<)0 implies that the area of the future outer trap-
ping horizon increases (decreases), the area-increasing
law is satisfied (violated) for β > (<)0.

The Wald-Kodama dynamical entropy of this black
hole is given by

SWK =
[

1 + 2Λ(4α+ β)
]Ah

4G
− βV

(k)
2 ṁ

GκTH rh

=
[

1 + 2Λ(4α+ β)
]Ah

4G
− 2βV

(k)
2 ṁ

G(k − Λr2h)
, (4.7)

where κTH(> 0) is the surface gravity on the trap-
ping horizon. (See Appendix B 2 for derivation.) The
second term is non-positive by Eq. (3.23) and there-
fore Wald-Kodama entropy is negative in the case of
1 + 2Λ(4α+ β) ≤ 0.

Actually, absence of a massive scalar mode around
the AdS background requires β = −3α, which gives
1 + 2Λ(4α+ β) = 1 + 2Λα. Therefore, the inequality
0 < α ≤ −1/2Λ, the condition for stable (non-tachyonic)
massive spin-2 mode, ensures the non-negativity of the
first term in Eq. (4.7).

Next let us see the time-evolution of the Wald-Kodama
entropy. Differentiating Eq. (4.7) with respect to v, we

obtain

ṠWK =
[

1 + 2Λ(4α+ β)
] Ȧh

4G
− 2βV

(k)
2 m̈

G(k − Λr2h)

− 2βΛṁȦh

G(k − Λr2h)
2
. (4.8)

By κTH > 0 and Eq. (B30), k−Λr2h > 0 holds for a future
outer trapping horizon.
In the case of β > 0, Eq. (3.23) shows ṁ > 0 (and

hence Ȧh > 0) and so we assume 1 + 2Λ(4α+ β) ≥ 0 and
m̈ ≤0 in order that ρ ≥ 0 is satisfied everywhere. Then,
because the first and the second terms in Eq. (4.8) are
non-negative, the entropy is non-decreasing for Λ ≤ 0.
On the other hand, in the case of β < 0, Eq. (3.23)

shows ṁ < 0 (and hence Ȧh < 0) and hence we assume
1 + 2Λ(4α+ β) ≤ 0 and m̈ ≥ 0 for ρ ≥ 0 everywhere.
Then, because the first and the second terms in Eq. (4.8)
are non-negative, the entropy is non-decreasing for Λ ≥ 0.
The results obtained up to here are summarized in Ta-
ble II.
Now let us focus on critical gravity, which is realized

for 1 + 2Λ(4α+ β) = 0, β < 0, and Λ < 0. In this case,
ṁ < 0 holds by Eq. (3.23), which shows that the area of
the future outer trapping horizon is decreasing and the
Wald-Kodama entropy (4.7) is negative. Even worse, it
is shown that the Wald-Kodama entropy can decrease
under the null energy condition. By Eq. (3.22), ρ ≥ 0
requires m̈ ≥ 0. Then we consider the mass function
m(v) = m0 +m1v with m0 > 0 and m1 < 0. With this
mass function, there is a certain domain of v admitting
a future outer trapping horizon. In this case, we have
m̈ = 0 and ρ = 0, so that the Wald-Kodama entropy is
negative and decreasing only with a Maxwell field. These
results certainly show pathological aspects of the theory
at the nonlinear level.

V. SUMMARY AND DISCUSSIONS

In the present paper, we have obtained Vaidya-type
exact solutions in the most general quadratic curvature
gravity in four dimensions in the presence of a null dust
fluid and a Maxwell field. These solutions represent a
dynamical black hole defined by a future outer trapping
horizon and we have studied their physical properties in
the case with the positive energy density of the null dust.
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Our main result is provided in critical gravity, which
is the most important class of the theories in the present
system. Our solution shows that the area of a future
outer trapping horizon is decreasing by the injection of
matter fields with positive energy density. This is never
realized in general relativity and surely shows that a
black hole does not capture a concept of a one-way mem-
brane under the null energy condition in critical gravity.
Indeed, the violation of the area-increasing law has

been observed also in our solutions with different cou-
pling constants in the theory and such examples are
known in Einstein-Gauss-Bonnet gravity [18] and BHT
massive gravity with a unique AdS vacuum [26]. In these
cases, however, the Wald-Kodama dynamical entropy of
a black hole is non-decreasing under the null energy con-
dition. In the case of critical gravity, in contrast, our so-
lution shows that the Wald-Kodama entropy is negative
and can decrease. These properties expose the patho-
logical aspects of critical gravity at the non-perturbative
level.
Then a natural question is whether the same is true

or not in the higher-dimensional generalization of critical
gravity [15]. This is quite nontrivial and worth pursu-
ing because the Gauss-Bonnet term plays into the game
in higher dimensions. We will address these problems
elsewhere.
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Appendix A: Einstein-Weyl gravity

The Weyl tensor in n(≥ 3) dimensions is defined by

Cµνρσ = Rµνρσ − 2

n− 2
(gµ[ρRσ]ν − gν[ρRσ]µ)

+
2

(n− 1)(n− 2)
Rgµ[ρgσ]ν . (A1)

From this expression, the quadratic Weyl invariant is
computed to give

CµνρσC
µνρσ =− n(n− 3)

(n− 1)(n− 2)
R2

+
4(n− 3)

n− 2
RµνR

µν + LGB. (A2)

This shows that under the following relations between
the coupling constants:

α = − n(n− 3)

(n− 1)(n− 2)
γ, β =

4(n− 3)

n− 2
γ, (A3)

the action (2.1) reduces to the Einstein-Weyl gravity with
a cosmological constant:

I =
1

16πGn

∫

dnx
√−g

(

R − 2Λ + γCµνρσC
µνρσ

)

+ Im.

(A4)

Appendix B: Wald-Kodama entropy

In this appendix, we derive the Wald-Kodama dynam-
ical entropy for the dynamical black holes represented by
our new solutions. In the n-dimensional stationary space-
time generated by a Killing vector ξµ, the Wald entropy
S is defined for a Killing horizon associated with ξµ. The
Wald-Kodama dynamical entropy is defined by the same
formula of the Wald entropy but with the Kodama vector
Kµ instead of ξµ.
The Kodama vector, originally introduced in the four-

dimensional spherically symmetric spacetime [30], may
be defined in a more general spacetime which is a warped-
product manifold Mn ≈ M2 ×Kn−2, where (M2, gab) is
an arbitrary two-dimensional Lorentzian spacetime and
(Kn−2, γij) is an (n − 2)-dimensional maximally sym-
metric space. The most general metric on (Mn, gµν) is
written as

ds2 = gab(y)dy
adyb + r(y)2γijdz

idzj (B1)

and the Kodama vector Ka is a vector on (M2, gab) de-
fined by

Ka :=− εabDbr, (B2)

where Da is a covariant derivative on (M2, gab) and
εab is a volume element on (M2, gab), which satisfies
εabε

ab = −2. In the static case, the Kodama vector coin-
cides with the Killing vector ξµ generating the symmetry
of staticity.
The Kodama vector satisfies

KaK
a = −(Dr)2, (B3)

where (Dr)2 := (Dar)(D
ar), so that it is timelike in the

untrapped region where (Dr)2 < 0 holds and null on the
trapping horizon given by (Dr)2 = 0. For this reason,
the Kodama vector is a vector field generating a pre-
ferred time-evolution in the untrapped region and plays
the same role as the horizon-generating Killing vector for
a trapping horizon.
Let us consider a general gravitation theory, of which

action I is given by

I =

∫

εµ1···µn
L(gµν , Rµνρσ) dx

µ1 ∧ · · · ∧ dxµn , (B4)

where εµ1···µn
dxµ1 ∧· · ·∧dxµn is the volume n-form. The

Wald entropy is defined by the following integral per-
formed on the (n − 2)-dimensional spacelike bifurcation
surface Σ [31–33]:

S :=
2π

κ

∮

Q, (B5)



9

where κ is the surface gravity of the Killing horizon, de-
fined by ξν∇νξµ = κ ξµ evaluated on the Killing horizon.
Q is the Noether charge (n− 2)-form defined by

Q :=
1

2
εµνα1···αn−2

Qµνdxα1 ∧ · · · ∧ dxαn−2 , (B6)

Qµν := −2Xµνρσ ∇ρξσ + 4ξσ∇ρX
µνρσ, (B7)

Xµνρσ :=
∂L

∂Rµνρσ

. (B8)

As shown in section 15.4 in [34], the quantity ∇ρX
µνρσ

in Eq. (B7) is identically zero in Lovelock gravity [35],
which is the most general second-order quasi-linear the-
ory of gravity in arbitrary dimensions including general
relativity and Einstein-Gauss-Bonnet gravity as special
cases. On the other hand, in the theories different from
Lovelock gravity, which contain higher-derivative terms
in the field equations, ∇ρX

µνρσ is non-vanishing in gen-
eral. Nevertheless, the second term in Eq. (B7) does
not make any contribution to the Wald entropy because
ξµ = 0 is satisfied on the bifurcation surface Σ.
The definition of the Wald-Kodama dynamical entropy

is Eq. (B5) with the Kodama vector Ka instead of ξµ,
integrated over the trapping horizon [36]. κ in Eq. (B5)
is then the dynamical surface gravity κTH of the trapping
horizon, defined by KbD[bKa] = κTHKa evaluated on the
trapping horizon.
Our Lagrangian density in four dimensions (n = 4) is

given by

L =
1

16πG
(R− 2Λ + αR2 + βRρσR

ρσ). (B9)

From the following expressions

∂R

∂Rµνρσ

= gν[σgρ]µ, (B10)

∂(RαβR
αβ)

∂Rµνρσ

= 2gα[νgµ][ρgσ]βRαβ , (B11)

we obtain

Xµνρσ =
1

16πG

[

(1 + 2αR)
∂R

∂Rµνρσ

+ β
∂(RαβR

αβ)

∂Rµνρσ

]

=
1

16πG

[

(1 + 2αR)gν[σgρ]µ + 2βgα[νgµ][ρgσ]βRαβ

]

.

(B12)

Our four-dimensional spacetime (n = 4) is given by
Eq. (2.9), namely

ds2 = −f(v, r)dv2 + 2dvdr + r2γijdz
idzj. (B13)

In this coordinate system, we have εvr = 1 and εvr = −1
and therefore the only non-zero component of the Ko-
dama vector is Kv = −εvr = 1. The surface gravity of
the trapping horizon is then expressed as

κTH =
1

2

∂f

∂r

∣

∣

∣

∣

r=rh

, (B14)

so that κTH > 0 for the future outer trapping horizon.

The only non-zero component of Qµν is

Qvr =−Qrv = −2f ′Xvrvr + 4(∇ρX
vrρr + f∇ρX

vrvρ), (B15)

where

Xvrvr =
1

16πG

{

−1

2
+ α

[

f ′′ +
4

r
f ′ +

2

r2
(f − k)

]

+ β
[1

2
f ′′ +

1

r
f ′
]

}

,

∇ρX
vrρr = ∂vX

vrvr +
β ḟ

16πGr2
, ∇ρX

vrvρ = ∂rX
vrvr +

β

16πGr3

[1

2
f ′′r2 + (k − f)

]

, (B16)

and thus

Qvr =
1

16πG

{

f ′ − α

r3

[

2r3(f ′f ′′ − 2ff ′′′ − 2ḟ ′′) + 8r2(−2ff ′′ + f ′2 − 2ḟ ′) + 4r(3ff ′ − kf ′ − 2ḟ) + 16f(f − k)
]

− β

r3

[

r3(f ′f ′′ − 2ff ′′′ − 2ḟ ′′) + 2r2(−3ff ′′ + f ′2 − 2ḟ ′) + 4r(ff ′ − ḟ) + 4f(f − k)
]

}

. (B17)

Evaluating this quantity on the trapping horizon (defined by f(v, rh) = 0) under the assumption that derivatives
of f are finite on the horizon, we obtain

Qvr|r=rh =
1

16πG

{

f ′ − 1

r3

[

(2α+ β)r3(f ′f ′′ − 2ḟ ′′) + 2(4α+ β)r2(f ′2 − 2ḟ ′)− 4(2α+ β)rḟ − 4αkrf ′
]

}∣

∣

∣

∣

r=rh

.

(B18)

In the static case, this reduces to

Qvr|r=rh =
f ′

16πG

{

1− 1

r3

[

(2α+ β)r3f ′′ + 2(4α+ β)r2f ′ − 4αkr
]

}∣

∣

∣

∣

r=rh

. (B19)
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These expressions are not much illuminating, and so di-
rect calculations are required to derive, for each solution
separately, the expression of the Wald-Kodama dynami-
cal entropy

SWK =
2π

κTH

∮

εvrij Q
vr|r=rhdx

i ∧ dxj

=
2π

κTH
Qvr|r=rh

∮

εvrij 2!dz
idzj

=
2π

κTH
Qvr|r=rh

∮

√

− det g 2!dzidzj

=
2π

κTH
Qvr|r=rh

∮

r2h
√

det γ 2!dzidzj

=
2π

κTH
r2h Q

vr|r=rh

∮

εij dz
i ∧ dzj

=
2π

κTH
r2h Q

vr|r=rh × V
(k)
2 , (B20)

where V
(k)
2 is the volume of the two-dimensional base

manifold (K2, γij), which is 4π for k = 1.

1. Case β = 0

The metric function of the new solution for β = 0 is
given by Eq. (3.17), namely

f(v, r) = k − 2m(v)

r
+

q(v)2

(1 + 8αΛ) r2
− Λ

3
r2, (B21)

where

q(v)2 :=
G

σ2
Qe(v)

2. (B22)

The areal radius of the trapping horizon r = rh is deter-
mined by f(v, rh) = 0, namely

k − 2m(v)

rh
+

q(v)2

(1 + 8αΛ)r2h
− Λ

3
r2h = 0. (B23)

The dynamical surface gravity of the trapping horizon is
given by

κTH =
m(v)

r2h
− q(v)2

(1 + 8αΛ)r3h
− Λ

3
rh

=
1

2rh

[

k − Λr2h −
q(v)2

(1 + 8αΛ)r2h

]

, (B24)

where we used Eq. (B23) at the last equality. With the
metric function (3.17), Qvr reduces to

Qvr =
(1 + 8αΛ)(3m− Λr3)

24πGr2
− q2

8πGr3
, (B25)

of which value on the trapping horizon is

Qvr|r=rh =
1 + 8αΛ

16πGrh

[

k − Λr2h −
q2(v)

(1 + 8αΛ)r2h

]

=
1 + 8αΛ

8πG
κTH. (B26)

Substituting this into (B20), we finally derive

SWK =
1 + 8αΛ

4G
Ah. (B27)

The above expression works also for the vacuum black
hole represented by the metric function (3.19) in the sin-
gular theory with 1 + 8αΛ = 0.

2. Case β 6= 0

The metric function of the new solution for β 6= 0 is
given by Eq. (3.21), namely

f(v, r) = k − 2m(v)

r
− Λ

3
r2. (B28)

The areal radius of the future outer trapping horizon
r = rh is determined by

k − 2m(v)

rh
− Λ

3
r2h = 0 (B29)

and its surface gravity is given by

κTH =
m(v)

r2h
− Λ

3
rh =

k − Λr2h
2rh

, (B30)

where we used Eq. (B29) at the last equality.

With the metric function (3.21), Qvr reduces to

Qvr =
[1 + 2Λ(4α+ β)](3m− Λr3)

24πGr2
− β ṁ

2πGr3
, (B31)

of which value on the trapping horizon is

Qvr|r=rh =
[1 + 2Λ(4α+ β)](k − Λr2h)

16πGrh
− β ṁ

2πGr3h

=
[1 + 2Λ(4α+ β)]κTH

8πG
− β ṁ

2πGr3h
, (B32)

where we used Eqs. (B29) and (B30). Finally, the Wald-
Kodama dynamical entropy is computed to give

SWK =
[

1 + 2Λ(4α+ β)
]Ah

4G
− βV

(k)
2 ṁ

GκTHrh

=
[

1 + 2Λ(4α+ β)
]Ah

4G
− 2βV

(k)
2 ṁ

G(k − Λr2h)
, (B33)

where we used Eqs. (B20) and (B30).

In the static case, where m is constant, Eq. (B33) re-
duces to the formula for the Wald entropy given in [14].
In critical gravity, in particular, the Wald entropy is van-
ishing because 1 + 2Λ(4α+ β) = 0 holds. It was shown
that the Wald entropy is vanishing in critical gravity for
any stationary black hole which is an Einstein space-
time [37].
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