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CrossMark
Abstract

We present a convenient method of algebraic classification of 241 spacetimes
into the types I, I, D, III, N and O, without using any field equations. It is
based on the 2+1 analogue of the Newman—Penrose curvature scalars Wa of
distinct boost weights, which are specific projections of the Cotton tensor onto
a suitable null triad. The algebraic types are then simply determined by the
gradual vanishing of such Cotton scalars, starting with those of the highest
boost weight. This classification is directly related to the specific multiplicity
of the Cotton-aligned null directions and to the corresponding Bel-Debever
criteria. Using a bivector (that is 2-form) decomposition, we demonstrate that
our method is fully equivalent to the usual Petrov-type classification of 241
spacetimes based on the eigenvalue problem and determining the respective
canonical Jordan form of the Cotton—York tensor. We also derive a simple
synoptic algorithm of algebraic classification based on the key polynomial
curvature invariants. To show the practical usefulness of our approach, we per-
form the classification of several explicit examples, namely the general class
of Robinson—Trautman spacetimes with an aligned electromagnetic field and a
cosmological constant, and other metrics of various algebraic types.

Keywords: algebraic classification, 3D Lorentzian manifolds, Cotton tensor,
Cotton—York tensor, Newman—Penrose scalars, Bel-Debever criteria,
multiplicity of the Cotton-aligned null directions
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1. Introduction

Algebraic classification of spacetimes is an important tool for investigation and understanding
of exact solutions of Einstein’s field equations and other theories of gravity. In the context
of D =4 general relativity (that is for 3 + 1 geometries) this was developed at the end of the
1950s by Petrov, Géhéniau, Pirani, Bell, Debever and Penrose [1-7] using various equivalent
approaches. In its most convenient formulation, related to the study of gravitational radiation
(spacetimes of type N) and also stationary black holes (of type D), this is based on finding
the multiplicity of four possible principal null directions (PNDs) of the Weyl curvature tensor,
encoded in its null-frame components which are denoted as the complex Newman—Penrose
scalars Wa, where A =0,1,2,3,4, see [8]. Comprehensive reviews of this topic can be found
in the monographs [9, 10].

In 2004, this key concept of algebraic classification was extended to higher dimensions
D >4 by Coley et al [11, 12]. In such a case, there are many more components of the Weyl
tensor, but all their null-frame projections can again be sorted into just five groups with distinct
boost weights. This fact enables one to perform the classification of the Weyl tensor in an
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analogous way as in the D =4 case, i.e. by the multiplicity of four Weyl-aligned null directions
(WAND:s), see the reviews [13, 14]. To keep the closest possible analogy with the standard
Newman-Penrose formalism, Krtous and Podolsky [15] introduced the familiar notation W 5
to represent all the relevant real Weyl scalars in any D > 4.

In fact, it should be emphasized that the classification scheme developed in [12] applies to
any tensor in arbitrary Lorentzian geometry. Although not explicitly mentioned in this seminal
work, it can be immediately observed that the scheme is valid also in the lower-dimensional
case D = 3 admitting two independent null directions and just one additional spatial direction.

From this general point of view, our classification method is an application of the scheme
presented in [12, 14] to 241 Lorentzian geometries in which we take the rank-3 Cotton tensor
[16] (instead of the identically vanishing rank-4 Weyl tensor) as the key geometric quantity.
The Cotton algebraic types correspond to the general classification into (primary) principal and
secondary alignment types (PAT and SAT), as introduced for an arbitrary tensor by definitions
4.1 and 4.2 in [12], and 2.5 in [14]).

Classification of spacetimes in lower dimension D =3 was introduced many years ago.
Neither the Petrov approach (based on the eigenvalue problem of the Weyl tensor) nor the
Debever—Penrose analysis (based on the multiplicity of the Weyl tensor PNDs) could be dir-
ectly applied because in 2+ 1 geometries the rank-4 Weyl tensor vanishes. Instead, it was found
that the fundamental role for the algebraic classification plays the rank-3 Cotton tensor. The
number of its independent components in 241 gravity is five, so that it can be mapped onto
the rank-2 symmetric and traceless Cotfon—York tensor. This tensor can be represented by a
3 x 3 matrix, and thus its algebraic classification can be performed analogously to the original
Petrov approach. This was done in 1986 by Barrow et al [17].

Such a classification in 2+1 gravity is, nevertheless, different from its D =4 counterpart.
In the actual formulation of the eigenvalue problem, the symmetry of the Cotton—York tensor
is no longer manifest. The eigenvalues and also the corresponding eigenvectors can thus gen-
erally be complex. This feature was pointed out and remedied by Garcia, Hehl, Heinicke and
Macfias in 2004. In their paper [18], it was proposed to classify the spacetimes according to
the possible Jordan forms of the Cotton—York tensor in a suitable orthonormal basis. By this
method, the spacetimes were divided into the types I, II, D, III, N and O. To deal with the
possible complex eigenvalues, an additional type I was proposed which restricts the solutions
to only real numbers.

Alternative approaches to classification of 2+1 spacetimes were also presented. The form-
alism of null basis was developed in [19], while in [20] a spinor algebra was established and
used for the Ricci and Cotton—York tensors. An invariant Karlhede classification method was
developed in [21] employing the Ricci and Cotton—York real spinors. Interestingly, in topolo-
gically massive gravity (TMG), whose action involves a gravitational Chern—Simons term, the
field equations imply that the Cotton—York tensor is proportional to the traceless Ricci tensor.
Therefore, the Petrov-type classification of 2+1 spacetimes in TMG is equivalent to the Segre
classification of the simpler traceless Ricci tensor, see [22, 23].

Actually, the Segre—Pirani—Plebariski classification of the energy-momentum tensor of mat-
ter, related to the traceless Ricci tensor, is another important way of characterizing the space-
time. It takes advantage of its symmetry property, so that the eigenvalues and eigenvectors
can be directly determined by a standard procedure, and classified using the nomenclature of
Plebanski [24]. More details on these schemes, and their application to many important classes
of exact solutions to 241 gravity, are given in the monograph [25], see in particular sections
1.2 and 20.5 therein.
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In our work, we now propose a simpler and general method of algebraic classification of
spacetimes in 241 gravity which does not assume any field equations. It is based directly on
the Cotton tensor, namely on five Cotton scalars W, obtained by specific projections onto
a null triad. In fact, this is a lower-dimensional analogue of the standard Newman—Penrose
method of D =4 general relativity which uses the Weyl tensor. It is naturally related to the
multiplicity of the Cotton-aligned null directions (CANDs), in full analogy to the multiplicity
of PNDs and WANDs. We show that this approach is equivalent to the classification developed
in [18] which relies on the canonical Jordan forms of the Cotton—York tensor. We also identify
key scalar polynomial invariants constructed from the Cotton scalars W, which conveniently
assist with the algebraic classification.

We begin in section 2 by establishing the notation and introducing the Cotton tensor C ..
In subsequent section 3 we define a null triad onto which the Cotton tensor is projected, obtain-
ing thus the key Newman—Penrose-type Cotton scalars W, . This allows us to present a very
simple classification scheme in section 4. Then in section 5 we define a bivector basis and prove
that the corresponding components of the Cotton tensor are just the scalars WU, . Relation to
the Bel-Debever criteria for the privileged aligned null vector k is demonstrated in section 6.
All Lorentz transformations are investigated in section 7, in particular their effect on the key
Cotton scalars W4 . It is then demonstrated that a suitable null rotation can always be performed
in which ¥ = 0, identifying thus the principle null triad and the CAND, see section 8. In fact,
as shown in section 9, the specific multiplicities of CANDs k uniquely determine the algeb-
raic types of spacetimes. In section 10 we present the related symmetric traceless Cotton—York
tensor, and we write it in terms of the Cotton scalars W 5. Expressing it in the orthonormal basis,
in section 11 we are able to prove a full equivalence with the previous method of classification
of 241 geometries based on the eigenvalues and the canonical Jordan forms of the Cotton—
York tensor. In section 12 we investigate scalar curvature polynomial invariants constructed
from the Cotton and Cotton—York tensors, and their relation to various algebraic types. In
fact, we derive a simple practical classification algorithm based on these invariants. Section 13
introduces the refinement to subtypes I, II;, D; for which all four (possibly multiple) CANDs
are real, and subtypes I, II., D, for which some of the CANDs are complex. This is indirectly
related to complex eigenvalues of the Cotton—York tensor. In final section 14, we explicitly
apply this procedure on an interesting class of Robinson—Trautman spacetimes with a cosmo-
logical constant and an electromagnetic field, demonstrating that it is algebraically general (of
type I), but with only ¥; and W5 scalars non-vanishing. Similarly, we analyze several other
examples of metrics of various algebraic types and subtypes.

2. Cotton tensor

Let (M,g) be a general three-dimensional Lorentzian manifold with the metric signature
(—,+,4). On such a manifold, at any point we construct the basis of the tangent space con-
sisting of three vectors e,, and the cotangent space dual basis given by three 1-forms w. In
local coordinates x®, these are

e, =¢)0q, w® =¢f dx®. (1

By the Latin letters a, b, ... we denote the frame (anholonomic) indices, while by the Greek
letters v, 3, ... we denote the coordinate (holonomic) indices. In terms of the dual basis, the
line element corresponding to the metric g, 18

ds® = g wiw’. )

We also assume that the manifold is equipped with the symmetric Levi-Civita connection V.

4
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The role of the key geometrical object in 2+1 spaces plays the (conformally invariant)
Cotton tensor, first investigated by Cotton [16] already in 1899, and later by Schouten [26].
It is the best analogue for the Weyl tensor which identically vanishes in 241 geometries. The
Cotton tensor is defined as

1
Cabc =2 (v[aRb]c - 4V[aRgb]c> ) (3)
where Ry, is the Ricci tensor of the metric g,p, see equation (20.39) in [25]. From the defini-
tion (3) it follows that the Cotton tensor is antisymmetric in the first two indices',
Cabc = _CbuC7 (4)

and that it also satisfies the constraints

C[abc] =0, (5)

Cu =0. (6)

For a detailed exposition of the Cotton tensor see [18] or chapter 20 in [25]. These constraints
restrict the Cotton tensor in 241 geometries to have only 5 independent components. Indeed,

due to (4), the Cotton tensor has 3 x 3 =9 independent components which are constrained by
1 condition (5) and 3 independent conditions (6).

3. Null triad and the Cotton scalars ¥,

The next step is to project the Cotton tensor onto a suitable basis on the tangent space. We
choose the null triad {e,} = {k,l,m}, such thatk -k=0=1-L,k-m =0=1-m, and

k-l=-1, m-m=1, )
or written explicitly in the components
kol =—1, mem® =1. (8)

It means that both k and [ are null vectors (future-oriented and mutually normalized to —1),
while m is the spatial unit vector orthogonal to k and [.

A dual basis {w”} is given by the relation e w? = §°. In view of the scalar products (7),
such a dual basis can be written as {w”} = {—1,—k,m}. By this notation we mean that the
dual to the vector e; = k = k® 0, is the 1-form w'! = —1, dx®, and similarly for the remaining
two basis vectors.

Now we define the Newman—Penrose-type curvature Cotton scalars U as

Vo= Cape km k¢,
Uy = Capc K IP K,
Uy = CupckmP I, 9)
Uy = Cupe K16

U, =Cupel“mlI€.

! Unfortunately, in mathematical literature a different convention is also used for the position of the antisymmetric
indices, as for example in equation (3.89) in [10].
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Table 1. The algebraic classification of 2+1 geometries.

Algebraic type The conditions

1 V=0, U, #0
I Vo=V, =0, U, #0
I Vo=V =V,=0, Ui #£0
N Vo=V =V,="¥3=0, Uy#0
D U=V =0=U3="U,, U, #0
(0] allp =0

These are fully analogous to standard definition of the Newman—Penrose scalars constructed
from the Wey! curvature tensor in D =4 (see [10]) and in any D > 4 (see [15], equivalent to [11—
14]). Notice that these scalars are real, and completely represent the 5 independent components
of the Cotton tensor.

4. Algebraic classification based on the ¥, scalars

We propose that the algebraic classification of 241 geometries can easily be made by using
these curvature scalars W 4, which are the components of the Cotton tensor with respect to the
null triad, defined in (9). The specific algebraic types are given by simple conditions, namely
that in a suitable triad {k, 1, m} the specific Cotton scalars vanish, as summarized in table 1.

In fact, this is a direct analogue of the Petrov—Penrose algebraic classification in standard
general relativity based on the multiplicity of the PNDs of the Weyl tensor (see section 4.3 in
[10] for the review), or of PAT/SAT and the multiplicity of the WANDs in higher dimensions
(see [14]).

To justify the definition of algebraic types presented in table 1 and to demonstrate that it is
equivalent to the previous definition based on the Jordan forms of the Cotton—York tensor, it is
now necessary to introduce a convenient bivector basis of 2-forms, which effectively represent
the first two (antisymmetric) indices of the Cotton tensor (3).

5. Cotton tensor in the bivector basis

The space of all 2-forms (also called bivectors) in 241 geometries has dimension 3, and we
now construct a basis

{z'} ={Uv,v,w}, (10)

where I = 1,2, 3, to express them. In particular, employing the null triad {k, I, m} normalized
as (7), we define these base 2-forms as the wedge products

U=2mAI,
V=2kAm,
W=2INk. (11

More explicitly, in the null triad frame such a bivector basis is {Z, } = {Uap , Vap, Wap }, Where

6



Class. Quantum Grav. 41 (2024) 115008 M Papajéik and J Podolsky

Uuw :malb _lamba
Vap = kamb _makbv
Wap = lakp —kalp. (12)

It is the analogous definition as in D =4, see equation (3.40) in [10]. A direct calculation
using (8) reveals that these bivectors satisfy the normalization relations

UpV?P =2, WuWh=-2, (13)

while all other contractions are zero.

The rank-3 Cotton tensor, antisymmetric in the first two indices, can be expressed in the

basis given by (all combinations of) the tensor product of a basis bivector Z! and a 1-form w”’,

that is
3
Cave =Y CyZiywy, (14)
1J=1
where Cyy are the corresponding components”. Written explicitly, it has nine terms,
Cave == Cr1Uanple = CroUap ke + Cr3 Ugpyme

—Cy Vaple — Cop Vap ke + Co3 Vg m
—Cy Waple — CoWapke + C33 Wepme . (15)

Since the bivectors Uy, V., W are antisymmetric, the condition (4) is trivially satisfied. Now
we employ the vanishing trace condition (6). Using the relations

Uabla:()a Uabka:mba Uabma:lby
Vap I = —my, Va k" =0, Vapm® = —ky,
Wl =1, Wapk® = —kp, Wapm® =0, (16)

we obtain the constraint
(Ci3—C31) I+ (C3p — Co3) kyy + (C21 — C12) my = 0. a7

This 1-form must be identically zero, and so we obtain three conditions for the components,
namely

Ciz=0Cs, Coz = Cx2, Cin=0Cy. (18)
The Cotton tensor thus can be written in the form

Cabc - Cll Uab lc - C12 (Uab kc + Vah lc) + Cl3 (Uab me — Wab lc)
- C22 Vab kc + C23 (Vab me — Wab kc) + C33 Wab me. (19)

Finally, we have to apply the remaining condition (5). It is helpful first to calculate that

3! (U[ab kc] + V[ab lc]) =4 (Uab kc + Vap lc + Wau mc) 5

2 Here Z!, w! is a shorthand for Z, ® w/.
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3! W[ab mc] =2 (Uab kc + Vub lc + Wab mc) 5 (20)

where the factorial was included just to compensate the factor in the definition of the antisym-
metrization. All other terms of the tensor-product basis are trivially zero under the complete
antisymmetrization, namely

U[ab lc] =0, U[ab me = 0,
V[ub kc] =0, V[ab me) = 0,
Wiapkg =0, Wil = 0. @1)

From the condition (5) for (19) we now obtain

(—2C12+ C33) (Uap ke + Vaple + Wapme) =0, (22)
which implies the last constraint

C33=2Cyp. (23)
The generic Cotton tensor in the bivector-null basis thus takes the form

Cie=—CnUpl. — Cr2 (Uab ke +Vaple —2Wyp mc)

+Ci3(Uapme —Waple) — Coo Vap ke + Co3 (Vapme — Wapke) - (24)

It has five independent components, namely Cy;,Ci,,C13,C2,Cr;. They can be uniquely
expressed in terms of the Newman—Penrose-type curvature Cotton scalars W 5 defined in (9).

Indeed, using the normalization relations (8) and (13), the coefficients in (24) can be expressed
as

Ci1 = 1Cuc VK,

Cia = 5Cae VI = §Cape UK = =3 Cape W mi",

Ci3 = 5Cabe V' = — 5 Cape WK,

Ca = 3Capc U,

C3 = 3 Cape U m" = =5 Cape W I (25)
After explicitly putting the bivectors (12) into the first terms on the right-hand side of (25),
using the definition (9) of the scalars ¥, and the antisymmetry of the Cotton tensor (4), we

arrive at a very simple expressions for the five independent components of the Cotton tensor,
namely

Cii=Vy, Cnp=¥,y, Ci3=V;, Cpn=-Ty, Cyun=-V;. (26)

Moreover, the four other basis components of the Cotton tensor in the expansion (14) are not
independent because from the remaining four expressions on the right-hand side of (25) we
get

Cio = Capem* Pk = L Copc K " m",

C13 = Cabc K mb m’ )

C23 = Cabc m“ lb mc . (27)
Using (26) we can thus write that

\111 = Cabc k° mb m",
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Uy = Capem“ Ik = L Cape K "'m"
U3 = Cupe " mP m°, (28)

which are the four alternative expressions for the three scalars ¥, ¥,, U3, equivalent to their
definitions given in (9).

We can thus conclude that the most general Cotton tensor in the bivector-null basis (24)
takes the form

Cabc - - \IJO Uab lc + \I/l (Uab me — Wab lc)
- \IJZ (Uabkc + Vab lc - 2Wabmc)
- \IJS (Vab me — Wab kc) + ‘1’4 Vab kc . (29)

This is an important expression of the Cotton tensor in terms of the five key scalars W 4, which
we will employ in proving many further properties and relations. In fact, it is obviously an
analogue of the standard expression valid in D =4 general relativity, see equation (3.58) in
[10].

6. Bel-Debever criteria

It is now possible to explicitly connect the algebraic classification of 2+1 gravity fields, sum-
marized in table 1, to another property, namely to the Bel-Debever criteria which involve the
Cotton tensor and the related (aligned) null vectors k.

These criteria were presented in 1959 by Bel and Debever [4-6] in the context of Einstein’s
general relativity in D =4, employing the Riemann or Weyl tensors and the corresponding
Debever—Penrose null vectors k. Relatively recently, they were also generalized to geometries
of any higher dimension D >4 by Ortaggio [27] (using the principal directions of the Weyl
tensor) and equivalently by Senovilla [28] (using the Bel-Robinson tensor).

We claim that in D = 3 spacetimes the Bel-Debever criteria involve the Cotton scalars, and
they have the following form:

kaCypc k=0 & T5=0, (30)
Carc k=0 & Ty=0,=0, (31)
klaCapck” =0 & Vo=V, =V,=0, (32)

Carckl =0 & Tog=T,=U,=0T;=0. (33)

The proof is not difficult. Using (29) we get
Cavek* = Womale =Wy (mame +kale) + Vo (make + 2kame) + 9 3kake, (34)
and then
Capc KK = =T omy+V 1 k,. (35)
After multiplying this expression by ky, the antisymmetrization yields
ka Calpc Kk = 5 W Vaa (36)

from which we obtain the equivalence (30). The equivalence (31) follows immediately
from (35). As for (32), we employ (34) which implies

kg Capek” = 3 Vaa (Wole — ¥ yme +¥sk,) (37

9
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Table 2. For all algebraic types, the Bel-Debever criteria in 2+1 geometries involving
the Cotton tensor Cgpe (left) and in 341 geometries involving the Weyl tensor Capeq
(right) are fully analogous.

Algebraic type 2-+1 geometries 3+1 geometries

I kg Cape Kk =0 ki Caperake Kok =0

I Capc "k =0 Capelaka k" k=0

11 kia Cappe K> =0 ki Capeak” =0

N Carck” =0 Capeak” =0

D Capc K"K =0 Cabelakg Kk =0
and Cape " I°=0 and Capeialy " 1°=0

0 Care =0 Cabea =0

from which the equivalence (32) is clear. The last relation (33) is obvious from (34).
For type D spacetimes, not only ¥ = ¥ | = 0 but also ¥4 = U3 = 0. Because

Care Pl =U31, —Uymy,, (38)
it follows that
CuellIF=0 & Uy;=0,=0. (39)

Therefore, for type D geometries both Cp, kP k¢ = 0and Cp, I I° = 0. This concludes the proof
of the Bel-Debever criteria in 2+1 gravity.

The results for all algebraic types are summarized in table 2. The second column contains
the Bel-Debever criteria in 241 geometries, while the last column contains the classic Bel—
Debever criteria in 341 geometries, see equations (4.21)—(4.24) and (4.27) in [ 10]. It is obvious
that there is a perfect analogy when the Weyl tensor C;4 is replaced by the Cotton tensor Cp,
in lower dimension D = 3.

In fact, the privileged (aligned) null vectors k which enter the Bel-Debever criteria in table 2
are the (possibly multiple) principal null directions of the Cotton and the Weyl tensor, respect-
ively. Now we will demonstrate that these can be systematically investigated and easily found
also by using the Newman—Penrose-type Cotton scalars W, defined in (9).

7. Lorentz transformations of the Cotton scalars ¥,

The key curvature scalars W 5, which conveniently represent five independent components of
the Cotton tensor (9), are not unique in the sense that they depend on the choice of the null triad
{k, 1, m}. However, as in the case D > 4 this freedom is simple, given just by the local Lorentz
transformations between various triads at a given point of the spacetime manifold. These are
the only admitted changes of the null basis of the tangent space which keep the normalization
conditions (7).

In particular, there are three subgroups of such Lorentz transformations, namely:

k' =Bk, I'=B7"1, m' =m, (40)
K=k, U'=1+V2Lm+Lk, m' =m++2Lk, 1)
K =k+V2Km+K*l, 1U'=1, m'=m+V2KI. (42)

10
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The boost (40) in the k — I subspace is parameterized by B, the null rotation (41) with k fixed
(changing I and m) is parameterized by L, while the complementary null rotation (42) with 1
fixed (changing k and m) is parameterized by K. All these three parameters B, K, L are real.

It is now straightforward to determine the transformation properties of the Cotton scal-
ars (9). In particular, under the boost (40) they transform as a rescaling

U, =B"A0,. (43)

It means that they are naturally ordered in the definition (9) according to their specific boost
weight, which is the corresponding power (2 — A) of the boost parameter B. This fact is fun-
damental for the algebraic classification of the Cotton tensor, as an application of a general
scheme developed in [12, 14] for any tensor.

Under the null rotation (41) the Cotton scalars transform as

) =10,

U =T, + V2LV,

W) =0y + V2L, + L2,

U =03 —3V2L0, — 3120, — V2L Ty,

W) =W, +2V2L 05— 61> W, —2V2 12 Uy — [0y, (44)

It follows that the classification of 24-1 geometries summarized in table 1 is invariant with
respect to both types of the Lorentz transformations (40) and (41). Indeed, if the corresponding
condition for a certain algebraic type is satisfied for U, it remains satisfied for .

Finally—and more importantly—it remains to investigate the effect of the null rotation (42)
with fixed I’ = I which changes the vectors k and m of the null triad to k" and m’. In such a
case the Cotton scalars (9) transform as

U=y +2V2K U, +6K> U, —2V2K U3 — K Uy,
U/ =0, +3V2KT, — 3K U3 — V2K Uy,
W) =0, —V2KU; — K> Uy,

W) =3+ V2K Ty,
U=, (45)

Notice that these expressions are complementary to (44) under the swap of the null vectors
k <> land K < L, which implies W <> Wy, ¥ <> U3 and ¥, <> —U,, see (9) and (28).

8. Principle null triad and the CAND

Now we come to a crucial observation, namely that the null rotation (45) always allows us
to achieve U =0 by a suitable choice of the (complex) parameter K. Consequently, in the
new null triad {k’,1’, m'} the condition for algebraic type I given in table 1 is satisfied. Such a
special frame is called the principle null triad, and its special null vector k' is said to be aligned
with the Cotton curvature tensor C,p.. The existence of the principal null triad demonstrates
that all 2+1 geometries are (at least) of algebraic type I. Recall that the same is true for
all 3+ 1 geometries, considering the Weyl tensor instead of the Cotton tensor, but in higher-
dimensional spacetimes such a principal null frame need not exist at all (see [10] and [14],
respectively).

1
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For practical reasons, however, we will consider the equivalent opposite procedure, in which
one starts with the Cotton scalars U} calculated with respect to an arbitrarily chosen null
triad {k’,I’,m'}. It is then possible to achieve ¥, = 0 by performing the inverse of the null
rotation (42), that is

k=k'—V2Kkm'+K*l', 1=I'", m=m'—V2Kl. (46)

The resulting special triad {k, I, m} becomes the principle null triad, and its null vector k is
the Cotton-aligned null direction, which we can abbreviate as CAND. It is the 241 analogue
of the usual concept of PND of the Weyl tensor in D =4 general relativity, and of WAND in
D > 4 gravity, as introduced in [11, 12].

In fact, such an algebraically privileged triad with the CAND can be explicitly found. Under
the null rotation (46) the Cotton scalar W (having the highest boost weight +2) transforms as

o=, —2V2K U] +6K> U, +2V2K W) — K* 0. (47)

Actually, it is obtained from (45) by the simple swap W4 <> U, and K <> —K. The condition
WUy = 0 thus takes the form

UK —2V2 UK —6 Uy K2 +2V2 UK — U} =0. (48)

It is an algebraic equation of the fourth order in the parameter K which, in general, admits
four complex solutions (not necessarily distinct). It thus follows that, at any event of the 2+1
spacetime there exist, in general, four CANDs determined by the local algebraic structure of
the (non-vanishing) Cotton tensor.

Each of these CAND:s k is obtained using the relation (46), in which the parameter K is the
corresponding root of the equation (48). Moreover, any multiplicity of these roots K implies the
same multiplicity of the CANDs. We will now demonstrate that such multiplicities are uniquely
related to the algebraic types.

9. Algebraic types and the CANDs multiplicity

A 241 spacetime is said to be algebraically general if its CANDs, i.e. the four roots of (48),
are all distinct. Such a spacetime is of algebraic type 1.

A spacetime is algebraically special if at least two its CANDs coincide. If just two CANDs k
coincide, it is of fype II. Analogously, higher multiplicity defines type III (triple CAND/root)
and the most special type N (quadruple CAND/root) geometries.

In addition, there exists another degenerate case of type D. It is a subtype of type II such that
there are two distinct CANDs k and [, both of multiplicity 2 (two pairs of coinciding roots).
For completeness, the algebraic type O denotes a spacetime with everywhere vanishing Cotton
tensor (a conformally flat 2+1 spacetime). The complete scheme is summarized in table 3.

More specifically, if the vector k of the principal null triad is the CAND then ¥ = 0, and
the key equation (48) in such a triad becomes

(\1/41<3—2f2\1131<2—6x1121<+2f2\111)K:O. (49)

The root K =0 corresponds to the CAND k. The special algebraic types arise when also the
cubic expression in the bracket has another root(s) K = 0. It is now obvious that type II arises
when ¥ = 0, and type IIl arises when | = W, = 0. Type N occurs when ¥ = ¥, = U3 =0,
in which case (49) reduces to ¥4 K* = 0. The quadruple root K = 0 corresponds to the unique
and privileged quadruple CAND k. For type D spacetimes with the Cotton scalars having the

12
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Table 3. Possible algebraic types of 241 geometries. The classification is uniquely
related to the multiplicity of the Cotton-aligned null directions (CANDs), that is to the
multiplicity of the four (complex) roots of the key equation (48). The canonical forms
of the five real Cotton scalars W4 for each algebraic type are also included.

Algebraic type CANDs Multiplicity Canonical Cotton scalars

I Q7 I+14+1+1 Wy =0, W, #£0
1l Vi 1+142 o=, =0, W, £0
D N A 242 U=, =0=T3=0,, Uy £0
I N7 143 Vo=0=U,=0, U3 £0
N V. 4 p= U =Wy = V3 =0, Uy #0
0 N/A all Uy =0

form ¥y = ¥, = 0 = U3 = U, the equation (49) reduces to quadratic equation ¥, K?> = 0, so
that k is the double CAND, as in type II. To be more specific:

Type I geometries with the CAND k satisfy the equation (49) in which the simple root
K =0 corresponds to k. Because ¥ # 0 the remaining part of the equation is of the third
order, admitting in general three distinct (complex) roots different from zero. In such a gen-
eric case, there exist four different CANDs with no multiplicities, symbolically denoted as
I+14+14+1.

Type II geometries have the canonical form Wy =0 = ¥ and ¥, # 0, in which case (49)
reduces to

(\1/4K2—2\f2\1/31(—6\1/2) K =0. (50)

It has the solution K =0 with the multiplicity 2 (which means that k is a double CAND),
and other K # 0 solutions are given by the roots of the quadratic equation in the bracket.
In general, there exist two different (complex) roots, meaning that the multiplicities of the
three different CANDs are 1+ 1+ 2.

Type III geometries have the canonical form of the Cotton scalars ¥y = ¥ = ¥, = 0 with
W5 # 0. The key equation (49) thus takes the form

(mK—zﬁ%) K=0. (51)

The trivial solution K = 0 has the multiplicity 3 (which means that k is a triple CAND), and
there exists another (real) root K = 2v/2 U5 /W4 # 0. The multiplicities of the two different
CAND:s are thus 1 + 3.

Type N geometries are defined by the canonical condition ¥4 # 0 with all remaining Cotton
scalars zero, so that the equation (49) simplifies to

K*=0. (52)

Therefore, k is a quadruple CAND, corresponding to the multiplicity 4 of the solution K = 0.
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Table 4. Algebraic classification of 241 geometries for the special case ¥y =0 = Wy.

U, =0 U3=0 type O
U, =0 V3 #0 type I1I
Wy £0 U3=0 type D

U3 #£0 type I
Ty =0 U3=0 type 111

W, 40 U3 #£0 type I

1
U3 =0 type 11
W, #0 2_
U5 ;é 0 o5 =—8U ¥; type II
QU3 £ -8 W3 type I

e Type D geometries have the canonical form ¥y = ¥; =0 = U3 = ¥, and ¥, # 0. The key
equation (49) thus reduces to

K*=0, (53)

from which it follows that k is a double CAND, corresponding to the multiplicity 2 of the
solution K = 0. In section 8 we have defined the CAND k' as the null vector of the principle
null triad {k’, ', m'} in which ¥} = 0. Analogously?, the null vector I’ of the principle null
triad is CAND if ¥, = 0. In view of the transformation property (44) of the Cotton scalars
under the null rotation (41) with k fixed, that is

K'=k, U'=1+V2Lm+1*k, m'=m+V2Lk, (54)
for the canonical form of type D geometries we obtain
Ui=0, Ui=0, V) =0,, U= —3V2LV,, U, =—6L*T,. (55)
Therefore, the condition W, = 0 for I’ being the Cotton-aligned null direction is simply
L*=0. (56)

It means that the null vector I = I’ is, in fact, a double CAND, corresponding to the multipli-
city 2 of the solution L = 0. To summarize, geometries of algebraic type D admit two distinct
CAND:s k and I, both of multiplicity 2.

This completes the proof of the relations contained in table 3.
A special situation ¥4 =0 = ¥ has to be treated separately. In such a case the quartic
equation (49) reduces to the cubic

(ﬁw3K2+3xp2K—ﬁwl>K=0, (57)

with the CAND k (corresponding to K = 0) and the distinct CAND [ (corresponding to L = 0).
The respective multiplicities of the remaining roots of (57) are given by the nature of the quad-
ratic polynomial in the bracket, depending on the (non-)vanishing of the scalars ¥, U, U3,

3 Recall that the swap of the null vectors k <= [ results in W <> Wy, U <> U3, Uy <> — W5,
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and also on the discriminant D =9 W2 +8 W ¥ ;. Full discussion of all possible algebraic
types in this case is presented in table 4.

We should emphasize that the algebraic classification in 24-1 dimensions (presented here)
is actually more subtle than in 341 geometries. The complication arises from the fact that the
key real equation (48) can in general have some complex roots K. This implies that some of
the null vectors k representing the CANDs may formally be complex. This somewhat unwel-
come consequence is closely related to the property that the important Cotton—York matrix Y,.?,
see (79) for its explicit form, is not symmetric and there is thus no guarantee that its eigen-
values are real. Nevertheless, it is a common practice in the field of algebraic classification of
241 spacetimes to formally admit the complex classification. A geometrically more justified
(sub)classification based on the real roots can be introduced. By restricting the eigenvalues to
only real numbers, a new algebraic subtype of spacetimes denoted as Class I’ can be added,
see for example section 20.5.2 in the Garcia-Diaz monograph [25]. We will return to this issue
later in section 13, after presenting the usual approach to algebraic classification based on the
Jordan form of the Cotton—York tensor in section 11.

10. Cotton-York tensor

The number of independent components of the Cotton tensor C,p. (3) in three dimensions,
being five, is exactly equal to the number of components of a symmetric and traceless rank-2
tensor. This can be obtained as the Hodge dual.

More specifically, following the conventions given in [25], with only slight modifications,
the Cotton—York tensor (sometimes also called the Schouten—Cotton—York tensor) is geomet-
rically defined by equation (20.111) in [25] (but denoted as C g therein) as

YahzeaJ *Cb: *(Ch/\wa) ) (58)
where w, = g.,w” is the linear combination of the basis 1-forms (1) and C, is the Cotton
(‘vector valued’) 2-form

2-form: Cp =3 Crmpw" Aw". (59)
The symbol | in (58) stands for the interior product defined on a general p-form o as*

1
(p—1)
Another common notation for this operation is ¢, 0.

Recall that a metric-independent Hodge dual operator can be defined by employing the so
called e-basis. This is constructed by subsequent interior products of the Levi-Civita tensor

e.o= Taby.. by W N AW (60)

wE—3!\/—gw0/\w1/\w2, 61)
in which g is the determinant of the metric g,5. In components, this tensor explicitly reads
, 1 .
Wabe = —V —& Eabc » or Wu}u = ﬁ €ubc ; (62)

4 The exterior calculus notation and definitions used here are mainly taken from appendix A in [29].

15
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where ¢ = ¢, is the Levi-Civita symbol. Without loss of generality we assume that the null

triad has the following orientation

Wape KPP mE = 1. (63)

It is equivalent to defining the Levi-Civita symbol in the null basis {w”} as €!?} = ¢53 = —1.

Such an orientation ensures that, in an orthonormal frame, the spatial part will have the right-
handed orientation. The correspondence between the Hodge dual operation and the e-basis
is

2-form: €= *w, =e;|lw= %wabe W AwWC,
1-form: € = " (wy Awp) =ep| € = Wape W,
0-form: €are = " (Wa Awp Awe) = e.|€up = Wape - (64)

Applying this construction of the Hodge dual to the (vector valued) Cotton 2-form (59) we
obtain *C;, = %C,,mb €™, that gives the following expression for the dual

1-form: *Cp = % W™K C oy e W - (65)

By performing the contractions e, | w® = 6,° we get from the definition (58) an explicit pre-
scription for the Cotton—York tensor, namely

Yoo = % 8ak kan Conb
1
— /=2 am (va"b -3 6”b6’”R> . (66)

This alternative form of the Cotton tensor appeared in York’s work [30], but was already dis-
cussed before by Arnowitt ef al [31]. It encodes the same information as the Cotton tensor, but
it is a rank-lower tensor. One of its major advantages is that it is symmetric

Yub = Ybu 5 (67)
and also traceless
Y, =0. (68)

Moreover, 241 spacetime is locally conformally flat if and only if Y, = 0. This Cotton—York
tensor is the key tensor in the context of 241 gravity, whose algebraic classification has already
been introduced and successfully employed. Since it is a rank-2 tensor, the eigenvalue problem
can be formulated exactly as a standard eigenvalue problem for matrices, see [18, 25].

To find an explicit relation to our new method of classification, we first express Y, in the
null triad (7) as

3
Y=Y Yywhwy, (69)
1,J=1

where Y}, are the corresponding components (recall that the dual basis is {w'} = {1, —k,m}).
We can uniquely relate them to the Newman—Penrose-like Cotton scalars (9). Writing the
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sum (69) explicitly, using just the symmetry property (67) of the Cotton—York tensor, we get

Yoo = Yiilalp + Y12 (lnkp + kalp) — Yiz (lymp + my 1)
+ Yoo kakp — Yo3 (kamp +mgkp) + Y3 mgmy . (70)

Applying the normalization condition (7), from (70) the coefficients can be expressed as’

Yii = Y KK,

Yio =Yau kI,

Yi3 = Yo km",

Yoo =Y Il

Yo3 = Y I'm”,

Y33 = Yyom®mb. (71)
Using the definition (66) with the relation (63) and the full expression (29) of the general
Cotton tensor, one arrives at the following result

Yy ="y, Yio =—-V,, Yi3=-Yy,

Yoo =Vy, Y3 =V3, Y33=-2T;. (72)

The general Cotton—York tensor (70) in the null triad basis thus takes the form

Yoo =—Vololy + ¥ (lamp +mgly)
- \PZ(lakb"'kalb +2mamb)
— Wy (kgmp+mgkp) +Vakyky. (73)

This is the key expression that will allow us now to relate the Cotton scalars W to the algeb-
raic classification of spacetimes in 241 gravity, and to demonstrate its equivalence with the
previous classification scheme based on the Jordan form of the Cotton—York tensor [25].

To this end, it is important to express the general Cotton—York tensor in an orthonormal
basis {Ey, E, E;} corresponding to the null triad (7) via the usual relations

EOE\%UC—I—I), Elzﬁ(k—l), E,=m. (74)
Due to the normalization (7), such a basis satisfies the conditions
Ey-Ey=-1, E -E =1, E, Er;=1, (75)

with all other scalar products equal to zero, i.e. the metric in this basis reads

gap =diag(—1,1,1). (76)
It means that E is the (future-oriented) timelike unit vector, while E;| and E; are perpendicular
Cartesian spatial vectors. It also follows that

Egk, =— Egm, =0,

1 1
V2 V2

3 Basically, these are the real symmetric quantities W5 introduced in section 5 of [21].
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Efke= 75, Efly=—5, E{m,=0,
Efk,=0, E{l,=0, E{m,=1. (77)

Using (73), we thus easily obtain all orthonormal projections of the Cotton—York tensor, such
as Yoo = EE{ Yo = =W 5 — 3(¥ o — Wy), ete. The result is

—\112—%(\110—\110 —%(‘I’o+‘l’4) —%(\Ijl_‘l}ﬁ
Yo=| —3(Tot+¥s)  Uo—3(Wo—Ty) — (¥ +T3) |, (78)
5 (W =T5) = (VT —20;

which is clearly a symmetric real matrix (Yo, = Yy, Y,* = 0). Actually, it is a direct 2+1
analogue of the symmetric complex 3 x 3 matrix Q (with zero trace) which is used for the
algebraic classification of the Weyl tensor in 341 spacetimes in the original Petrov approach
(see equation (3.65) in [10]).

11. Equivalence with the previous method of classification

To complete this work, it remains to prove the equivalence of our new convenient method of
algebraic classification, based on the Cotton scalars W, and the multiplicity of CANDs, with
the previous ‘Petrov-type’ classification scheme based on finding the specific Jordan forms of
the Cotton—York tensor. As summarized in Introduction, this was first considered in [17] and
refined in [18].

Let us repeat the main results, following sections 1.2.1 and 20.5.2 of the monograph [25]
by Garcia-Diaz. The key idea is to solve the ordinary eigenvalue problem Y,” v, = Av, for the
Cotton—York 3 x 3 matrix Ya" =Y ng. In view of (78) and (76), in the orthonormal basis (74)
we get its explicit expression (a denotes rows, while b denotes the columns)

Uot+3(Wo—Ty)  —5(To+Ty) —%(\111—1113)
Yl=| 3(Wo+Ts)  Up—3(Wo—Ts) —(¥,+03) . (79)
%(\Iﬁ—\h) —%(‘1’14-‘1’3) —2W,

It is important to emphasize that the matrix Y, is traceless but not symmetric. Therefore,
the roots of the characteristic cubic polynomial det(Yab —/\5ah) =0 may be complex.
Nevertheless, according to the possible eigenvalues A\j, A\, and A3 = —A; — \;, one can find
the corresponding canonical Jordan forms, defining the algebraic ‘Petrov’ types of all 241
geometries. Such forms are presented in table 5, which is actually the copy of table 1.2.1 of
[25].

Now, we would like to find a one-to-one correspondence between the canonical Jordan
forms J of Y,” presented in table 5 for each ‘Petrov’ type, and the canonical values
of the Cotton scalars ¥,. By comparing the Jordan form of type I with the explicit
expression (79) we uniquely obtain the conditions ¥ |+ U3 =0 (so that ¥ | =0 = U3),
Uo+WT,=0, %(\IJ() —Uy)+ V=N and—%(\Ilg —WUy)+ U,y =X(sothat2W, = A\ + Ay
and Uy—U,4=A; — ;). Similarly for type D we immediately obtain ¥y=0= Uy,
U =0=Wj3 and ¥, = \;. However, for types II, IIl and N such an identification is not
directly possible. Instead, in these cases it is necessary to employ an equivalent (alternative)
normal forms of the Cotton—York matrix Y,”.
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Table 5. Traditional algebraic classification of the Cotton—York tensor Y[,h based on the
possible Jordan forms and eigenvalues.

‘Petrov’ type Jordan form J of Y,” Eigenvalues relation
A1 0 0
I 0 X 0 M#FN N, MB=—-A—-X
0 0 —-A—-X
A1 0
II 0 X 0 AM=X#0, A3=-2)
0 0 =2\
A0 0
D 0 X 0 AM=X#0, A3=-2)\
0 0 =2\
01 0
11 0 0 1 AM=X=X=0
0 0 O
01 0
N 0 0 O AM=X=X=0
0 0 O
0 0 O
o 0 0 O
0 0 O

More precisely, we look for a similarity transformation between the Jordan form J and the
specific normal form N, such that

N=AJA", (80)

where A is an invertable matrix and A~! its inverse. In particular, a direct calculation shows
that for type II geometries such a similarity transformation takes the form

A—1 -1 0 -1 1 0 A1 0 010
N= 1 A +1 0 =1 00 0 X 0 1 1 0].81
0 0 2\ 0 0 1 0 0 =2\ 0 0 1

The subcase A; = 0 gives the transformation for type N geometries. And for type III we get

0 0 1 1 0 1N\/o 1 0\/01 0
N=[o0o o —1]=l1 o o]fo o 1][o o —1]. (82)
1 -1 0 o -1 0/\0oo0oo/\1 1 o0

Such normal forms of the Cotton—York tensor ¥,” can be uniquely identified with the canon-
ical values of the Cotton scalars W, for each algebraic type. The results are summarized in
table 6.

We have thus proven that for each ‘Petrov’ algebraic type in D = 3 there exists a privileged
orthonormal basis, which can be called the principal Cotton—York basis, in which Yab has the
corresponding normal form N, and the associated canonical values of the Cotton scalars W,
as given in the last column of table 6. Actually, it is an analogue of table 4.2 in [10] which
contains the normal forms of the Weyl tensor for all Petrov types in D = 4.

Moreover, the specific values of the Cotton scalars W 4 in table 6 are fully consistent with our
new simpler method of algebraic classification of 241 geometries, as summarized in table 1

19
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Table 6. Algebraic classification based on the possible normal forms of the Cotton—York
tensor Yah and the specific values of the Cotton scalars W4.

‘Petrov’ type Normal form N of ¥, Values of the Cotton scalars
A0 0 U, =0="0;
I 0 X\ 0 Vo=1(A—X)=-U4
0 0 —-XM\—-X Uy =3(A+ )
Ar—1 -1 0 Uo=0,¥=0=";
Il 1 Ai+1 0 Uy=X
0 0 —2X; V=2
At O 0 Vo=0="T4
D 0 N 0 U, =0=";
0 0 -2\ Wy =X
0 0 1 Po=0="T4
III 0 0 -1 ¥, =0=Y,
-1 -1 0 Uy=+2
-1 -1 0 Vo=0=",
N 1 1 0 U =0=U3
0 0 0 Vy=2
0 0 O
(0] 0 0 0 all WA =0
0 0 0

and corroborated in table 3 to also include the related multiplicity of the CANDs. To be more
specific:

e Type I geometries with CAND k' are defined by the existence of the principle null triad
such that ¥§ =0, see section 8. By inspecting the last column of table 6 we observe that
such a condition is not satisfied in the principal Cotton—York basis because ¥ # 0 (recall
that A; # A, for type I spacetimes). However, we can employ a suitable Lorentz transform-
ation (45) which for the canonical values of the Cotton scalars reduces to

Ui=(K'+1) U+ 6K 15,

U= V2K (KU +31,) ,

V) =Ko+ s,

)= V2KV,

U, =—U,. (83)

Obviously, we achieve ¥ = 0 by taking K to be any root of the bi-quadratic equation
WK + 60, K> + Wy =0. (84)
Because Uy = %()\1 —X)and ¥, = %()\1 + \2), these four distinct explicit roots are

. —3\P2i\/w__3 /\l+)\2i\/9(>\1+)\2)2_()\1_>\2)2 (85)

v o A=A DY)
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Table 7. Multiplicities of the Cotton-aligned null directions (CANDs) for all algebraic
types. These are obtained from the key condition ¥( = 0 expressed in the principal
Cotton—York basis, in which the Cotton scalars W4 have the canonical form presented
in table 6. Multiplicity of the root corresponds to the multiplicity of the related CAND.
If the root is K =0 then the null vector k is CAND. Similarly, the root L = 0 identifies
that [ is CAND. For type N geometries the only nontrivial Cotton scalar is W4, so that
the vector k is a quadruple CAND corresponding to the multiplicity 4 of the root K = 0.

Type Condition ¥ =0 Roots CANDs Multiplicity
I K +6bK*+1=0 K=+v—3b+2VD, K] 7 1+141+1
where b = i:fi; and
_ /22245202 +2A§
VD = e
1l (K> =3\ K> =0 K = £v/3X; and double K =0 NV 14142
D [*=0and K* =0 double L =0 and double K =0 RA 242
11 L=0and K*=0 L=0and triple K =0 N 143
N K*=0 quadruple K =0 % 4

The corresponding null vectors k" =k + /2 Km + K1 are then CANDs because ¥/, = 0.
Moreover, K2 Uy + 30, = j:%\/9()\1 + X2)2 — (A1 — A2)?, so that generally ¥/ # 0.

e Type II geometries in the principal Cotton—York basis have W=V =0, U, = A\; #0,
see table 6. This fully corresponds to our definition presented in table 1. In fact, we can
even achieve ¥ 3 = 0 by performing (the inverse of) the Lorentz transformation (45), namely
U3 = U} — /2K ¥/ for the particular choice of the null rotation parameter v2 K = ¥} /¥,
Using (45), the condition ¥/ = 0 for CAND k' in the principal Cotton—York basis reduces
to a special form

(K> —3) K2 =0. (86)

The factor K2 shows that k is a double CAND, and other two distinct CANDs are obtained
by applying the null rotation with the parameters K = ++/3)\;.

e Type D geometries in the principal Cotton—York basis have ¥ =0=V |, U3 =0=U,
and ¥, = A\ # 0. This is a complete agreement with our definition presented in table 1.
There are two distinct CANDs k and I, both of multiplicity 2 because K> = 0 and also L? = 0,
see relations (53) and (56).

e Type III geometries in the principal Cotton—York basis have Wo = W | = U, =0, U3 = /2
and ¥4 = 0, which exactly corresponds to our definition in table 1. We can achieve ¥4 =0
by performing (the inverse of) the Lorentz transformation (44). Indeed, for the particular
choice of the null rotation parameter 2v/2L = W/ /U] we get Uy = ¥ — 24/2L ¥} = 0. The
key equation ¥/, = 0 given by (45) reduces to

K =0. (87)

It demonstrates that k is a triple CAND, while the fourth distinct CAND is I corresponding
to L=0.

e Type N geometries in the principal Cotton—York basis have Wy =¥ | = ¥, = U3 =0 and
W, =2, in full agreement with table 1. We can achieve the fixed canonical value ¥4 =2
from any ¥ ; # 0 by the boost (40), which implies a simple rescaling U, = B> ¥, see (43).
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In this case the condition ¥/ = 0 reduces to
K*=0, (88)
which proves that k is a quadruple CAND.

These results are summarized in table 7. They show that our new simpler method of algebraic
classification of 2+1 geometries, based on the direct evaluation (9) of the Cotton scalars W5
and using the conditions in table 1, is fully equivalent to the previous (rather cumbersome)
‘Petrov’ approach based on determining the eigenvalues and the respective Jordan form J of
the Cotton—York tensor Y,” (employed, e.g. in [25]). Moreover, our approach shows the unique
relation of the algebraic types to the corresponding multiplicity of the CANDs, in a complete
analogy with the multiplicities of the PNDs in D =4 gravity (see section 4.3 of [10]) and the
WAND:s in D > 4 gravity theories (see [14]).

12. Invariants assisting with the algebraic classification

To complete our new procedure of algebraic classification of 2+1 geometries, we now invest-
igate an important concept of scalar curvature polynomial invariants which can be constructed
from the Cotton tensor and the related Cotton—York tensor. In fact, it will turn out that these
invariants play a crucial role in easily determining the algebraic type of the spacetime.

From the explicit expression (29) for the Cotton tensor, using the normalization relations (8)
and (13), we can directly evaluate the quadratic scalar invariant

Cape CP* =4 (WU y — 20, T3 —3T3), (89)
and similarly from the expression (73) for the Cotton—York tensor we similarly obtain

Y Y0 = =2 (U oWy —20 W3 —303). (90)
Another invariant can be constructed as their specific cubic combination

Cabe CPY =6 (UoU3 —UTT, + 2T 0,0, +20 0, U5 +273) . 91)

It can be immediately seen that for type N spacetimes, in which the only non-vanishing
Cotton scalar is Wy, one gets

Coupe C¢ =0 =Y, Y and  Cue C?Y°,=0. (92)

In fact, all algebraic types can be uniquely identified by using such invariants expressed in
terms of the specific polynomials constructed from the Cotton scalars W4 . The two key invari-
ants are

I= % Cabe Cahc = _% Yo Yub)
J=1Cpe CY°,. (93)

In view of (89)—(91) they can be defined as
I=U,0,—20,0; 303,
J=2U 0,0, 420 W03 4203 + T 03— U, 0s, (94)
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Vo, Uy, Uy, U3, Uy

Y

yes

413 = —27J?

yes
no
Y
4
no
Type Type Type Type Type
1 11 D 111 N

Figure 1. Flow diagram for determining the algebraic type of a 241 geometry using
the invariants (94) and (97) constructed from the Cotton scalars W4 . In the special case
Wy =0 = Py it is necessary to employ table 4.

These unique invariants naturally occur in the expression for the discriminant A of the key
quartic equation (48), after dropping the primes. Indeed, a direct calculation shows that

—A=28P 42033 2. (95)

It is well-known that the necessary and sufficient condition for the quartic equation to have a
multiple root is A = 0. In the present context it means that a spacetime is algebraically special
(it admits at least one multiple CAND)), i.e. it is at least of type II, if and only if

4P =-27)7. (96)

Furthermore, if and only if / = 0 = J the key equation (48) has at least a triple root and the
corresponding spacetime is of type III or of type N. To distinguish them we define additional
quantities

G=V,0;-30,0,;0, T3,
H=2U,0,+ U3,
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Table 8. Consistency of the algebraic classification based on the normal forms of the
Cotton—York tensor Y,” with the invariants calculated from the corresponding specific
values of the Cotton scalars Wy.

Algebraic type Special values of W Corresponding invariants

U, =0=U; [:)\1)\2_()\1+/\2)2

I To=1(A—X)=—-T4
J=Mh A +A
\112:%()\1+)\2) A2 (A1 +A2)
TVo=0,T,=0="T; I=—-3)2
Il Ty = X\ J=2X
Uy=2 G=0,N=36)\
To=0="0, I=-3)
D U, =0=1"U, J=2\
Uy =) G=0=N
Ty=0=1"0,
I=0=1J
I U, =0=10,
Uy=32 G=-2V2,H=2
Ty=0=10, o
N U, =0=1"0, gﬂt:%
U, =2
N=3H*+ T3l 97)

A spacetime is of algebraic type N if / =0 =J and G = 0 = H. Finally, algebraically special
spacetime with  # 0 # Jis of type D if and only if G = 0 = N (otherwise it remains of type II).
These conditions follow from first eliminating the cubic term in the quartic equation (48),
resulting in the so called depressed quartic. The quantity G is the coefficient in front of the lin-
ear term in this depressed quartic. Its vanishing reduces the equation to bi-quadratic equation,
from which the subsequent analysis depending on H =0 and N =0 immediately follows.

The useful complete® algorithm of algebraic classification is synoptically summarized by
the flow diagram in figure 1. Actually, it is a one-to-one analogue of the flow diagram for the
algebraic classification of D =4 spacetimes presented in the original work [32] by d’Inverno
and Russell-Clark, and in figure 9.1 of [10].

With the help of the practical algorithm in figure 1, we can finally confirm the classification
into the algebraic types contained in table 6. The invariants /,J, G,H, N for the corresponding
special values of W, in the principal Cotton—York basis (contained in the last column of table 6)
are shown in the last column of table 8. Their values and mutual relations are fully consistent
with the flow diagram scheme in figure 1.

13. Complex CANDs and complex eigenvalues

We have already mentioned at the end of section 9 that in 241 gravity the algebraic classi-
fication suffers from the (somewhat unwelcome) property that the key real equation (48) can,

6 The procedure is not applicable if ¥4 = 0 and ¥y 7 0. However, in such a case it is possible to perform the swap
WUy <> —Wyand W <> —W3 in the expressions, after which the algorithm in figure 1 can be used.
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in general, have some complex roots K. More specifically, an equation of the fourth order can
have either four (possibly multiple) real roots, or four complex roots, or two real and two
complex roots. This implies that some of the null vectors k =k’ — /2Km' + K*1', represent-
ing the Cotton-aligned PNDs CANDs obtained by (46), may be complex. This cannot happen
neither in 341 gravity (because the Newman—Penrose formalism in D = 4 with the Wey] scal-
ars W, is complex, and thus complex roots K are allowed, leading to four real PNDs) nor in
higher dimensional gravity D >4 (because the corresponding real quartic equation involves
more parameters K;, leading to four real WANDs—except in type G spacetimes).

It is thus natural to suggest a subclassification which, for each algebraic type, distinguishes
the real and complex CANDs. In particular, we may introduce the definition:

e Subtypes I}, II; and D;: all four (possibly multiple) CANDs are real,
e Subtypes I, Il and D.: some of the CANDs are (formally) complex.

We need not distinguish such subtypes for geometries of algebraic type III and type N. Indeed,
if a quartic equation (48) admits a root of multiplicity three or four, necessarily all roots must
be real, and thus III =1II; and N =N;,.

On the other hand, for type I and type II (and thus also for type D) geometries we have
to investigate the complexity of the roots of the equation (48), which is best done using the
invariants (94) and (97)".

e For type I (when 4P # —27J?) the equation (48) has four distinct roots. If
4P > 277, (98)

the discriminant A given by (95) is negative, and the equation has two distinct real roots and
a pair of (conjugated) complex roots. It means that the geometry is of subtype I, with two
complex CAND:s.

If the relation (98) is not satisfied, there exist either four distinct real roots, or four distinct
complex roots. If both the relations

H>0 and N>0 99)

hold then there are four real roots and the geometry is of subtype I, with four real CANDs.
Otherwise, all roots of the equation (48) are complex and the algebraic subtype is 1.

e For type II (when 4P = —27J?) the discriminant A vanishes and there is at least one double
root. The only possibility of the subtype Il.. is when there is one double real root and a pair
of complex conjugated roots and thus CANDs. This happens if and only if

N<O. (100)

For G =0 = N the geometry is of type D (see figure 1). The subtype D, with two double
complex CANDs occurs when the equation (48) admits two conjugated complex roots of
multiplicity two. This can only happen in the case when

H<O0. (101)

In particular, with the canonical form of the Cotton scalars ¥y = 0 = ¥ with ¥, #£ 0, the
subtype II; occurs if and only if 3¥, W, + U2 > 0. In the opposite case 3¥, W, + U2 < Oitis
of subtype Il.. The case 3V, ¥, + \I/% = 0 gives the geometry of subtype D, with two double
real CANDs.

7 We assume that U 4 # 0, otherwise we perform the swap ¥y <> —W 4 and ¥ | <> —W 3, provided ¥ # 0.
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Actually, the presence of the complex CANDs in the subtypes I, I, and D, is (indirectly)
related to the known property that the Cotton—York matrix Y, is not symmetric and thus its
eigenvalues can be complex, see [18] and section 20.5.2 in the monograph [25]. Therefore, in
these works a special algebraic subtype denoted as Class I’ was introduced. This represents
the case when the Cotton—York matrix has three distinct eigenvalues—of which one is real and
two are complex (necessarily complex conjugated).

In view of the Jordan form J of ¥,” (equal to its normal form N) and the corresponding
Cotton scalars U4, given in tables 5 and 6, we can relate the complex eigenvalues of Class I,
written as

M =N+ and M= —1A, (102)
(sothat A3 = —\; — A\, = —2\,) to the canonical values of the Cotton scalars as ¥ =0 = U3,
U, = A, Uy =1\, Uy =—il.. (103)

It means that the Cotton scalars ¥ and W4 are purely imaginary (and complex conjugated).
However, in this case it is more appropriate to employ the equivalent form of ¥, given in
table in section 20.5.2 in [25], namely

A A O
Ye=(-x N 0 |. (104)
0 0 =2\

In view of (79), the corresponding real Cotton scalars take the values | =0 = U3 and

Uy = A, Up=A="Vy4. (105)
In this case the key equation (48) for determining the CANDs becomes

A Kt —6)\K>—)\.=0, (106)

and the four solutions to this bi-quadratic equation are

Ao N2
Ki:3)\—i 9TZ+1’ (107)

so that Ki >0 and K> < 0. There are thus two complex CANDs corresponding to +i|K_|.
This shows that the Class I’ defined in [18, 25] is equivalent to the case 4I° > —27J% of
subtype I, introduced here. If (and only if) A, =0 then the only non-trivial (real) Cotton
scalar (103) or (105) is ¥, = \,. The eigenvalues are \; = A\, = U, and \3 = —2W,. They
are real, and the spacetime is of type D.

Moreover, it can be seen that our subtypes I; and 1. are directly related to the Petrov—Segre
types Ig and I¢ in TMG, as introduced in [22, 23], with real and complex eigenvalues of the
Cotton—York/traceless Ricci tensors, respectively.

On the other hand, it follows from table 6 that type II and type D spacetimes have only real
eigenvalues and real Cotton scalars WA, so it is not necessary to introduce analogous Class 11’
and Class D’. However, the CANDs given by the complex roots of (48) can be complex. It thus
seems that it is useful to define the subtypes I, Il;, D, respectively, to denote these subcases.
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14. Explicit examples of the new classification method

Finally, to demonstrate the usefulness of our simple classification scheme based on the Cotton
scalars Wy, as summarized in table 1 (see also table 3) and in the flow diagram figure 1, we
will apply it to several explicit classes of 241 geometries.

14.1. Robinson-Trautman spacetimes with A and electromagnetic field

Let us consider a large class of the Robinson—-Trautman spacetimes with a cosmological con-
stant A and an aligned electromagnetic field. Recently in [33] we derived that in the geomet-
rically adapted canonical coordinates r,u,x the most general form of such 2+1 solutions to
Einstein—-Maxwell equations (with a coupling constant x( > 0) can be written as

r2
dfP2@u+epﬁ@2ZmMr+(uQ2n“fh%Q’+20nQ)ur%Aﬁ>df,
, ,

(108)

with the Maxwell field potential
A=0In’ du, (109)
o

so that F = (Q/r)dr A du, see equations (180) and (182) of [33]. Here p is a constant, Q(u) is
any function of u, and the metric functions P(u,x), e(u,x) satisfy the field equation

Q

(P>u:Q@Ph. (110)

Now, using the general components of the Ricci tensor R, (see equations (A24)—(A29) of
[33]) the Cotton tensor C,p. corresponding to the solution (108) can be calculated from the
definition (3). Its non-vanishing coordinate components are

Curr - KOQZ )
273
HOQ4 1 252 ”OQZ
Curu:Lri Auru* P —A A
23 At (e ) 2
%
Crru = )
’ ¢ 2r
P u Ko Q2
Cxuu = Axuu — | P(eP ’ (7 Lr) —_—,
((e)’x—’_P)x 2+ r
c rkoQ?
urx — € )
2r
Co ko Q?
Xrx — 2rP2 b
P,\ (3 0? 00,
Coux = ((eP)’X—I- P2> (2/% +Lr> 7—(2/€0+Lr)?, (111)
where the function L, (u,r) is
uzmﬂﬂgwjh (112)
r
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and the more involved functions A, and A,,,, are

Auru = (HO +LV) QQ7” - (P (EP)’X + %> (; "o +Lr) Q2’

— (P(eP),er P’”) (§/€0+Lr) eQ® — (2ko+Ly) eQ Q0.4

P 2
P,u Q,u
+ P(eP),x‘F? E"HD’X (Peu) ,+P(Pxeu) +P(Peuw),
X
+ (%) 74PI;” <P]’;’) - [ZeszP)zx+P4 (e)zquee,xx) +eP? (Se7XP7X+eP7m)}
X *

y

(113)

These coordinate expressions of the Cotton tensor components are very complicated. However,
using the natural null triad satisfying (7),

1 1
k:ary lZ*guuar"'atu mzi(guxar'i_ax)a (114)

2 V8xx
(see equation (6) of [33]), the definition (9) and the field equation (110), we obtain simple
Cotton scalars U o, namely

Wy=0,
2

@1:,%’

‘1’2:—6PH§rQ227

o (8- S 0 52

U,y=eP (/ﬁoln’g'—ﬂ> KgrQ; L eP (esz—A) Honz‘ (115

Because ¥ = 0, it is obvious from table 1 that a/l/ such Robinson-Trautman spacetimes with a
cosmological constant A and an aligned electromagnetic field are (at least) of algebraic type I.
Moreover, it follows from sections 8 and 9 that the null vector k = 9, is CAND. In other words,
this CAND k = 0, coincides with the privileged null-aligned direction of the electromagnetic
field.

In fact, the general Cotton scalars (115) can considerably be further simplified just by per-
forming a suitable Lorentz transformation of the triad. In particular, the null rotation (41) with
k fixed, changing [ and m as

kK'=k, U'=1+V2Lm+L’k, m'=m+V2Lk, (116)

transforms the Cotton scalars according to the rule (44). Choosing the specific real para-
meter L,

V2L = —ePr, (117)
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and relabeling the constant y to the function m(u) = pQ*(u), we get a very nice result

U =0,

’ K/OQz
V== 2P
U] =0,

2

V) =— m—fsonln’g’—&—Arz roQ ,

: r 43
U, =0. (118)

Interestingly,

20! = <m—m0Q21n‘?‘—|—Ar2> vl (119)

These are the Cotton scalars expressed with respect to the unique null triad

k’:@r,

l’:aﬁ% (m/{onln‘g‘ ) (1nQ)7ur+Ar2> 8, — eP*d,,

P
m' =—0,. (120)
r

Clearly, all these scalars vanish when Q = 0, which corresponds to vacuum solutions with A,
and thus necessarily are spacetimes of constant curvature (locally Minkowski, de Sitter or
anti-de Sitter), which are conformally flat.

In the non-trivial case Q # 0 with an (aligned) electromagnetic field, the key scalar
curvature invariants (94) are

néQ“
456 7’
J=0. (121)

I=-2V{¥ = (—m+f€oQ21n’Q’ —Ar2>
r

It is obvious that the fundamental condition (96), that is 4> = —27J?, cannot be satisfied.
Consequently, all such spacetimes are of algebraic type I, see also the flow diagram in figure 1.
More precisely, here it is necessary to employ table 4 because in this case ¥4 = 0 = ¥/. Using
the fact that ¥ # 0, ] = 0, ¥} # 0, the corresponding row in table 4 determines the type I.

In our work [33] we were able to identify the famous class of (cyclic symmetric) charged
black hole electrostatic solutions [34] that is the 241 analogue to the Reissner—Nordstrom—
(anti-)de Sitter solution, see the metric (192) in [33] and the review given in section 11.2 of
[25]. It arises as the special subcase Q = const. and e = 0 of the metric (108). In such a situ-
ation L given by (117) is trivial (L = 0), and (115) is thus identical to (118). In any case, the key
invariants (121) remain the same, which implies that these electrostatic black hole spacetimes
are of algebraic type I. The same result was obtained already by applying the Petrov classific-
ation based on the corresponding Jordan form of the Cotton—York tensor, see section 11.1.5 in
[25].

29



Class. Quantum Grav. 41 (2024) 115008 M Papajéik and J Podolsky

Interestingly, on the horizons which are localized by the condition —m + koQ>
In ] g! — A2 =0 the scalar 1113’ vanishes, see (119), so that according to table 4 these horizons
are of algebraic type III. Moreover, for (118) the key equation (48) determining the CANDs
becomes

{(—m—k/@onln‘g‘—ArZ) K2+2}K_0. (122)

The square bracket tells us that above the horizon, where —m + koQ*In|2| — Ar* > 0, there
exist two complex CANDs, so that such a region of the spacetime is of algebraic subtype I,
(which in this case is equivalent to Class I'). Contrarily, below the horizon there are four real
CANDs, and therefore the region is of subtype I;.

14.2. Other examples of 2+1 spacetimes of various algebraic types

In their seminal work [18], Garcia, Hehl, Heinicke and Macfas investigated some solutions of
Einstein’s field equations in 241 gravity, as well as solutions of the TMG model of Deser,
Jackiw and Templeton, presenting explicit examples for each algebraic class. To further con-
firm and justify our classification method, we will now apply it to these examples studied in
section 7 of [18].

14.2.1. Type | (and type D) spacetime.  The line element given by equations (114)—(117) in
[18] takes the form

ds® = — (a1 + a)* dy® — 2(a) + a,)*sinhOdy dgp
— (a% — a%) sin2¢ coshfdfde + (a% sin®¢) + a3 cos’ ¥) de?
+ {(a% cos?1p +a3sin® ) cosh?@ — (a; + az)” sinh? 9] d¢?, (123)

with the natural orthonormal dual basis

W’ = —(a; +ay) (d +sinhfdo) ,
w! = a; (—sinv df + cos) coshfde) ,
w? = a; (cost) df + sinvp coshfdo) . (124)

In view of (74), the corresponding null triad reads

1 1 cos? tanh@ 1 . 1
k=— — Oy — —siny Oy + — cos sechfy | ,
\@Kmﬂh a > b S g oy 4
1 1 cos tanh9> 1 . 1 }
l=— + Oy + —siny 0y — — cosp sechB Dy, | |
ﬂ[(aﬁ-dz ap v ai ¥ ai v ¢

1 1 1
m = —— siny tanh# 0y + — cosyp Jg + —siny sechf 0y . (125)
a as a
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The non-vanishing Cotton tensor components of the metric (123) are

3_ 3
a—a

aas (a + a)
(“? +ajap +a%) lai + a2 — (a1 — az) cos 29 |

Cwe@ =2 Sinzw s

C =2 ho
Yoo a1az(a1+a2) osno,
2 2
as+aya; +as) |la; +ax + (ap —az) cos2
Cwaqb :_2( 1 142 2)[ 1 2 ( 1 2) w]COShQ,
ayay (a; +ay)
S
C =—2—"L 2 _gin2 h?0,
W (@) sin2) cos
2 2
aay
C PP Rl 24 sinh@
=-2———= _gin2% sin
896 a\ap (Cll +a2) ’
2 2
=+ + 3(a; + + —ap)cos?2
Copo = (@it aa+ @) Blata) +(@=am)eosZp] o g (g

aia (ay +az)

The Cotton scalars (9) evaluated with respect to this basis are simply the constants

a + (a) + ag)3

\IIO:_Z 12 > 2
ayas (a; + a)

\111:0’

U, = — ataat+a (127)
ata (a1 + az)2

U;=0,

Uy=-"U,,

and the scalar invariants (94) reduce to

3 3
[:_16(“34;‘11%7 J:64M, (128)
ata; (a +az) aja; (a1 + az)
It is straightforward to check that the key relation 4I° = —27.J? cannot be satisfied in general,
so according to the flow diagram in figure 1 the spacetime (123) is of algebraic type I.
We can obtain the four distinct CANDs by performing the null rotation (42) to
achieve \I/(/) =0. Because V| =0 = U3 and ¥, = — U, the parameter K has to satisfy the
bi-quadratic equation

Uy +6U,K> + UK =0, (129)

see (45). Its four distinct roots are +K such that the two distinct values of K> are

1 3 3 3a a4 ajap + a3
Gy (N I 20 WX NDHD frp g —a 130
B ( a a a aiaj @-ma=—a |, (130)
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where

3 3  2a a
B=—+—+"+—.
aj

=z (131)
a) [25) as

Actually, the metric (123) is an example of a subtype I, spacetime that is not equivalent to
Class I'. Tt is straightforward to check that the relation (98) does not hold. The conditions (99)
are satisfied if and only if

a1 <0  and —% <a < —2ay, (132)
or
a1 >0 and —2ay <ar < —%1, (133)

and the spacetime is of subtype I,. Otherwise, it is of subtype I.. but not of Class I'.
Interestingly, in the special case a; = a, the invariants (128) reduce to

27 54

-,
aj a

1= (134)

so that 4 = —27J2. According to the flow diagram in figure 1, the spacetime (123) becomes
algebraically special. In fact, because 1,J # 0 and G = N = 0, it degenerates to type D. This is
in full agreement with the results of [18]. Actually, the roots (130) are K = =i so that the two
double CANDs are complex, and the spacetime is of a subtype D, (see section 13).

From (130) we also conclude that the spacetime (123) is of algebraic type D if and only
if 2a3 — aya; — a} = 0. This has only two solutions, namely a; = a, (discussed above) and
a; = —2a,. In the latter case we get

27 54

-,
a a

1= (135)

again implying 4P = —27.J%.

14.2.2. Type I’ spacetime. A generic example of the Class I’ metric is a spherically sym-
metric spacetime

0 = (0 + s P, (136)

see equation (111) in [18], which suggests a natural orthonormal dual basis (beware of the
opposite signature used in [18])

woz\/adh wlz

The corresponding null triad reads

1 1 1 1 1
k= —(—8—-50,), I=—(—a o), — 1o, 138
A(mo-vin). =g(asvie). m=ja. aw

The only non-vanishing components of the Cotton tensor are

Coun=1300"",  Cpp=1ry"", (139)

%, w=rdyp. (137)
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where prime denotes the derivative with respect to r. The Cotton scalars (9) simply evaluate
to

¥y =0,

v, :*4%5 L

v,=0,

Uy=-V,,

T, =0. (140)

According to table 4 the spacetime is of type L. In view of the equation (48) for CANDs which
reduces to

(K*+1)K=0, (141)

we conclude that there are two real CANDs, namely k and /, and two complex CANDs given
by the solutions K = +i. Therefore, the spacetime (136) is of algebraic subtype I, which in
this case is also equivalent to the Class I'.

14.2.3. Type | spacetime with type Il hypersurface.  The metric
ds? = —e VdA — 2e P drdx + (¥ — 1) d¥ +dy?, (142)

given by the orthonormal dual basis
W =e " Pdr+dx, w! =edx, w? =dy, (143)
see equation (132) in [18], has the natural null triad
k= % [ —1)0+ed], I= % [ +1)0—e0], m=08,. (144

The non-vanishing components of the Cotton tensor are

(1—e®). (145)
The corresponding Coton scalars (9) read

Wo=—6e"(1-3¢e"+e¥ +e”),

U, =0,
Uy=e P (6e¥ -2),

U3=0,

Uy=06e"" (143" +e —e¥), (146)
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and the scalar invariants (94) are

=12 (3—4e ¥ +27e"% —30e ),
J=16e"" (8 — 8le® +225¢™ — 171e™ +27¢¥) . (147)

The key expression 4P +27J% =432%e~ (1 4 e2)*(e® —7e* +7e® — 1) is nonzero,
which implies that the spacetime (142) is generally of algebraic type 1.

However, on the special hypersurface y = 0 this expression reduces to 4 +27J? = 0. In
fact, the only non-vanishing Cotton scalars on y = 0 are ¥, = 4 and ¥4 = 24, and thus ] = —48,
J=128, G=0, N=2882. According to the flow diagram in figure 1 the spacetime (142) is
of type Il on y=0. Since the condition (100) is not satisfied, it is of subtype II;. Actually,
the null vector k of the null triad (144) is the Cotton aligned null direction (CAND) on this
hypersurface because ¥y = 0O there.

14.2.4. Type | spacetime with type Ill hypersurface.  Let us assume a simple metric

ds? = — (t—x)* dP2 + (t+x)* A + dy?, (148)
given by the orthonormal basis (133) in [18], namely
O =x—nd, Ww=@x+rdy, W=dy. (149)

The corresponding null triad reads

1 1 1 1 1 1
k\/j(l_xalmax>, lﬂ(Haf+max>, m—ay. (150)

The non-vanishing components of the Cotton tensor are

4(2rx+x°)
(t+x)* (r—x)*
4 (£ +20%)
(t+x)7(t—x)*
4 (t3 + 2tx2)
(t+x)" (t—x)*
4 (22x+ )

@t —

x =

yy —

wy = ; (151)
T ()t (-
and thus the Cotton scalars (9) take the form
\IIO:Oa
4+ 38x 4 30 — x*
\1’1:*2\/5 + x:— X Sx
(t+x) (t—x)
U, =0,
4 By Al e pd Lo
\113:—2\ﬁt X+ Sx +x5+x’
(t+x)” (t—x)
U, =0. (152)
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In this case we have to be careful because ¥y = 0 = ¥4 and the algorithm presented in figure 1
is thus not applicable. In such an exceptional case we have to use the table 4 instead, which
implies that the spacetime (148) is generally of type I.

However, applying this table we may notice that there exist specific subcases which are
algebraically special. For example, the condition ¥ = 0 with U3 £ 0 leads to the algebraic
type III. Tn view of (152), this can be achieved by taking the constraint x = (v/13 +3)/2,
which is exactly the conclusion presented in [18]. Indeed, on this hypersurface the Cotton
scalars reduce to

Il
o

v 64v2 (11+3V13)
3= )

Uo=0, ¥;=0, U,=0, 2
27(3+V13)" 1

(153)

14.2.5. Type D spacetime.  Taking the orthonormal basis given by equations (119)—(121) in
[18] (with an opposite signature), we obtain the 241 Godel metric

ds2:—%dt2+§ (VE+1-1)dias

9 9 d
Z(R+/42 — 32— 2, 7 =
+ 5 (8 r-+ 3 8) do~ + PR (154)

The null triad constructed from the natural basis, namely

w":i[dz—z(\/ﬂﬂ—l)dqﬁ}, o3 _dr W=, (155)
p p

has the form

k:\%% 0 Vr+1a,],
l:\%% {8,—%—\/#—&—18,} ,
m:% {2 (\/r2+1—1) 8,+8¢} . (156)

The non-vanishing components of the Cotton tensor are

3r 3r
Cipr=——F7—, Crp = ——,
@ r2+1 o vVirz+1
6r 1
Crpr = — , Crpe =18r1— , 157
o rr+1 0o ( r2+1) (157

so that the Cotton scalars (9) are simply
3

v 0= % )
¥, =0,
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3

V2=Tg
Uy=0,
3
v, =1 (158)

6

It is easy to evaluate the invariants (94) and (97),

p° oy

27’ 272
Using the flow diagram in figure 1, we obtain that the Godel spacetime (154) is of algebraic
type D, in agreement with the results of [18]. By solving (48) with the Cotton scalars (158)
we obtain the complex roots K = =+i. Therefore, the two double CANDs are complex, and the
spacetime is actually of a subtype D.. In fact, using the complex null basis

G=0, N=0. (159)

k= 3\‘}% [2i (1—@) 8t+r\/m3r—i5¢} :
I— 3\“[% i (1=VrH1) o/ 410,10,
=%i8t, (160)

the real Cotton scalars take the canonical form

3
Uy=0, U,=0, wzz—%, Ty3=0, T,=0, (I6])

with only W5 non-vanishing. Therefore, both k and I given by (160) are double CAND:s.

14.2.6. Type N spacetime.  Anexample of type N metric was given by equations (128)—(130)
in [18], namely the orthonormal basis

wo—e“’/z[( + e ) dr+ (1—Je™™) dx],

w! = 2efw/2( —dx),

w? =dy, (162)
which yields the line element

ds® = — (1 4e") df* — 2e" drdx + (1 —e™) do® + dy*. (163)

The corresponding null triad reads

k=1em/2(0,-8,),

V2
I=Jse 2 —1) 9, — (™ +1) 9],
m=0,. (164)
The only non-vanishing components of the Cotton tensor are
Ciyt = Cpyx = Cyy = Coye = — 2y, (165)
which projected onto the triad (164) give
Vog=0,=U,=0T;=0, Uy=—p. (166)

36



Class. Quantum Grav. 41 (2024) 115008 M Papajéik and J Podolsky

In view of the definition of invariants (94) and (97) we obtain
I=0=1J, G=0=H, (167)

and using the flow diagram in figure 1 we immediately see that the spacetime (163) is of type N,
in agreement with [18]. Moreover, it is clear that the Cotton scalars (166) are already in the
canonical form with only the scalar W4 non-trival, see table 3. The vector k given by (164) is
thus a quadruple CAND.

Notice that by performing transformations u = t+xand r = %(t — x), the metric (163) takes
the canonical Brinkmann form of pp-waves [33, 35]

ds? = dy* — 2dudr+ adu?, (168)
with k o 0, and specific metric function a = —e*¥ which depends only on the transverse spa-

tial coordinate y. Actually, it is a VSI spacetime with pure radiation (the only non-trivial com-

ponent of the energy-momentum tensor is 7, = 1‘;7 et?), see equations (101) and (102) in
[35].

14.2.7. Type O spacetime.  Finally, we consider spherically symmetric solution with perfect
fluid of a constant density p and pressure p(r),

dr?
ds2:—N2dt2+ﬁ+r2d¢2. (169)
The metric functions are

Nl = p+p(r)’
FX(r)=c—(lp+A) 7,

(=9 (Up+AN)F(r)+3LA+pF?(r)
P = 22— F2(r) ’

(170)

where ¢y, ¢, c3, ¢ are constants, see equations (134), (139), (140) and (142) in [18]. The Cotton
tensor for this metric identically vanishes (C,,. = 0), so that its projections onto a null triad
give

Tp=0 forallA. (171)

The spacetime is conformally flat, that is of algebraic type O.

15. Summary

We introduced a useful approach to algebraic classification of 2+1 geometries, assuming no
particular field equations. It is based on projecting the Cotton tensor onto a null triad. The
corresponding five real Cotton scalars ¥, (which are the 241 analogue of well-known 341
Newman—Penrose curvature scalars constructed from the Weyl tensor) then simply determine
the algebraic types I, II, III, N, D and O by their gradual vanishing, starting with those of
the highest boost weight, see table 1. Moreover, such a classification is directly related to
the specific multiplicity of the CANDs and to the Bel-Debever criteria, see tables 2 and 3,
respectively. We also derived a synoptic algorithm of the algebraic classification based on the
polynomial curvature invariants (94) and (97), see figure 1 (or table 4 when U4 =0 = ).
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Using the bivector decomposition, we showed that our method is equivalent to the previ-
ously introduced Petrov-type classification of 241 spacetimes based on the eigenvalue prob-
lem and respective canonical Jordan form of the Cotton—York tensor, see tables 5 and 6.

In addition, we introduced a refinement of the algebraic types into the subtypes I;, II;, D;
(for which all CANDs are real) and subtypes I, Il;, D. (for which some of the CANDs are
complex). The subtype I. is related to the Class I’ defined in [18, 25], and the subtypes I, and
I correspond to the Petrov—Segre types Ir and I¢ in TMG defined in [22].

In final section 14 we demonstrated the practical usefulness of our novel method on sev-
eral explicit examples of various algebraic types. We hope that it will prove to be helpful for
classification and analysis of other interesting spacetimes in 2+1 gravity.
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