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We study nonlinear matter models compatible with radiative Robinson-Trautman spacetimes and
analyze their stability and well-posedness. The results lead us to formulate a conjecture relating the
(in)stability andwell/ill-posedness to the character of singularity appearing in the solutions.We consider two
types of nonlinear electrodynamics models, namely we provide a radiative ModMax solution and extend
recent results for the RegMax model by considering the magnetically charged case. In both cases, we
investigate linear perturbations around stationary spherically symmetric solutions to determine the stability
and principal symbol of the system to argue about well-posedness of these geometries. Additionally, we
consider a nonlinear sigma model as a source for Robinson–Trautman geometry. This leads to stationary
solutions with toroidal (as opposed to spherical) topology thus demanding modification of the analysis.
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I. INTRODUCTION

Nonlinear electrodynamics (NE) is a class of theories
which generalize Maxwell’s equations by departing from
the superposition principle. Examples of such theories are
known to emerge from quantum field theory, meaning that
the electromagnetic properties of the quantum vacuum are
effectively described by nonlinear polarization and mag-
netization relations. This perspective, of treating empty
space as a medium, has led to phenomena such as the
scattering of light by light and the deflection of light in
electric fields [1,2].
In their seminal work, Born and Infeld noticed that the

infinite self-energy of a point charge can be rendered
nonsingular if one allows for nonlinear constitutive rela-
tions [3]. This regularity persists when self-gravity is taken
into account. Take, for instance, the Reissner-Nordström
black hole which has a field singularity where the curvature
of the background becomes infinite. In that case, the
electromagnetic divergence lies behind the spacetime’s
event horizon. If instead, the Born-Infeld constitutive
relation is used then there is no such field divergence,
nonetheless, the spacetime singularity remains [4].
In a static and spherically symmetric configuration,

however, other NE models can produce so called regular

black holes where the spacetime singularity is removed due
to the properties of the source, the most famous being [5].
Nevertheless, while plenty of gravitating NE systems
resolve singularities in the electromagnetic sector, only a
limited set of models resolve the curvature singularity. It is
thus natural to question if regular black holes are an
outcome of high symmetry of spherical solutions. The first
results that suggest this might be the case were found in
Ref. [6]. There, a generating technique was established that
constructs Robinson-Trautman (RT) geometries out of
spherically symmetric seeds. The method was explicitly
shown to generate a variety of RT-NE configurations yet
was unsuccessful for regular black holes. What is more, it
was recently shown that radiative configurations cannot be
sourced by arbitrary NE theories [7]. An important caveat
to these results, however, is that the RT class includes static
spherically symmetric spacetimes but excludes the metrics
of rotating black holes, by definition. Nonetheless, no
rotating regular black holes have been reported as of yet
and there are also no significant results for generalization of
the RT family which includes rotation.
Let us recall that the geometries which belong to the

Robinson-Trautman family of spacetimes are all those
which admit a geodesic null congruence with vanishing
twist and shear but with nontrivial expansion. Generic
members of this family contain exact gravitational radia-
tion. These spacetimes generalize static black holes in such
a way that they have found application in astrophysics,
particularly, in the study of binary black hole mergers [8].
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The ringdown phase of these systems can be analyzed with
black hole perturbation theory, however, the sudden decel-
eration (“antikick”) of the recoiling black hole can be
understood employing RT metrics. Since binary systems of
compact objects are an important source of gravitational
waves then radiating RT configurations represent an
interesting spacetime geometry; at the very least the metrics
represent excellent toy models [9,10]. Additionally, when
coupled to Maxwellian fields the configurations radiate, in
general, both gravitational and electromagnetic waves.
In this paper, we study new radiative Robinson-Trautman

configurations sourced by nonlinear electrodynamics. Find-
ing such dynamical spacetimes is not an easy task as they
solve Einstein’s equations exactly with little to no sym-
metries. The inherent difficulties involved are partly reflected
in the scarce amount of examples found in the literature for
NEmatter sources. There is no doubt that in general relativity
the Robinson-Trautman subclass of vacuum solutions rep-
resents a fundamental family of metrics containing a wide
variety of important configurations. In the past several
decades, RT geometries have been studied within several
different contexts which include black hole formation,
gravitational radiation, generalized hairy black holes, and
holographic applications [11–18]. On the other hand, non-
linear electrodynamics presents its own challenges when
self-gravitating systems are under consideration. Indeed, in
most cases high symmetry plays a key role in solving the
equations of motion; to see this we suggest the following
Refs. [19–29]. Those works study nonlinearly charged
universes, black holes and wormholes with various kinds
of asymptotic behavior. Some of them are framed within
Einstein’s theory of gravity, while others go beyond and
consider more general types of dynamics. In particular,
general relativity in spacetime dimension other than four
has been the arena for both RT metrics and NE sources,
studied separately in Refs. [30–33]. Broadly speaking, the
picturepainted by these investigations is that four dimensions
is special for both subject matters as richer structures are
available. However, going beyond linear constitutive rela-
tions in higher dimensions enhances RT configurations
notably, even to the point of admitting radiative spacetimes,
as showcased in Ref. [34]. The defining property of the NE
models employed in that work was conformal symmetry, a
point to which we return further below.
The results described in the following pages lead us to

formulate the following conjecture:
Conjecture 1.The RT solutions are stable and well posed

around static black hole solutions which have spacelike
singularities, while they are unstable and ill-posed in the
case of timelike singularity.

II. THE MATTER SOURCES

In this manuscript, we opt to work in a four-dimensional
scenario as it provides us with the most general dynamical
geometries within the RT class and the richest theories

within the NE class. The latter of these facts is related to the
number of independent Lorentz invariants which can be
constructed from the field strength, F. To further elaborate,
recall that in four dimensions this number is two and the
standard relativistic invariants used are

F ¼FμνFμν; and G¼Fμν
�Fμν; ð2:1Þ

where � is indicative of the Hodge linear map. Notice that
the pseudoscalar G is particular to four dimensions, i.e., it
has no analogue in other dimensions. Maxwell theory,
for instance, can be formulated by a Lagrangian that is
independent of G, thus it can be straightforwardly gener-
alized to other dimensions. This Lagrangian formulation is
convenient as it is manifestly Lorentz invariant. In accor-
dance with this, various NE theories can be formulated by
employing functions of the standard invariants LðF ;GÞ.
Among these Lagrangians we find the important subfamily
described by functions of F only, say LðF Þ. Relevant
examples of such theories include the conformal power-
Maxwell models referenced earlier, the only conformal
electrodynamics within the subclass. Since they are
indexed by the spacetime dimension then there is only
one possible conformal power-Maxwell model for any
given dimension; which in four dimensions is the linear
Maxwell case. Notwithstanding, beyond the LðF Þ class
there are infinitely many conformal Lagrangian theories;
those of the form LðF ;GÞ ¼ FfðG=F Þ. This showcases
how much richer LðF ;GÞ theories are when compared to
the LðF Þ subclass.
In this work, we assume that the nonlinear electrody-

namics models are described via the Lagrangian which is a
function of the invariants (2.1). Hence, we consider the
action [35]

S ¼ 1

2

Z
d4x

ffiffiffiffiffiffi
−g

p ½Rþ LðF ;GÞ�; ð2:2Þ

where R is the Ricci scalar for the metric gμν and L is the
Lagrangian describing a NE model.1 By varying the func-
tional of Eq. (2.2) with respect to the metric, we get
Einstein equations

Gμ
ν ¼ Tμ

ν; ð2:3Þ

with an energy momentum tensor

Tμ
ν ¼

1

2
fδμνðL − GLGÞ − 4ðFνλFμλÞLFg: ð2:4Þ

Here we have used the abbreviations LF ¼ ∂L
∂F , LG ¼ ∂L

∂G,

LFF ¼ ∂
2L

∂
2F , etc. In addition, the matter equations read

1Metric signature is ð−þþþÞ and geometrized units are used
in which c ¼ ℏ ¼ 8πG ¼ 1 and partial derivative is denoted by a
comma.
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F½μν;λ� ¼ 0; ð2:5Þ

ð ffiffiffiffiffiffi
−g

p
LFFμν þ ffiffiffiffiffiffi

−g
p

LG
�FμνÞ;μ ¼ 0: ð2:6Þ

A significant result, that was recently established in
Ref. [7], is that there is only one LðF Þ theory for which
electrically charged radiative spacetimes existwithRobinson-
Trautman geometry, namely,

L¼−8α4
�
1−3 lnð1− sÞþ s3þ3s2−4s−2

2ð1− sÞ
�

ð2:7Þ

where s ¼ ð−F
2α4

Þ14. Moreover, unlike for Maxwell matter, for
this particular NE source electrically charged RT geometries
represent well-posed problems. This theory was later dubbed
RegMax and a wide variety of spacetime geometries sourced
by it were found in Ref. [29]. What is more, it was shown to
provide slowly rotatingblackholes that canbe found in a form
naturally generalizing the slowly rotating Kerr-Newman
configuration [36].
The RegMax electrodynamics was formulated with elec-

trically charged spacetimes in mind, however, magnetically
charged solutions may also be of interest. Since the theory
belongs to the LðF Þ subclass it must lack electric/magnetic
duality rotation invariance. This is because imposing the
symmetry on the subfamily results in linear constitutive
relations. Thus, electric and magnetic configurations are, in
general, separate entities for LðF Þ theories. Magnetically
charged spherically symmetric black holes have already
been compared to their electrical counterpart, see Ref. [29].
In this paper,we construct radiatingmagnetic configurations
in RT geometry in order to examine their stability and well-
posedness.
Now, it should be mentioned that finding exact solutions

of Einstein’s equations, albeit time-dependent solutions
(e.g., the RT spacetimes), is not itself a guarantee that they
are physically relevant. Physical properties of RT vacuum
solutions based on several stability theorems have been
known for decades, see for example Ref. [37] for early
work. Moreover, vacuum RT configurations asymptotically
decay into the Schwarzschild black hole; a result that was
proved analytically in Refs. [11,12]. Yet when matter
sources are taken into account this is not always the case,
with Maxwell fields a key example. Lun and Chow studied
linear perturbations around the Reissner–Nordström sol-
ution within the RT-Maxwell system and showed they
generally diverge exponentially in Ref. [38]. Later on, it
was shown in Ref. [39] that the system not only has an
unstable branch but also that the equations do not constitute
a well-posed initial value problem. This motivated the
exploration of more general electrodynamics, as it would
shine a light on whether all types of electromagnetic
radiative solutions within the RT class suffer from this
problem [7]. The result was the RegMax electrodynamics

for which electric radiative RT spacetimes are stable and
well posed.
As explained above, the only way to further explore

radiative systems with Robinson-Trautman geometry is
to go beyond the LðF Þ subclass, thus, we consider
Lagrangians of a more general type. The only LðF ;GÞ
model to have already been studied in the literature, within
this context, is that of Born-Infeld, for which the absence of
radiative configurations was established in Ref. [7]. The
Born-Infeld electrodynamics shares a few similarities with
Maxwell’s, for instance, birefringence is absent, the equa-
tions of motion are duality rotation invariant and the
Lagrangian is Legendre self-dual [40]. Notwithstanding,
the defining feature of that electrodynamics is incompatible
with conformal symmetry, an exceptional characteristic of
Maxwell theory. As it happens, however, recent studies
have found that there is a unique nonlinear extension of
Maxwell’s equations, dubbed ModMax, which enjoys
conformal symmetry and possesses duality rotation invari-
ance at the same time [41,42]. It has also been shown to
enjoy the discrete symmetry of Legendre self-duality [43].
These properties motivate us to study radiative spacetimes
sourced by ModMax matter. The model is described by the
following Lagrangian

L ¼ − coshðγÞF þ sinhðγÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F 2 þ G2

p
: ð2:8Þ

Finally, let us briefly mention the relevance of scalar
matter within the context described above. On the one
hand, Robinson-Trautman spacetimes sourced by scalar
fields are much better behaved than their electromagnetic
counterparts. For instance, they settle down to spherically
symmetric solutions [16,17]. On the other hand, scalar and
electromagnetic fields are known to complement each other
quite well in a variety of circumstances, for cases with
nonlinear constitutive relations we refer the reader to
Ref. [33,44–46]. Which brings us to our final point, the
RT geometries sourced by nonlinear sigma models of
Ref. [18]. A closely related, and somewhat unstudied,
configuration with toroidal geometry which we analyze in
order to go beyond spherical base manifolds in the context
of stability analysis. Specifically, when performing the
linear stability analysis we will use an expansion into
Laplace eigenfunctions on a compact manifold (either torus
or sphere) and evaluate whether the corresponding top-
ology influences the results.

III. ROBINSON-TRAUTMAN SOLUTION
COUPLED TO ELECTROMAGNETISM

In this section, we study two NE models in RT class. The
most general RT metric compatible with electromagnetic
sources is given by

ds2 ¼ −ð2H þQÞdu2 − 2 du drþ R2

P2
ðdx2 þ dy2Þ ð3:1Þ
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and we assume u, r, x, y coordinate ordering. The non-
shearing, nontwisting and expanding null geodesic con-
gruence defining the RT geometry is given by ∂r, u is a
retarded time with u ¼ const being null hypersurfaces and
the transversal space spanned by x, y is customarily
assumed to be of spherical topology (but planar versions
with potential toroidal compactification are as well con-
sidered) with its geometry specified by Pðu; x; yÞ. By
introducing the 2H þQ metric function we keep the
original form of the vacuum Robinson-Trautman spacetime
with the metric function 2H ¼ ΔðlnPÞ − 2rðlnPÞ;u −
2m=r explicitly included. Note that it is always possible
to achieve m ¼ const. by coordinate transformation and
function redefinitions in vacuum case. We assume m to be
zero, however one can always recover nonvanishing m as a
1=r term in Q appearing as an integration constant. The
new metric function Q ¼ Qðu; r; x; yÞ is to be found based
on the NE source. One can show that the above metric
function R ¼ Rðu; rÞ can be simplified into R ¼ r with a
coordinate transformation [7] and we assume such a
situation from now on.
The nonzero electromagnetic field components compat-

ible with the Robinson-Trautman class are Fur; Fux; Fuy
and Fxy. Since the metric (3.1) can accommodate only the
outgoing rays aligned with the principle null direction ∂r,
we assume that Fxr; Fyr or Fux; Fuy are zero since they
would otherwise correspond to rays propagating in the
opposite null direction (ingoing). This is related to fixing
the initial conditions for the evolution of the Robinson-
Trautman geometry which are usually assumed to be given
on u ¼ uinitial hypersurface.
As shown in [7] the Einstein tensor reduces to a

single crucial component corresponding to the so-called
Robinson-Trautman equation in the vacuum case (note that
we have essentially hidden m inside Q)

Gr
u ¼

−1
2r2

ΔðKþQÞ−1

r
½ðlnPÞ;uðrQ;r−2QÞþQ;u�: ð3:2Þ

Usually, all the other components of the Einstein equations
are satisfied and the equation corresponding to (3.2) is
crucial to determine whether solution is of type II (and
therefore generic RT family member) or not (this was the
case for several regular black hole models considered
in [6,7]). Note that for trivial Q ¼ − Λ

3
r2 (with Λ being

a cosmological constant) the Einstein equation correspond-
ing to (3.2) with zero right-hand side reduces to ΔK ¼ 0
which means that the solution is no longer type II but only
type D.

A. RegMax Lagrangian

In Ref. [7], a new model of NE was found that is the only
model which admits (both gravitationally and electromag-
netically) radiative solutions for electrically charged black
hole in the RT class. Independently, in Ref. [36], this NE

model was also discovered as a unique model of restricted
NE (apart from the linear Maxwell theory) which provides
slowly rotating black hole solutions with vector potential
completely specified by the static solution. Later in [29], we
called this Lagrangian Regularized Maxwell (RegMax).
The important feature of RegMax Lagrangian is the result
we found in [7], where we showed that the electric radiative
solution for RegMax Lagrangian are well posed around
corresponding static solution, unlike for the analogical
situation in the Maxwell case [39]. In the Sec. IV–B of [7]
we have also mentioned that there are no magnetic radiative
solutions in RT class for any theory other than Maxwell
theory. However, this statement was based on a mistake in
the sign in Eq. (5.17) of [7]. Although upon this correction
one cannot rule out the existence of radiative magnetic
solutions in RT class there is still severe limitation for
magnetically charged solutions. Namely, when NE models
are considered for constructing magnetically sourced regu-
lar black holes another result from Ref. [7] applies, which
rules out the presence of such radiative solutions in
RT class.
In order to explicitly show that there is a NE model

admitting radiative magnetic solutions in RT class (albeit
not providing a regular black hole), we use our RegMax
Lagrangian corresponding to magnetic charge generalizing
the static spherically symmetric case studied in [29].
Thus, in order to find radiative magnetically charged

solution in RT class for RegMax Lagrangian we have to
generalize the Lagrangian to accommodate magnetic
charge and ensure Maxwell limit in weak field regime
as already discussed in [29]. Therefore, we redefine s, and
flip the overall sign, to obtain the RegMax Lagrangian

L ¼ 8α4
�
1 − 3 lnð1 − sÞ þ s3 þ 3s2 − 4s − 2

2ð1 − sÞ
�

ð3:3Þ

where s ¼ −ð F
2α4

Þ14 and we assume α to be positive. For
details we refer to [29] (especially note that using absolute
values a generally valid form can be given as discussed in
the reference).
We assume the following field strength

F ¼ ζðu; r; x; yÞ dx ∧ dy

þ ηðu; r; x; yÞ du ∧ dyþ ξðu; r; x; yÞ du ∧ dx; ð3:4Þ

which is consistent with RT geometry and corresponds to
fields of a magnetic charge plus radiation. From (2.5) one
immediately concludes that ζðu; r; x; yÞ is independent of r
(this is always valid no matter what is the model of NE). To
simplify and compactify our notation we reparametrize one
of the functions ζ ¼ B

P2 introducing arbitrary function
Bðu; x; yÞ. From NE equations, i.e., (2.5) and (2.6), we
see that both ηðu; r; x; yÞ and ξðu; r; x; yÞ should be r
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independent as well. Moreover, we find the following
relations between the fields

η¼ αB;x

2
ffiffiffiffi
B

p ; ξ¼−
αB;y

2
ffiffiffiffi
B

p : ð3:5Þ

The independence of the radiative fields above is consistent
with peeling behavior of radiation that should transfer
energy to infinity. Indeed, if we calculate electromagnetic
scalar ϕ2 we recover the correct decay in r

ϕ2 ¼
αPffiffiffiffiffiffi
2B

p
r
ðB;y þ iB;xÞ;

Finally, the following dynamical equation is coming from
the modified Maxwell equation (2.6)

BΔ ln Bþ ΔB ¼ 4B
3
2

α
ððln BÞ;u − 2ðln PÞ;uÞ: ð3:6Þ

Note that the electromagnetic field invariant for this case is

F ¼ 2B2

r4
:

We can find the form of the metric function Q by using
the “rr” component of the Einstein field equations (2.3)

Qðu; r; x; yÞ ¼ 22=3αBðu; x; yÞ32 − 2Cðu; x; yÞ
r

− 2α2Bðu; x; yÞ þ 4α3r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bðu; x; yÞ

p
− 4α4r2 ln

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bðu; x; yÞp
rα

!
; ð3:7Þ

where Cðu; x; yÞ is an integration constant. Similarly
to [7], we can introduce −2μðu;x; yÞ ¼ 22=3αBðu;x; yÞ32 −
2Cðu;x; yÞ, which gives the following asymptotic (r → ∞)
behavior

Q → −
2μþ 4=3αB

3
2

r
þ B2

r2
þO

�
1

r3

�
: ð3:8Þ

From the “rx” and “ry” components of the field equations
we arrive at the following restriction on coordinate depend-
ence for the newly introduced function μðu; x; yÞ ¼ μðuÞ.
Subsequently, the dynamical equation Gr

u ¼ Tr
u simpli-

fies into

ΔðK − 2α2BÞ þ 12μðlnPÞ;u − 4μ;u ¼ 0; ð3:9Þ

having close resemblance to the vacuum RT equation and
completely reproducing it for B ¼ 0.
However we can make another, more natural, choice of

the free functions. Since the RegMax model has Maxwell
limit the solution should approach Reissner-Nordström

form asymptotically. In order to make this explicit one
can choose to reparametrize the integration constant
Cðu;x;yÞ¼mðu;x;yÞþ3αBðu;x;yÞ3=2 to capture together
all the terms behaving asymptotically as ∝ 1=r using newly
introduced mðu; x; yÞ. In other words the metric function is
then given by

Qðu; r; x; yÞ ¼ −
2mðu; x; yÞ − 4

3
αBðu; x; yÞ3=2

r

− 2α2Bðu; x; yÞ þ 4α3r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bðu; x; yÞ

p
− 4α4r2 ln

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bðu; x; yÞp
rα

!
;

and the above solution has the following large r expansion

Q → −
2m
r

þ B2

r2
þO

�
1

r3

�
: ð3:10Þ

Note that according to our assumptions the metric function
H is finite at the origin (r ¼ 0) and therefore the nature of
the singularity (which resides at r ¼ 0) is determined by
the sign of the divergent term in Q which we denote
M̃ ¼ 3mðu; x; yÞ − 2αBðu; x; yÞ3=2. The singularity is
spacelike for M̃ > 0 and timelike for M̃ < 0. Similar
situation arises also for static spherically symmetric case
discussed in [29] where 3m − 2αB

3
2 > 0 had to be satisfied

in order to ensure spacelike singularity (so-called
Schwarzschild-type behavior). As we will see, the nature
of the singularity has crucial significance for the stability
and well-posedness.
From “rx” and ”ry” components of the field equations

we get elliptic type constraint

Δm ¼ α
ffiffiffiffi
B

p

2
ð3ΔB − BΔðln BÞÞ: ð3:11Þ

And finally the modified RT equation becomes

ΔK þ 12m ðln PÞ;u − 4m;u ¼
α2P2

B
ðB2

;x þ B2
;yÞ: ð3:12Þ

Thus the specific solution is obtained by solving dynamical
equations (3.6), (3.12) and satisfying constraint (3.11).

B. ModMax

Let us now turn our attention to the ModMax
model [41–43]

L ¼ − coshðγÞF þ sinhðγÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F 2 þ G2

p
: ð3:13Þ

Since it shares important properties with the Maxwell
theory (duality and conformal invariance) it is interesting
to see if the drawbacks of the Maxwell theory in the RT
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class (ill-posedness) are cured by nonlinearity in ModMax
theory. In order to fully exploit the appearance of the
pseudoinvariant G in the Lagrangian we consider both
electric and magnetic charge. The most general electro-
magnetic field compatible with RT class in such a case is
given by

F ¼ −Eðu; r; x; yÞdu ∧ drþ ζðu; r; x; yÞdx ∧ dy

þ ηðu; r; x; yÞdu ∧ dyþ ξðu; r; x; yÞdu ∧ dx; ð3:14Þ

where by using (2.5) we conclude that ζðu; r; x; yÞ is
independent of r and we again consider ζ ¼ B

P2 with general
Bðu; x; yÞ. By using one component of (2.6) we find the
form of E

Eðu; r; x; yÞ ¼ e−γAeðu; x; yÞ
r2

: ð3:15Þ

From the remaining modified Maxwell equations, (2.5)
and (2.6) we uncover the form of radiation fields ξ, η and
“electric” and “magnetic” fields

ηðu;r;x;yÞ¼ ϵ0ðu;x;yÞ; ξðu;r;x;yÞ¼ ϵ1ðu;x;yÞ
Aeðu;x;yÞ¼ qeðuÞ; Bðu;x;yÞ¼ qmðuÞ: ð3:16Þ

As in the previous NE model, the radiation fields are
independent of r leading to correct r dependence in ϕ2

consistent with transfer of energy to infinity by electro-
magnetic radiation. The close similarity of ModMax model
to the Maxwell theory is explicitly visible on the form of
electromagnetic field invariants

F ¼ 2ðq2m−e−2γq2eÞ
r4

; G¼ 4e−γqeqm
r4

;

with the only difference being the exponential factor.
From the “rr” components of the field equations (2.3)

we find the metric solution “Q”

Qðu; r; x; yÞ ¼ −
2mðu; x; yÞ

r
þ ðqeðuÞ2 þ qmðuÞ2Þe−γ

r2
;

ð3:17Þ

where we denoted the constant of integration as
−2mðu; x; yÞ to yield the proper Schwarzschild limit.
Substituting the form of the metric given by (3.17) into
Gr

x − Tr
x ¼ 0 we get the following result

m;x ¼ 2Γ ðqmϵ0 − qee−γϵ1Þ; ð3:18Þ

where

Γ ¼ ðq2m þ q2eÞ
q2meγ þ q2ee−γ

:

Similarly, from Gr
y − Tr

y ¼ 0 we obtain

m;y ¼ −2Γ ðqmϵ1 þ qee−γϵ0Þ: ð3:19Þ
Combining these equations we arrive at

Δm¼−2ΓP2½qmðϵ1;y− ϵ0;xÞþqee−γðϵ1;xþ ϵ0;yÞ�:
Obviously this equation is expressed in terms of the
radiative fields. It is possible to use the two remaining
components of the modified Maxwell equations to obtain
dynamical equation for Δm

Δm¼ −4e−γðlnPÞ;u ðq2m þ q2eÞ þ e−γ ðq2m þ q2eÞ;u: ð3:20Þ

And finally, the last equation Gr
u ¼ Tr

u can be split into
two equations for different orders in r. One is equivalent
to (3.20) and the other has the following form

ΔKþ12mðln PÞ;u−4m;u ¼ 4ΓP2fðϵ0Þ2þðϵ1Þ2g: ð3:21Þ
All the final expressions and equations for the ModMax

model are close to Maxwell theory with the only
differences given by the appearance of factor eγ as expected
from the experience of spherically symmetric solutions.
Especially notice that due to the form of metric function
Q (3.17) the singularity is always timelike, similarly to the
Maxwell case. That is why already at this stage one
suspects that the results regarding well-posedness will be
unchanged compared to the Maxwell case.

IV. ROBINSON-TRAUTMAN SOLUTION
WITH SIGMA MODEL

The nonlinear sigma model coupled to RT geometry
provided in [18] is described by the following action

Sσ ¼
κ

4

Z
dx4

ffiffiffiffiffiffi
−g

p
TrðRμRμÞ ð4:1Þ

where κ > 0 is a coupling constant and Rμ is the Maurer-
Cartan 1-form given by

Rμ ¼ U−1∇μU ð4:2Þ
in terms of a SUð2Þ valued scalar field specifying the
degrees of freedom of the nonlinear sigma model.
Corresponding energy momentum tensor can be given in

the form

Tμν ¼
κ

2
Tr

�
RμRν −

1

2
gμνRαRα

�
; ð4:3Þ

while the equations of motion for the sigma field are

∇μRμ ¼ 0: ð4:4Þ
Adopting the standard parametrization using Pauli

matrices we can write
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Rμ ¼ iRj
μ τj ð4:5Þ

where

Ri
μ ¼ ϵijkUj∇μUk þU0∇μUi − Ui∇μU0 ð4:6Þ

and Ui are parametrizing our SUð2Þ valued scalar field and
therefore have to satisfy ðU0Þ2 þ UiUi ¼ 1.
The specific sigma model solution in RT class consid-

ered in [18] uses the standard RT metric ansatz

ds2 ¼ −2H du2 − 2 du drþ r2

P2
ðdx2 þ dy2Þ; ð4:7Þ

where Hðu; r; x; yÞ and Pðu; x; yÞ. The potential corre-
sponding to sigma model field was assumed in the
following form

U0¼
cosxffiffiffi

2
p ; U1 ¼

sinyffiffiffi
2

p

U2¼
cosyffiffiffi

2
p ; U3 ¼

sinxffiffiffi
2

p ð4:8Þ

which corresponds to a toroidal mapping of the transversal
coordinates x, y. The explicit form of the energy momen-
tum tensor (4.3) then takes the following simple form

Tμ
ν ¼ diagonal

�
−
κP2

2r2
;−

κP2

2r2
; 0; 0

�
: ð4:9Þ

The metric solution then takes the form

2H ¼ Δðln PÞ − κP2

2
− 2rðln PÞ;u −

2m
r

; ð4:10Þ

where Δ ¼ P2ð∂xx þ ∂yyÞ. The only remaining nontrivial
Einstein equation is the (modified) RT equation

Δ
�
K −

κP2

2

�
þ 12m ðln PÞ;u − 4m;u ¼ 0; ð4:11Þ

where K ¼ ΔðlnPÞ and Δm ¼ 0. Note that although the
sigma model metric solution is no longer vacuum it still
admits arbitrary rescaling of the retarded time coordinate as
described in [47] (but not the additional transformation in
transversal coordinates). And similarly to vacuum case, it
can be used to set mðuÞ to constant without limiting the
generality of the solution. Due to the form of metric
function H (4.10) the singularity is always spacelike.
The above solution is in general a dynamical one in RT

class. It is interesting to see how this spacetime behaves in
the static case, analogically to vacuum RT which has
Schwarzschild black hole as the static case. If we assume
that all metric functions appearing in (4.11) are constant in
u we obtain condition

Δ
�
K −

κP2

2

�
¼ 0 ð4:12Þ

Assuming that the two-dimensional geometry of u ¼ const,
r ¼ const subspaces is compact and remembering that
harmonic functions on compact manifolds are constants
we see that in general the expression in bracket in (4.12)
should be a constant which leads to the following equation
for P

ð∂xx þ ∂yyÞðln PÞ ¼ κ=2þ k=P2: ð4:13Þ

When P ¼ 1 and k ¼ −κ=2 we obtain static solution
discussed in [18] as a toroidal AdS black hole (upon trivial
inclusion of cosmological constant in the derivation above).
For k ¼ 0 we obtain another nontrivial static solution.

Since it will not be discussed in the following study of well-
posedness we are providing its description in Appendix B.

V. LINEAR PERTURBATIONS
AROUND STATIONARY SOLUTION

AND WELL-POSEDNESS

In this section, we study linearized versions of the
dynamical equations governing the evolution of solutions
discussed in the previous sections. We determine stability
and well-posedness of the linear system and comment on
possible extensions to nonlinear regime using PDE theory,
as in Ref. [48].
In this paper, we found RT solutions corresponding to

three different matter sources. First, we obtained a mag-
netically charged solution considering the RegMax NE
Lagrangian. Although the metric solution is similar to the
electric case (whose stability and well-posedness was
analyzed in Ref. [7]), the electromagnetic fields (especially
the radiative part) are quiet different. Therefore we want to
ensure that previous results indeed generalize to the
magnetic case.
The second solution we obtained was for the ModMax

NE model in Eq. (3.17). In this case, we consider both
electric and magnetic charge. This configuration is a
radiative generalization of the black hole in Ref. [43].
However, due to its close similarity to the Maxwell-RT
solution we expect the same unfavorable results, e.g.,
similar to those obtained in Ref. [39].
Finally, in order to investigate RT spacetimes beyond

spherical symmetry we have considered a nonlinear sigma
model sources. Our solution concerning a sigma model
with toroidal RT geometry is reported in the appendix. In
this section, we analyse instead the solution found in
Ref. [18], which we have discussed above. In order to
carry out the procedure we modify it to account for the
change in topology.
The method we use for studying the linear stability and

well-posedness follows the approach in [39]. We assume
perturbation around corresponding static spherically
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symmetric solution which we evolve using the RT-matter
coupled equations.
The function P determining the geometry of transversal

two-spaces is considered in the following form,

P ¼ P0ð1þ gÞ; ð5:1Þ
in which P0 corresponds to symmetric situation of a static
solution and gðu; x; yÞ represents a perturbation. Therefore
we linearize the field equations by neglecting terms with
higher orders of g and its spatial derivatives.
In the case of RegMax and ModMax NE models the

function P0 ¼ 1þ 1=4ðx2 þ y2Þ corresponds to spherical
symmetry and we assume that perturbations can be
expanded into spherical harmonics. Subsequently we work
with individual modes labeled by l, thereby obtaining

Δ̃g ¼ −lðlþ 1Þg ð5:2Þ

where Δ̃≡ P2
0ð∂xx þ ∂yyÞ. Based on (5.1), the following is

valid up to linear order

K ¼ Δ lnP ≃ 1þ 2gþ Δ̃g ð5:3Þ
where the absolute term represents Gaussian curvature of a
sphere.
For sigma model the static geometry is no longer

spherically symmetric but toroidal instead. We therefore
have P0 ¼ 1 and assume that perturbations can be
expanded into eigenfunctions of a Laplace operator on a
flat torus, thus obtaining

Δ̃g ¼ −λ2 g; ð5:4Þ
where the eigenvalue satisfies λ2 ¼ λ2x þ λ2y for positive
integers λx;y corresponding to fundamental frequencies in
given directions that are determined by radii of the torus.
We neglect zero eigenvalue since it corresponds to constant
solution which can be absorbed into a redefinition of P0.

A. Stability of RegMax

Based on the discussion of magnetically charged
RegMax solution in III A we have two time-evolution
equations—one from the modified Maxwell equation,
(3.6), and one from the RT equation (3.12). Additionally,
there is a constraint onm from RT equation, namely (3.11).
Similarly to linearization applied to the function P deter-
mining transversal geometry, (5.1), we assume linear
perturbation using spherical harmonics around static values
for the magnetic field B and for m

B¼B0ð1þ B̄Þ; m¼m0þψ ;

where

Δ̃ B̄¼−lðlþ1ÞB̄; Δ̃ψ ¼−lðlþ1Þψ :

If we apply the above described linearization to (3.11) we
obtain the following

Δ̃ψ ¼ αB
3
2

0 Δ̃ B̄ ð5:5Þ

and by taking time derivative and further simplifications we
obtain relation for retarded time derivatives

ψ ;u ¼ αB
3
2

0 B̄;u: ð5:6Þ

Using the above relation together with (5.1) and (5.3), after
inserting (5.2) into (3.6) and (3.12), we find the (retarded)
time evolution of the linearized system and the matrix form
of this system is

"
B̄;u

g;u

#
¼ σ

"
j Ω

α2B0
Ω
2

#"
B̄

g

#
ð5:7Þ

where σ ¼ − lðlþ1Þ
2ð3m0−2αB

3
2
0
Þ
, j ¼ 3αm0ffiffiffiffi

B0

p and Ω ¼ lðlþ 1Þ − 2.

Note that the following condition holds

3m0 − 2αB
3
2

0 > 0; ð5:8Þ

for the values of the static solution (around which
the analysis is performed) if we consider so called
Schwarzschild-type solution where the singularity is space-
like. While for Reissner-Nordström-type static solutions
the inequality is reversed and singularity is timelike [29].
Naturally, we assume exponential solution (∼eνu) given

by the eigenvalues of the matrix on the right-hand side
of (5.7). These eigenvalues are

ν� ¼ σ

4
ðΩþ 2j�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΩ − 2jÞ2 þ 16Ω α2 B0

q
Þ: ð5:9Þ

Both real eigenvalues ν� are negative for all l ≥ 2 (lower
modes can be removed by coordinate transformations)
thanks to (5.8). First, this means that both branches of
the solution for perturbation are decaying exponentially fast
resulting in linear stability of the solution. And second, the
sign of the eigenvalues (especially for l ≫ 1) together with
correct dependence on mode number means that the linear
problem is well posed. Moreover, the eigenvalues have a
nonzero gap away from zero which can be computed by
putting l ¼ 2 into ν− for fixed parameters α; m0; B0

satisfying (5.8). Using the results in [48] one can extend
the linear well-posedness toward local well-posedness
around the static solution for the nonlinear problem.
Namely, one can work in “frozen coefficients formulation”
and utilize the fact that the principal symbol of the PDE
system is strongly parabolic for any background solution
satisfying (5.8).
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Inverting the inequality in (5.8) and thus considering
background solution with timelike singularity (Reissner–
Nordström type) one clearly obtains eigenvalues of oppo-
site sign and therefore the problem becomes unstable and
ill-posed. This demonstrates that analysis of parabolic
problems can in general only be local in the vicinity of
some solution.
Additionally note, that since the important factor 3m0 −

2αB
3
2

0 (5.8) appears in the denominator of eigenvalues (5.9),
very small positive and negative values of this factor lead to
eigenvalues that are large. This means that solutions very
close to the opposite sides of the threshold between
timelike and spacelike singularity cases produce behaviors
that are arbitrarily far from each other (if measured by the
eigenvalues).

B. Stability of ModMax

We now move on to the ModMax NEmodel, in this case,
the two time evolution equations are derived from (3.20)
and (3.21). We assume qm ¼ qe ¼ q0 for simplicity in
(3.20) which leads to

ðln PÞ;u ¼ −
Δmeγ

8q20
: ð5:10Þ

By substituting the above expression into (3.21) we arrive
at the second time evolution equation,

m;u ¼
ΔK
4

−
3meγ

8q20
Δm − ΓP2fðϵ0Þ2 þ ðϵ1Þ2g: ð5:11Þ

Following the procedure from the previous section we
assume linear perturbation for m,

m¼m0þψ ; Δ̃ψ ¼−lðlþ1Þψ :

Neglecting all higher-order terms in g, ψ and their
derivatives, the Eqs. (5.10) and (5.11) lead to the following
linearized system

ψ ;u ¼
3lðlþ 1Þm0eγ

8q20
ψ þ lðlþ 1ÞΩ

4
g;

g;u ¼
lðlþ 1Þeγ

8q20
ψ : ð5:12Þ

Such system provides exponential solution for both g and ψ
(∼eνu) determined by eigenvalues

ν� ¼ lðlþ 1Þeγ
16q20

�
3m0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9m2

0 þ 8q20e
−γΩ

q �
: ð5:13Þ

Clearly, the νþ eigenvalue stays always positive while ν− is
negative from certain value of l depending on the constants
of the solution. This means the system is linearly unstable

(in both directions of retarded time evolution) and the
whole RT–ModMax system is as well clearly not well
posed since liml→∞ νþ ¼ ∞. This is in complete agreement
with the results for RT-Maxwell system obtained in [39]
which is not surprising considering the minor modification
which the ModMax NE model brings into this picture (e.g.,
singularity is timelike for both). Recently, a study of RT-
Maxwell system with restriction on both initial and final
data was performed [49]. On the linear level this leads to a
well-posed problem that can be potentially extended to
small data nonlinear regime. This may well be the case for
ModMax model as well.

C. Stability of sigma model

We consider mðuÞ as a constant, m0, based on the
remarks after Eq. (4.11). We again assume the function P
decomposed as in (5.1) but now with P0 ¼ 1 because of
toroidal geometry and we use (5.4).
The only dynamical equation in this case is (4.11) and

after applying the linearization the only evolution equation
reads

g;u ¼ −
λ2½λ2 þ κ�
12m0

g

and has a single eigenvalue

ν ¼ −
λ2½λ2 þ κ�
12m0

: ð5:14Þ

This eigenvalue is negative for all considered λ and there-
fore the solution decays exponentially in u. It is also
linearly well posed since limλ→∞ν ¼ −∞. And all eigen-
values satisfy ν ≤ − κ

12m0
which assures that the linear well-

posedness can be extended to local nonlinear one around
corresponding static solution (using the techniques of [48]
mentioned at the end of VA). Let us repeat here that the
singularity is always spacelike for this solution.
Unlike the previous two cases we did not discuss the

equation governing the source. The reason for this is an
apparent “rigidity” of the source which stays the same no
matter what is the specific RT geometry determined by P.

VI. CONCLUSION

In this paper, we have continued the study of radiative
Robinson-Trautman spacetimes sourced by nonlinear mat-
ter models. For an important class of models in nonlinear
electrodynamics, it was previously established that there is
only one nonlinear extension of Maxwell’s equations which
produces a well-posed problem. Electrically charged radi-
ative solutions of this type were the first to be studied in this
Regularized Maxwell model. However, since that theory
lacks electric-magnetic duality invariance then magnetic
solutions cannot be trivially obtained from electric ones. In
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this work, we fill this gap and provide the first magneti-
cally sourced radiative spacetimes. The stability and well-
posedness for these solutions crucially depends on the
character of the singularity of the background solution (as
in the case of previously studied electrically charged
solutions) which can be both spacelike or timelike depend-
ing on the parameters. In order to search for new potentially
well-posed systems we consider the Modified Maxwell
nonlinear theory which possesses duality invariance and
conformal symmetry. Theories such as these escape many
established results. Motivated by this we have constructed
the first Robinson-Trautman configurations with both
electric and magnetic charge for that matter model.
However, their resemblance with the Maxwell case (namely
the timelike character of singularity) leads to ill-posed
initial value problems. We have based our analysis on linear
perturbation theory around static solutions and properties
of the principal symbols for the PDE systems under
consideration. Our exploration includes the examination
of radiative systems sourced by gauged nonlinear sigma
models. For these spacetimes we have extended the
standard analysis and so are able to consider nonspherical
topology. These solutions are stable and well posed while
their singularity is spacelike.
Based on the obtained results we argue for the validity of

the conjecture 1. Namely, that the physically relevant black
hole solutions (those that are stable and well-posed) in the
systems of RT geometry coupled with matter sources are
those that contain spacelike singularity as opposed to
timelike one. This seems consistent with expected behavior
close to Cauchy horizon present in the cases with timelike
singularities, namely perturbative instability. Of course, one
should strive to prove the conjecture rigorously which will
be the topic of our future research.
Although in the presence of matter fields we do not have

global existence results like those available for the vacuum
case [11,12], we can reasonably assume that generic
solutions in the well-posed cases would settle down to
static solution as u → ∞ and thus u ¼ ∞ would corre-
spond to event horizon of the static solution. That means
that although we analyzed the solution only in the exterior
part of the spacetime (above outer event horizon) the results
are sensitive to the nature of the singularity that is hidden
beyond the horizon. Evidently, more extensive analysis of
the global solutions is needed in order to make definite
conclusions.
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APPENDIX A: ELECTRICALLY CHARGED
REGMAX SOLUTION

Here, we provide the electrical analog of the magnetic
solution pertinent to this work. The matter Lagrangian is

L ¼ −8α4
�
1 − 3 lnð1 − sÞ þ s3 þ 3s2 − 4s − 2

2ð1 − sÞ
�

ðA1Þ

where s ¼ ð−F
2α4

Þ14, whereas, the field is given by

F ¼ −Eðu; r; x; yÞ du ∧ dr

þ ηðu; r; x; yÞdu ∧ dyþ ξðu; r; x; yÞdu ∧ dx; ðA2Þ

with

E ¼ α2A

ðrαþ ffiffiffiffi
A

p Þ2 ðA3Þ

η ¼ −
r2α3A;y

2
ffiffiffiffi
A

p ðrαþ ffiffiffiffi
A

p Þ2 ; ðA4Þ

ξ ¼ −
r2α3A;x

2
ffiffiffiffi
A

p ðrαþ ffiffiffiffi
A

p Þ2 : ðA5Þ

Notice that calculating the electromagnetic scalar

ϕ2 ¼
rα3Pffiffiffiffiffiffi

2A
p ðrαþ ffiffiffiffi

A
p Þ2 ðA;x − iA;yÞ

reveals it to behave asymptotically as 1=r. Also, observe
that the last equation from NE equations is, in this case,

AΔ ln Aþ ΔA ¼ 4A
3
2

α
ððln AÞ;u − 2ðln PÞ;uÞ: ðA6Þ

From the Einstein equations we have that

Qðu; r; x; yÞ ¼ −
2μðuÞ
r

− 2α2Aðu; x; yÞ
þ 4α3r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aðu; x; yÞ

p
− 4α4r2 ln

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aðu; x; yÞp
rα

!
; ðA7Þ

and

ΔðK − 2α2AÞ þ 12μðln PÞ;u − 4μ;u ¼ 0: ðA8Þ

In order to have the mass from in RN limit we have to
redefine the mass term
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Qðu; r; x; yÞ ¼ −
2m̃ðu; x; yÞ

r
− 2α2Aðu; x; yÞ

þ 4α3r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aðu; x; yÞ

p
− 4α4r2 ln

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aðu; x; yÞp
rα

!
; ðA9Þ

where m̃ ¼ mðu; x; yÞ − 2=3αAðu; x; yÞ32 and

Δm ¼ −
α
ffiffiffiffi
A

p

2
ðAΔðln BÞ − 3ΔAÞ

yielding the desired result

ΔK þ 12m ðlnPÞ;u − 4m;u ¼
α2P2

A
ðA2

;x þ A2
;yÞ: ðA10Þ

APPENDIX B: NEW STATIC
SIGMA MODEL SOLUTION

Here, we discuss a new solution sourced by a sigma
model and with RT geometry. For k ¼ 0 we obtain another
nontrivial static solution of Eq. (4.13) given by

Pðx;yÞ¼ exp

�
κ

8
ðð1þeÞx2þð1−eÞy2ÞþC1xþC2yþC0

�
ðB1Þ

where the integration constants C0;1;2 can be absorbed into
trivial redefinitions of the coordinates x, y and from now on
we can assume they have these values: C0 ¼ 0, C1 ¼ 0,
C2 ¼ 0. On the other hand the constant e cannot be
absorbed without changing relative scaling of coordinates
x, y and thus has a true geometrical meaning. For e ¼ 0 we
have circularly symmetric P while for nonzero values we
obtain elliptic deformations.
For simplicity let us analyze the e ¼ 0 case of (B1).

Close to the origin (x, y ≪ 1) we have the following
approximation

Pdrop ¼ exp
�
κ

8
ðx2 þ y2Þ

�
∼ 1þ κ

8
ðx2 þ y2Þ þOðx4; y4Þ

ðB2Þ

which has the form of metric on a sphere in stereographic
coordinates. Further away from the origin we will have
deviations and we can visualize the complete geometry
using embedding into three-dimensional Euclidean space
as shown in Fig. 1.
Further let us note that the geometry given by solution

(B1) is the following

ds2 ¼ 2m
r

du2 − 2du drþ r2

Pdrop
2
ðdx2 þ dy2Þ: ðB3Þ

This can again be made into an AdS black hole (by
generalizing with cosmological constant) with a weird
horizon given by embedding 1 and having a singularity
on the vertical half-axis apart from the Schwarzschild-like
one at the origin as evident from the Kretschmann scalar

e
κ
2
ðx2þy2Þκ2r2 þ 8e

κ
4
ðx2þy2Þκmrþ 48m2

r6
ðB4Þ

The singular half-axis is evidently caused by the sigma
model field and disappears if κ ¼ 0.
Alternatively, one may observe that signs of different

terms in the metric correspond to values inside the
Schwarzschild black hole where the spacetime is of
cosmological model type (Kantowski-Sachs). Therefore
one expects this to be the case for (B3) as well. Indeed,
by performing the following coordinate transformation

u¼
�
3

4

�4
3

m−1
3τ

4
3þρ; r¼

�
9

2

�1
3

m
1
3τ

2
3; x¼ x̃; y¼ ỹ ðB5Þ

we arrive at

ds2 ¼ −dτ2 þ
�
4

3

�2
3

m
2
3τ−

2
3dρ2 ðB6Þ

þ
�
9

2

�2
3

m
2
3τ

4
3

1

Pdropðx̃; ỹÞ2
ðdx̃2 þ dỹ2Þ: ðB7Þ

Interestingly, the anisotropic expansion factors of the form
τ2pi satisfy the Kasner conditions

P
pi ¼ 1 and

P
p2
i ¼ 1.

Therefore the spacetime behaves like a deformed Kasner
solution with initial cosmological singularity at τ ¼ 0 and
additional singularity on each τ ¼ const: > 0 hypersurface
caused by the divergence in Pdrop which appears due to the
sigma model field.

FIG. 1. The embedding of Pdrop for κ ¼ 1 with the seam
connecting plotting routines for κ

8
ðx2 þ y2Þ≷1.
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